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Abstract

The generalized connectivity of a graph G was introduced by Chartrand
et al. Let S be a nonempty set of vertices of G, and k(S) denote the largest
number of internally disjoint trees connecting S in G. Then for an integer r with
2 < r < n, the generalized r-connectivity k,(G) of G is the minimum «(.S) where
S runs over all the r-subsets of the vertex set of G. Obviously, k2(G) = k(G),
is the vertex connectivity of G, and hence the generalized connectivity is a
natural generalization of the vertex connectivity. In this paper, we study the
generalized 3-connectivity of random graphs and prove that for every fixed

integer k > 1,

b= logn + (k + 1) loglogn — logloglogn
n

is a sharp threshold function for the property k3(G(n,p)) > k, which could be

seen as a counterpart of Bollobas and Thomason’s result for vertex connectivity.
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1 Introduction

All graphs considered here are finite, undirected, and have no loops or multiple
edges. For standard graph-theoretic notation and terminology the reader is referred

to [1]. In particular, denote by e[S]| the number of edges in the induced subgraph by a
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set S of vertices. The generalized connectivity of a graph GG, introduced by Chartrand
et al. in [3, 4], is a generalization of the concept of the vertex connectivity. Let G be
a nontrivial connected graph of order n and r an integer with 2 < r < n. For a set
S of r vertices of GG, a collection T7,T5,--- , T} of trees in G is said to be internally
disjoint ones connecting S if E(T;) N E(T;) = 0 and V(T;) NV (T;) = S for any pair
of distinct integers i and j with 1 <1i,5 < k. Let x(.S) denote the largest number of
internally disjoint trees connecting S in GG. The generalized r-connectivity, denoted
by k,(G), of G is then defined by k,(G) = min{x(S)| S C V(G) and |S| = r}. Thus,
k2(G) = Kk(G), where £(G) denotes the vertex connectivity of G. Set k,.(G) = 0 when
G is disconnected. There have been many results on the generalized connectivity, see
[5, 6,7, 8,9, 10, 11]. For total survey, we refer to [12].

The generalized connectivity can be motivated by its interesting interpretation in
practice. For example, suppose that GG represents a network. If one wants to connect
a set S of vertices of G with |S| > 3, then a tree has to be used to connect them.
This kind of tree for connecting a set of vertices is usually called a Steiner tree, and
popularly used in the physical design of VLSI, see [14]. Usually, one wants to consider
how tough a network can be, for the connection of a set of vertices. Then, the number

of totally independent ways to connect them is a measure for this purpose.

In this paper, we study the generalized 3-connectivity of random graphs. The
two most frequently occurring probability models of random graphs are G(n, M) and
G(n,p). The first one consists of all graphs with n vertices having M edges, in which
each graph have the same probability. The model G(n, p) consists of all graphs with
n vertices in which the edges are chosen independently and with a same probability p.
We say that an event A happens almost surely if its happening probability approaches
1 as n — oo, i.e, PrlA] = 1 —0,(1). Sometimes, it is addressed as a.s. for short.

We will always assume that n is the variable that tends to infinity.

For a graph property P, a function p(n) is called a threshold function of P if

e for every r(n) = O(p(n)), G(n,r(n)) almost surely satisfies P; and

e for every 7’(n) = o(p(n)), G(n,r’(n)) almost surely does not satisfy P.

Furthermore, p(n) is called a sharp threshold function of P if there exist two

positive constants ¢ and C' such that

e for every r(n) > C - p(n), G(n,r(n)) almost surely satisfies P; and

e for every 7'(n) < c-p(n), G(n,r'(n)) almost surely does not satisfy P.



As well-known, for the vertex connectivity Bollobas and Thomason ontained the

following result.

Theorem 1 [2] Ifk € N andy € R are fived, and M = 5(logn + kloglogn +y +
o(1)) € N, then
Pr(k(G(n,M))=k] - 1— L

and
_e—y/k!

Prik(G(n,M))=k+1] —e

Our main result for the generalized 3-connectivity of random graphs is as follows,

which could be seen as a counterpart of Theorem 1.

Theorem 2 Let k > 1 be a fixed integer. Then

logn + (k + 1) loglogn — logloglogn
p:
n

is a sharp threshold function for the property rk3(G(n,p)) > k.

2 Main results

Throughout the paper log always denotes the natural logarithm, and we assume
that £ > 1 is a fixed integer. To establish a sharp threshold function for a graph
property the proof should be two-fold. We first show one easy direction. The following

result is given by Li et al. in [11], which will be used later.

Lemma 1 [11] For any connected graph G, r3(G) < k(G). Moreover, the upper

bound is sharp.

We first prove the following result.

Theorem 3 (G (n, L lartEtloglosnzloglogloan )y < 1 almost surely holds.

We need the following lemma. We call a property ) convex if F C G C H and
I satisfies (), then H satisfies () imply that G satisfies (), where F, G, H are some
graphs. Set N = Zn(n —1).

Lemma 2 [1] If Q is a convex property and p(1 — p)N — oo, then G(n,p) almost
surely satisfies Q if and only if for every fived x, G(n, M) almost surely satisfies @,
where M = |pN + z(p(1 — p)N)'/2].



Proof of Theorem 3: Let p = log”+(k+1)log1°g” logloglog™ and M’ = [spN+z{ip(1—
1p)N}/2] for any z € R, ie., M’ = Z(logn + (k +1)loglogn — logloglogn + o(1)).
It is easy to check that %p(l — sp)N — oo.

Let M, = % (logn + (k — 1)loglogn +y +o0(1)) € N. By Theorem 1, we have

Pr (i (G (m, M) =k — 1] — 1 — ="

Hence, for any € > 0, there exists an N’ € N and a Y € R*, such that for any
y < _Y>
_e—y/(k=1)! £ o=/ (k=1)! IS
1—e° —Pr[n(G(n,Ml)):k—1]<§ and e ° <3
On the other hand, there exists an integer N; € N, such that for any n > Ny,
M’ < M;. We have

Prik(G(n,M"))<k—-1] = ZPI‘ [k (G(n, M) <k—1|(G (n, My)) = 1]

-Prlx (G (n, My)) = i]
> Pr[r(G(n, M) <k —1]x (G (n,M)) =k — 1]
‘Pr[s (G (n, M) =k —1]
= Prik(G(n,M") <k—1,k(G(n,M))=k—1]
= Prr(G(n,M)) =k —1]

Hence, we have for any n > max{N’, N},

1—Pr[k(G(n,M"))<k—-1 < 1—-Pr[k(G(n,M))=Fk—1]

Ce—u/tk-1) €
< e’ +2<5

Thus, » (G (n, M')) < k — 1 almost surely holds. Obviously, the property that the
connectivity of a given graph is at most k£ — 1, is a convex property. By Lemmas 1

and 2, k3(G(n, %logm(kﬂ)bg l::g”*loglog l%87)) < k — 1 almost surely holds. |

We leave with the other direction stated below.

Theorem 4 r3(G(n, log"+(k+1)bgfgn_bgloglogn)) > k almost surely holds.

log n+(k+1) log log n—log log log n

From now on, p is always
n

Lemma 3 k < k(G(n,p)) < k+1 almost surely holds.



Proof. We prove this lemma by a similar method used in the proof of Theorem
3. Let M = |pN + z{p(1 — p)N}/?] for any = € R, ie., M = Z(logn + (k +
1)loglogn — logloglogn + o(1)). It is easy to check that p(1 — p)N — oo. Let
My = % (logn+ (k+1)loglogn+y+o0(1)) € N, My = Z(logn + kloglogn + y
+0(1)) € N. By Theorem 1,

Pris(G(n, M) =kl > 1—e """,

Hence, for any € > 0, there exists an N” € N and a Y € R, such that for any
y < _Y7

1—e " _pr [k (G (n, My)) = k] < g and e """ < %

On the other hand, there exists an integer Ny € N, such that for any n > Ny,
M > M. We have

Pris (G (n, M)) > k] = ZPF[H(G(H,M))Zklfﬁ(G(n,Mz)):i]

-Pr{s (G (n, My)) = i]
> Pr[s(G(n, M)) > k| (G (n, My)) = k|
-Pr[k (G (n, Ms)) = k
= Pr[s(G(n,M)) >k, k(G (n, My)) = k|
= Pr[k(G(n,Ms)) = k|

Hence, we get for any n > max{N" Ny},

1—Pr(s(G(n,M)) >k < 1—Prlk(G(n,M)) =k
< eyt <
2
Thus, (G (n,M)) > k almost surely holds. By Lemma 2, x(G(n,p)) > k almost
surely holds.

Similarly, we can prove that x(G(n,p)) < k+ 1. By Theorem 1,

_e—u/(k+1)!

Pr(k(G(n,My))=k+1 —1—e

Hence, for any € > 0, there exists an N* € N and a Y € R*, such that for any
y < _Y7

(k+1)!

—Pr[k(G(n,My)) =k+1] < g and e« " <

| ge v/t €
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On the other hand, there exists an integer N3 € N, such that for any n > N,
—logloglogn < =Y. Namely, M < Mj, and then

Pris(G(n, M)) <k+1] = ZPT M)) <k + 1k (G (n, My)) = i]

Pr[ (G (n, Mo)) = i

Prik (G (n,M)) <k+1|x (G (n, My)) =k + 1]
-Pr[k (G (n,My)) =k + 1]

= Prk(G(n,M)) <k+1,(G(n,My)) =k+1]
= Pr[k(G(n,My))=k+1].

IV

Hence, we have for any n > max{N* N3},

1-Prk(G(n,M))<k+1] < 1-Pr[s(G(n,My))=Fk+1]

o/ (k1)!
< e + 5 < E.

Thus, k(G (n, M)) < k + 1 almost surely holds. By Lemma 2, k(G(n,p)) < k+1
almost surely holds. |

From Lemma 3, we know that the minimum degree of G(n,p) is a.s. at least k.

Let G = G(n,p) and D = 1o§)i§n- Almost surely, the diameter of G is asymp-

totically equal to D, see for example [1]. We call a vertex v large if it is of degree

dg(v) > k{%g, and small otherwise.

Lemma 4 Almost surely, there does not exist two small vertices within distance at
most %D mn G.

Proof. Denote by distg(z,y) the distance between x and y in G. We have

1 3D
Pr [3 2,y € V(G): da(z), daly) < ?go dista(z,y) < T}
3D logn 2
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- j lOgTL 14+0(1 e 1 ’
< Zn(Qlog n)’ (W(looe Fo(l)) w0 —)

: n
7=1
2
3 10g n (2 10g Tl) 4130g>ﬁ)gn 10g n l % n*%o
4loglogn 100 / n -
The proof is thus complete. |

Lemma 5 For a fitedt € N and 0 < o < 1, almost surely, there does not exist a
subset S C V(G), such that |S| < atD and e[S] > |S| + t.

Proof. For convenience, let s = |S|. Then we have

Pr(3S: s<atD, e[S] > s+1]

s
n
s<atD s+t
1 s+t
neys(ss(s—1)e
< — 27\ /- s+t
- Z ( S ) ( s+t ) p
s<atD
< X () (el
< —_— n
s<atD 2(8 + t) n
oen dog?n \ !
< Oétloi(gﬂ’(l) log n)atlolgi’gn e&tloglogn
loglogn n
1
< nl—a—o(1))t"
The proof is thus complete. -

Remark 1 Let T be a rooted tree of depth at most 3D /4 and let v be a vertex not
in T, but with b neighbors in T'. Let S consist of v, the neighbors of v in T and the
ancestors of these neighbors. Then |S| < 3bD/44+1+1 < 4bD/5 and e[S] = |S|+b—2.
It follows from the proof of Lemma 5 with o« = 4/5, t = 16, that we must have b < 18,
with probability 1 — o(n=(1/5=°0t) > 1 — o(n=3).

Remark 2 Let P be a set of at most k vertex disjoint paths and trees, each containing
at most 5D /2 edges, and let v be a vertex not in P, but with ¢ neighbors in P. Let
S ={v}UV(P), |S| <5kD/2+ k+1<11kD/4 and e[S] = |S|+¢c—k —1. By
Lemma 5 with o = 1/4, t = 11k, we deduce that with probability at least 1 — o(n™3),
c <12k + 1.



We first deal with large vertices. The following lemma points out that for every
pair of large vertices in V(G), there exists a special subgraph containing them, which
can be used to find trees connecting given vertices. Recall that a t-ary tree with a

designated root is a tree whose non-leaf vertices all have exactly ¢ children.

Lemma 6 Lete =¢(n) = m. Then, almost surely, for any pair of large vertices
u and v € V(QG), there exists a subgraph G, of G that consists of two vertex disjoint
logn
101

-ary trees T, and T, rooted at u and v, respectively, each having depth (% —e)D.

Proof. We will show that for any pair of large vertices u and v, the two trees described
in Lemma 6 exist with probability 1 — o(n™3).
Firstly, we grow a tree from u using BFS until it reaches depth (% —¢)D. Then

we grow a tree starting from v again using BFS until it reaches depth (% —e)D.

We use the notation S;® for the number of vertices at depth i of the BFS tree

rooted at z.

As growing T,,, when we grow the tree from a vertex x at depth 7 to depth 7 + 1,

there may exist some bad edges which connect x to vertices already in 7,.

Remark 1 implies that with probability 1 — o(n™3), there exist at most 18 bad

edges from .

For small vertices, from Lemma 4 we can easily get that in the first 3D/8 levels,
there exists at most one small vertex at each level a.s.. Furthermore, once a small
vertex appears in the BFS tree, there will be no small vertex in the subtree rooted
at that small vertex. Though there may be more than one small vertex in depth
3D/8 + 1, the number of them will not exceed the number of branches at root u,
since one branch contains at most one small vertex in depth 3D/8 + 1, a.s.. Then
in depth 3D /8 4 2, the number of small vertices of that level will be no more than
the number of vertices in the depth 3D/8 + 1 contained in the branches which have
no small vertex in the previous levels. For the remaining levels of that BF'S tree, we
can conclude the similar result. And note that there will exist no small vertex in the
following levels of branches which contain small vertices in depth at least 3D /8 + 1
of that BE'S tree, a.s.. Hence the number of small vertices contained in each level is
much smaller than the increase of the number of vertices in each level. Denote by

;) the number of small vertices of depth i. Thus we get the following recursion:

logn logn
INORS 1 ( (u) —t-<“>> > (u)
Sz—l—l = ( 100 8> Sz i =101 Sz

We call the operation of deleting some vertices from a tree as prune a tree. It is clear

logn
101

that we can make the current BFS tree a -ary tree by pruning.



Then we grow T, similarly. The only difference is that now we also say that an

edge is bad if the other endpoint is in 7,.

Hence,
logn logn
IROES _ ( <>_t(v>) )
Sit1 —(100 36) S = o1
After pruning, we can obtain the required subgraph G, ,. |

Proof of Theorem 4: In order to prove Theorem 4, we will show that for any three

vertices, we can find at least k internally disjoint trees connecting them in G.

Given three vertices u, v and w, we first assume that they are all large vertices.

logn
101

rooted at u and v, respectively, each having depth (% —e)D.

With the aid of Lemma 6, construct two vertex disjoint

-ary trees T, and T,

For every tree T, denote the set of leaves of T" by L(T). Let uy,..., %ign

101
(v1, .. vlogn) be the vertices in the first depth of T, (7T, respectively). For each
u; (v ) denote by T,,(T,,) the subtree of T, (T,) of depth (2 —&) D — 1 rooted at

wi(vi), i=1,..., 1‘1’51”. Call these T, (T,,) vice trees.

For a fixed T,,, let the random variable A; denote the number of edges be-
tween L(T,,) and L(T,). Then A; follows the binomial distribution, i.e., A; ~

€ 3 ¢
Bin ((l‘iﬁf)(“ )1, (%)<4 )D, p). The expectation value of A;

3 3

logn 2(§-e)p-1 101 [ logn 2(§-)p 1, 92(f-e)

EAZ — > E— > 1 1 2 € loglogn |
[Ai p( 101 ) n 101 01n

By Chernoff Bounds [13],

9.2(5}75)

100
101

1

—2e————>—___ 71
PI‘ |:Az < E [Az]:| S e 2 1012E[A] S —lXWXIOhl Toglogn

9.2(%75)

0 \%* ]
Lo 1 1 92 € Toglogn

_ L—o(1)
— n 277101 logn

<np "

Now, for a fixed T, let A;; denote the number of edges between L(T,) and
3 \p_
L(T ) Then AZ] ~ Bin ((logn)( )D 1 (@)(4 )D l’p)_ We have

101 101

logn 2(3-)p—2 101% [logn 2(%_‘E)D2logn
Bl4,) — e 2 (lezn
101 log®n \ 101 n
1012x2 1, *2(i-)
— —_ N2 loglogn .
logn



92(7—5

Also, we can deduce that E[A;;] > 101° )5 =2" Tz . By applying Chernoff

— logn
Bounds,
L 9.2(%—5)
101x2 3 =2~ TogTogn
€7E[Aij] 67 logn n 808
| N < <
Pridi; > 8E[Ay]] < oy < (1)
881012 .n%7257 logfogn
logn
9.2(3 e)
1
g a2

3
1 9'2<178)
1012x8xlog8 5 ~2¢~ TogTogn -

e logn
3 _

(14 810g8)1 2 loglogn

— ogn
92(37 )
2.64x1012 5 —2e— # 1_o01)

. -3 n oglogn < _p3—o°
= n g2n n

Y

1o
By the Union Bound, with probability at least 1— 101 o(n™"* (1>) > 1—o(n""")

we have that for every T, the number of edges between L(T),) and L(T},) is at most

8K [Az‘j]:8p<loﬁ)2(4 s)D 2.

101
) . o s—o(1) _2/5 2/
Therefore, with probability at least 1 — o(n™" )—o(n™" ) =1—o0omn"")

there are at least %(135{1)2(3,5)[) .
()2 (302,

L(T,,) and L(T,,;) can be connected with edges. Moreover, using the Union Bounds,

with probability at least 1 — %620(n"") > 1 — o(n™""), each vice tree of T}, can

101
%logn vice trees of T, with edges. Hence there are at least

530 logn pairs {T,,,T,,} such that vertices of L(T,,) and L(T,) can be connected

by edges.

= 1012X 5 logn vice trees T,,,, such that vertices in

be connected to

100
1012 x8

these alogn pairs be T, and T, £ = 1,2,--- ,alogn. Now we show that, for the

For convenience, let alogn = logn. Without loss of generality, assume
remaining large vertex w, we can find at least k internally disjoint trees connecting

u, v and w.

Note that we can assume that w is not in T}, and T, since otherwise we can prune

the tree by deleting the subtree rooted at w (just like the way to deal with small
logn
101

vertices), and we can still obtain -ary trees rooted at u and v, respectively.

With the similar argument in the proof of Lemma 6, we can construct a * Tar-ary

tree T,, of depth (Z +2¢)D rooted at w, and T}, T,, T, are vertex disjoint. Note that

at this time the number of small vertices in each level is at most one.

Let wq, ..., wwen be the vertices of the first depth of T,. Let Q; =T, UT,,

101

3_\p_
i=1,2,...,alogn. Then |Q;| > 2(1(1’(%1")( ?)P . For any fixed @;, let g; denote the

10



probability that there exists at least one edge between T, and ();. Then

q; = 1— Prfthere is no edge between T,,, and Q)]
1—(1— p)\Qa’I'Iijl

M)(%*E)Dflh(m)(%JrQs)D—l

> 1- (1 _ p)2< og! o
> 1- 6_210571(1?%1”)(1*5)1372

L e

= l—e lloO;i n t@fg?

Since for any ¢ # j, ¢; = ¢;, let ¢ = ¢ = g;, and let A be the event that there
are at most k — 1 pairs of {T,, Q¢}, such that there exist edges between T, and @,

where £ =1,... alogn.

Consider the upper bound of the probability that A happens, we can deduce that

k—1
Pr[A] §§:<M%ﬁ%@—®m”4

alogn-e ot a
b )

k—1 4.6(1+
alogn -e o101% - Tt 4 logn
k: - e logn 2
k—1
4.6(1+¢)
-1 e—
alogn-e\"™' _ion TERET
=Moo ) o o=

This indicates there are at least k pairs of {7}, Q}, such that T, and Q; can be

connected by edges, a.s..

Without loss of generality, assume that there exists edges connecting 7, and @),
where / = 1,--- , k. Now we will construct £ internally disjoint trees connecting u,
v and w. For each ¢ with ¢ = 1,---  k, suppose that w' € V(T,,) is adjacent to
x € V(T,,), edge yz connects L(T,,) and L(T,,), where y € L(T,,), z € L(T,,). Let
Pr, (z,y) denote the path connecting z and y in T,,.

e If u; is not in Pr, (z,y), we construct the tree {uu;} U Pr, (u;,z) U Pr, (7,y) U
{yz} U Pr, (2,v;) U{vw} U P, (w',w;) U{ww}.

e If u; is contained in Pr, (z,y), we construct the tree {uw;} U Pr, (z,y)U{yz}U
Pr, (z,v;) U{vw} U Pr, (W', w;) U {ww}.

For the case that x € V(T,,), the tree connecting u, v and w can be constructed

similarly.

11



Thus we construct k trees connecting large vertices u, v and w, and it is easy to

get that all these trees are internally disjoint.

Now we deal with small vertices. From the previous argument, if the three given
vertices are all large, we can find at least k internally disjoint trees connecting them.
So we assume that there are at least one small vertex of the given vertices u, v and

w. By Lemma 4, it is easy to obtain the following three facts.

1. The neighbors of a small vertex are large vertices, a.s..
2. A large vertex can have at most one neighbor that is small, a.s..

3. Any two small vertices have no common neighbors, a.s..

Combining the three facts above, we can take k large neighbors of u, v, w, denoted
by wuy, ..., uk, v1,..., v and wy, ..., wy, respectively, and all these 3k vertices are
different.

Firstly, using the method described before, we can find a tree 77 connecting u;, v;
and w;. Note that the number of edges in 77 is at most 3 (% — &?) D + (%1 + 2&?) D=
(5 —¢)D.

Then we find a tree T3 connecting ug, vo and ws. In order to make 77 and T3
internally disjoint, when we construct BF'S tree rooted at uy, vy and ws, we treat the
edges with one endpoint in V(77}) as bad edges, too. By Remark 2 and the similar
argument as we deal with BFS tree rooted at a large vertex, we can find a tree T3

connecting usy, vy and ws.

Continue that process, until we find trees T} connecting u;, v; and w; for all
j=1--- k.

Let T; = T; U {uu;, vv;, ww;} for i = 1,--- , k. Apparently, these are k internally
disjoint connecting u, v and w. Thus, for any fixed three vertices u, v, w, with
probability at least 1 — o(n™3) — o(n™™"") — o(n™1%) = 1 — o(n=3), we can find k
vertex disjoint connecting them.

Consequently, for all possible three vertices u, v, w, by the Union Bound, we can
find k internally disjoint connecting them with probability at least 1 — n® - o(n™3) =
1—o0(1). |

Proof of Theorem 2: It follows immediately from Theorems 3 and 4. |

12
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