ARITHMETIC PROPERTIES OF /-REGULAR PARTITIONS

SU-PING CUI AND NANCY S. S. GU

ABSTRACT. For a given prime p, by studying p-dissection identities for Ramanujan’s
theta functions ¥(q) and f(—gq), we derive infinite families of congruences modulo 2
for some {-regular partition functions, where £ = 2,4,5, 8,13, 16.

1. INTRODUCTION

A partition of a positive integer n is a nonincreasing sequence of positive integers
whose sum is n. Let p(n) denote the number of partitions of n. If £ is a positive integer,
then a partition is called an ¢-regular partition if there is no part divisible by ¢. The
generating function for the number of ¢-regular partitions of n, denoted by by(n), is
given by

S w_ (054D
;bf(n)q (@9

Recently, arithmetic properties of /-regular partition functions have received a great
deal of attention. Andrews et al. [1, Theorem 3.5] showed that for & > 0 and n > 0,

17-3% -1

ped (320‘“71 + %) =0 (mod 2), (1.1)
11 - 2a+1 __ 1

ped (32‘”271 + ST> =0 (mod 2), (1.2)
. 22a+1 _ 1

ped (320‘+2n + %) =0 (mod 2), (1.3)

where ped(n) denotes the number of 4-regular partitions of n. With the aid of the
theory of Hecke eigenforms, Chen [4] obtained some more generalized congruences
modulo 2 for by(n). Calkin et al. [3, Theorem 3| established that

b5(20n +5) = b5(20n 4+ 13) =0 (mod 2). (1.4)
Later, Hirschhorn and Sellers [9, Theorem 2.5] derived that
bs (4p°m + du(pr —7)+1) =0 (mod 2), (1.5)

where p is any prime greater than 3 such that —10 is a quadratic nonresidue modulo p,
u is the reciprocal of 24 modulo p?, and 7 #Z 0 (mod p). Webb [14] proved the following
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conjecture posed in [3]

5-371-1

bis (3€n—|— 5 ) =0 (mod3), (>2. (1.6)

Using a modification of the method in [14], Furcy and Penniston [5] provided some
infinite families of congruences modulo 3.

In this paper, we follow the standard g-series notation [6]

[e.9] m

(a;Q)oo = H(l - aqk> and (ala Az, ...,0mn,; Q)oo = H(aj;Q)ooa |Q| <1

k=0 j=1

Let f(a,b) be Ramanujan’s general theta function given by

flab):= 3" @™ jab| < 1.

n=—oo

Jacobi’s triple product identity can be stated in Ramanujan’s notation as follows

f(a,b) = (—a,—b, ab; ab) . (1.7)
Thus,
.: 5 _ N (0%6)e
¥(q) == f(a,q°) %q G
and
f0) = f—a.—) = Y (-1)"¢"F = (g0).

The motivation for this paper is an observation that some generating functions of [-
regular partitions are congruent to functions related to the Ramanujan theta functions
¥(q) and f(—q) modulo 2. In view of dissection identities for 1(q) and f(—gq), we
obtain many new infinite families of congruences for by(n), where ¢ = 2,4,5,8 13, 16.
In particular, we generalize (1.1)-(1.5) and Chen’s congruences [4].

2. PRELIMINARIES

In this section, we study p-dissection identities for ¥ (q) and f(—q).

Theorem 2.1. For any odd prime p,

p—3

= K24k P2+ (2k+1)p  p?—(2k+1)p -1 2
)= q 7 f(q g >+qp8 U(g”).
k=0

Furthermore, we claim that for 0 < k < (p —3)/2,

BP+k | p?—1
2 # 8

(mod p).
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Proof. For any odd prime p, we have

[e'S)
]_ p2n2+(2k+1)pn+k2+k p°—1 21 2n(n+1)
= 2 E q 2 _q 8 E q"
k=0 n=—o00 n=—o00
p—1 00

1 p2n2+(2k+1)pntk3+k

+ 5 E q 2
k=gt n=—co

p—3

s p n +(2k+1)pn —1 2
'S Z q +q 5 ()

k=0 —00
p—3
K24k P2+ (2k+)p  p?—(2k+1)p p2—1 2
D
q2f(q 2 ,q 2 >+q8w(q)-
k=0

For any integer 0 < k < (p —1)/2, if
K+k  pP—1
T =% (mod p),

namely, (2k +1)2 =0 (mod p), then it implies that k = (p — 1)/2.

Before we state the next theorem, we define that for any prime p > 5,
tp—1 B, p=1 (mod 6),

6 _{ 2=l p=-1 (mod 6).
Theorem 2.2. For any prime p > 5,

p—1
2

3624k 3p2+(6k+1)p 3p2—(6k+1)p tp—1 p2-1
fl=a)= Y (=D > f(—q N )+(—1) gt (=

k= — Ll

k;ﬁ :tp 1
Further, we claim that for —(p—1)/2 <k <(p—1)/2 and k # (£p — 1)/6,

32+ k | p?—
IRV oa ).

Proof. We show that

- p nGnt1)
f(=q) = Z (=1)"g >

Z Z pn-l—k (pn+k)(3pn+3k+l)
= q

k—— p 1 n=—o00

(2.1)
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p—1

2

3k2+k > 3p2n2+(6k+1)pn
= > (=D D> (=g 2

k:—% n=-—0o
—1
SRRy g
— — q 2 Z — q 2
]g:_PTfl n=-—00
k;ﬁ ipG—l
fpo1 o1 N o p2nBntl)
H(=DTT g Y (—)re T
n=—oo
p=1
2 o 3k2+k 3p2+(6k+1)p 3p%—(6k+1)p tp—1 p?-1 2
= > (Vg fl-¢ = ,-q¢ > + (=175 g = f(—¢").
k= _p=1
k;é ipGEI

To obtain (2.1), we use Euler’s pentagonal number theorem [2, Corollary 1.3.5]. For
any integer —(p —1)/2 <k < (p—1)/2,if
32 +k pr—1
2~ 2
then we get (6k + 1)> = 0 (mod p), which yields k = (£p — 1)/6. We complete the
proof.

(mod p),

0

In particular, we consider a special case of Theorem 2.2 by setting p = 5. In light
of the quintuple product identity [2, Theorem 1.3.19]

f(—x2,—)\$)f(—)\$3) _ f(—>\2£L‘3 —)\IG) —}—:L‘f(—)\ _)\21,9)

f(_xa _)‘xZ)
we can easily derive the identity given by Ramanujan [12, p. 212]
(¢ q)oe = (¢",4", 6% 4% — 4(@%;¢®) 0 — ¢ (¢, 6*, 4% 4°) oo (2.2)
N CENET N ’ (4", 4% 4%) oo

Recently, Hirschhorn [8] gave a simple proof of the above identity by using Jacobi’s
triple product identity (1.7).

3. ARITHMETIC OF (-REGULAR PARTITION FUNCTIONS

In this section, with the aid of Theorem 2.1 and Theorem 2.2, we study infinite
families of congruences for (-regular partition functions, where ¢ = 2,4, 5,8,13, 16.

3.1. 2-regular partitions. Arithmetic of 2-regular partitions which are usually called
distinct partitions was widely studied in the literature, see, for example [7,10, 11].
Combining the fact

> h(n)g" = (—¢:q)w = f(—q) (mod 2) (3.1)
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with Theorem 2.2, we find the following lemma.

Lemma 3.1. For any prime p > 5, a > 0, and n > 0,

S (v ) = s mod )

Proof. We prove the lemma by induction on «. Note that (3.1) is the case when o = 0.
Suppose that the lemma holds for . Then using Theorem 2.2, we get

oo 2 2 20+2
p—1 4P —1
b 2a . b 2a+1 n
Do (i (e P )+ ) o= o (e g

:f(— P)  (mod 2). (3.2)

This implies that

00 2 200 20042
20 2 b= 1 p 2a+2 ]9—_]. n
Son (i (e Et ) 4 ) = S (e )
= f(—q) (mod 2).
Therefore, the lemma holds for a4 1. This completes the proof. O

Theorem 3.2. For any primep > 5, a > 1, andn > 0,

24i + p)p2et — 1
b2<p2°‘n+< Hp;ﬁ )zo (mod 2), i=1,2,....,p—L

Proof. Applying (3.2) yields that for i = 1,2,...,p — 1,

p2a+2 -1
by (pzaﬂ (pn +1) + T) =0 (mod 2).
O
For convenience, we introduce the Legendre symbol
a 1, if a is a quadratic residue modulo p and @ Z0 (mod p),
<—> ;=< —1, if a is a quadratic non-residue modulo p,
p 0, ifa=0 (mod p).

Theorem 3.3. For any primep > 5, a > 0, andn > 0,

24j + 1)p* — 1
by (p2a+1n+( 1T 235’ );o (mod 2),

where j is an integer with 0 < j < p — 1 such that <%> =—1.

Proof. According to Theorem 2.2 and Lemma 3.1, if we have

3k2+k

j# (mod p)
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for |k| < (p —1)/2, namely, (243“) = —1, then it can be shown that

2«

bo (p2a(pn +7) +

p24 )zo (mod 2).

In addition, we obtain the following generalizations.

Lemma 3.4. For primes p1,po, . ..

,pr>5 r>0, andn >0,

Zb2 (Hpsn + 1ps — 1) ¢" = f(=q) (mod 2).

By convention, we set H5:1 p? =1

Proof. We prove it by induction on r. First, we derive the case r = 0 from Lemma 3.1.
Then suppose that the lemma holds for . Based on Theorem 2.2, we obtain that for

a given prime p,;1 > 5,

o) T 2 .
z_: by (H pi (p72~+1” + pr+214
00 r+1 r+1

[[2 v —
Z (Hpsn R

=0

:f(— ) (mod 2).

1 H;:lpg_l n
)+ 24 1
1 n
— a5 |4
s=1

Therefore, the lemma holds for r 4+ 1. This completes the proof. 0

Theorem 3.5. For primes py,po, . ..

pr>5,1r>1, andn >0, we have

s=1

where 1 =1,2,...,p, — 1. We also have

T 24Z+r rlgr_

1) =0 (mod 2), (3.3)

r—1 . r—1 2

247+ 1) 1 [ ps —

([ 2001
s=1

1) — 0 (mod 2), (3.4)

where j is an integer with 0 < j < p, — 1 such that <%> = —1.

Proof. From Theorem 2.2 and Lemma 3.4, it follows that

r—1 9

Zb2 (Hps (WL* 21 1) w1 T

Therefore, we deduce that fori=1,2,...,p, — 1,

1) ¢" = f(=¢")

r—1 9

(mod 2).

1)+H

r—1 2
by (Hpi (pr(pm +1i) + p’"24

s=1

1
= 12]15 ) =0 (mod 2),

which implies (3.3). The proof of (3.4) is analogous to that of Theorem 3.3, and hence

is omitted.

O
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3.2. 4-regular partitions and 13-regular partitions. In light of Theorem 2.1, we
find the following results.

Lemma 3.6. For any odd prime p, a > 0, and n > 0,

e 2c0
Sob (e ) = o) oa )
n=0

8

Proof. We see that

> bi(n)g" = (g:q)%,  (mod 2)
n=0
=S (120 + 1)g" (3.5)
n=0
= ¢"% (mod2)
n=0
=1(q).
To obtain (3.5), we use Jacobi’s identity [2, Theorem 1.3.9]. Invoking Theorem 2.1, it

can be seen that

S b (s Bt ) = vter) (o2
n=0

Then we have

¥(q)  (mod 2).

00 2_1
>ob (s Bt
n=0

Therefore,
2

ba(n) = by <p2n+p 8_1) (mod 2).

By induction on «, we conclude the lemma based on the above relation. U

Theorem 3.7. For any odd prime p, « > 1, and n > 0,

87 2a71_1
b4<p2an+<l+p)2; )EO (mod 2), i=12...,p—1

Proof. The combination of Theorem 2.1 and Lemma 3.6 gives that for a > 0,

oo 2_1 200
> b (p2“ (pn+p 3 >+p 3 1>q”5w(qp) (mod 2).
n=0

Thus, we see that forv=1,2,...,p—1,

20+2 1

by (p2a+1(pn +1) + L

< ) =0 (mod 2).
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Theorem 3.8. For any odd prime p, a > 0, and n > 0,

i+ 1)p* -1
b4 (p2a+1n + (8] + ;p ) =0 (mod 2)’

where j is an integer with 0 < 57 < p — 1 such that <%) = —1.

Proof. By the expansion of 1(q) in Theorem 2.1 and Lemma 3.6, we consider that for
0<k<(p-1)/2
L Ktk
J#F

that is, (%#) = —1. Then it follows that

(mod p),

2a

8

by (p2a(pn +)+ L ) =0 (mod 2).
O

Notice that (1.1)-(1.3) are special cases of Theorem 3.7 and Theorem 3.8. In addi-
tion, we derive the following results which are generalizations of congruences given by
Chen [4].

Theorem 3.9. For odd primes pi,ps2,...,pq, ¥ > 1, and n > 0, we have

r . r—1 9
r — r ]-
by (H pin + (8i +po) 1oy pop > =0 (mod 2),

8

s=1
where i =1,2,...,p, — 1. We also have

r—1 . r—1 2
8 1 —1
by ( prp,m + (85 + )l_észlps ) =0 (mod 2),
s=1

where j is an integer with 0 < j < p, — 1 such that <%) =—1.

T

Since the proof is analogous to that of Theorem 3.5, we omit it.

In the following, we can also obtain the above kind of congruences for different
primes. However, in this paper, we focus on illustrating a type of congruences for the
same prime.

Calkin et al. [3, Theorem 2| showed that
S b0 = (% + P ) (mod 2).
This implies that o
S b2t = S b = (0 =3 bl (mod2). (3.6
n=0 n=0 n=0

Therefore, applying Theorem 3.7 and Theorem 3.8 to (3.6), we get the following corol-
lary.
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Corollary 3.10. For any odd prime p, a > 0, and n > 0, we have

8¢ 200+1 1
bis (4p2a+2n+ Bitp )g ) =0 (mod 2),
where i =1,2,...,p—1. We also have
8j + 1)p** —1
b13 (4p20‘+1n + (8] + ;p ) =0 (mod 2),

where 7 is an integer with 0 < 7 < p — 1 such that (%) = —1.

Substituting (1.1) and (1.2) into (3.6) yields

17 - 3% — 1 11321 1
b13 (4 . 32a+1n —f- T) = bl3 <4 . 32an + #) = O (mod 2)

Combining the above congruences with (1.6), we obtain the following congruences.

Corollary 3.11. For a > 1 and n > 0,

17 -3% — 1 11-3%1 -1
bis (4 L2ty 4 T) = by <4 .32 + f) =0 (mod 6).

3.3. 5-regular partitions. Hirschhorn and Sellers [9] found that

> b5(2n)q" = f(—¢*) (mod 2) (3.7)
and .
> bs(2n+1)g" = f(—q") > bs(n)g"  (mod 2). (3.8)

With the aid of the above results, we deduce many new congruences for bs(n).

Lemma 3.12. For any prime p > 5, (‘Tlo) =—1,a>0,andn >0,

> bs (4192% + %) ¢" = f(=¢*)f(=¢") (mod 2).

n=0

Proof. From (3.7) and (3.8), it follows that

D bs(2(2n) + 1)g" =Y bs(4n +1)q"

= f(=4°) Y b5(2n)¢" (mod 2)
n=0
= f(=¢*)f(=¢°) (mod 2). (3.9)
For a prime p > 5 and —(p — 1)/2 < k,m < (p — 1)/2, consider
.3m2—|—m _ -7

3k2 + k
RBRELN = (mod p),

2
2 2 24
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namely,
(12k +2)* +10(6m +1)>=0 (mod p).

Since <_Tw) = —1, we get k = m = (£p — 1)/6. Therefore, using Theorem 2.2, we

have

ni;o s (4 <p2n + 7p224— 7) + 1> ¢" = f(—=¢")f(=¢") (mod 2). (3.10)

The combination of (3.9) and (3.10) gives
2

-1
bs(4n+ 1) = b <4p2n + > 5 ) (mod 2).

According to the above relation, we obtain the lemma by induction on «. 0

Theorem 3.13. For any prime p > 5, (*710) =—1,a>1,andn >0,

24i + Tp)p2et — 1
b5(4p2°‘n+< Tt pép >zo (mod 2), i=1,2,...,p—1.

Proof. Applying Theorem 2.2 and Lemma 3.12 yields

> 7p2 -7 7p2a -1 7p2a+2 -1
2a 2a+1 n
zb5(4p (pn+ - )+ Zb5 L),

n=0
= f(—qQ”)f(—qE’p) (mod 2).
Therefore, we deduce that for i =1,2,...,p— 1,

20042 1
7p—> =0 (mod 2).

bs <4p20‘+1(pn +1) + 5

Note that the congruence (1.5) can be derived from Theorem 3.13.

Lemma 3.14. For any prime p > 5, (7710> = —1, and a given integer 0 < j < p —1,
there exist integers 0 < k,m < p — 1 such that

3k + k 3m?
+ +5-m—+m5j (mod p). (3.11)

2.
2 2

Proof. If (3.11) holds, then
2(6k + 1) 4+ 5(6m +1)> =245 +7 (mod p).
To prove Lemma 3.14, it suffices to show that there exist integers x and y such that
22° +5y* —a=0 (mod p),

where 0 < z,y <p—1and a =245 + 7. If (22% + 5y*> — a,p) = 1 for all z and y, then
according to the fact
Pt =1 (mod p), if (¢,p) = 1,
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it follows that
p—1

Z (1-(22°+5y*>—a)’") =0 (mod p).

z,y=0

Therefore, we need to prove

p—1
Z (1—(22°+5y*—a)’ ') £0 (mod p).
z,y=0
Since
p—1
Z (1 — (22* + 5y — a)? 1)
z,y=0
p—1 p—1 p—1 p—
=SS (7 e s mod )
=0 y=0 m=0
p—1 D 1 m m p—1 p—1
_ - p—1—m imm—1 2i 2m—2i
B )
m=0 1=0 =0 y=0
and

=~ x| -1 (mod p), ifp—1]|k,
“=1o (mod p), if p—1+¢tk,

we deduce that

p—1
— 1 p—1 _p—1
Z (1-(22*+5y* —a)P™') = _(p 1 )2252 #Z0 (mod p),

p—
z,y=0 2

as required. O

In view of Lemma 3.14, there does not exist any result for bs(n) which is similar to
Theorem 3.8.

In the following, we use Ramanujan’s identity (2.2) to get some further infinite
families of congruences for bs(n). For convenience, set

B (@, 4" ¢®) oo (@, %% ¢%) o !

alg) = (@°, %% ¢*) and  b(g) = (@,¢"%:¢®)s  alq)’
Then we rewrite (2.2) as
f(=q) = F(=¢®) (alq) —q — ¢*b(q)) - (3.12)

Lemma 3.15. For a > 0 and n > 0,

= 7-5% —1
> b (4 - 5% + T) 7"
n=0

f(=*)f(=¢°) (mod 2).
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Proof. We prove the lemma by induction on «. Note that (3.9) is the case when oo = 0.
Suppose that the congruence holds for «. Utilizing (3.12), we get

st( et DI ¢ = ) mod )

= (=) f(=¢) (a(¢®) — ¢ — ¢*b(¢®)) . (3.13)
This implies that

7.5% 1
Zb5<4 52(5n + 2) +T)qn

11 52a+1 1
— (4 52a+1 6 >qn

) (—a®) (mod )
A=) F(—¢®) (a(a) — a - °b(a)) (3.14)

Therefore,

11 - 52a+1 -1 7 . 52a+2 -1
st < 52a+1 5n -+ 1) + . )q _ Zb ( 52a+2 . )qn

= f(—qQ)f(—cf) (mod 2).
So the congruence holds for o + 1. O
Theorem 3.16. For a > 0 and n > 0,

b <4 oty o 9L 52& — 1) =0 (mod 2), (3.15)
bs <4 ety 10 52& - 1) =0 (mod 2),
bs (4 -5ty 83 52a+1 1) =0 (mod 2),
bs (4.52a+2n+ 107 522 "= ) =0 (mod 2).

Proof. Since there are no terms with powers of ¢ congruent to 1,3 modulo 5 on the
right-hand side of (3.13), we obtain the first two congruences. Similarly, the other two
can be derived from (3.14). O

Notice that the congruences (1.4) given by Calkin et al. [3] are contained in the
above theorem.

Corollary 3.17. For a > 0 and n > 0,

bs (4 L p2ot2, 4 3152T°‘—1) = bs (4 e %) =0 (mod 10),
L R2041 1 1 L R2041 1
bs (4 52t 4 %) = bs (4 ety 4 107 56 ) =0 (mod 10).
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Proof. Using the Ramanujan congruence p(5n + 4) = 0 (mod 5), it is easy to show
that b5(5n +4) =0 (mod 5), and so we have

31-5%-1 5
bs (5 (4 -h2etln 4 T) + 4) =0 (mod 5).

According to (3.15), we also have

31-5% —1
bs (4 <529 (5n) + T) =0 (mod 2).
Combining these, we obtain the first congruence. The others are proved in a similar
way. ]

3.4. 8-regular partitions and 16-regular partitions.

Lemma 3.18. For any prime p = —1 (mod 6), o > 0, and n > 0,
-7
st (p ne ! 24 ) ¢" =¥(@)f(=q") (mod 2).

Proof. Tt can be shown that

" ba(n)g = (G5 _ _
>t = @D — (g (gt ) = 0@ (—a") (mod ). (310
= (q, D)o
Employing Theorem 2.1 and Theorem 2.2, we consider that for 0 < k < (p —1)/2 and
—(p-D/2<m<(p-1)/2
K+ k 3m? +m 7p —7

4.
2+ 2 24

(mod p),

namely,
32k 4+ 1)+ (12m +2)>=0 (mod p).
Since p = —1 (mod 6), it implies that
2k+1=12m+2=0 (mod p),
that is, k = (p — 1)/2 and m = (—p — 1)/6. Therefore, we arrive at

st (pn+ v ‘7) & = $(@)f(~®) (mod 2). (3.17)

Then

Zbg(pn+ )= e (a) mod 2)

From (3.16) together with the above relation, it follows that

2 _
bs(n) = bg (p2n + 7p24 7) (mod 2).

By induction on «a;, we prove the lemma based on the above relation. O
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Theorem 3.19. For any prime p = —1 (mod 6), a > 1, and n > 0,

24i + Tp)p2et — 7
bg(p2an+( s p;f )zo (mod 2), i=1,2,....p—1.

Proof. Combining (3.17) with Lemma 3.18, we derive that for o > 0,

200+2

Zb (2‘”“ %) ¢ = U(¢)f(—¢") (mod 2).

Therefore, it follows that

24
where 1 =1,2,...,p— 1. 0

2042 _ 7
bs (p%‘“(pn +1i) + 7;0—) =0 (mod 2),

Notice that for any prime p = —1 (mod 6) and a given integer 0 < j < p — 1, there
exist integers 0 < k,m < p — 1 such that
K+ k 3m*+m

5 +4- 5 =j (mod p).

This implies that there does not exist any result for bg(n) which is analogous to Theorem
3.8.

In the following, we deal with byg(n) in the same manner.

Lemma 3.20. For any prime p = —1 (mod 4), a >0, and n > 0,
5p** — 5 n 4
me Pt ——=—)¢"=¢(@)v(") (mod 2).

Proof. We show that

> bl = (B0 = (oot = vl0ula’) (mod )

3

Il

o
—~

For 0 < k,m < (p —1)/2, the congruence relation
k2+k+4.m2+m _ 5p — 5

2 2 8
holds if and only if £ =m = (p — 1)/2. This implies that

(mod p)

5p? — 5
blﬁ(n) = b16 (an + P 3 ) (mod 2)
Using the above relation, we arrive at the lemma by induction on «. U

Theorem 3.21. For any prime p = —1 (mod 4), a > 1, and n > 0,

; 200—1
b1 (p2°‘n+(8l+5p>p 5) =0 (mod?2), i=12....,p—1

8
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4. CONCLUDING REMARKS

Let b),(n) denote the number of p-regular partitions with distinct parts of n. Sellers
[13, Theorem 2.1] found the following congruence

Vipn+7)=0 (mod 2), (4.1)

where p > 3 is a prime and r is an integer with 1 < r < p —1 such that (24’%1) =—1.
From Theorem 2.2 together with the following relation

Sy G0 (6D
;bp(mq () (@P0P) (med 2)

it is easy to obtain (4.1). Moreover, we see that for a given prime p > 5,

S P11 (4"; 4")
b (pn+p )q”z’—oo mod 2),
,; : 2 (¢ @)oo ( )

which implies that
2

A <pn +F o 1) =b,(n) (mod 2).

Therefore, one can study congruences modulo 2 for ¥/, (n) from those for b,(n).

In conclusion, we point out that the techniques used in this paper can be also
applied to other kinds of partition functions, for example, broken k-diamond partition
functions, k& dots bracelet partition functions, and t-core partition functions.
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