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Abstract

The problem of determining the smallest number of edges, h(n;% > r), which
guarantees that any graph with n vertices and h(n;% > r) edges will contain a pair of
vertices joined by r internally disjoint paths was posed by Erdos and Gallai. Bollobas
considered the problem of determining the largest number of edges f(n;k < ¢) for
graphs with n vertices and local connectivity at most £. One can see that f(n;rk <
¢) = h(n;k > £+ 1) — 1. These two problems had received a wide attention of many
researchers in the last few decades. In the above problems, only pairs of vertices
connected by internally disjoint paths are considered. In this paper, we study the
number of internally disjoint Steiner trees connecting sets of vertices with cardinality

at least 3.
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1 Introduction

All graphs considered in this paper are undirected, finite and simple. We refer to book
[5] for graph theoretical notation and terminology not described here. We call the number
of vertices in a graph as the order of the graph and the number of edges of it as its size. For
two distinct vertices in a connected graph G, we can connect them by a path. Two paths
are called internally disjoint if they have no common vertex except the end vertices. For any
two distinct vertices x and y in G, the local connectivity rg(x,y) is the maximum number

of internally disjoint paths connecting x and y. Then min{kq(z,y)|x,y € V(G),x # y} is



usually the connectivity of G. In contrast to this parameter, ®(G) = max{krg(z,y)|z,y €
V(G),x # y}, introduced by Bollobas, is called the mazimum local connectivity of G. The
problem of determining the smallest number of edges, h(n;k > r), which guarantees that
any graph with n vertices and h(n;& > r) edges will contain a pair of vertices joined by r

internally disjoint paths was posed by Erdés and Gallai, see [1] for details.

Bollobés [2] considered the problem of determining the largest number of edges, f(n; & <
), for graphs with n vertices and local connectivity at most ¢, that is, f(n;F < {) =
max{e(G)||V(G)| = n and R(G) < (}. Motivated by determining the precise value of
f(n;® < £), this problem has obtained wide attention and many results have been worked
out, see [2, 3,4, 7,8, 9,16, 17, 18]. One can see that h(n;F >+ 1) = f(n;k < ) + 1.

For £ < ¢, it was showed that f(n;& < () > [ (n—1)]. Since f(n;& < () = [ZL(n—1)]
for ¢ = 2,3, Bollobas and Erdos conjectured that the equality holds, but this was disproved
by Leonard [7] for ¢ = 4, and later Mader [16] constructed graphs disproving it for every
(> 4.

For a graph G(V, E) and a set S C V of at least two vertices, an S-Steiner tree or an
Steiner tree connecting S (or simply, an S-tree) is a such subgraph T'(V’, E’) of G that is
a tree with S C V'. Two Steiner trees T" and T’ connecting S are said to be internally
disjoint it E(T) N E(T") = @ and V(T)NV(T") = S. For § C V(G) and |S| > 2,
the generalized local connectivity ke (S) is the maximum number of internally disjoint trees
connecting S in G. The generalized connectivity, introduced by Chartrand et al. in 1984
6], is defined as kix(G) = min{x(5)|S C V(G),|S| = k}. There have been many results
on the generalized connectivity, see [10, 11, 12, 13, 14]. Similar to the classical maximal
local connectivity, we introduce another parameter &x(G) = max{x(S)|S C V(G), |S| = k},
which is called the mazimum generalized local connectivity of G. 1t is easy to check that
0 <Fr(G) < Rp(K,) <n—[k/2] for a connected graph G.

In this paper, we mainly study the problem of determining the largest number of edges,
f(n; Ry <€), for graphs with n vertices and maximum generalized local connectivity at most
¢, where 0 < ¢ <n — [k/2]. That is, f(n;®x < ¢) = max{e(GQ)||V(G)| = n and Fr(G) < {}.
We also study the smallest number of edges, h(n; &, > r), which guarantees that any graph
with n vertices and h(n;R, > r) edges will contain a set S of k vertices such that there
are r internally disjoint S-trees, where 0 < r < n — [k/2]. It is not difficult to see that
h(n;Re > 0+ 1) = f(n; R <L)+ 1for 0 < ¢ <n-—[k/2]. For k =3 and ¢ = 2, we prove
that f(n;Rs < 2) =2n—3 forn > 3 and n # 4, and f(n; Ry < 2) = 2n — 2 for n = 4.
Furthermore, we characterize the graphs attaining these values. For £ = 3 and a general /,
we construct some graphs to show that f(n;7rs < () > “Tz(n —2) + £ for both n and ¢ odd,
and f(n;Rs < () > 542(n — 2) + 1 otherwise.



2 Some basic results

As usual, the union of two graphs G and H is the graph, denoted by G U H, with vertex
set V(G) UV (H) and edge set E(G) U E(H). The disjoint union of k copies of the same
graph G is denoted by kG. The join GV H of two disjoint graphs G and H is obtained from
G U H by joining each vertex of G to every vertex of H.

In this section, we first introduce a graph operation and two graph classes.

Let H be a connected graph, and u a vertex of H. We define the attaching operation at
the vertex uw on H as follows: (1) identifying u and a vertex of a Ky; (2) u is attached with

only one Kj4. The vertex u is called an attaching vertex.
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Figure 1. The graph class G,.

Now, we introduce two new graph classes. For r > 3, G, = {H}!, H? H? H! H® HS H}
is a class of graphs of order r (see Figure 1 for details). Let H: (1 < i < 7) be the class
of graphs, each of them is obtained from a graph H' by the attaching operation at some
vertices of degree 2 on H!, where 3 < r < mn and 1 < i < 7 (note that H. € H). G is
another class of graphs that contains G,, given as follows: Gf = {K3}, G = {K4, K4 \ e},
G5 = {Gi} U (UL HE), G = {Gs, Gay U (UL He), G5 = Uiy Hi, G = {Ga} U (UL HY),
Gr =L, H!, for n > 9 (see Figure 2 for details).

It is easy to see that the following three observations hold.

Observation 1. Let G and H be two connected graphs, and H' be a subdivision of H. If H'
is a subgraph of G and R3(H) > 3, then R3(G) > 3.
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Figure 2. Some graphs in G;.

Observation 2. Let H be a graph, u and v be two vertices in H, and G be a graph obtained
from H by attaching a Ky at u. If there are three internally disjoint paths between u and v
in H, then R3(G) > 3.

Observation 3. For each graph in Figure 3, k3 > 3.

Figure 3. Graphs obtained from H} and H3.

Lemma 1. Let G be a graph containing a clique K. If there exists a path connecting two
vertices of Ky in G\ E[Ky], then R3(G) > 3.

Proof. Let K4 be a complete subgraph of G with vertex set {uy, - ,us}, and P be a path
connecting u; and up in G\ E[K}]. It suffices to show that there exists a set S such that
k(S) > 3. Choose S = {uy,us,us}, clearly, T = ujus U uqus and Ty = uguqg U ugus U ugug
and T3 = P U ugugs form three internally disjoint S-trees. Thus, 73(G) > 3. O]

Similarly, the following lemma holds.

Lemma 2. Let G be a graph obtained from H2 by adding a vertex x and two edges xy, vz,
where y,z € V(H?) (see Figure 4). Then %3(G) > 3 or G = H{.
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Figure 4. Graphs obtained from HZ by adding a vertex of degree 2.

Lemma 3. For any connected graph G with order 5 and size 8, R3(G) > 3.

Proof. We claim that 2 < §(G) < 3. In fact, if §(G) = 1, without loss of generality, let
d(x) = 1, then |V(G — z)| = 4 and e¢(G — z) = 7, a contradiction. If §(G) > 4, then
16 = 2¢(G) > 56 > 20, a contradiction.

If 6(G) = 2, without loss of generality, let d(x) = 2, then |V (G —x)| = 4 and e(G—x) = 6,
which implies that G — x is a clique of order 4. From Lemma 1, ®3(G) > 3. So we suppose
that 0(G) = 3. Since |[V(G)| = 5, A(G) < 4. Since ﬁf((g))' = 2, there exists a vertex « in
G such that d(z) = 4. Set Ng(z) = {uy, ug, us, us}. Since 6(G — ) > 2 and e(G — ) = 4,

G — x is a cycle of order 4. Then G is a wheel of order 5 and the trees T} = xus U zuy and

Ty = uzr Uugus Uuguy and Ty = uyx Uugug Uujug form 3 internally disjoint {xz, ug, ug }-trees,
namely, 73(G) > 3. O

Lemma 4. For any connected graph G of order 5 and size 7, ®3(G) < 2 and G € {G,, H}, H3,
HYY.

Proof. For each S C V(G) with |S| = 3, a tree with two edges connecting S is called Type
I, and the others with at least 3 edges are called Type I1. One can see that three internally
disjoint trees connecting S will use at least 8 edges since we only have one tree of Type I.
So if G is a connected graph of order 5 and size 7, then R3(G) < 2.

Suppose that §(G) > 3. Then 14 = 2e(G) > 506 > 15, a contradiction. Thus, §(G) < 2.
If §(G) = 1, without loss of generality, let d(z) = 1, then |V(G — z)| = 4 and e(G — z) = 6,
which implies that G — z is a clique of order 4. Then G = G; (see Figure 2).

If §(G) = 2, without loss of generality, let d(x) = 2, then |V(G —z)| =4 and (G — z) =
5, which implies that G — x is a graph obtained from K, by deleting an edge. Thus,
G € {H), H3 H2} (see Figure 1). O

Lemma 5. For any connected graph G with order 6 and size 10, R3(G) > 3.
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Proof. 1f there exists a vertex x € V(G) such that d(z) < 2, then |V(G — z)| = 5 and
e(G — ) > 8. From Lemma 3, F3(G — x) > 3, which results in %3(G) > 3.

Now we assume that §(G) > 3. If there exists a vertex z € V(G) such that d(z) = 5,
then |V(G —xz)| =5 and e(G —x) = 5. Since 6(G —x) > 2, G —x is a cycle of order 5, which
implies that G is a wheel of order 6. Clearly, R5(G) > 3. So we can assume that A(G) < 4.
Let ¢t be the number of vertices of degree 4 in G. Since 20 = 2¢(G) = 4t + 3(6 — ), t = 2,
namely, there exist two vertices x,y € V(@) such that d(z) = d(y) = 4.

()

Figure 5. Graphs for Lemma 5.

If xy ¢ E(G), then G must be the graph shown in Figure 5 (a) since §(G) > 3. Then the
trees 17 = usx U ugy U usuy and Ty = uix U xug U uzy and T3 = uy U yuy U ugx form three
{z,y, uy }-trees, namely, R3(G) > 3.

If zy € E(G) and Ng_uy(x) # Ng_zy(y), then G must be the graph shown in Figure
5 (b) since 6(G) > 3. Then the trees Ty = ugzx U zug U ugy and Ty = yz U yuy and
T3 = upx U ugug U uguy U ugy form three {z,y, us }-trees, namely, R3(G) > 3.

If xy € E(G) and Ng_zy(2) = Ng_sy(y), then G must be the graph shown in Figure 5
(c) since §(G) > 3. Then the trees 177 = zuj U xus U zuz and Ty = yuy U yus U yus and

T3 = uquy U ugus U ugus form three {uy, ug, ug}-trees, namely, 73(G) > 3. O

Lemma 6. Let G be a connected graph of order 6 and size 9. If R3(G) < 2, then G €
{G5,G4} or G € {Hg,HZ, H3} or G € H}.

Proof. We claim that 2 < 6(G) < 3. Suppose that §(G) > 4. Then 18 = 2¢(G) > 66 > 24,
a contradiction. Suppose that §(G) = 1, without loss of generality, let d(x) = 1, then
V(G — )] =5 and e(G — x) = 8. From Lemma 3, ®3(G — z) > 3. Clearly, 73(G) > 3 by
Observation 1.

If 6(G) = 3, then G is 3-regular. It is easy to check that G = G5 or G = G4. In
the following, we assume that 6(G) = 2. Without loss of generality, set d(z) = 2, then
V(G — )| =5 and e(G — x) = 7, which implies that G — 2z = G, or G —z € {H3, H2, HS}
by Lemma 4.

IfG—2 =G, then G € HS. f G—x = H}, then G = H} or G = A, or G = Ag (see Figure
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3), which results in G = H. If G —x = H3, then G = HZ or G € {A, Ay, A3, Ay, A5},
which implies that G = HZ by Observation 3. If G —z = Hf, then G = H or G €
{By, By, Bs, By, Bs, Bg}, which implies that G = H? by Lemma 2. ]

3 Main results

In this section, we give our main results. We first need some more lemmas. In Lemma 3

through Lemma 6, we have dealt with the cases n < 6. Now we assume that n > 7.

Lemma 7. Let G' be a graph obtained from G by deleting a vertex of degree 2. If G' €
* 1(n>7), then G € G or ®Rs3(G) > 3.

Proof. Let x be the deleted vertex of degree 2 in G. Since n > 7, G' ¢ {K3, K4,G1}. From
Observation 2 and Lemma 1, if G' € {Go,G3,G4}, then we can check that G € Hj or
%3(G) > 3. From now on, we consider G’ € G* | \ {G2, G3, G4}

Case 1. G'eH! ;.

First we consider the case that there is no K, in G'. Thus, G’ = H! |. Since n > 7,
G = H! € H} or G must contain an A, or Ag as its subgraph, which implies that G € G* or
®3(G) > 3 by Observation 1.

Next we consider the case that there exists at least one K4 in G'. For each Ky, if
Ne(z) N (K4 \y) # @, then we have R3(G) > 3 by Lemma 1, where y is an attaching vertex
in G’. Suppose that Ng(z)N(K4\y) = @ for all Ky C G'. Clearly, we can consider the graph
G' € H! _, as the join of K, and r isolated vertices, and then doing the attaching operation
at some vertices of degree 2 on Ky V rK;. So, we consider N(x) C Ky VrK; (r > 1). For
r > 3, it follows that G € H! or G contains the graph A, or Ag as its subgraph, which
implies that G € G or R3(G) > 3.

For r = 2, from Lemma 1, we only need to consider N(z) C V(K3V2K7;). By Observation
2,Ge€Hi,orGeHorGeH; orry(G)>3. Forr=1, K,V K, is a triangle and G’
is a graph obtained from this triangle by the attaching operation at some vertices of this

triangle since n > 7. Thus, from Observation 2 and Lemma 1, we can get R3(G) > 3.
Case 2. G'eH2 or G e H3_,.

We only prove the conclusion for G' € HZ_;, the same can be showed for G' € H?_,
similarly. Without loss of generality, let H2_, be the graph class obtained from H? by the
attaching operation at some vertices of degree 2 on H?, where r = n—1,n—4,n—7. One can
see that u; and vz can be the attaching vertices. From Lemma 1, we only need to consider

the case that Ng(z) C H?. Set Ng(z) = {z1,22}. Thus z;, 2, € V(H?).



If dy2(21) = dpz2(x2) = 2, without loss of generality, let 71 = u; and x5 = vz, then
neither u; nor vr is an attaching vertex by Observation 2. We can choose a path P :=
Uguy - - urvrruy connecting up and ug in G \ {uz, v1,v9}. Thus, G contains a subdivision of

As as its subgraph (see Figures 3 and 6 (a)), which results in B3(G) > 3.

If dy2(21) = 2 and dp2(22) = 3, without loss of generality, let x; = u;, then we can find
a path connecting u; and uz and obtain ®3(G) > 3 for xy € H, \ {us,v1,v2}. For 25 = uy
and xo = vy, G contains an A; and Ay as its subgraph, which implies 73(G) > 3. If 2o = vy,
then G € H2 and so G € G

NI

Figure 6. Graphs for Lemma 7.

For 3 < dp2(v;) < 4 (i = 1,2), one can check that GG contains a subdivision of one of
{Ay, Ag, -+ , A5}, which implies 73(G) > 3.

Case 3. G'eH} or G eH_,.

Note that only vz can be an attaching vertex in H,' (see Figure 6 (b)), where 7 = n—1,n—4.
From Lemma 1, we only need to consider N(z) C H! We can consider H! as a graph

obtained from HZ and H? ; by identifying one edge u;v; in each of them.

Consider N(z) N {wy, we, w3} # @. If N(z) # {wq,v1}, then G contains a subdivision
of one of {By,---, Bs} as its subgraph. So, ®3(G) > 3 by Lemma 2. If N(z) = {wsq, v},
then one can also get that F3(G) > 3. Now we can assume that N(z) N {wy, wq, w3} = @.
For [{ui,v1} N N(x)| = 2, G contains an A, as its subgraph, which results in %3(G) > 3.
For {uz,v:} N N(x)| = 2, if vz is not an attaching vertex in H, then G € H,; if vz is an

attaching vertex in H?, then %3(G) > 3 by Observation 2. For the other cases, we can also
check that 73(G) > 3.

Case 4. G'e HS_,or G e H_,.

From the above Case 2 and Lemma 2, we can get K3(G) > 3 in this case. ]

Similarly, we have the following lemma.

Lemma 8. Let G' be a graph obtained from G by deleting a vertex of degree 3. If G' €
Gt (n>7), then ’3(G) > 3.



Lemma 9. Let G be a graph obtained from G' by deleting an edge e = x1x9 and adding a
vertex x such that Ng(x) = {x1, 22, x3}, where x5 € V(G') \ {z1,22}. If G € G| (n>7),
then G € G or R3(G) > 3.

Proof. Since n > 7, G' ¢ {K3,K,;,G;}. From Observation 2 and Lemma 1, if G’ €
{Gy, G3,G4}, we can easily check that ®3(G) > 3 or G € G'. Thus we consider G' €

g:’;—l \ {G27 G37 G4}
We claim that if there exists a K, in G’ such that e € E(Ky), then 3(G) > 3. Let

V(Ky4) = {u1, ug, us, ug}. Without loss of generality, let 1 = us and xo = uy.

If x3 € V(K,), then x3 = u; or 3 = uz. It follows that ®3(G) > 3 (see Figure 7 (a)).
So we assume that x3 ¢ V(K4). From Lemma 1, if z3 belongs to another clique of order 4
such that x5 is not an attaching vertex, then 3(G) > 3 or G € G!. So, we only need to
consider x3 € H'(1 <4 < 7). If neither uy nor uy, is an attaching vertex, then u; or usz is an
attaching vertex, say u;. Then there must exist a path P connecting x3 and u; such that
ug, uz,uy & V(P) since H:(1 < i < 7) is connected. Then the trees T} = zuy U zuy U P
and Ty = wjug U wyuy and T3 = uzug U ugug U uguy form three {uq, ug, uyj-trees, namely,
R3(G) > 3 (see Figure 7 (b)).

Figure 7. Graphs for the claim.

Suppose that one of {us,us} is an attaching vertex, say us. Thus there must exist two
paths P, and P, connecting x3 and us in HZ since H}; is 2-connected. Then the trees
T) = xus U zug Uzxs and Ty = ugug U ugjug U Py and T3 = ugus U usug U Py form three

internally disjoint {ug, uy, x3}-trees, namely, B5(G) > 3 (see Figure 7 (c)).

() Cy

Figure 8. Graphs for Lemma 9.



Now we consider e ¢ F(K,). Thus e € E(H!)(1 <i < 7). We only consider e € E(H}),
and for e € F(H!)(2 < i < 7) one can also check that G € G* or k3(G) > 3. Since
H! = K,V (r — 2)K;, we suppose that e € E(Ky V (r — 2)K;)(r > 3). For r > 5, G must
contain one of {Cy, Cy, C3} as its subgraph. One can check that 73(G) > 3 by Observation
1 (see Figure 8). For r =4, G € H3 or G € H3 or G € H3, or k3(G) > 3. For r = 3, we can
obtain G € H2 or G € H3, or k3(G) > 3 by Lemma 1 and Observation 2. O

Theorem 1. Let G be a connected graph of order n such that R3(G) < 2. Then

2n — 2 ' =4
@) <q " g
2n — 3 if n>3,n+#4.

with equality if and only if G € G;:.

Proof. We apply induction on n(n > 7). For n = 3,4, it is easy to see that G = {K,,}. For

n =5 or n = 6, the assertion holds by Lemmas 4 and 6.

Suppose that the assertion holds for graphs of order less than n > 7. Now we show
that the assertion holds for n > 7. We claim that 6(G) < 3. Otherwise, §(G) > 4. Let
G’ be the graph obtained from G by deleting a vertex z such that d(z) = 6(G). Then,
2e(G") = 2¢e(GQ) — 2d(z) = 2e(G) — 26(G) > (n — 2)d(G) > 4(n — 2). But, by the induction
hypothesis, 2¢(G’) < 2[2(n — 1) — 3] = 4n — 10, a contradiction.

If 6(G) = 1, then we let G’ be the graph obtained from G by deleting a pendant vertex.
Then by the induction hypothesis, e(G) < e(G')+1=2(n—1)—-3+1=2n—4 < 2n — 3.

If 0(G) = 2, then we let G’ be the graph obtained from G by deleting a vertex of degree
2. Ife(G") < 2(n—1)—3, then ¢(G) = e(G')+2 < 2(n—1)—3+2 = 2n—3. If
e(G')=2(n—1)—3, then e(G) =e(G')+2=2(n—1)—3+2=2n—3. Since G' € G'_,
and ®3(G) < 2, we can obtain G € G by Lemma 7.

Suppose that §(G) = 3. Let G’ be the graph obtained from G by deleting a vertex of

degree 3, say x. If e(G') = 2(n — 1) — 3, then G’ € G ;. We can get a contradiction by
Lemma 8. If ¢(G') < 2(n — 1) — 3, then e(G) =e(G')+3<2(n—1)—4+3=2n—3.

Now we will show that G € G for e(G') = 2(n — 1) — 4. Suppose Ng(x) = {z1, 9, x3}.
We have the following two cases to consider.

Case 1. G[Ng(x)] is not a triangle.

In this case, there exists an edge z;x; ¢ E(G)(1 <i,j < 3). Let G" = G’ + z;x;. Then
we claim that ®3(G”) < 2. In fact, suppose that ®3(G”) > 3. Then there exists a 3-subset
S C V(@) such that G” contains three internally disjoint S-trees, denoted by 17, Ts, T5. If
vy ¢ U, E(Ty), then Ty, Ty, Ty are 3 S-trees in G, which contradicts 73(G) < 2.
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Assume that x;z; belongs to some S-tree, without loss of generality, say x;z; € E(T}),
then 77 = (11 — x;z;) Uz Uz is an S-tree in G. Thus, 17, T, T3 are three internally
disjoint S-trees in GG, which implies that 3(G) > 3, a contradiction.

Since e(G") = e(G') +1 =2(n—1) — 3 and R3(G) < 2, we have G” € G*_,. Furthermore,
G € G by Lemma 9.

Case 2. G[Ng(z)] is a triangle.

Clearly, G[N¢[z]] is a clique of order 4, where Ng[z] = Ng(z)U{z}. From Lemma 1, there
is no path connecting any two vertices of G[Ng[z]]. So, G\ E(G[N¢g|z]]) has three connected
components except . We denote them by G, Go, G5 (note that G; # K4(i = 1,2,3)). By
the induction hypothesis, e(G) = 322, e(G;) +6 <237 |G| —3=2(n—1) -3 < 2n — 3.

]

Corollary 1.

fln;Ry <2) =

om — 2 if n=4,
2n — 3 if n>3,n#4.

Since for 0 < ¢ <n—k+ |k/2] — 1, we have that h(n;R, > (+1) = f(n; R < £)+ 1, the

following corollary is immediate.

Corollary 2.
2n — 1 ' =1
hniw > 3= =t
2n — 2 if n>3,n#4.
Remark. Let n, ¢ be odd, and G’ be a graph obtained from an (¢ — 3)-regular graph of order
n — 2 by adding a maximum matching, and G = G’ V K,. Then §(G) = ¢ — 1, R3(G) < ¢
and e(G) = H2(n —2) + 1.

Otherwise, let G’ be an (¢ — 2)-regular graph of order n — 2 and G = G’ V K,. Then
8(G) = £, F3(G) < L and e(G) = S2(n —2) + 1.

Therefore,

~

HB2(n—2)+ 1 forn,{ odd,

2
E2(n—-2)+1  otherwise.

~

fnyrs < 0) > {

One can see that for ¢ = 2 this bound is the best possible (f(n;%; < 2) = 2n — 3).
Actually, the graph constructed for this bound is K3 V (n — 2) K7, which belongs to G.
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