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Abstract

Let G be a nontrivial connected graph of order n, and k an integer with 2 < k£ < n.
For a set S of k vertices of G, let k(S) denote the maximum number ¢ of edge-disjoint trees
T1,T5,...,Tp in G such that V(T;) N V(T;) = S for every pair of distinct integers ¢, j with
1 <4,5 § £. Chartrand et al. generahzed the concept of connectivity as follows: The k-
connectivity of G, denoted by ki (G), is defined by ki (G) =min{x(S)}, where the minimum
is taken over all k-subsets S of V(G). Thus k2(G) = k(G), where x(G) is the connectivity of
G; whereas, £, (G) is the maximum number of edge-disjoint spanning trees contained in G.

This paper mainly focuses on the k-connectivity of complete equipartition 3-partite
graphs K g’, where b > 2 is an integer. First, we obtain the number of edge-disjoint spanning
trees of a general complete 3-partite graph K , ., which is L%J Then, based on this
result, we get the k-connectivity of K7 for all 3 < k < 3b. Namely,

[£2]4+k2—2kb

g 3k 1sz%b;
, Ed if k<2 andk:O (mod 3);
rp(Ky) = | Skts- Sbkd8b-ktl | if 3 < k <3 and k =1 (mod 3);
L%J ifb§k< andk:2(mod3);
Eoad otherwise.
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1 Introduction

We follow the book [1] for all graph theoretical notation and terminology not defined here.

There is an equivalent definition of the connectivity x(G) of a graph G provided by a well-
known theorem of Whitney [9]. For each 2-subset S = {u,v} of the vertex set V(G), let x(5)
denote the maximum number of internally disjoint wv-paths in G. Then x(G) = min{k(S)},
where the minimum is taken over all 2-subsets S of V(G). In [3], the authors generalized this
definition and proposed the concept of generalized connectivity.

Let G be a nontrivial connected graph of order n, and k an integer with 2 < k < n. For a set
S of k vertices of G, let k(S) denote the maximum number /¢ of edge-disjoint trees 17, Ts, ..., Ty
in G such that V(T;) N V(T};) = S for every pair of distinct integers ¢, j with 1 <4,j < £ (note
that the trees are vertex-disjoint in G\S). A collection {11, T3, ...,Ty} of trees in G with this



property is called a set of internally disjoint trees connecting S. The generalized k-connectivity of
G, abbreviated as k-connectivity of G, denoted by k. (G), is then defined as ki (G) = min{x(5)},
where the minimum is taken over all k-subsets S of V(G).

From a theoretical perspective, both extremes of k; are fundamental concepts in graph
theory. k2(G) = k(G) is the connectivity of G, and k,(G) is the maximum number of edge-
disjoint spanning trees contained in G. The concept of edge-disjoint spanning trees is another
subject we studied. To motivate the edge-disjoint spanning trees problem, assume that our
graph represents a communication network, and that for every choice of two vertices we want
to be able to find k edge-disjoint paths between them. Menger’s theorem [4] tells us that such
paths exist as soon as our graph is k-edge-connected, which is clearly also necessary. But the
theorem does not tell us how to find those paths; in particular, having found them for one pair
of endvertices we are not necessarily better placed to find them for another pair. However, if
our graph has k edge-disjoint spanning trees, there will always be k such paths, one in each tree.
Once we have stored those trees in our computer, we shall always be able to find the k paths
quickly, for any given pair of endvertices. For edge-disjoint spanning trees of a finite graph G,
Nash-Williams and Tutte proved the following theorem independently:

Theorem 1.1 (Nash-Williams [5], Tutte [6]) A multigraph contains k edge-disjoint spanning
trees if and only if for every partition P of its vertex set it has at least k(|P| — 1) cross-edges.

As a consequence of this theorem, Corollary 1.2 gives a sufficient condition for the existence of
k edge-disjoint spanning trees.

Corollary 1.2 (Diestel [2]) Every 2k-edge-connected multigraph G has k edge-disjoint spanning
trees.

According to this corollary, Kriesell conjectured a more general statement: Defining a set S C
V(G) to be j-edge-connected in G if S lies in a single component of any graph obtained by
deleting fewer than j edges from G, he conjectured that if S is 2k-edge-connected in G, then
G has k edge-disjoint trees containing S. For more details about the spanning tree packing
problem, see [13].

From a practical perspective, generalized connectivity can measure the reliability and security
of a network. Here is an example. Imagine that a given graph represents a communication
network. Suppose that k vertices of the graph are users and other vertices are switchers. The
users hope that they can communicate on as many frequencies as possible, so that they can
communicate with each other in secrecy even if some of the frequencies are subject to interference
or eavesdropping. Users can communicate via a tree connecting all users on each frequency. To
avoid interference, each edge can carry only one frequency. And in order to ensure secrecy, each
switcher can switch only one frequency. So in essence we need to find the maximum number
of internally disjoint trees connecting all users. In a communication network, any k£ nodes may
become users and other nodes become switchers. Thus the reliability and security of a network
can be measured by its generalized connectivity.

Since Chartrand et al. introduced the concept of generalized connectivity in 1984 [3], there
have been only few results about it until they calculated k(K,,) for every pair of integers k, n
with 2 < k < n in 2010 in [7]. Since then, more and more mathematicians begin to study the
generalized connectivity and get some progress. In [8] the authors gave the sharp bounds of the
generalized 3-connectivity x3(G). They also studied the bounds of x3(G) for planar graphs. In
[14] we calculated (K, p) for any two integers a,b with 1 <a <band 2 <k < a+b. In [8] and



[10] the authors studied the computational complexity of the generalized connectivity of graphs.
In [11] the authors studied the generalized 3-connectivity of Cartesian product graphs. In [12]
the authors studied the minimal size among graphs with the generalized 3-connectivity k3 = 2.

A complete equipartition 3-partite graph is a complete 3-partite graph in which every part
contains exactly b vertices for some integer b. We denote this graph by K g’. Actually, all vertices
in the same part of K, g’ are equivalent. So instead of considering all k-subsets S of V(K g’), we
can restrict our attention to the k-subsets Sy, . = {u1,u2, ..., Uz, v1,v2, ..., vy, w1, Wa,..., W5}
for 0 < z,y,2 < k with x + y + 2z = k. Moreover, since the three parts U, V and W have the
same order, S;, . and S, g, are equivalent, where o, 3,7 is any permutation of z,y,z. So we
can assume that b >« >y > z > 0. If z = 0, obviously min{x(Szy0)} = b+ kx(Kpp). So
we will restrict our attention to the case that b > = > y > z > 0. For convenience, we denote
Up = {ur,ug, ..., ug}t, Vy = {v1,v9,..., vy} and W, = {wy, wo,...,w.}.

In the next two sections, we will give the number of edge-disjoint spanning trees in a complete
3-partite graph K , . and get the k-connectivity of K, g for all 3 < k < 3b, respectively.

2 The number of edge-disjoint spanning trees of a complete 3-
partite graph

Before we give the number of edge-disjoint spanning trees of a general complete 3-partite graph
Ky, ., we will introduce a method to find L#bb_lj edge-disjoint spanning trees of a complete
bipartite graph K, ; quickly and conveniently. Without loss of generality, we can assume that
a <b.

The List Method

Step 1. Calculate t = Laﬁb_lj.

Step 2. Assign appropriate values to d; for 1 < j < a. The method of assigning appropriate
values to d; was introduced in [14]. Generally speaking, consider the numbers 1,¢ + 1,2t +
1,...,(a— 1)t + 1, where addition is performed modulo a. If 1, +1,2¢+1,...,(a— 1)t + 1 are
pairwise distinct, we can assign the values to d; as follows: Let a +b — 1 = ka + ¢, where k,c
are integers, and 0 < c<a—1. Thena+b—1= (k+1)c+k(a—c). Ifc=0,letd; =k
forall 1 <j <a. Ifc>0,let dy_1);41 = k+1forall 1 <i<c and let the other d; = k.
If some of the numbers 1,¢+ 1,2t + 1,...,(a — 1)t + 1 are equal, we can order 1,2,...,a by
Lt+1,2t+1,...,(j—Dt+1,2,t4+2,2t4+2,...,(j— 1)t +2,....8,t+82t+s,...,(j — 1)t +s.
Then we can assign the values of d; as follows: Let a +b — 1 = ka + ¢, where k, ¢ are integers,
and 0 <c<a—1. Thena+b—1= (k+1)c+ k(a—c). In the case that ¢ =0, let d; = k for
all 1 < j < a. In the case that ¢ > 0 for the first ¢ numbers of our ordering, if d; uses one of
them as subscript, then d; = k + 1; else d; = k.

Step 3. Form a list with row headings of ui,...,u, and column headings of vy,...,vp.
Denote the entry in row u; and column v; by a; ;.

Step 4. According to the assignment of d; for 1 < j < a, mark the edges of the first spanning
tree by 1 in the list. Namely, for every row u; with 1 <4 < a, put a; g, 4dgp4-gd;_1—(i-2) = = =
Qi dy +dyt-tdi—(i—1) = L

Step 5. For every row u; with 1 < ¢ < a, mark the entry next to the last 1, namely
Qi dy +dpt-+di—(i—2)s DY 2. For every row w; with 1 < ¢ < a — 1, mark the entry just above the 2
of row w41, namely @; 4, 4 dy+-..4+d; 1 —(i—1)» Py 2. For row u,, mark the entry in the same column
as the last 1 of row uq, namely aqq,, by 2. Finally, for every row u; with 1 <14 < a, mark the



entries between the two 2 by 2. Thus the edges marked by 2 consist of a spanning tree 7.

Step 6. For ¢ with 3 < ¢ <t, we can find a spanning tree T, similarly. For every row u; with
1 <i < a, mark the entry next to the last £ — 1 by £. For every row u; with 1 <i < a— 1, mark
the entry just above the ¢ of row w;11 by £. For row u,, mark the entry in the same column as
the last £ — 1 of row u; by £. Finally, for every row u; with 1 < ¢ < a, mark the entries between
the two £ by £. Thus the edges marked by ¢ consist of a spanning tree Ty.

Finally, we find all | —% edge-disjoint spanning trees.

atb— 1J

If £ is less than t = La+bb 7, similarly we can use this method to find ¢ edge-disjoint spanning
trees of K, j such that for every pair of vertices u; and u; with 1 <4, j < a, the difference between
the number of unused edges incident with u; and the number of unused edges incident with u;
is at most 1. For every pair of vertices v; and v; with 1 <4,5 < b, we also can use this method
to find ¢ edge-disjoint spanning trees of K, such that the difference between the number of
unused edges incident with v; and the number of unused edges incident with v; is at most 1.
Just replace t = | | by .

With this method, we can prove the next theorem.

ab
a+b—1

Theorem 2.1 For a complete 3-partite graph K, ., we have

Ty +yz + zx
r+y+z-—1

"%—i—y—i—z(KiE,y,Z) = { J

Proof. Let U = {u1,...,uz}, V. = {v1,...,vy} and W = {wy,...,w.} be the three parts of
K ... Without loss of generality, we may assume that z < y < x. Since K., . contains
xy + yz + zx edges and a spanning tree needs x + y + z — 1 edges, the number of edge-disjoint

spanning trees of K, , . is at most L%J, namely, Kpqytz(Kzy) < L%J Thus, it
suffices to prove that kgiyiz(Kpyz) > L%J To this end, we want to find out all the

{%J edge-disjoint spanning trees. In other words, we will prove that after we have found

some edge-disjoint spanning trees of K , ., the number of unused edges is at most x +y + 2 —2
namely they are not enough to form a spanning tree.

Firstly, consider the complete bipartite graph K, ,, which is a subgraph of K, , .. We can
use The List Method to find | f; 7] edge-disjoint spanning trees of K, ., and leave at most
y + = — 2 unused edges. If we connect each w; to some spanning tree of K, ., we can get a
spanning tree of K, .. So we can get | —% e *— | edge-disjoint spanning trees of K, . as long as
we guarantee that the edges which we used to connect w; are all distinct. So we can first use The

. +a)—z(| 75 . . .
List Method to find t = Lz(y Z)erziiy_*l’“’lnj spanning trees of K, ... Now, since for every pair of
vertices w; and w; with 1 < 4,7 < z, the difference between the number of unused edges incident
with w; and the number of unused edges incident with w; is at most 1, every w; is incident with
at least {y %1 unused edges. So we can indeed find Ly Y2+ | edge-disjoint spanning trees of
K .. Now the number of unused edges is at most y +x — 2 +z+yt+r—2<2(z+y+x—1).
If it is less than z +y + = — 1, we are done. If it is at least 2 + y + x — 1, we need to find one

more spanning tree using the rest unused edges.

Let R be the set of the rest unused edges. If G = (V, R) is connected, we are done. If there
are at least two components in G = (V| R), there must be a component containing a cycle. Since
|R| > z+y+ x — 1 and the number of unused edges in K, , is at most y + « — 2, the number
of unused edges in K, ;.. is at least 2z + 1. According to The List Method, each w; has almost
the same number of unused edges. So each w; has degree at least 1 in G. Again, according to
The List Method, the unused edges in K, can not form a cycle, neither can the unused edges
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in K, y4z. So the component containing a cycle must contain some unused edges both in K, ,
and in K ;.. And the cycle must be one of the two cases shown in Figure 1. In case 1, w;u;
and wuj;vy, are edges and w;vy, is a path. In case 2, w;v;, and wujvy are edges and w;u; is a path.
Now consider another component. Without loss of generality, we can assume that it contains
a vertex uq. If the cycle is the first case, we can exchange the signs of column u; and column
ug in the list of K, ,,, but keep the list of K, , unchanged. Namely, for every vertex w; with
1 < ¢ < 2z, which is adjacent to exactly one of u; and u, originally, say u;, now w; is adjacent
to ug, the other one of the two vertices. But the other adjacency relations are kept unchanged.
Similarly, if the cycle is the second case, we can exchange the signs of column v; and column
ug in the list of K, ,1., but keep the list of K, unchanged. Now with the new list, we have
the edges wjug, ujvg. Since ug and u;(vy) can not appear in the original path w;vy(w;u;), the
path still exists and keeps unchanged. Then the two components become one, but the other
components remain the same as before. So the total number of components is reduced by 1.
Repeating the procedure, we can finally make G connected and find out a spanning tree of G.
Now the number of rest unused edges is less than z + y +x — 1. So we have already found

{%J edge-disjoint spanning trees of K, ,, ., and hence, Kpiytz(Kzy2) > {%J So
TYy+yz+zx
we have proved that Koyt (Kay.2) = |55 1] ]
Wi wi
u;j Vg u; v
J case 1 " J case 2 "

Figure 1. The component containing a cycle.

3 The k-connectivity of a complete equipartition 3-partite graph

For simplicity, denote K g’ by G. Now, let 2y be the set of trees connecting S, . whose vertex
set is Sz 2, let Ay be the set of trees connecting Sy, . whose vertex set is S, . U {u}, where
u ¢ Sy, and let Ay be the set of trees connecting S, , . whose vertex set is Sy, . U {u, v},
where u,v ¢ S; , . and they belong to distinct parts.

Lemma 3.1 Let A be a mazimum set of internally disjoint trees connecting Sy, .. Then we
can always find a set A" of internally disjoint trees connecting Sy ., such that | A|=| A" | and
A AU UAs.

Proof. Let A ={T1,T5,...,T,}. If for some tree T; in A, T; ¢ Ao U Ay U Ay, then let V(T}) =
Spy, WU UV UW', where (U' UV UW')NS,y.=0,U CU, V' CVand W C W. At
most two of U’, V' and W' can be empty. If at least two of them are nonempty, say U’, V',
let v € U' and v' € V'. The tree T} with vertex set V(7}) = Sz 4. U {u',v'} and edge set
B(T}) = {v'wy,..., u'ws, u'vr, .. /vy, v'us, 0, u'v') s a tree in R URey URLy (See Figure
2). Since V(T;) N V(T;) = Sz, and E(T;) N E(T;) = 0 for every tree T; € A, where i # j,
T; does not contain u', v’ nor the edges incident with u',v’. Therefore, V(T}) N V(T;) = Sy,
and E(T]) N E(T;) = 0 for 1 <4 < p,i # j. If exactly one of U’, V' and W' is nonempty,



say U', let U" = {uy,uy,...,u;}. Then we delete uy,...,u;. It may produce some connected
components. For each component which does not contain v/, there must be an edge connecting
one of uy,...,u, with it originally. Thus each component which does not contain uj must
contain a vertex in V' U W. Find such a vertex and connect it with «} by an edge. Obviously,
the new graph we obtain is a tree T]’ € Ao UA; UAy that connects Sy, . (See Figure 3).
For every tree T; € A, where ¢ # j, T; does not contain u} nor the edges incident with u].
Therefore, V(T}) N V(T;) = Syy,. and E(Tj) N E(T;) = 0 for 1 <i < p,i # j. Replacing each
T; ¢ Ao UA; Uy by T]’ , we finally get the set A’ C 1o U2(; U5 which has the same cardinality
as A. |

Uy U2
®

wyp W2 wyp W w,

Figure 2. If U’ and V' are not empty.

Figure 3. If only U’ is nonempty.

So, we can assume that the maximum set A of internally disjoint trees connecting Sy, . is
contained in Ay U Ay URAy. Next, we will define the standard structure of trees in 2lg, 2, and
Ao, respectively.

Every tree in % is of standard structure. A tree T"in 20y with vertex set V/(T') = Sy, . U{u},
where u € U\ Sg .-, is of standard structure if u is adjacent to every vertex in Sy, . N (VUW).
Since |[E(T)| = |[V(T)| — 1 = k and dp(u) = [Szy. N (VUW)| = k — x, there are x edges
incident with S, . NU. We know that |S,,. N U| = = and each vertex must have degree
at least 1 in 7. So every vertex in S;, . N U has degree 1. A tree T in 2 with vertex set
V(T) = Sy py,-U{v}, where v € V'\ Sy .2, is of standard structure if v is adjacent to every vertex
in Sy, .N(UUW). Similarly, every vertex in Sy, NV has degree 1. A tree T in 2; with vertex
set V(T') = Sz, U{w}, where w € W\ S, ., is of standard structure if w is adjacent to every
vertex in Sy, . N(UUV). Similarly, every vertex in S, , . NW has degree 1. A tree T' in 2y with



vertex set V(1) = Sy y.. U {u,v}, where u ¢ Sp, ., v ¢ S, . and u, v belong to distinct parts,
is of standard structure if u is adjacent to v and every vertex in S, , . is adjacent to exactly one
of u,v. We then denote the set of trees in 20y, 2; and %Ay with the standard structure by Ay,
A1 and Ao, respectively. Clearly, Ag = 2.

Lemma 3.2 Let A be a maximum set of internally disjoint trees connecting Sy, ., A C g U
2A; URAy. Then we can always find a set A" of internally disjoint trees connecting Sy, -, such
that | A |:| A" | and A" C Ao U A1 U As.

Proof. Let A = {T1,T>,...,T,}. Suppose that there is a tree T in A such that T; € 2, but
T; ¢ Ai. Let V(T;) = Sypy,- U{u}, where u € U\ S, .. Note that the case u € V'\ S; .. and
the case u € W\ Sg . are similar. Since T ¢ Ay, there are some vertices in S, , . N (VU W),
say vy,...,vL,w,. .., w;, not adjacent to u. Then we can connect v} to u by a new edge. It will
produce a unique cycle. Delete the other edge incident with v} on the cycle. The graph remains
a tree. Do the same operation on vy, ..., v, w},..., w; in turn. Finally we get a tree 7 whose
vertex set is S, . U {u} and u is adjacent to every vertex in Sy, . N (V U W), that is, T} is of
standard structure. For each tree T, € A\ {T}}, clearly T, does not contain u nor the edges
incident with u. So V(T7) NV(T;) = Sz,» and E(T}) N E(T;) = 0. Suppose that there is a tree
Tj in A such that T; € Ay, but T; ¢ As. Let V(1) = Sy y,.U{u,v}, where u,v ¢ S, . and they
belong to distinct parts. Without loss of generality, suppose that w € U\S, , . and v € V\S; 4 ..
If v and v are not adjacent, connect v and v by the edge uv. It will produce a unique cycle.
Delete the other edge incident with u on the cycle. Then for every vertex w € Sy ., if w is
adjacent to neither u nor v, connect w with an edge to one of them which is in the different
part from w. It will produce a unique cycle. Delete the other edge incident with w on the cycle.
The graph remains a tree, denoted by TJ’- . By our operation, T]’ is a tree in As. For each tree
T, € A\{T;}, V(T;)NV(T;) = Siy,. and E(T;) N E(T;) = 0. Replacing each T; ¢ AgUA; UA;
by T7, we finally get the set A” C AU A; U Az which has the same cardinality as A. |

So, we can assume that the maximum set A of internally disjoint trees connecting S, . is
contained in Ay U A; U As. Namely, all trees in A are of standard structure.

For simplicity, we denote the union of the vertex sets of all trees in set A by V(A) and the
union of the edge sets of all trees in set A by E(A). Let Ag := AN Ay, A1 :== AN A; and
Ag i = ANAy. Then A= AgU A7 U As.

Lemma 3.3 Let A C Ao U A1 U Ay be a mazimum set of internally disjoint trees connecting
Szy,2- Then at most one of U\ V(A), V\V(A) and W \ V(A) is nonempty.

Proof. 1f at least two of U \ V(A), V \ V(A) and W \ V(A) are nonempty, without loss of
generality, let u € U\ V(A) and v € V \ V(A). Then the tree T/ € Ay with vertex set
V(T') = Say,- U{u,v} and edge set E(T") = {u1v,...,uzv, 014, ..., 050, w1, ..., w,u,uv} is a
tree that connects Sy, .. Moreover, V(T')NV(A) = S, . and since all edges of 7" are incident
with u or v, T" and T are edge-disjoint for any tree T' € A. So, AU{T"} is also a set of internally
disjoint trees connecting S, , ., contradicting to the maximality of A. |

Lemma 3.4 Let A C Ao U A1 U Ay be a mazimum set of internally disjoint trees connecting
Syyzs and A = AgU A1 U Ay If V(A) # V(G) and Ay # 0, then we can find a mazimum
set A" = Ay U A} U AY of internally disjoint trees connecting Sy .-, such that |Aj| = |Ao| — 1,
|Al| = |A1| + 1, and A = A,.



Proof. Let u € V(G)\ V(A) and T' € Ag. Without loss of generality, suppose u € U. Then
we can add the edge uv; to T and get a tree T € 2. Using the method in Lemma 3.2, we
can transform 7" into a tree T” of standard structure. Then 7" € A;. Since for T; € A\ {T'},
T; does not contain w nor the edges incident with w and E(T;) N E(T) = 0, T" and T are
edge-disjoint, and V(T") NV (Tj) = Sz y,» - Let Aj := Ag \ {T'}, A} :== A1 U{T"} and A = A,.
It is easy to see that A" = Aj U A] U A} is a set of internally disjoint trees connecting Sy .
Since |Aj] = |Ao| — 1, |A]] = |A1] + 1, and A}, = Ay, A’ is a maximum set of internally disjoint
trees connecting S, , . we want to find. |

So, we can assume that for the maximum set A of internally disjoint trees connecting Sy ,, -,
either V(A4) = V(G) or Ag = 0. Moreover, if A’ is a set of internally disjoint trees connecting
Sz,y,- which we find currently, V' (4’) # V(G) and the edges in E(G[S;4.2]) \ E(A’) can form a
tree T in Ag, then by Lemma 3.4 we will add to A’ a tree T” € A; rather than a tree T € Ay
to form a larger set of internally disjoint trees connecting S, .. In a similar way, we can prove
the following lemma.

Lemma 3.5 Let A C Ao U A1 U Ay be a mazimum set of internally disjoint trees connecting
Spyz, and A= AgUA1UAy. IfV(A) #V(G), (V(G)\V(A)) C X and V(A1) \ (Szy,UX) #0,
where X = U, V, or W, then we can find a maximum set A" = Ay U A} U A, of internally disjoint
trees connecting Sy -, such that Ay = A, |A}| = |A1| — 1, and |Ay| = |Az| + 1.

Lemma 3.6 We can always find a mazimum set A of internally disjoint trees connecting Sy -,

such that V(A) = V(Q).

Proof. Let A be the maximum set of internally disjoint trees connecting S, . we find. If
V(A) # V(G), by Lemmas 3.4 and 3.5, we can assume that Ag = 0, (V(G) \ V(A4)) C X and
(V(A1) \ Szy,2) € X, where X = U, V,or W. Since Ag =0, A; # () by the maximality of A.

Case 1. X =U.

Since (V(G)\ V(A)) C U and (V(A1) \ Sey,2) C U, any vertex v € (VUW)\ Sg .- is in
some tree T' € As.

Claim: If there is a tree T' € Ay with vertex set S, , . U {v,w}, where v € V' \ S;, . and
w € W\ Syy., then [V(G)\ V(A)| =1.

Proof. By contradiction, suppose that there are two vertices in V(G) \ V(A), say u/, u”. Let
Ty and T be two trees in Ay with vertex sets Sy, . U {v,u'} and Sy, . U {u”, w}, respectively.
Since for 77 € A\ {T'}, T" does not contain «’,u”, v, w nor the edges incident with them, 7; and
T' are edge-disjoint, and V(T;) N V(T") = S, for i = 1,2. Clearly, E(T1) N E(T) = () and
V(Th) NV (T3) = Sgy,-. Let A" = A\N{T}U{T1,T>}. It is easy to see that A’ is a set of internally
disjoint trees connecting Sy, .. But |A’| = |A| + 1, contradicting to the maximality of A. 1

Since W\ Syl =b—2>b—x=|U\ Syy,:| > |U\V(A1)|, there must be a tree T' € A
with vertex set S, . U{v,w}, where v e V'\ S;, . and w e W\ Sp,.. So |[V(G)\V(A)| =1.
Denote the vertex in V(G) \ V(A) by u'. Take a tree 77 € A; with vertex set Sy, . U {u"},
where v’ € U \ Sy, Let Tp and T3 be two trees in Ay with vertex sets Sy, . U {v,u'} and
S,z U{u”, w}, respectively. Since for 7" € A\ {T,T1}, T" does not contain «’, u”, v, w nor the
edges incident with them, T; and 7" are edge-disjoint, and V(T;) N V(T") = Sy .. for i = 2,3.
Clearly, E(T5) N E(T3) = 0 and V(T3) NV (T2) = Sy .. Let A" = A\{T, 11} U{T3,To}. It is
easy to see that A’ is a set of internally disjoint trees connecting Sy, .. Since |A’'| = |A|, A" is a
maximum set of internally disjoint trees connecting Sy, -, such that V(A") = V(G).




Case 2. X =V.
The proof is similar to that of Case 1.
Case 3. X =W.

In this case, since W\ Sy y.| =b—2>b—y >b—x = |U\ Syy,.|, it seems that it is
possible that there is no tree T € Ay with vertex set Sy, . U {v,u}, where v € V'\ S, . and
u € U\ Sz, and hence any vertex v € (V UU) \ Sz, is in some tree T € Ay with vertex
set Spy. U {v,w}, where w € W \ V(A;). But actually this is impossible. This is because
it implies that b — 2 +b —y < b — 2, namely, b+ 2 < 2 +y. Since (V(A1) \ Szpy,.) C W,
|A1| = V(A1) \ Szy:| <b—2<b+z<z+yand E(A)NE(GU,UVy]) =0. Now |A;| <z+vy
implies that for every vertex w; € Siy., @ = 1,...,%, there is at least one unused edge in
E(G[Ss3y,2]) incident with w;. These edges together with the edges in E(G[U, U V,] will form
a tree in Ag, which is internally disjoint with all trees in A, contradicting to the maximality of
A. So there must be a tree T' € Ay with vertex set S;, . U {v,u}, where v € V' \ S, . and
u € U\ Sy, Similar to the proof of Case 1, we can transform A to A’, which is a maximum
set of internally disjoint trees connecting S, -, such that V(4’) = V(G). 1

So, we can assume that if A is a maximum set of internally disjoint trees connecting Sy , -,
then V(A) = V(G).

Lemma 3.7 Let A C Ao U A1 U Ay be a mazimum set of internally disjoint trees connecting
Seyz and A = AgU A1 U As. If Ag # 0 and Ay # 0, then we can find a mazimum set
Al = Aj U AL U AY of internally disjoint trees connecting Sy, such that |Ap| = |Ao| — 1,
|AY| = |A1| + 2, and |A)] = |As] — 1.

Proof. Let T be a tree in Ay with vertex set S, , .U{u, v}, where w € U\ S, . and v € V\ Sy, ...
Let T1 be a tree in Ag. We want to transform T and T3 to two trees 1,13 € A; with vertex
sets Sy . U{u} and S, . U{v} respectively. In T5, every vertex in U, must be incident with an
edge in E(T1). In T3, every vertex in V,, must be incident with an edge in E(77). And all these
edges must be distinct. To do this, let the vertices in W, be in Layer 0. Let the vertices having
distance ¢ to W, in 17 be in Layer ¢. Every vertex in U, UV}, is in some Layer i, 1 < i < kK,
since T is connected. For each vertex ' € U, UV, assume that « is in Layer i. Take one edge
connecting v’ with some vertex in Layer 7 — 1. There must be such an edge by our construction.
According to our choices of edges, these edges are all distinct. So T and T3 are edge-disjoint
and V(T5) NV (Tz) = Sz ... Since for T" € A\ {T,T1}, T' does not contain w, v nor the edges
incident with them and 7" does not contain the edges of T}, T; and T" are edge-disjoint, and
V()N V(T') = Sy for i = 2,3. Let A = A\ {T,T1} U{T3,T>}. It is easy to see that A’ is

a set of internally disjoint trees connecting S, .. Since |Aj| = |Ag| — 1, |A]| = |A1| + 2, and
|AS| = |Ag| — 1, |A'] = |A|. Thus A’ is a maximum set of internally disjoint trees connecting
Sz,y,> we want to find. 1

So, we can assume that if A is a maximum set of internally disjoint trees connecting S, , -,
then either Ag or A, is empty.

From the above lemmas, we can form our principle in finding the maximum set of internally
disjoint trees connecting S, ,, .. First we find as many trees in A; as possible. If V(A1) # V(G),
we then find as many trees in Ay as possible; else if V(A1) = V(G), we then find as many trees
in Ap as possible. So the final maximum set A of internally disjoint trees connecting Sy . is of
the form AgUA; or A1 UAy. If A= AygU Ay, then every vertex v € V(G)\ Sy .- is contained in
some tree T € A; with vertex set Sg, .U {v}. Since |V(G) \ Szy,-| = 3b — k, there are (3b — k)
trees in A;. So |A] > 3b— k. If A = A; U Ay, every tree in A must contain one vertex in



V(G) \ Sz,y,» and some trees may contain two such vertices. So |A| < |V(G) \ Sz y,.| = 3b — k.
Since ki (G) = min{k(S)}, where the minimum is taken over all k-subsets S of V(G), for fixed
k, if there exists £ = x1, y = y1 and z = z; such that A = Ay U As, then we need not consider
other x = 29, y = y2 and z = 25 such that A = AgU A;. But for some k, A = Ay U Ay holds
for any z,y, z such that © +y + z = k. Next we will give a necessary and sufficient condition to
A=AgUA;.

Lemma 3.8 Let A be the final mazimum set of internally disjoint trees connecting Sy, . we
find. Then As =0 if and only if x(b—z) +y(b—1y) + 2(b— 2) < xy + yz + 2x.

Proof. If Ay = 0, then every vertex v € V(G) \ Sgy,. is contained in some tree T € A;
with vertex set Sy, . U {v}. There are (b — x) trees in A; with vertex set Sy, . U {u}, where
u € U\ Spy,.. We denote the trees by 7V = {TV,..., TV }. In TV, every vertex in U, is
incident with an edge in E(G[S;,..]) and these edges must be distinct. So TV contains z edges
in E(G[Ssy,:)). TV, ..., TY , contain altogether z(b—z) edges in E(G[S,,,.]). Similarly, There
are (b —y) trees in Ay with vertex set S;, . U {v}, where v € V'\ S;, .. We denote the trees
by TV = {17, ... ,Tb‘iy}. These trees contain altogether y(b — y) edges in E(G[Sy,y,-]). There
are (b — z) trees in A; with vertex set S;, . U{w}, where w € W\ S, , .. We denote the trees
by TW = {TV,..., T}V }. These trees contain altogether z(b — z) edges in E(G[S,,,.]). Since
these trees are edge-disjoint, z(b — z) + y(b —y) + 2(b — 2) < |E(G[Szy,2])| = vy + yz + zx.

If 2(b—2)+yb—1y)+2(0b—2) < ay+ yz + zz, we want to prove that As = . Let
dgs(v) denote the number of unused edges incident with vertex v in E(G[S;, .]) currently. Let
dx,y(v) denote the number of unused edges incident with vertex v in E(G[X UY]) currently,
where XY € {U,,V,,W.}. If we replace the vertex v by a set @) in above notation, then
ds(Q) = >_,ecq ds(v), and other notation is similar. Then we can find (b—x) trees T7,..., 1Y,
with vertex set S, . U{u}, where u € U\ S, if and only if for every vertex u; with 1 <i < z,
ds(u;) > b — x, and we can find b — y trees TV, ... ,Tb‘iy with vertex set S, . U {v}, where
v €V \ Sy, if and only if for every vertex v; with 1 < i <y, dg(v;) > b —y, and we also can
find b— z trees T}V , . .. ,TbM_/Z with vertex set Sy, . U{w}, where w € W'\ S, . if and only if for
every vertex w; with 1 < i < z, dg(w;) > b—2. Since x(b—z)+y(b—y)+2(b—2) < xy+yz+ 2z,
at least one of z(b — x) < zy, y(b —y) < yz and z(b — z) < zx must hold. We distinct three
cases.

Case 1. y(b—y) < yz.

Since y(b—y) <yz,b—y <z. Sob<y+z<z+z<z+y,and henceb—x <yandb—z <z
hold. Since dy, w, (w;) =z > b—z, we can find b—z trees 1V, ..., T}V with vertex sets S, U
{wsi1}, Sey U{wsia}, ..., Sey. U{wy}, respectively. Let the neighbors of wy in 7}V, . .. ,TbV[_/Z
be u1,...,up_,, respectively. Let the neighbors of wy in T}V, ... ,Tl}f/Z be up—zt1,. .., Uzp—2)
respectively. Let the neighbors of w; in TV . .. ,Tgf/z be w(i_1)(b—2)41, - - - » Ui(h—z), respectively,
and so on and so forth. Here and in what follows, the subscript j of u; € U, is expressed
modulo z as one of 1,2,...,2. Now, since dy, w,(v;) = z > b —y, we can find b — y trees
,..., Tb‘iy with vertex sets Sy > U{vyt+1}, S22 U{vVyt2}, ..., Sz, U{uvp}, respectively. Let
the neighbors of vy in TV, ... ,Tb‘iy be w1, ..., wy—y, respectively. Let the neighbors of vy in
Tlv, ... ,Tb‘iy be wp—y41,. .., Wop—y), respectively. Let the neighbors of v; in Tlv, ... ,Tb‘iy be
W(i—1)(b—y)+1s - - - » Wi(b—y), Tespectively, and so on and so forth. Here and in what follows, the
subscript j of w; € W, is expressed modulo z asone of 1,2,. .., 2. Now, since dy, v, (u;) =y > b—
x, we can find b—=x trees T, . .. ,Tblix with vertex sets Sy > U{tUgt1}, Szy,-U{tar2}, .., Szy,2U
{up}, respectively. Let the neighbors of uy in T, ... ,TbU_x be v1,...,Vp_z, respectively. Let the
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neighbors of uy in TlU, . ,TbU_x be vp—zi1, ..., Uap—s), Tespectively. Let the neighbors of u; in
TlU, .. ,TbU_x be V(i _1)(b—z)+15 - - - » Vi(h—a)» TesPectively, and so on and so forth. Here and in what
follows, the subscript j of v; € V, is expressed modulo y as one of 1,2,...,y. Now we have
found 3b — k trees in A, and thus every vertex in V(G) \ Sg,y.» is contained in a tree in Aj.
Thus, V(41) = V(G), and so Az = 0.

Case 2. y(b—vy) > yz, z2(b— z) < zz, and Case 3. y(b—y) > yz, z(b — z) > zx and
(b — x) < zy can be dealt with similarly. The details are omitted. 1

Now we know that if x(b—x)+y(b—y)+2(b—2) < xy+yz+zx, then Ay = (). Tt is clear that
r(b—z)+ylb—y)+2(b—2) <zy+yzt+ze e (x+y+2)b < 2?2 +y?+ 22+ ay+yz+ 2o & 2kb <
(z+y)?+y+2)?2+(z+2)22kb < (k—2)?+ (k—2)?+ (k—y)? & 2kb—k? < 2% +y* + 2%
Sincex +y+z2z==Fk, a2 +y>+ 22> k2 If kQ > 2kb — k?, A = AgU A; holds for any z,y, z such
that = +y + z = k. Since k > 2kb — k2<:>k > 3 then when k > %2, A = Ay U A;.

If A= Ao U Ay, |A = 3b — k. Next we will cons1der |Ao|.

Lemma 3.9 When k > %b, we can find L(xy+yz+zx)_[x(b,;ﬁw(b_y)ﬂ(b_zﬂJ trees in Ay and 3b—k
trees in Aj.

I (zy+yz+zz)—[z(b—z)+y(b—y)+2(b—2)]
k—1

Lemma 3.8, we will distinct three cases to prove this lemma. Since a < | we can find
a trees in Ag usmg the method in the proof of Theorem 2.1. If z+y < z+4+2x < b <y+ z, then
a < ij Namely, we can use The List Method to find a edge-disjoint spanning trees
of Ky, such that dy, v, (u;) > b~z for 1 <i < z. So we can find b — x trees TV ,...,TbU_x
with vertex sets Sy > U{tgt1}, Szy,- U{tUat2}, ..., Sey,- U{us}, respectively, without using the
edges in E(G[U; UW,]). According to The List Method, for every pair of vertices v; and v; with
1 <i,5 <y, the difference between the number of unused edges incident with v; and the number
of unused edges incident with v; is at most 1. For simplicity, we refer V,, to satisfy property P.
Then for every spanning tree of K, ., we can connect each w; to some v; to form a spanning
tree of K, . and keep V,, satisfying property P. Now the number of unused edges incident with
each w; is ¢ + y — a. Sincex—{—y—a>b—z we can find b — z trees T}V, .. TW with vertex
sets Spyz U{wst1}, Spy - U{waqa}, ..., Sy U{wp}, respectively. Since z < b — z, all edges
in E(G[U; UW,]) are used. So all unused edges are incident with Vj,. Since the number of all
unused edges is at least y(b—y) and Vj, satisfies property P, dg(v;) > b—y for 1 <i <y. So we
can find b—y trees T), ... ,Tb‘iy with vertex sets Sy y - U{vyt1}, Say.- U{vy42}, -1 Say.z U{0s},
respectively. So we can find altogether b—z +b—y+b— 2z = 3b — k trees in A;. The proofs for
the other two cases are similar. |

| = a. Similar to the proof of
a:y+yz+sz

Proof. For convenience, denote

Now we know that, when k > %b,

— [z(b— b— b—
K(Says) = L(ﬂcy +yz + zx) — [( . _af)1+ y(b —y) + =( Z)]J L 3b k.
Next, we will calculate ry(K}) for k > %b.
E2) 1 k2 _2kb

Lemma 3.10 When k > 9, rp(K}) = | gy —] + 30— k.
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Proof. Since k(Sgy.2) = L(xyﬂ’”m)*[x(b,;_xry(b*y)“(b*z)]J+3b—k, k—1 and 3b—k are constants,
all we have to do is to calculate min{(zy + yz + zx) — [z(b — z) + y(b — y) + 2(b — 2)]}. Since

(zy +yz + z2) = [o(b - @) +y(b —y) +2(b - 2)]
_ @yt y+2)? o+ (2 + )" — 2k

2
_(k—z)2+(k—x)2+(k‘—y)2—2kb
N 2
Ca? +y? + 2% = 2kb + kP

2 )
then

min{(zy + vz + 22) — [o(b —2) + y(b— y) + 2(b — )]}
oy 2% —2kb 4 k2
=min{ 5 }

:min{a:2 —;yQ + 22} kb k:;

Now the problem is reduced to the one of calculating min{z? + y? + 22}, where z +y + 2z = k
and z,y, z are integers. We know that, when = + y + z = k and x,y, z are real numbers, the
minimum value is £, If k = 0 (mod 3), obviously wh —y=z=kj ins the mini

3 - = , y when z =y = 2z = 3, 1t attains the minimum
value. However, if k = 1 (mod 3) or k = 2 (mod 3), namely k? = 1 (mod 3), it can not attain the
minimum value. But since x, v, z are integers, min{z? + 52 + 2z} should also be an integer, and
kQ?jFZ = [ﬁ] should be the minimum value, when z,y, z are integers. If k = 1 (mod 3), when
T = k?,y =z= k;, it indeed attains % +2 If k=2 (mod 3), when z =y = k“ 2= B2 g

3
indeed attains £ +2 , too. So for z # 0,

g vz 22) — b =) +y(b =) + 2(b— 2)

k—1
152 + k2 — 2kb
20k — 1)

| +3b—k}

=L

|+ 3b—k.

On the other hand, if z =0,

2b—§+L4521)J2 if kis even ;
2b———|—L4 j if kisodd .

min{x(Szy0)} = b+ kr(Kpp) = {

Notethat b> x>y >2=0,k=x+4+y < 2band k > 3. If k is even, we have

[52) + k2 — 2kb + 2(k — 1)(3b — k)

[

o2k — 1) N
B2 k2 —okb+2(k—1)(3b— k),  A(k—1)(2b— %) + &
<l 3= 1) ey
2k —4b— K 14
T A4k—1)
<0

)
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and so )
L[%} + k% — 2kb + 2(k — 1)(3b — k)

2(k—1) 4k —1)
namely,
(5] + k2 — 2kb K 2
b—k<2b— -+ |——].
T R R At STy
The proof for the case that k is odd is similar.
Thus min{x(Sz,y,.)} < min{x(Sz4,0)}, and for k > %b,
k2 2
]+ k% — 2kb
i) = (L2 g

2(k — 1)
N

Next, we will calculate Hk(Kg) for k < b. Notice that now 22 4+ 2 + 22 < k? < 2kb — k2,
namely, z(b—z)+y(b—y)+ 2(b— z) > zy + yz + zx for any z,y, z such that v +y+ 2z = k. So
A = A; U Ay, then not every vertex v € V(G) \ Sy, is contained in some tree 7' € A;. Thus
the problem appears: which vertices should we choose to form trees in A1?7 We know that every
TV needs z edges in E(G[Syy..]), every TV needs y edges in E(G[Sy,y.z]) and every T}V needs
z edges in E(G[Sg,y,]). Since x > y > z, a natural idea is that we first pick up as many trees
in 7V as possible, then pick up as many trees in 7V as possible, and finally pick up as many
trees in 7V as possible. Since k < b, namely, x +y < b — z, we can pick up = + y trees in 7V,
and run out of all edges incident with W,. Since < b — y, we can pick up « trees in 7V, and
now we run out of all edges in E(G[Sy,y,.]). So the rest of vertices can only form trees in As.
Now there remain b — x vertices in U \ Sy ., b —y — x vertices in V\ Sy . andb—z—y—x
vertices in W\ S, .. Ifb—2 <b—y—2+b—2—y—x, namely, y < b—k, we can pair up all
these vertices except for at most one vertex. In this case, we do not waste any vertices. So we
have found the maximum number of internally disjoint trees connecting Sy, ..

Lemma 3.11 Ifk <b andy <b—k, then £(Syy.) = [ 2242
Proof. As the above statement, there are x + y + = trees in A; and Lb_”b_‘v_g%_w_y_zj trees
in A2. So
3b—3x+4xr—2y+2y—=z 3b+k—y—2z
R(Szy,e) = | I=1 J.
2 2
]

However, if b—ax > b—y —x+b— 2z —y —x, the thing is not so simple, because we may have
“wasted” vertices. How to avoid wasting 7 We should pick up the trees more carefully. After
we have picked up z + y trees in 7", there remain b — k vertices in W\ Sy, Since we have
run out of all edges incident with W, these vertices can not form a tree in A;. Not to waste
them, we pair them up with b— k vertices in U\ S, .. Now there remain b—x—(b—k) =k—=x
vertices in U\ S;y,» and b—y vertices in V'\ S, .. Now we pick upb—y—(k—z) =b—k+x—y
trees in 7", and there remain k — 2 vertices in both U \ Szy,. and V' \ S, .. Since we can find
altogether at most z trees in 7" and we have already picked up b— k+x —y of them, we can pick
up at most x — (b —k 42z —y) = k — b+ y more trees in 7". Sinceb—y >z, k—b+y <k —2x.
If we pick up trees as in the case that y < b — k, then with these k — z pairs of vertices in
U\ Spy>and V\ Sy, wecan find k —b+y treesin 7" and k—z — (k—b+y)=b—x—y
trees in 7YV, There are altogether k —b+y +b—2 —y = k — x trees and k — b + y vertices
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in U\ S;,,. remaining unused. But we can simply find k — « trees in TUV by pairing up these
k — x pairs of vertices without using any edges in E(G[Sy,y,-]). It means that we do not use the
edges efficiently. The most efficient way to use the edges is that we pick up as many pairs of
trees in 7V and TV as possible and then pair up the remaining vertices. The following lemma

gives k(Sy,y,») for k <band y > b — k.
Lemma 3.12 Ifk <b andy > b— k, then 5(Syy.) = 2b—y — 2+ | =007 |
Proof. As the above statement, we find = + y trees in 7% and b — k trees in 7YW. Then we

find b — k + x — gy trees in 7" and there are xy — (b — k 4+ — y)y = (k — b + y)y unused edges
left. So we can find ij trees in 7V and L%j trees in 7V. Finally, there remain

T+y
L (k xl:;y | pairs of vertices unused, and so we can find k — z — L (k xl:;y V=0T | trees in 7YV
Thus
K (Say,2)
k—b+ kE—b+
:x+y+b—k+b—k+x—y+2ﬁ————gyj+k—x—LL———EMJ
x+y T+Y
k—1b
EYSpA Gl k') )
Tr+y
(k—b)y+y°
oy | OWTY
y—zt
|
Next, we will calculate min{x(Sg,y )} for k < b.
Lemma 3.13 For k <b andy <b—k, we have
2k if k>3
min{x(Syy-)} =< |2 if k<3 and k=0 (mod 3);
|3 if k< 32 and k # 0 (mod 3).

Proof. To get min{k(Sy,y,)}, first let us consider the function fi(z,y) = MQ%%. We want

to find out the optimal solution of

min{f1(z,y)}

subject to
2y + z < k,
z—y <0,
y<b—k,

1y, z are positive integers.
To this end, first let us ignore the integer restriction and consider

min{g1(z,y) = fi(z,y)}
subject to
2y + 2z <k
z—y <0
y<b-—k.
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Since %—“2 = —3 < 0 and % = —1<0, gi1(z,y) is a decreasing function in y, and it is also a
decreasing function in z. Next we will illustrate it in two cases.

Case 1. b—kgg.

The feasible region of gi(z,y) is shown in Figure 4. Obviously, ¢1(z,y) attains the minimum
value at (b— k,b—k). Since b — k is a positive integer, (b — k,b— k) is also the optimal solution
of fi(z,y) in this case. So min{fi(z,y)} = fi(b—k,b—k) = 2k.

)

O z

Figure 4. The feasible zone of g; for Case 1.

Case 2. b—k > g

The feasible region of g1(z,y) is shown in Figure 5. Obviously, ¢1(z,y) attains the minimum
value at some point on the segment y = k_z , 3k —2b < 2z < % When y = 552, g1(z,y) =
3b+k;y72’z 6b+k_3z Wthh is decreasmg in z. So g1(z, y) attains the minimum Value at (=,

fi(g’ %) = 3’2”, If k=1 (7;1:0(1 3), flgz y)kcan attain the minimum value or;ly a;z (?1, ? or
(5,5 k+2 ). Since f1(%5~ k—4 §2)—fl(%,%) 2 > 0, min{ f1(z, y b= hH05 1 1) = 32—+1 If
k=2 ( od 3), fi(z, y) can attain the minimum value only at (& k=2 %) So mln{fl( Y=
fl(@ Q) 3b+1

33 :

O z

Figure 5. The feasible zone of g; for Case 2.
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Thus, for £k < b and y < b — k, we have
2k if k>3
min{x(Syy,.)} = [min{fi(z,9)}] =< 2] if k<3 and k=0 (mod 3);
|35 if k< 2 and k # 0 (mod 3).

Similarly, we can get the next result.

Lemma 3.14 For k <b andy > b— k, we have

3b— 2k if k<2
B L3bj if k>3Zb and k =0 (mod 3);
min{x(Szyz)} = L3bk-§2€rlk+lj if k>3 and k=1 (mod 3);
Ex= if k>3 and k=2 (mod 3).

Combine Lemma 3.13 and Lemma 3.14, we can get the following result.

Lemma 3.15 When k < b,

E4 if k=0 (mod 3);
rr(KP) = L3bkgiilk+lj if k>3 andk=1 (mod 3);
| 36 | otherwise.

Finally, we will calculate ry,(K;) for b < k < 3. First, we will calculate #(S,,,.). Notice

that it suffices to calculate k(S;,,.) such that a:(b —x)+ylb—y)+2(0b—2) > 2y +yz+ zz.
Namely, at least one of x(b—=x) > zy, y(b—y) > yz and z(b— z) > zz must hold. Since b—x >y
and b — z > z both imply that b — z > y, b — 2 > y must hold and this will be used later.

Lemma 3.16 Ifb< k < 3b , then K(Spy.) =2b— 2 —y+ LMJ

Proof. The way we find trees is similar to that in the case k < b. Since b < k =2+ y + 2,
b— 2z < z+y and we can find b — z trees in TW and run out of all vertices in W \ Szy,z-
Then we find z — y trees in 7" and there are b — = unused vertices left in both U \ Sy,
and V' \ S;,.. Now we have used altogether (b — 2)z + (z — y)y edges in E(G[S;,.]) and
left 2y +yz + 22 — (b — 2)z — (x — y)y = yz + 2z + 2% + y?> — bz edges unused. So we can

24,2 . 242
find |¥FEtetu b2 | freeg in TV and | yEtErtetytobe

Y Y | trees in 7V. Finally, there remain

2 2_ . . 2 2_
b—1x— L%WJ pairs of vertices unused, and so we can find b —z — L%ﬂwbﬂ
trees in 79V, Thus,

’i(Sw,y,Z)

yz +zx + 22 +y? — bz yz + 2z + 22 +y% — bz

=b—z+z—y+2 +b—x—
sy 42 P T T e [
2 2 _
:2b_z_y+£yz—|—z:v+z +y sz
r+y
(k—b)z + 92
=2b — 2z — _—.
e

Similar to Lemmas 3.10 3.13, 3.14 and 3.15, we can get the next results.
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Lemma 3.17 Forb <k < %b, we have

Ed if k=0 (mod 3);
min{x(Szy.2)} = L%j if k=1 (mod 3);
| BREV2REL | if k=2 (mod 3)
Lemma 3.18 When b <k < %b, we have
12 if k=0 (mod 3);
rn(K3) = QLSRR if k=1 (mod 3),
Ligbk‘ﬁ’;gkﬂj if k=2 (mod 3)

Now we can give our main result.

Theorem 3.1 Given any positive integer b > 2, let Kg’ denote a complete 3-partite graph in
which every part contains exactly b vertices. Then we have

|+3b—k if k>%;

I
X L%bj if k< 376 and k=0 (mod 3);
rp(Ky) = | Bokt3bokel if % <k<3andk=1 (mod3);

| B0kt Sb—ghtl | if b<k<% andk=2 (mod 3);

LL;JJ otherwise.
Proof. The result follows directly from Lemmas 3.10, 3.15 and 3.18. |
Fomark: Note that b, 3bk+3b—k+1 _ 3b+1

Z< — <

3, 3bk+6b—2k+1 _ 3b+1
5=l I<1 J;
2 2k + 2 2

and 41 3b
2 12<
Ry

Also, note that when k = 371’, kk(K3) = L%bj So, when k < 371’, the k-connectivity of K} is
almost the same. But rx(Kj) is neither increasing nor decreasing on k.

Acknowledgement: The authors would like to thank the reviewers for their useful comments
and suggestions which helped to shorten the paper.
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