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Abstract

Branchings play an important role in digraph theory and algorithms. In particular, a chapter in the
monograph of Bang-Jensen and Gutin, Digraphs: Theory, Algorithms and Application, Ed. 2, 2009 is
wholly devoted to branchings. The well-known Edmonds Branching Theorem provides a characterization
for the existence of k arc-disjoint out-branchings rooted at the same vertex. A short proof of the theorem
by Lovész (1976) leads to a polynomial-time algorithm for finding such out-branchings. A natural related
problem is to characterize digraphs having an out-branching and an in-branching which are arc-disjoint.
Such a pair of branchings is called a good pair.

Bang-Jensen, Bessy, Havet and Yeo (2020) pointed out that it is NP-complete to decide if a given
digraph has a good pair. They also showed that every digraph of independence number at most 2
and arc-connectivity at least 2 has a good pair, which settled a conjecture of Thomassen for digraphs
of independence number 2. Then they asked for the smallest number n,g, of vertices in a 2-arc-strong
digraph which has no good pair. They proved that 7 < nygp < 10. In this paper, we prove that n,g, = 10,
which solves the open problem.
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1 Introduction

Let D = (V, A) be a digraph. For a non-empty subset X C V, the in-degree (resp. out-degree) of the set X,
denoted by d,(X) (resp. df(X)), is the number of arcs with head (resp. tail) in X and tail (resp. head)
in V' \ X. The arc-connectivity of D, denoted by A(D), is the minimum out-degree of a proper subset of
vertices. A digraph is k-arc-strongly connected (or, just k-arc-strong) if A(D) > k. In particular, a digraph
is strongly connected (or, just strong) if A(D) > 1.



An out-branching (in-branching) of a digraph D = (V, A) is a spanning tree in the underlying graph of
D whose edges are oriented in D such that only one vertex, called the root, has in-degree (out-degree) zero
and others have one. Branchings play an important role in digraph theory and algorithms. In particular,
Chapter 9 in the monograph [5] is wholly devoted to branchings. The well-known Edmonds Branching
Theorem (see e.g. [5]) provides a characterization for the existence of k arc-disjoint out-branchings rooted
at the same vertex. A short proof of the theorem by Lovdsz [11] leads to a polynomial-time algorithm for
finding such out-branchings. A natural related problem is to characterize digraphs having an out-branching
and an in-branching which are arc-disjoint. Such a pair of branchings is called a good pair.

Thomassen [12] conjectured the following:

Conjecture 1. There is a constant c, such that every digraph with arc-connectivity at least ¢ has an out-
branching and an in-branching which are arc-disjoint.

He also proved that it is NP-complete to decide whether a given digraph D has an out-branching and
an in-branching both rooted at the same vertex such that these are arc-disjoint. This implies that it is NP-
complete to decide if a given digraph has a good pair [2]. Conjecture 1 has been verified for semicomplete
digraphs [1] and their genearlizations: locally semicomplete digraphs [7] and semicomplete compositions [6]
(it follows from the main result in [6]).

An out-branching and an in-branching of D are k-distinct if each of them has at least k& arcs, which are
absent in the other. Bang-Jensen et al. [8] proved that the problem of deciding whether a strongly connected
digraph D has k-distinct out-branching and in-branching is fixed-parameter tractable when parameterized
by k. Settling an open problem in [8], Gutin et al. [10] extended this result to arbitrary digraphs.

In [2], Bang-Jensen et al. showed that every digraph of independence number at most 2 and arc-
connectivity at least 2 has a good pair, which settles the conjecture for digraphs of independence number
2.

Theorem 2. If D is a digraph with a(D) <2 < A(D), then D has a good pair.

Moreover, they also proved that every digraph on at most 6 vertices and arc-connectivity at least 2 has a
good pair and gave an example of a 2-arc-strong digraph D on 10 vertices with independence number 4 that
has no good pair. Then they asked for the smallest number n,4, of vertices in a 2-arc-strong digraph which
has no good pair and proved that 7 < ny,g, < 10.

The following is the first problem in Section 8 of [2].

Problem 3. What is the smallest number n of vertices in a 2-arc-strong digraph which has no good pair?

In this paper, we prove that every digraph on at most 9 vertices and arc-connectivity at least 2 has a
good pair, which answers this problem. The main results of the paper are shown below.

Theorem 4. FEvery 2-arc-strong digraph on 7 vertices has a good pair.
Theorem 5. FEvery 2-arc-strong digraph on 8 vertices has a good pair.
Theorem 6. FEvery 2-arc-strong digraph on 9 vertices has a good pair.

This paper is organised as follows. In the rest of this section, we provide further terminology and notation
on digraphs, and undefined terms can be found in [4, 5]. In next section, we outline the proofs of Theorem
4, 5 and 6 and state some auxiliary lemmas which we use in their proofs. Section 3 contains a number of
technical lemmas which will be used in proofs of our main results. Then we respectively devote one section
for proofs of each theorem and its relevant auxiliary lemmas. Some proofs will not be given in this paper,
but interested readers may refer to reference [9].

Additional Terminology and Notation. For a positive integer n, [n] denotes the set {1,2,...,n}.
Throughout this paper, we will only consider digraphs without loops and multiple arcs. Let D = (V, A) be
a digraph. We denote by wv the arc whose tail is u and whose head is v. Two vertices u, v are adjacent if at
least one of wv and vu belongs to A. If v and v are adjacent, then we also say that u is a neighbour of v and



vice versa. If uv € A, then v is called an out-neighbour of u and w is called an in-neighbour of v. Moreover,
we say wv is an out-arc of u and an in-arc of v and that u dominates v. The order |D| of D is |V].

In this paper, we will extensively use digraph duality, which is as follows. Let D be a digraph and let
D'V be the reverse of D, i.e., the digraph obtained from D by reversing every arc xzy to yz. Clearly, D
contains a subdigraph H if and only if D™ contains H™V. In particular, D contains a good pair if and only
if D™V contains a good pair.

Let Ny(X) = {y : yz € A;x € A} and NH(X) = {y : 2y € A,x € A}. Note that X may be
just a vertex. For two non-empty disjoint subsets X,Y C V, we use Ny (X) to denote N5(X)NY and
dy(X) = [Ny (X)|. Analogously, we can define Ny (X) and d>(X). For two non-empty subsets X, X C V,
define (Xl,XQ)D = {(Ul,’l)g) S A: V1 € X1 and Vg € XQ} and [Xl,XQ]D = (Xl,XQ)D U (XQ,Xl)D. We will
drop the subscript when the digraph is clear from the context.

We write D[X] to denote the subdigraph of D induced by X. A clique in D is an induced subdigraph
D[X] such that any two vertices of X are adjacent. We say that D contains K, if it has a clique on p
vertices. A vertex set X of D is independent if no pair of vertices in X are adjacent. A dipath (dicycle) of
D with t vertices is denoted by P; (C). We drop the subscript when the order is not specified. A dipath
P from vy to va, denoted by Py, .,), is often called a (vi,v2)-dipath. A dipath P is a Hamilton dipath if
V(P) =V (D). We call Cs a digon. A digraph without digons is called an oriented graph. If two digons have
exactly one common vertex, then we call this structure a bidigon. A semicomplete digraph is a digraph D
that each pair of vertices has an arc between them. A tournament is a semicomplete oriented graph.

In- and out-branchings were defined above. An out-tree (in-tree) is an out-branching (in-branching) of
a subdigraph of D. We use B (B; ) to denote an out-branching rooted at s (an in-branching rooted at
t). The root s (t) is called out-generator (in-generator) of D. We denote by Out(D) (In(D)) the set of
out-generators (in-denerators) of D. If the root is not specified, then we drop the subscripts of B} and
B, . We also use Op (Ip) to denote an out-branching (in-branching) of a digraph D. If Op and Ip are
arc-disjoint, then we write (Op, Ip) to denote a good pair in D.

2 Proofs Outline

In this section, we outline constructions for proof of our main results and give statements of some auxiliary
lemmas. Since some of their proofs are too complicated, we give only a simple version in this paper and a more
specific one can be found in [9] for interested readers. We prove each of our main results by contradiction,
and assume that |Dq| =7, |Dz| = 8 and |Ds| = 9 for simplicity in this section.

2.1 Theorem 4

First we show that the largest clique in D; is a tournament by Lemma 17, and next we prove that D; is
an oriented graph in Claim 4.1 by Lemma 18. We give these two lemmas in next section. Then we use
Proposition 25 to show that D; has a Hamilton dipath in Section 4.

Proposition 25 A 2-arc-strong oriented graph D on n vertices has a Py, where 7 < n < 9.

After that, we prove that D; has a good pair by Propositon 23, which is shown in Section 3.

2.2 Theorem 5

Our proof will follow three steps.

Firstly, we prove that the largest clique R in D5 has 3 vertices by Lemma 17. Then we show that R is a
tournament through Claim 5.1, which is proved by Lemmas 17 and 18.

Our second step is to prove that Dy is an oriented graph in Claim 5.2 by Lemmas 19, 20 and 21, which
are given in next section.

In the last step, we proceed as follows in Section 5. We use Proposition 28 to show that D, has a
Hamilton dipath.



Proposition 28 Let D be a 2-arc-strong digraph on n vertices without a good pair, where 8 < n < 9. If D
is an oriented graph without K, as a subdigraph, then D has a Ps.

To prove it, we show Proposition 27 first.

Proposition 27 Let D be a 2-arc-strong oriented graph on n vertices without K, as a subdigraph, where
8 <n < 9. If D has two disjoint cycles C! and C? which cover 7 vertices, then D contains a Px.

After that, we prove that Ds has a good pair by Propositon 23.

2.3 Theorem 6

Our proof will follow four steps.

Firstly, we show that the largest clique R in Ds3 has 3 vertices by Claim 6.1, which is proved using
Proposition 7 given in next section, and Lemmas 17 and 18.

Next we show that R has no digons by Claim 6.2, which is proved analogously to Claim 5.1 using
Lemmas 18, 19, 20 and 21.

Our third step is to show that Dj is an oriented graph in Claim 6.3. To do this we need Lemmas 30 and
32 given in Section 6.

Lemma 30 Let D be a 2-arc-strong digraph on 9 vertices that contains a digon (). Assume that D has no
subdigraph with a good pair on 3 or 4 vertices. Set X = N (Q) and Y = N};(Q) with X NY = 0. If
|X| =3 and |Y| =2, then D has a good pair.

Lemma 32 Let D be a 2-arc-strong digraph on 9 vertices that contains a digon ). Assume that D has no
subdigraph with a good pair on 3 or 4 vertices. Set X = N, (Q) and Y = N} (Q) with X NY = 0. If
|X| =2 and |Y] =2, then D has a good pair.

For the first lemma, we give a generalization of Proposition 8 as Proposition 29, and for the second one, we
prove Lemma 31 first.

Lemma 31 Let D = (V, A) be a 2-arc-strong digraph on 9 vertices that contains a digon . Assume that
D has no subdigraph with a good pair on at least 3 vertices. Set X = N, (Q) and Y = N} (Q) with
XNY=0and W=V -V(Q)— X —Y. Assume that |X| = |Y| = 2 and there is an arc e = st € A
such that s € Y and ¢t € W (resp. s € W and ¢t € X). If there are at least three arcs in D[Y U {t}]
(resp. D[X U {s}]), then D has a good pair.

Then we use Lemma 34 to show that D3 has a Hamilton dipath in Section 6.

Lemma 34 Let D be a 2-arc-strong digraph on 9 vertices without good pair. If D is an oriented graph
without K, as a subdigraph, then D has a Hamilton dipath.

To prove it, we show Proposition 33 first.

Proposition 33 Let D be a 2-arc-strong oriented graph on 9 vertices without Ky as a subdigraph. If D has
two cycles C! and C? with C' N C? = () which cover 8 vertices, then D contains a Hamilton dipath.

After that, we prove that D3 has a good pair by Proposition 23.

3 Preliminaries and useful lemmas

Proposition 7. Let D be a digraph with \(D) > 2 and with a good pair (B, By ). If there exists a vertex
t in D such that D[{s,t}] is a digon, then D has a good pair (B}, B; ).



Proof. Let B;” = ts + Bf —e; and B; = B + st — e, where e; (e) is the only in-arc (out-arc) of ¢ in
Bf (B7). Observe that B;” (B; ) is an out-branching (in-branching) rooted at ¢ in D. Since the root of
any out-branching has in-degree zero, if ts € BJ U B, then ts must be in B; and moreover ts is the only
out-arc e of t in By . Similarly, if st € BJ U B, then st must be in B} and moreover st is the only in-arc
e; of t in BY. Thus, B} and B; are arc-disjoint and so (B;", B; ) is a good pair of D. O

Proposition 8. Let D be a digraph with a subdigraph Q) that has a good pair (Og,Ig). Let X = N (Q) and
Y = N5 (Q) with XNY =0 and XUY =V —V(Q). Let X; (Y;) be the initial (terminal) strong components
in D[X] (D[Y]), i € [a] (j € [b]). If one of the following holds, then D has a good pair. Meanwhile, we can
always get two arc-disjoint Px, Py and respectively an out- and an in-forest Tx and Ty in D.

1. dy(X1) > 1, dy(X;) > 2, i €4{2,...,a} and d(Y;) > 2, j € [b].
2. dY (Y1) > 1,dL(Y;) > 2, j€{2,....,b} and dy(X;) > 2, i € [a].

Proof. Let BT be an out-tree containing Og and an in-arc of any vertex in Y from Q. Let B~ be an in-tree
containing I and an out-arc of any vertex in X to Q. Set X = {X,, i € [a]} and Y = {Y}, j € [b]}. By the
digraph duality, it suffices to prove that condition 1 implies that D has a good pair.

Now assume that dy (X1) > 1, dy(X;) > 2, i € {2,...,a}, and df(Y;) > 2, j € [b]. Then there are at
least two arcs from Y; (for each j € [b]) to X, at least two arcs from Y to X; (for each i € {2,...,a}) and at
least one arc from Y to X;. Set X{ = X;. If there is an arc y'z; from Y to X with y' in some Y}, j € [b],
then we choose such an arc and let Y] = Y;, otherwise we choose an arbitrary arc y'z; from Y to X| and
let Y/ be an arbitrary strong component in Y. Let Px = {y'x1}. There now exists an arc, y;z', out of Y{
(z! € X) which is different from ylz; (as Y{ has at least two arcs out of it). If there is such an arc y;x!
with 2! in some X;, i € {2,...,a}, then we choose one of these arcs and let X} = X;, otherwise we choose
such an arbitrary arc y;a! out of Y{ (z' € X) and let X} be an arbitrary strong component in X — X}. Let
Py = {y12'}. Likewise, for t > 2, we get an arc y'z; into X] (y* € V) which is different from y;_12'~! in
Py . If there is such an arc y'z; with y* in some Y; € Y — {¥{,...,Y/ 1}, then choose one of these arcs and
let Y/ = Yj, otherwise we choose such an arbitrary arc y'z; and let Y/ be an arbitrary strong component in
Y—{Y/,...,Y/ ,}. Add y'z; to Px. For s > 2, we get an arc ysz° out of Y (z* € X) which is different
from y®zs in Px. If there is such an arc y,2° with x® in some X; € X — {X7,..., X._1}, then we choose one
of these arcs and let X! = X, otherwise we choose such an arbitrary arc ysz°® and let X/ be an arbitrary
strong component in X — {X{,..., X, _;}. Add ys2® to Py. Hence we get two arc sets Px and Py with
Px NPy = 0.

We will now show that D has a good pair. Let Dx be the digraph obtained from D[X] by adding one
new vertex y* and arcs from y* to z; for ¢ € [a]. Analogously let Dy be the digraph obtained from DI[Y] by
adding one new vertex z* and arcs from y; to z* for j € [b]. Since Out(Dx )= {y*} and In(Dy )= {z*}, there
exists an out-branching B;} in Dx and an in-branching B_. in Dy. Set Tx = B;} —y*and Ty = B_. —z*.

By construction, (Op, Ip) is a good pair of D with Op = Bt +Px +Tx and Ip = B~ +Py +Ty. O

Corollary 9. Let D be a digraph with \(D) > 2 that contains a subdigraph Q with a good pair. Set
X=N;5(Q) andY =NL(Q). f XNY =0 and X UY =V —V(Q), then D has a good pair.

Proof. Let X; be the initial strong components in D[X] and Y} be the terminal strong components in D[Y],
i € [a] and j € [b]. Since A(D) > 2, dy(X;) > 2 and d¥(Y;) > 2, for any i € [a] and j € [b], which implies
that D has a good pair by Proposition 8. O

Lemma 10 ([2]). Let D be a digraph and X C V(D) be a set such that every vertex of X has both an
in-neighbour and an out-neighbour in V — X. If D — X has a good pair, then D has a good pair.

By Lemma 10, in this paper we will often use the fact that if @ is a maximal subdigraph of D with a
good pair and X = N;(Q),Y = NA(Q), then X NY = 0.

Lemma 11. Let D be a 2-arc-strong digraph containing a subdigraph Q with a good pair, X = N5 (Q) and
Y =N5(Q). If XNY =0 and XUY =V —V(Q) — {w}, where w € V —V(Q), then D has a good pair.



Proof. Assume that @ has a good pair (Og, Ig). Let BT be an out-tree containing Og with an in-arc of
any vertex in Y from @), while B~ be an in-tree containing I with an out-arc of any vertex in X to Q.

First assume that either (Y,w)p # 0 or (w,X)p # (. By the digraph duality, we may assume that
(Y,w)p # 0, i.e., there exists an arc e from Y to w in D. Let D’ = D —e. Set X' = N, (Q) = X and
Y’ = N (Q)U{w} =Y U{w}. Let X! be the initial strong components in D'[X'] and Y/ be the terminal
strong components in D'[Y’], i € [a] and j € [b]. If w has an in-neighbour v in ¥ with v in some Y, j € [b],
then let e = vw and Y}* = Yj’ , otherwise we choose an arbitrary in-neighbour v of w in Y and let e = vw
and Y;* be an arbitrary terminal strong component of D'[Y']. Since A(D) > 2, d§,(Y]) > 1, d},(Yj’) > 2
and dy,(X]) > 2, for any Y] # Y7*, j € [b] and i € [a], which implies that we get arc sets Px/ and Py~
with Px: NPy = 0, and digraphs T'x» and Ty+ by Proposition 8. By construction, D has a good pair
(Bt +Px: +Tx: +e, B~ + Py + Ty/).

Now assume that (Y,w)p = @ and (w,X)p = 0, which implies that dy(w) > 2 and dff(w) > 2.
Let X; be the initial strong components in D[X] and Y} be the terminal strong components in D[Y],
i € [a] and j € [b]. Since A(D) > 2 and (w,X)p = (Y,w)p = 0, dy(X;) > 2 and d{(Y;) > 2 for any
i € [a] and j € [b]. By Proposition 8, we get Px,Tx and Py,Ty with Px NPy = (. It follows that
(BT +Px +Tx +w w, B~ +Py + Ty +wwh) is a good pair of D, where w™ € X and wt € Y. O

Proposition 12 ([2]). Every digraph on 3 vertices with at least 4 arcs has a good pair.

Following [4], we shall use do(D) to denote the minimum semi-degree of D, which is the minimum over
all in- and out-degrees of vertices of D.

Proposition 13 ([2]). Let D be a digraph on j vertices with at least 6 arcs except E4 (see Figure 1). If
8°(D) > 1 or D is a semicomplete digraph, then D has a good pair.

Figure 1: Ej.

Lemma 14 ([5], p.354). Let D = (V, A) be a digraph. Then D is k-arc-strong if and only if it contains k
arc-disjoint (s,t)-paths for every choice of distinct vertices s,t € V.

Lemma 15 (Edmonds’ branching theorem [4]). A directed multigraph D = (V, A) with a special vertex z
has k arc-disjoint out-branchings rooted at z if and only if d=(X) >k for all§ # X CV — 2.

Lemma 16 ([2]). If D is a 2-arc-strong digraph on n vertices that contains a subdigraph on n — 3 vertices
with a good pair, then D has a good pair.

Lemma 17. If D is a 2-arc-strong digraph on n vertices that contains a subdigraph @ on n —4 vertices with
a good pair, then D has a good pair.

Proof. Let (Og, Ig) be a good pair of Q and set X = N5 (Q) and Y = N} (Q). Since |Q| = n—4, |D-Q| = 4.
If X NY # 0, then there is a vertex v in D — @ which has both an in-neighbour and an out-neighbour in
Q. By Lemma 10, D[V (Q) U {v}] has a good pair. Moreover, since |Q U {v}| = n — 3, D has a good pair by
Lemma, 16. Henceforth, we may assume that X N Y = ().



IfXUY =V —V(Q), namely | X UY| =4, then D has a good pair by Corollary 9. If | X UY| = 3, then
D has a good pair by Lemma 11. Therefore, we may assume that | X UY| =2, ie., | X|=|Y|=1.

Set Y ={y}, X ={z} and V- V(Q) — X — Y = {wy,ws}, and let ¢, (resp. e;) be an arc from @ to
y (resp. from x to Q). Since A(D) > 2, D contains 2 arc-disjoint (y, z)-paths P(lwr) and P(y ) by Lemma
14. Obviously, (P(ly Y P(2 )) NV(Q) =0 and (P} (o) U P(Qy o) N {w1, w2} # 0 (since there are no multiple
arcs). W.Lo.g., assume that P (U o N {wy,wa} # 0.

Case 1: P(y o N{wr, w2} = 0.

That is P( 0 = = ya. Since P, U P(Qy 1) uses at most one arc from {y,x} to {wy,ws}, there is one arc

pl
(y@
ay ¢ P yx) U P (y 2) from {y,z} to {wy,we}. W.lo.g., assume that the head of a; is w;. Moreover, since

dp(wa) > 2, there is one arc as ¢ Py Y P(zy’m) with head wy. Obviously, we can make {a;} U {as} # Co.
Set Op fOQJreerP(yx) + a1 + as.
Now, we want to find Ip. If P(lyym) D {wy,wa}, then let Ip = P(ly’m) +ey,+ 1. If P(lyyz) N{wy,we} = wy,

then there is one arc az with tail wy. Note that ag # a; (since the tail of a; is in {y, :C}) as # ay (since the

head of a, is wy) and obviously as ¢ P, ) UF(, ). Set Ip = P ) +as +ex+1o. If Y, o" {wi,wa} = wy,
then there is one arc a4 # ag with tail w; since d S(wi) > 2. Similarly, a4 # a1 and a4 ¢ P y o U P(y 2 Set
Ip = (y o) TOatea+ Ig. Therefore, (Op, Ip) is a good pair of D.

We omit the proof of the analogous case when “P2 )N {wy,wy} # 0" here.! ]

Lemma 18. Let D be a 2-arc-strong digraph on n vertices that contains a subdigraph Q@ on n — 5 vertices
with a good pair, X = N, (Q), Y = N5(Q) and X NY =0. If |X| >2 or [Y| > 2, then D has a good pair.

Proof. Let (Og, Ig) be a good pair of Q. If X UY =V —V(Q), namely [ X UY| = 5, then D has a good pair
by Corollary 9. If | X UY| = 4, then D has a good pair by Lemma 11. Therefore, assume that | X UY| < 3.
Moreover, from the assumption that |X| > 2 or |Y| > 2, and the fact that |X| > 1 and |Y| > 1, we have
| X UY|=3. W.lo.g., assume that |X| =1 and |Y]| = 2.

Set X = {2z}, Y ={y1,p2} and V = V(Q) — X — Y = {wy,w>}, and let e, (resp. e,,, e,,) be an arc
from z to @ (resp. from @ to y1, y2). Let BT = Og + ey, +€,, and B~ = I + e,. Since A(D) > 2, by the
definition of arc-connectivity and Lemma 15, D contains two arc-disjoint in-branchings rooted at x, denoted
by By and Bj . Since X = N5 (Q) and Y = N} (Q), clearly the restriction of By, By to V — V(Q) are still
two arc-disjoint in-branchings rooted at x. We denote them by Bf and BQ_ .

Now, in B; (¢ =1 or 2), if there exists a (y1,x)-path or a (y2,x)-path containing w; (j =1 or 2), then
we let f;(w;) = 1; otherwise, let f;(w;) = 0. Note that, in any in-branching rooted at z, there is a unique
(s,z)-path for any vertex s. Hence, for By, if f;(w1) = 1 and f;(wz) = 0, then it is impossible that wy is
the out-neighbor of y1,y2 or wy. So we must be a leaf in B;.

Next, we consider the following cases:

Case 1: f;(w1) + fi(w2) = 2 for some i € [2].

W.lo.g., assume that i = 1, i.e., fi(wy) = fi(wz) = 1. Then, Bl_ contains a P, ;) containing w; and
a Py, ») containing wg, where i,j € {1,2}. Since P, ,) # P(ijx27 i # j. Obviously, BT + Py, ) +AP(yi’x)
contains an out-branching of D, denoted by Op. Now, set Ip = By + B~. Since P, ») U Py, ») € By and
By and Bj are arc-disjoint, (Op, Ip) is a good pair.

Case 2: f;(w1) + fi(we) =1 for any i € [2].

Subcase 2.1: fi(w;) = fa(w;) =1 and fi(ws—;) = fa(ws—;) = 0, where i € [2].

W.lo.g., assume that ¢ = 1. Since fi(w;) = 1 and f1(w2) = 0, ws is a leaf of Bf. Similarly, ws is
also a leaf of By . Thus, B; U By does not use any in-arc to wy. Let a be an arc with head wy and then
a ¢ Bf U B;. Since f1(w1) =1, Bf contains a P, ;) containing w; (j =1 or 2). Now, D has a good pair
(OD,ID) with Op = BT + P(yj,;c) +aand Ip = B; + B~

Other cases can be derived analogously, and we just omit them here. O

IThe corresponding content of omitted proofs in this paper can be found in [9] for interested readers.



Lemma 19. Let D be a 2-arc-strong digraph on n vertices that contains a subdigraph @ on n — 6 vertices
with a good pair. Let X = N5 (Q) and Y = NA(Q) with X NY = 0. If | X| =|Y| =2 and at most one of
X andY is an independent set, then D has a good pair.

Proof. Let D = (V,A) and W =V — X - Y — V(Q) = {wy,wa}. Set X = {z1,22} and Y = {y1,92}. By
contradiction, suppose that D has no good pair. Assume that (85, Bé) is a good pair of Q. Let BT be an
out-tree containing Bg and an in-arc of y; from @ for any j € [2]. Let B~ be an in-tree contraining B and
an out-arc of z; into @ for any i € [2]. By construction, BT and B~ are arc-disjoint.

Claim 19.1 None of the following holds:
1|(Y, X)p| = 4;

2. X is not independent and there exists a vertex in'Y which dominates each vertex in X. Analogously
Y is not independent and there exists a vertexr in X which is dominated by each vertex in'Y;

3. Both X andY are not independent, say x;x3-;,y;ys—; € A, and y;x;,ys—;x3-; € A, 1,j € [2].
Proof. We will show that for each of the three cases D has a good pair.

1. Since |(Y, X)p| = 4, for each y € Y, y dominates each vertex in X. Thus, (BT + y121 + yo2x2, B~ +
Y12 + yax1) is a good pair of D \ W, which implies that D has a good pair by Lemma 10.

2. By the digraph duality, it suffices to prove the first part. Assume that xy29 € A and y; dominates
each vertex in X. Then (B* + y12122, B~ + y122) is a good pair of D \ {W U {y2}}, which implies
that D has a good pair by Lemma 16.

3. W.lo.g., assume that z172, y192, Y171, y2x2 € A. Then (BT + y12122, B~ + y1y222) is a good pair of
D\ W, which implies that D has a good pair by Lemma 10. O

Since at most one of X and Y is independent and | X| = |Y| = 2, it suffices to consider the case when X
is not independent by the digraph duality. W.l.o.g., assume x1x2 € A. We now prove the following claims.

Claim 19.2 No vertex in W dominates both vertices of X. Analogously, if Y is not an independent set,
then no vertex in W is dominated by both vertices in Y.

Proof. By the digraph duality, it suffices to prove the first part. Suppose that w; dominates both vertices
in X. Let e; = wyxs.

First assume that there exists an arc from Y to ws, say es. Set D' = D — {ej,ea}, X' = X U{w;} and
Y’ =Y U {we}. There is only one initial strong component in D'[X’], say X{. Note that dy,(X7) > 2.
Let Y] be the terminal strong components in D'[Y’], j € [a]. Note that a < 3. Then d},(Yj’) > 2 for all
j € [a] except at most one, say Y/, has d%,(Y{) = 1. Note that es € (Y{,w2)p. By Proposition 8, we get
arc-disjoint Pxs and Py and T+, Ty-. Then D has a good pair (BT +ey+Px:+Tx+, B~ +e1+ Py +Ty1),
a contradiction.

Henceforth we may assume that (Y, ws)p = 0. Now d}u{wl}(wg) > 2. Let es be an arbitrary out-arc
of wy. Set D' = D — {ej,es} and X’ = X UW. There is only one initial strong component in D’[X’], say
X{. Note that dy(X|) > 2. For any terminal strong component Y; in D'[Y], d%,(Y;) > 2, where j € [q]
and a < 2. By Proposition 8, we get arc-disjoint Px+ and Py, and Tx+, Ty. Then D has a good pair
(BT +Px/ +Tx, B~ +e1 +ea + Py + Ty), a contradiction. O

Claim 19.3 IfY is not independent, then at least one of (wi, X)p and (Y, ws—)p is empty, for any k € [2].

Proof. W.l.o.g., assume that y1y2 € A and k = 1. Suppose that neither (wi, X)p nor (Y, wsz)p is empty.
Case 1: yowy € A (w11 € A).
By the digraph duality, it suffices to prove the case of yows € A. We distinguish several subcases as
follows.



Subcase 1.1: (Y, z1)p # 0.

Assume y;z1 € (Y,21)p and wyz; € (w1, X)p as (w1, X)p # 0, where i, j € [2].

First assume that (wq, X U {w1})p # 0. Set wowy € (w2, X U{w1})p. Then (Bt + y;x129 + wy wy +
wy Wa, B’erlo:ﬂrylygwgw;') is a good pair of D, where w; # wy and wy # y2 as A(D) > 2, a contradiction.

Next assume that (we, X U{w1})p = 0. Namely woy;, woys € A. Since A(D) > 2, there exists an arc
e # yjx1 which is from Y U {ws} to X U {w;1}. Now we find an out-branching of D as O = BT + y;z122 +
wy w1 + wy we, where wy w1 # e and wy # yo as A(D) > 2. Note that B~ + wix; + y1y2w2y1 + e contains
an in-branching I of D. Then (O, I) is a good pair of D, a contradiction.

Since other cases can be derived analogously, we omit them here. O
Claim 19.4 IfY is an independent set and (wg, X)p is not empty, then (Y, ws_g)p = 0 for any k € [2].

Proof. W.l.o.g., assume that k = 1. Set wyz; € A, where i € [2]. Suppose (Y, ws)p # 0. We distinguish the
following two cases.

Case 1: |(Y,w2)p| = 2.

That is yywe, yows € A. Let yjyj+ be an out-arc of y; which is different from y,w,, for any j € [2]. Note
that y;r € X U{w1} as Y is independent.

Subcase 1.1: wox, € A.

Let wgw; be an out-arc of wy which is different from wsx;.

First assume that w; € X U{w;}. Since \(D) > 2, wy has an in-neighbour wj # wy and there is at
least one vertex in Y which is not w; , w.l.o.g., say y1 # w; . Then (BT + yywex1w + wy wy, BT +wix; +
ygwgwér + ylyf) is a good pair of D, a contradiction.

Next assume that w; €Y, wlo.g., say w; =1y, i.e., woy; € A. Then (B+ + y1wez 122 + wy w1, BT +
w1 z; + yaway1yy ) is a good pair of D, where w] # y1 as A(D) > 2, a contradiction.

Other cases can be derived analogously, and we just omit them here. O
Claim 19.5 (W, X)p = 0. Moreover, if Y is not an independent set, then (Y,W)p = 0.

Proof. By the digraph duality, it suffices to prove that (W, X)p = 0. Suppose (W, X)p # 0. W.lo.g.,
assume that (w1, X)p # 0, i.e., wiz; € A, for some i € [2]. Note that (Y, w2)p = () by Claims 19.3 and 19.4.

Case 1: (wq,Y)p # 0.

Set woy; € A, where j € [2]. Since N"(X UW) =Y and A\(D) > 2, any initial strong component of
D[X UW] has at least two in-arcs from Y. Set D’ = D —w;x; — way;. Now any initial strong component of
D’[X UW] has at least two in-arcs from Y, except at most one initial strong component, say X7, has exactly
one in-arc from Y. Note that ; € X] but wy; ¢ X{ and any terminal strong component of D’[Y] has at
least two out-arcs to X UW. By Proposition 8, we get Pxuw, Txuw and Py, Ty in D. Since (Y, w2)p = 0,
(Bt + Pxuw + Txuw, B~ + Py + Ty + wix; + way;) is a good pair of D, a contradiction.

Case 2: (wq,Y)p = 0.

That is |(w2, X)p| > 1. By Claim 19.2, |(w2, X)p| < 1, i.e., wow; € A and |(w2, X)p| = 1. Interchange
wy and wy, likewise (Y, w1)p = 0 by Claims 19.3 and 19.4. Now (Y, W)p = 0. By Cliam 19.1(2), |(y;, X)p| <
1 for any j € [2], namely y1y2,y2y1 € A and [(y1, X)p| = |(y2, X)p| = 1. We also get that [(Y,z;)p| < 1,
for any ¢ € [2]. This implies that D has a good pair by Cliam 19.1(3). O

Now we are ready to finish the proof of Lemma 19. By Claim 19.1(2), |(y;, X)p| < 1 for any j € [2],
ie. |(Y,X)p| <2. Since (W,X)p =0, D[X] = C5 and y,x1,y3—jz2 € A for some j € [2]. Note that Y is
an independent set by Cliam 19.1(3). W.l.o.g., assume that j = 1, i.e., y121,y222 € A, which implies that
yox1, 122 ¢ A. Since (W, X)p =0, |(we2,Y)p| > 1 as A(D) > 2. W.lLo.g., assume that ways € A.

First assume y,wy, wiy2 € A, for some k € [2]. W.lo.g., assume k = 1. Then (B* + y1x122 + wy wa +
wy wi, B 4 y1wiy2ms + wowy ) is a good pair of D, where w; , w3 # w; and w] # y1, a contradiction.

Next assume yywy ¢ A. As A(D) > 2, yyw; € A, likewise wiys ¢ A. Tt follows that wywsy, wiy; € A.
Then (BT +y1z122 + Wy Wa + wy wi, BT + y1wiweysxa) is a good pair of D, where wy # y; and wy # wy
as A(D) > 2, a contradiction.

This completes the proof of Lemma 19. O



Lemma 20. Let D = (V, A) be a 2-arc-strong digraph on n vertices that contains a subdigraph QQ on n — 6
vertices with a good pair. Set X = Np(Q) = {x1,22} and Y = N5(Q) = {y1,y2} with X NY =0, and
W=V-X-Y-V(Q) ={w,w}. If X,Y are both independent sets, then D has a good pair except for
the case below:

() (V. X)p = {yaissa—yoa_s} for some i.j € (2], DIW) = Cy and N (55) 0 N (va—5) = Ny (2) 1
Ny (z3-:) = 0 while Ny, (y;) N Ny (@) # 0 and Ny (ys—j) 0 Ny (23-5) # 0.

Proof. Suppose that D has no good pair. Follow the definitions of BEE,B@,B+ and B~ in the proof of
Lemma 19. Observe that Claim 19.1 still holds here. We distinguish four cases below depending on |(Y, X)p|.
By Claim 19.1, |(Y, X)p]| < 3.

Case 1: |(Y, X)p| = 2.

Subcase 1.1: (Y, X)p = {y,;z1,y;22}, for some j € [2].

W.l.o.g., assume that j = 1. It implies that y> dominates both vertices in W. Note that there exists an
arc from W to z;, say e;,, where i € [2].

If e;, is adjacent to e;,, say w; is the common vertex, then (BT + y121 + yowi 2 + Wy Wo, BT +y120 +
w1 + ygwgw;) is a good pair of D, where w; , w; # yo as A(D) > 2, a contradiction.

Hence e,, is non-adjacent to e,,, w.l.o.g., say wize, wex; € A. If D[W] # Co, w.l.o.g., say wiws ¢ A,
then (BT + y121 + yow1ma + wy we, B~ + y172 + Yowary + wlwf) is a good pair of D, where w; # y2 and
wf # x9 as A(D) > 2, a contradiction. If D[W] = Cs, then (BT + y1 22 + yowiwex1, B~ + 3121 + y2wawi x2)
is a good pair of D, a contradiction.

By the digraph duality, we also get a contradiction when (Y, X)p = {y12;, y22;}, for some i € [2].

Since other cases can be derived analogously, we just omit them here. O

We use D D E5 (D 2 Es) to denote that D contains an arbitrary orientation (no orientation) of F3 as a
subdigraph. (Fj5 is a mixed graph and only the two edges are to be oriented.) E3 is shown in Figure 2.

Figure 2: Ej.

Lemma 21. Let D = (V, A) be a 2-arc-strong digraph on n vertices that contains a subdigraph Q on n — 6
vertices with a good pair. Set X = Np(Q) = {x1,22} and Y = N5(Q) = {y1,y2} with X NY =0, and
W=V-X-Y-V(Q)={w,w}. Ifn=8or 9 and X,Y are both independent, then D has a good pair.

Proof. By contradiction, suppose that D has no good pair. Follow the definitions of 357 By, BT and B™ in
the proof of Lemma 19. Observe that Claim 19.1 still holds here.

From Lemma 20, it suffices to consider the case (). Recall that (Y, X)p = {y;z;, ys—jxzs_;} for some
i j € [2], DIW] = Cy and Ny}, (y;) N Ny (y3—5) = Ny (5) N Ny (23—;) = 0 while Ny (y;) 0 Ny (z;) # 0 and
Nyt (y3—5) N Ny (w3—;) # 0. W.lo.g., assume that i = j = 1 and wy, € Ny, (yx) N Ny (2) for any k € [2].
Note that |Q] is 2 or 3.

Suppose |@Q| = 2, then Q = C5. Set V(Q) = {q1,¢2} and z1¢1,22¢2 € A. If q1y2,q291 € A, then D
has a good pair (B;,B;l) as B;‘l = T1q1Q2y1w1w2T2 + Yy Y2 and By = Taqaqiy2wawiT1 + Y171, Where
Ys # q1 as A(D) > 2, a contradiction. If qiy1,¢2y2 € A, then D has a good pair (Bf, ,B; ) as B;ZZ =
Waw1T1q1G2Y222 + Y1 Y1 and B = wiw2Z2G2q1y171 + Yaw2, where y;- # ¢ as A(D) > 2, a contradiction.

Now |Q| = 3. By Proposition 12, |[E(Q)| > 4. Set V(Q) = {q1,¢2,¢3}. Note that Q@ 2 E5 or Q contains

a bidigon as a subdigraph, i.e., Co C Q. W.lo.g., assume Co = q1q2q;. Set BT = wywyxws + wiz and
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B~ = yiwi +yowewi. Since X = N (Q) and Y = Nzg(Q), there exists an arc from x; to @ and an arc from
Q to y;, say x;q,, and gy, y;, respectively, where i, j € [2].

Claim 21.1 If @ has a good pair (Bj, ,B, ), then N*(z;) = {q.,,y;} and N~ (y;) = {gy,, v}, where
ij 2.

Proof. Suppose that z; has an out-neighbour = ¢ {g,,,y;} or y; has an in-neighbour y; & {ay;, v},
then (B* + z;q,, + B;;,i + Y5 Y+ dys ;Y3—js BT+ aqy,y5 + Bq_yj + x4+ 23_iqs,_,) is a good pair of D, a
contradiction. O

We distinguish several cases as follows.

Case 1: @ contains a bidigon.

Set g2q3, q3q2 € A.

Subcase 1.1: z,;¢1 € A, for some i € [2].

W.l.o.g., assume i = 1.

A. (¢1,Y)p #0.

Assume q1y; € A, j € [2]. Note that @ has a good pair B(‘; = q1q293 and B, = g3g2q1- This implies
that N (z1) = {q1,y;} and N~ (y;) = {¢q1, 21} by Claim 21.1.

We first show gsys—j, xaqs € A. If qzys—; ¢ A, i.e., gzq1 € A, then Q has a good pair (B;;, B,,) for any
i € [3] (see Figure 3). It follows that (B* + z1y; + ¥2¢s, + B;;2 + @y, y3—js B~ + x1q1y; + By, + x0wy) is
a good pair of D, where z3 # q., as A(D) > 2, a contradiction. Hence gsys_; € A. If 223 ¢ A, namely
q1g3 € A, then (BT +z1q1yj + q1432 +Ys_;Ys—j, BT + 21y + q192q3Y3—; + x2¢y,) is a good pair of D, where
Ys_; # q3 as A(D) > 2, a contradiction.

q1
3 q q3 Qi q3

Figure 3: Good pairs (B;Z, B,,) of Q, for any i € [3].

Now gsys—;,z2q3 € A. Note that () has a good pair B;rs = ¢3g2q1 and B, = g1g2¢gs. This implies that
N*(x2) = {g3,y3—;} and N~ (ys—;) = {q3, 22} by Claim 21.1. If j = 1, then D has a good pair (B}, B;,)
with le = T1q1G2q3 + T1y1wiw2z2y2 and By = waw1Z1 + Y272q3q2¢1%171, a contradiction. If j = 2, then
D has a good pair (B;;,Bgl) with B;l = T1G19293 + T1Y2T2y1wiwy and B;l = T1G3Y1T1 + ¢2q1Y2WaW1 L1, A
contradiction.

Therefore, q1q3 € A. We omit the proof of other analogous cases.

Case 1 implies that D has a good pair when @ contains a bidigon as a subdigraph.

Case 2: Q O Fj3.

First assume ¢1¢s,g2qs € A. Since @ has no bidigon as subdigraph and A\(D) > 2, gsy1,q3y2 € A and
(X,q1)p # 0. Set x;q1 € A. Note that Q has a good pair B = q1¢2q3 and B, = g2q1g3. By Claim 21.1,
NT(x;) = {q1,y1} = {@1,v2}, a contradiction. The case of g3q1, q3q2 € A is analogous. Hence g2q3,q3q1 € A.
We distinguish several subcases as follows.

Subcase 2.1: z,¢1 € A, for some i € [2].

W.lo.g., assume 7 = 1. Since @ has no bidigon, q1q3 ¢ A, which implies that (¢1,Y)p # 0. Set
qy; € A, j € [2]. Note that @ has a good pair B; = qiq2q3 and By = q3q1 + q2¢q1. This implies
that N*(z1) = {q1,y;} and N~ (y;) = {q1,z1} by Claim 21.1. By Case 1, x2q3,22q2,q3y3—; € A. Then
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(BT +21y; + 22¢3q102 + Y5 ;Y3—j, B~ + 2101y + T2¢2q1 + g3y3—;) is a good pair of D, where y;_; # g3 as
A(D) > 2, a contradiction.

By the digraph duality, we also get a contradiction when ¢oy; € A, where j € [2]. This implies that
(Xa ql)D = (Q27Y)D = @

Since the case when “x;q2 € A, for some i € [2]

” is analogous, we just omit it here. O
Proposition 22 ([3]). A digraph D has an out-branching (resp. in-branching) if and only if it has precisely
one nitial (resp. terminal) strong component. In that case every vertex of the initial (resp. terminal) strong
component can be the root of an out-branching (resp. in-branching) in D.

We use Tf (resp. T, ) to denote an out-tree (resp. in-tree) rooted at z.

Proposition 23. Let D be an oriented graph on n vertices. Let Pp = x1xo ... x, be the Hamilton dipath of
D and D' = D — A(P). Assume that there are exactly two disjoint strong components Iy and I in D’. Set
q €{2,3,n—1,n}. If for some q, xq—1 and z, are respectively in Iy and I, then D has a good pair.

Proof. W.l.o.g., assume that z,_; € I and z, € I5. Since I; is strong, 6°(1;) > 1, for any i € [2].

First assume ¢ € {n — 1,n}. Let = be an in-neighbour of z, in Ir. We get an out-branching of D as
Bf = Pp — xq_1x4 + zx4. Then we will show that there is an in-branching B, in D — A(B,). Since I
is strong, Is — xx, is connected and has only one terminal srong component which contains . This implies
that there is an in-branching T in I, — xx,. Note that there exists an in-branching T;] _,in Iy, as I is
strong. Then By =T, +x4-134 + T, _,, which implies that (B, B ) is a good pair of D.

Now we assume g € {2,3}. Let y be an out-neighbour of x,_1 in I;. We get an in-branching of D as
B, = Pp—x4 174+, 1y. Then we will show that there is an out-branching B;_ in D—A(B; ). Since I
is strong, I1 — x4—1y is connected and has only one initial srong component which contains y. This implies
that there is an out-branching T; in IT — x4—1y. Note that there exists an out-branching qu in I, as I is

strong. Then B =T, + 4124 +T,F . So, (B}, B, ) is a good pair of D. O

Ty
Proposition 24. Let D be a 2-arc-strong oriented graph on at least seven vertices. Then D has a dipath
Ps.

Proof. Suppose that there is no Pg in D. Assume that P, is the longest dipath in D, then t > 4, as there is
no digon in D and A(D) > 2. Observe that there is no C; in D, otherwise D has a longer dipath P;11.

First assume that ¢ = 4 and set Py = x1zox314. Since dJB(m) > 2 and D has no digon, the out-
neighbourhood of x4 either contains x; or contains a vertex in V' — V(P,). This implies that there is a P;
in D, a contradiction.

Henceforth we may assume that ¢ = 5 and set P; = zyzox32425. Since A(D) > 2, d—g(l‘g,) > 2 and
dp(z1) > 2. Then we get Nj(z5) = {w2, 23} and Np(21) = {3,724}, as Ps is the longest dipath in D
and D has no digon. Observe that there exsits a different 4-length dipath, z4zsz32122, in D. Likewise,
N} (22) = {x3, 25}, which implies that D[{z2,z5}] is a digon, a contradiction. O

4 Good pairs in digraphs of order 7

Proposition 25. A 2-arc-strong oriented graph D on n vertices without good pair has a P;, where 7 <n < 9.

Proof. Since the idea of the proof is similar to Proposition 24, we omit it here. O
Now we are ready to prove Theorem 4. For convenience, we restate it here.

Theorem 4. FEvery 2-arc-strong digraph on 7 vertices has a good pair.

Proof. Suppose that D has no good pair. Let R be a largest clique in D. By Lemma 16 and Proposition 13,
|R| = 3. Moreover, R is a tournament by Lemma 17 and Proposition 12.

Claim 4.1 D is an oriented graph.
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Proof. Suppose that there is a digon @ in D with V(Q) = {s,t}. Observe that @ has a good pair. Since
R is a tournament with three vertices, both in- and out-neibourhoods of () in D have at least two vertices.
This implies that D has a good pair by Lemma 18, a contradiction. %

Assume that Pp = z129 ... 27 is a Hamilton dipath of D by Proposition 25. Set D' = D — A(Pp). Let I;
and T respectively be the initial and terminal strong component in D’, where i € [a] and j € [b]. Note that
a,b > 2 by Proposition 22. Since D is an oriented graph and A\(D) > 2, |I;|, |T;| > 3, for any ¢ € [a],j € [b].
Thus there are only two disjoint strong components in D’, say I; and I, with |I;| = 3 and |I3| = 4. Note
that |N5, (z1)| > 2 and [N}, (z7)| > 2 as A(D) > 2, which implies that z1,27 € I,. Moreover, x3, 26 € I; by
Claim 4.1. Then D has a good pair by Proposition 23. O

5 Good pairs in digraphs of order 8

The digraph FE3 used in the next proposition is shown in Figure 2.

Proposition 26 ([2]). Let D be a 2-arc-strong digraph without any subdigraph on order 4 that has a good
pair. If D contains an orientation Q of Es as a subdigraph, then N5(Q) N N, (Q) = 0, |IN5(Q)| > 2 and
INp (Q)] = 2.

Proposition 27. Let D be a 2-arc-strong oriented graph on n vertices without good pair, where 8 < n < 9.
If D does not have K4 as a subdigraph, but has two disjoint cycles C* and C? which cover 7 vertices, then
D contains a Pg.

Proof. Suppose that P; is the longest dipath of D by Proposition 25. In fact there exist arcs between C*
and C? from both directions, otherwise D has a Pg as A(D) > 2. W.lo.g., assume |C'| > |C?|. Then
|C'| = 4 and |C?| = 3. Let C! = xyz2m32471, C* = 25062725, Pr = 2122 ... 77 and y; be the vertex in
V —V(C*U(C?), where j = 1 when n = 8 and j € [2] when n = 9. From the maximality of P; in D, we
have the following facts.

Fact 27.1. For any j, at least one of (C*,y;)p and (yj, C®>~%)p is empty for any i € [2].
Fact 27.2. For any j, at least one of arcs z;y; and y;jz;41 is not in A for any ¢ € [6].
Fact 27.3. For n =9, let y;ys_; € A. If 2;y; € A, then y3_;xi11,y3—;Tit2 ¢ A, where j € [2] and ¢ € [5].

Since D is oriented, there are at least three arcs between y; and C", for some i, by Fact 27.1. W.l.o.g., assume
i = 1. Note that d},(y;) > 1 and dg.(y;) > 1. Then N(y;) C {y3—;} UC" when n =9 and N(y;) C C*
when n = 8.

If y; is not adjacent to yz_; or n = 8, then N (y;) = {x1,22} and N~ (y3—;) = {3, 24} by Fact 27.2,
which implies that D has a Pg as y;z1 € A, a contradiction.

Hence n = 9 and y; is adjacent to yo. W.lo.g., assume that y1y, € A. If z1y; € A, then NT(yo) =
{1, x4} by Fact 27.3 and A(D) > 2, which implies that D has a Hamilton dipath as yaz1 € A, a contradiciton.
Hence z; is not adjacent to y;. By Fact 27.2, N (y;) = {2, 29} and N~ (y1) = {x3,24}. By Fact 27.3 and
the longestness of Py, N (y2) = {z2,z3}. It implies that D[{z2, z3,y1,92}] is a K4, a contradiction. O

Proposition 28. Let D = (V, A) be a 2-arc-strong digraph on n vertices without good pair, where 8 < n < 9.
If D is an oriented graph without K4 as a subdigraph, then D has a Ps.

Proof. Suppose that P = z1xa... 27 is the longest dipath in D by Proposition 25. Let X = V(P) and
Y =V — X. We have the following fact.

Fact 28.1. N~ (z1), NT(27) C X and z721 ¢ A.

We will now show the following notes.
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Note 28.1 Let BY; be an out-branching of D[X], and let B~ contain two disjoint in-tree T, and T in
D[X] — A(BY). Let H; = D[T,-] for any i € [2]. For some y € Y, if there exists an arc r;y and an
out-arc of y to Hz_;, then D has a good pair.

Proof. Let ey = r1y1 and es be an out-arc of y; to Ho. It is trivial when n = 8 or yoy1 ¢ A as A(D) > 2.

It suffices to consider the case when n = 9 and yoy; € A. Set BT = B;g + yoy1 + Y3 ¥2 and BT =

T, + T, +e1+ ex +yays where y5,y5 # y1 as A(D) > 2. Therefore, (BT, B™) is a good pair of D.

Note 28.2 Let B} and Ty respectively be an out-branching and an in-tree of D[X], with V(T ) = X — v,
for arbitrary v € X. If v has an out-arc which is not into B;g UTY, then D has a good pair.

Proof. It can be seen as a special case of Note 28.1, in which let 7, = v and T, = Tx.

The discussion of several cases depending on the in-neighbours of x; can be found in [9] for interested
readers. O

Now we are ready to show Theorem 5. For convenience, we restate it here.
Theorem 5. FEvery 2-arc-strong digraph on 8 vertices has a good pair.

Proof. Suppose that D has no good pair. Let R be a largest clique in D. By Lemma 17 and Proposition 13,
|R| = 3.

Claim 5.1 No subdigraph of D of order at least 3 has a good pair.

Proof. By Lemma 17, it suffices to show that there is no @ C D on 3 vertices with a good pair. Suppose
that @ has a good pair. If @ is an orientation of E3, then we use Lemma 18 to find a good pair of D by
Proposition 26, a contradiction. Now assume that @ is a bidigon. Set V(Q) = {z,y, 2z} with Q[{z,y}] = Ca
and Q[{y, z}] = Ca. If there exists a vertex w in N;}(Q) N N5 (Q), then D[Q U {w}] has a good pair by
Lemma 10. Thus N3 (Q) NNy (Q) = 0. If N5 (Q) = {w}, then D[Q U {w}] has a good pair as B} = wzyx
and B, = wzryz. By symmetry, this implies that [N} (Q)| > 2 and [N, (Q)| > 2. Thus by Lemma 18, D
has a good pair, a contradiction. O

By the claim above, R is a tournament.
Claim 5.2 D is an oriented graph.

Proof. Suppose that there is a digon @ in D with V(Q) = {s,t}. Observe that @ has a good pair. Since
R is a tournament with 3 vertices, both in- and out-neibourhoods of @ in D have at least two vertices with
NS(Q)N Np(Q) = 0. This implies that D has a good pair by Lemmas 11, 19, 20 and 21, and Corollary 9,
a contradiction. %

By Proposition 28, assume that Pp = z1x2 ... xg is a Hamilton dipath of D. Set D' = D — A(Pp). Let I;
and T} respectively be the initial and terminal strong component in D’, where ¢ € [a] and j € [b]. Note that
a,b > 2 by Proposition 22. Since D is an oriented graph and A(D) > 2, |I;|, |T;| > 3 for any i € [a],j € [b].
Thus there are only two disjoint strong components in D', say I} and I, as n = 8. Since A\(D) > 2, x; has
at least two in-neighbours and one out-neighbour in D’, while xg has at least two out-neighbours and one
in-neighbour in D’. If |I;| = 3 and |I3| = 5, then a1, x5 € I3 and |A(I3)| > 6. Note that at least one of x5
and x7 is in I; as |R| = 3. Then we use Proposition 23 to get a good pair of D. Now assume |I;| = |I3| = 4.
If xg € I1 then z7 € I by Claim 5.2. By Proposition 23, D has a good pair.

6 Good pairs in digraphs of order 9

We have several generalizations of Proposition 8 here, which are easy to check as they satisfy the conditions
in Proposition 8.
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Proposition 29. Let D = (V, A) be a digraph and Q be a subdigraph of D with good pair (Ogq,Ig). Set
X =N5(Q) andY = NA(Q) with XNY =0 and XUY =V —V(Q) — W, where W = {wy,w2}. Let ey be
an arc from wy to X and es be an arc from'Y to wy. Set X' = X Uw;, Y =Y Uwy and D' = (V, A’) with
A" = A—{e1,ea}. Let X be the set of initial strong components in D'[X'] and Y be the set of terminal strong
components in D'[Y']. Assume that there exists Xo and Yy in X and Y respectively such that dy(Xo) = 1
and d} (Yo) =1. Let e, and ey be arcs from'Y to Xo and from Yy to X respectively. If one of the following
holds, then D has a good pair.

1. ey # ey, but at least one of X or Y has only one element.
ex (or ey) is adjacent to some Yy (or X, ) in'Y (or X), such that d%(Y;) > 3 (or dy(X,) > 3).
ex (orey) is adjacent to Y —V(Y) (or X' —V(X)).

e b

ex (orey) is adjacent to some Y, #Yy (or X, # Xo) in Y (or X), such that there exists an arc from
Yy (or Y =V (Y)) to X' —=V(X) (or X,).

Lemma 30. Let D be a 2-arc-strong digraph on 9 vertices that contains a digon Q. Assume that D has no
subdigraph with a good pair on 3 or 4 vertices. Set X = N5 (Q) andY = N (Q) with XNY = 0. If|[X| =3
and |Y| =2, then D has a good pair.

Proof. Let D = (V;A) and W =V — X - Y —V(Q) = {wy,ws}. Set V(Q) = {q1,92}, X = {1, 22,23}
and Y = {y1,y2}. By contradiction, suppose that D has no good pair. Since A(D) > 2, w.l.o.g., assume
@191, q2y2 € A. Let BT = q1q2y2 + q1y1 and B~ be an in-tree rooted at q; such that A(B~) C {gaq1} U
(X,Q)p. By Proposition 13, we get the following fact.

Fact 30.1. There is no digon in the induced subdigraph of X or Y.
We will now show some notes below.
Note 30.1. There is no C3 in the induced subdigraph of X.

Proof. W.l.o.g., assume that z1q1, £2q1, 3¢2 € A and D[X] = C3 = z1zex32;. Then D[Q U X] has a good
pair as B;‘l = 1122w3¢2q1 and B, = z371q1 +22¢192. By Lemma 17, D has a good pair, a contradiction. ¢

Note 30.2. None of the following holds:
1. There exists a subset X7 in X with |X;| = 2, such that |(Y, X1)p| = 4.

2. Y is not independent and there exists a vertex in X which is dominated by both vertices in Y.

3. X is not independent, w.l.o.g., set that X; contains two arbitrarily adjacent vertices in X, and
there exists a vertex in Y which dominates both vertices in X7.

4. Both X and Y are not independent, say x; xi,,y;y3—; € A, and y;z;,,ys—;T;, € A, where
i1,12 € [3] and j € [2].

5. Both X and Y are not independent, say x;,xi,,y;y3—; € A, and y;zi,,y3—;z;, € A, where
11,12 € [3} andj € [2]
Proof. The proof is similar as that of Claim 19.1. O
Note 30.3. There exists respectively an arc from Y to W and an arc from W to X.

Proof. Let X, be the initial strong components in D[X] and Y} be the terminal strong components in D[Y],
i € [a] and j € [b]. Note that 1 <a <3 and 1 <b<2.

Case 1: (W, X)p = 0.

This implies that there are at least two arcs from W to Y as A(D) > 2. For any i, j, d% ;,(Y;) > 2 and
dy (X;) > 2 since A(D) > 2 and (W, X)p = (). By Proposition 8, we get Px and T'x.
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If d¥(Y;) > 2 for any j, then we get Py and Ty with Px NPy = ) by Proposition 8. It follows that
(BT +Px+Tx, B~ +Py+Ty) is a good pair of D— W, which implies that D has a good pair by Lemma 10,
a contradiction. Hence there exists a terminal strong component in D[Y], say Y7, such that d}(Yl) <1
This implies that |Y;| = 1, w.l.o.g., say Y1 = {y1}. Note that there exists a dipath P! from y; to y, with
Pl —Y CW and (y2, X)p # 0.

If yo is not a terminal strong component in D[Y] or ys is a terminal strong component in D[Y] with
d}(yg) > 2, then we get Py and Ty with Px NPy = @ by Proposition 8. It follows that D — W has a good
pair (BT + Px +Tx, B~ + Py + Ty ), a contradiction.

Hence ys is a terminal strong component in D[Y] with d% (y2) < 1. This implies that d% (y;) = d} (y2) =
1. Set (y;, X)p = {e;} for any ¢ € [2]. Note that (Y,X)p = {e1, ez}, then there is only one initial
strong component in D[X] as A(D) > 2, say X;. Now (Y, X;)p = {e1,ea}. By Proposition 8, we get
Px and Tx, such that Px = {e;}. Let P, = e; +Tx and P_ = ey + P! If P! = yjw;ws_;y2, then
(Bt + Py + w; w; +w;_,ws_;, B~ + P_) is a good pair of D, where w; # y; and w;_, # w; as A\(D) > 2,
a contradiction. If P* = yjw;ys, then (BT + P, + w; w; +ws_,w3_;, BT + P_ + w3_iw§;i) is a good pair
of D, where w; # y; and w3 _;,wi ; # w; as A(D) > 2, a contradiction.

Case 2: (Y,W)p = 0.

Note that |(Y, X)p| > 3 by Fact 30.1.

First assume that Y is not an independent set, w.l.o.g., say y1y2 € A. Now d¥(y1) > 1 and d% (y2) > 2.
By Note 30.2, y; and ys can not dominate the same vertex in X, which implies that d}(yl) = 1 and
d}(yg) = 2. W.lLo.g., assume y171,y2%2, Y273 € A. Then X is independent by Note 30.2. Since (Y,W)p =0
and A\(D) > 2, there exists a dipath P! from some vertex x in {x1, 22} to z3 with V(P!) — {z,23} C W.
Let Py = y121 + yoxs + Pl and P_ = yyy23.

Next assume that Y is an independent set, i.e., d} (y;) > 2 for any ¢ € [2]. By Note 30.2, at most one
vertex in X can be dominated by both vertices in Y, namely |(Y, X)p| = 4. W.lo.g., say x; is dominated
by both vertices in Y and yix9,y2x3 € A. Now x7 is non-adjacent to zo or x3 by Note 30.2 and there exists
at most one arc between xo and x3 by Fact 30.1, w.lo.g., say xoxs ¢ A. Likewise, there exists a dipath
P! from some vertex x in {z1,x2} to x3 with V(P!) — {z,23} C W as (Y,W)p = 0 and \(D) > 2. Let
Py = y1zo + yox1 + Pt and P_ = y121 + yous.

If P! = zwjwsas, then (BT + P, B~ + P_ + wlwl+ + wgw;) is a good pair of D, where wf % wy and
wj # 13, a contradiction. If P! = xwz3, then (BT + Py +wy wa, B~ + P_ —&—wlwf + wgwgr) is a good pair
of D, where w # x3 and w, ,w; # w;, a contradiction. O

W.l.o.g., assume that e; = wiz; is an arc from w; to X. First assume that es = yjws is an arc from Y
to wg. Set D' = (V, A') with A" = A — {eq,e2} and X' = X U{w1}, Y =Y U {ws}. Let X be the set of
initial strong components in D'[X’] and ) be the set of terminal strong components in D'[Y”].

By Proposition 8, if there exists at most one strong component S in X' U )Y which satisfies that S € X
(or S € Y) with dy(S) =1 (or d%(S) = 1), then we can find a good pair of D, a contradiction. We get the
fact below.

Fact 30.2. There exist two strong components Xy = x; and Yy = y; respectively in X and ) such that

That is y1y2, 21, x321 ¢ A. Let e, and e, be the arc from Y to X, and from Yj to X, respectively. One
can easily check the note below.

Note 30.4 Assume that e, = ey = y1x1 and there are at least two arcs from wo to X" in D. Let e be an
arc from we to X and D" = (V, A") with A” = A—{e,,e}. Then there exists at least one arc from Y’
to each initial strong component of D"[X'] respectively.

Claim 30.1 D[{wa,y2}] is not a digon.

Proof. Suppose D[{ws,y2}] = Cs. Since D 2 E3, A(D[Y']) = {y1w1, ways, yows}. Set D’ = (V, A”) with
A" = A — {yaws, w1z1}. Note that D”[Y’] has only one terminal strong component {y2}. By Fact 30.2,
d%(y2) =1, say ey, = (y2,X)p. Then e,, = e, by Proposition 29.1.
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Observe that Ip = B~ + yjwoy1z1 + wlwfr is an in-branching of D, where wf # 11 as A(D) > 2. If
w; € Y’ then any initial strong component in D[X’] has at least one in-arc from Y’ which is different from
y1z1. This implies that D has an out-branching Op = BT + ysws + T + Px/ by Proposition 8. Thus
(Op,Ip) is a good pair in D, a contradiction.

Otherwise w}™ € {x2,x3}. Set D* = (V, A*) with A* = A — {yows, wiw] }. By Fact 30.2, y» and wi is
respectively a terminal and an initial strong component in D*[Y'] and D*[X’] with d¥ (y2) = dy (wi) = 1.
Since ey, = Y271 # yow; , D has a good pair by Proposition 29.1, a contradiction. O

Claim 30.2 wyys ¢ A.

Proof. Suppose to the contrary that woys € A.

Case 1: y; is adjacent to ys in D.

That is yoy1 € A. Now D’[Y”’] has only one terminal strong component Yj, which implies that e, = e, =
y121. Then Ip = B~ 4+ wayoy121 —|—wlwfr is an in-branching of D, where wf #x as A(D) > 2. If wf ey,
then any initial strong component in D[X’] has at least one in-arc from Y’ which is different from y;;.
This implies that D has an out-branching Op = BT + yjws + T+ + Px+ by Proposition 8. Thus (Op, Ip)
is a good pair in D, a contradiction.

Otherwise w; € {x2,23}. Set D* = (V, A*) with A* = A — {yjwq, ww; }. By Fact 30.2, y; and wy,
respectively, is a terminal and an initial strong component in D*[Y”] and D*[X'] with d¥ (y1) = dy (w]) = 1.
Since e, = y121 # y1w;, D has a good pair by Proposition 29.1, a contradiction.

Case 2: y; is not adjacent to ys in D.

That is |(y2, X')p| > 2.

Subcase 2.1: |X| = 1.

Namely X = {X(}. By Proposition 29.1, e, = e, = y1z1. By Proposition 8, we get Txs of D'[X’]. Then
(BT + 121 + Txr + wy we, B~ + ylwgygyér + wyz1) is a good pair of D, where w; # y; and y;r # wsy, a
contradiction.

Other cases can be derived analogously, and we omit them here. O
Claim 30.3 YaWa ¢ A.

Proof. Suppose yows € A. Set D" = (V, A”) with A” = A — {wyx1, y2wz}. Note that yo is a terminal strong
component in D”[Y’'] by Fact 30.2. Moreover yoy1 ¢ A, i.e., y1 is not adjacent to yo in D. Let e,, be the
arc from yo to X'.

First assume e, = e; = y121. Now y; is not in some terminal strong component of D”[Y”], which implies
that D has a good pair by Proposition 29.3, a contradiction.

Hence e, # e,. Analogously e,, # e,. Then e, (resp. e,,) is adjacent to some initial strong component in
D’[X'] (resp. D"[X’']) other than Xy (resp. x1). This implies that e, = wozy and |[X| > 2. If |X| > 3, then
|(Y',X")p| > 5, i.e., d% (wa) > 3. By Proposition 29.2, D has a good pair, a contradiction. If |X| = 2, then
we get T'xs of D'[X'] by Proposition 8. It follows that (BT +yywax1 + €y, + Tx/, B~ +wiz1 + ey + yngw;)
is a good pair of D, where wy # x1,ys by A(D) > 2 and Claim 30.2, a contradiction. O

Therefore y- is not adjacent to ws in D.
Claim 30.4 y; is not adjacent to ys in D.

Proof. Suppose to the contrary that y; is adjacent to ys, i.e., yoy; € A.

Case 1: woy; € A.

Now D’'[Y’] has only one terminal strong component Yy, that is e, = e, = y121 by Proposition 29.1.
Then Ip = B~ + way1 + y2y171 + wiw] is an in-branching of D, where w;” # x1 as A\(D) > 2.

If w € Y’ then any initial strong component in D[X'] has at least one in-arc from Y’ which is different
from y;21. This implies that D has an out-branching Op = B* + ywy + Tx' + Px+ by Proposition 8. Thus
(Op, Ip) is a good pair in D, a contradiction.
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Otherwise w)” € {x2,73}. Set D* = (V, A*) with A* = A — {yyws, wyw; }. By Fact 30.2, y; is the
only terminal strong component of D*[Y’] and wy is an initial strong component in D*[X'] with d¥ (y1) =
d;(wf‘) = 1. Since e, = y171 # y1w], D has a good pair by Proposition 29.1, a contradiction.

Thus d¥, (w2) > 2.

Case 2: |X|=1.

By Proposition 29.1, e, = e, = y121. By Proposition 8, we get Tx,. It follows that (B* + yi21 +
Txr +wy we, B~ + y2yluJ2w2+ + wyx) is a good pair of D, where w; # y; and w2+ € X' as A(D) > 2 and
d%.(w2) > 2, a contradiction.

Case 3: |X| =2.

Set X = {Xo, X1}. Recall that Xo = x;. By Proposition 8, we get T'x-.

Subcase 3.1: e, = ¢, = y121.

If (y2,X1)p # 0, say € € (y2, X1)p, then D has a good pair (BT + y1z1 + € + Txs + wy we, B~ +
Yoy1wowy + wywy), where wy, # y; and wy € X', a contradiction.

Otherwise d (ws) > 2, namley |X1| > 2. As (y2, X' — V(XoU X1))p # 0, | X1| = 2. This implies that
D[{wz} U X;1] D E3, a contradiction to that D 2 Fs.

Subcase 3.2: ¢, # e;.

By Proposition 29.3, e, = woz1 and (y1,X1)p = {e,}. By Proposition 29.4, (y2, X1)p = 0 since y, is
not in any terminal strong component in D’[Y’]. That is (ws, X1)p # @ as A(D) > 2. By Proposition 29.2,
d},(wQ) = 2. Note that | X;| <2 as (y2, X' — V(XoU X3))p # 0. If | X1]| = 2, then X; = wyz;w; where
i € {2,3} by Fact 30.1. Let D" = D’ + wyx1 — wyz;. Since D”[X’] has only one initial strong component,
D has a good pair by Case 2, a contradiction.

Hence | X1| = 1. Set X; = {a}. We first show that (w1, X — z1)p = 0. Suppose that (w1, X —z1)p # 0,
w.l.o.g., say wizg € A. Then a # x5. Set D" = D' + wizq, — wizs. By Fact 30.2, x5 is an initial strong
component of D”[X'] with dy,(z2) = 1. Let ez, be the arc from Y’ to z2. Note that ey, = yox2 as a # 2
and d},(ws2) = 2. Then D has a good pair by Proposition 29.3.

Thus Ng_zl(wl) CY' If a= wp, then wiy, € A, as D 2 E5. Then change Y’ from Y U {ws} to
Y U{w;} and change X' from X U {w1} to X U {ws}. By Claim 30.2, D has a good pair, a contradiction.
If a € {xa,23}, then D[X’] only has one initial strong component. We get Tx: of D[X’] by Proposition 8.
It follows that (Bt + yywaa + Tx/, B~ + yay1a + wozy + wiw] ) is a good pair of D, where wi € Y’, a
contradiction.

Other cases can be derived analogously, thus we omit them. O

Now |(y2, X')p| > 2. Similar to Note 30.4 we get the note below.

Note 30.5 Assume that e; = ey, = y121, (w1, X)p = {wix1} and there are at least two arcs from ya to X'
in D. Let e be an arc from yo to X and D" = (V, A”) with A” = A — {e,,e}. Then there exists at
least one arc from' Y’ to each initial strong component of D"[X'] respectively.

Then we distinguish several cases as follows.

Case 1 ¢, =¢,.

That is e; = ey, = y121.

Subcase 1.1 wizs € A.

Now change e; from wyx1 to wixs, then Xy = x2, or D has a good pair. If x; is not in some component
in X, then D has a good pair by Proposition 29.3, a contradiction. Thus we assume that z; € X; € X.
Note that wy € X; as wizy € A. If X3 = Cs, then V(X;) = {a1,z5,w1}. As M(D) > 2, |(Y', X1)p| > 3,
which implies that D has a good pair by Proposition 29.2, a contradiction.

Hence X; = Cy = zywix;. Note that [(Y/,X)p| > 3 as |X]| > 2. Since now Xy = z2 and y121 € A,
(Y, X1) = {y1z1,wy w1} and (Y, Xo) = {xyx2}, where wy,z; € Y'. If woy; € A, then z; # ws by
Proposition 29.3. Since D has no subdigraph with a good pair on 4 vertices, waxs, yowi, yoxo € A. Let
Py = y1zqwy + yae + wy wy + 2323 and P_ = yjwaxs + Yowix2, where wy, # y; and x5 # wg as
D 2 Es. Then (Bt + Py,B~ + P_) is a good pair of D, a contradiction. Henceforth |(w2, X')p| > 2. It
follows that wexs, yazs € A and z3 € Xo € X by Proposition 29.4. Let Py = y1x1w122 + yaxs + wy wo and
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P_= ylngg—i—wlxl—i—ygy;r where wy # y; and y; # x3 as Y is not adjacent to wy. Then (BT+P,, B~+P_)
is a good pair of D, a contradiction.

The case of wizg € A can be proved analogously.

Subcase 1.2 (w1, X)p = {wix1}.

That is |(w1,Y")p| > 1. Let D” = D — yywe. By Proposition 8, we get arc-disjoint Px:, Py and
Tx/, Ty of D". Let Py = Px: and P_ = Py,. Then Op = B* + P, + T'x: + y1ws is an out-branching of
D. Let Ip =B  +P_+Ty: + wlwf, then Ip is arc-disjoint with Op and V(Ip) = V. We will show
that Ip is an in-branching of D, i.e., there is no digon in P_ + wjw; .

If woy; € A, then let P_ = woyiz1 + y1y;" where yi” # wy, which is possible by Note 30.5. Henceforth
assume N1 (we) NY =0, i.e., [(we, X")p| > 2. Now |(Y', X")p| > 5.

If wiy; € A, then wiw]” = wyy;. Since A(D) > 2, there are at least two arcs from Y’ to any initial strong
component in D”[X']. Then let P_ = y121 + wawy + y2ys where wy ,ys € X', such that P- N P, = () as
(y1, X")p = {y1z1}.

Thus assume w]” € {wy, Y2}, w.lo.g., say w = wy. If D”[X'] is strong, then let P, = e, where e is an
arbitrary out-arc of yo and P_ = wgw;’ +y2y§' where w;' € X and gﬂyé|r is an out-arc of yo which is different
from e as A(D) > 2.

If D"[{x1, w1, z2}] is strong, then there are at most two initial strong components in D”[X’]. Set
Vo = {21, w1, 22}. Tt follows that yo and we to any initial strong component has at least one arc respectively
by the fact (Y, X")p| > 5 and A(D) > 2. If D”[X’] has only one initial strong component, then assume
that e # yy2; is an in-arc of the initial strong component from y,. Let Py = e and P_ = wowy + y2y5 ,
where w;’ # w; and ygyiIr # e. Otherwise D”[X’] has exactly two initial strong components, i.e., Vy and z3.
Then let Py = yow3 + wowy and P_ = waxz + yays where wy ,ys € Vy. The case when D" [{z1,wy,z3}] is
strong can be proved analogously.

If D"[{x1,w1}] is strong, i.e., D"[{x1,w1}] = zrwiz1, then wowy ¢ A as D has no subdigraph on 3
vertices with a good pair. This implies that P_ 4+ wywy has no digon, as required.

Henceforth z; is a strong component in D”[X']. If wow; ¢ A, then P_ + wjws has no digon as required.
Thus it is suffices to consider the case of wow; € A. Note that x; is not an initial strong component in
D"[X'] as wiz1 € A. Since |(wa, X')p| > 2, there exists at least one out-arc of wa to {x2,z3}, w.lo.g., say
woTy. Let P_ = woxg + ygy; and Py = x5 2 + x5 £3 + wowy where x5, # wa, y; # xo and x; # Y2 as
A(D) > 2.

)

The case when “e; # e,” can be derived analogously, and we omit it here.

The discussion above implies that D has a good pair when there exists an arc from Y to w; and an arc
from ws_; to X, where i € [2].

Henceforth assume that e; = y;w; and there is no arc from Y to ws or from wy to X. This implies
that there exists an in-arc e~ of wy from X and an out-arc et of wy to Y. Set D' = (V’/; A") with
V=V —wy, A = A—e; and X' = X U{w;}. Let X be the set of initial strong components in D'[X’] and Y
be the set of terminal strong components in D’[Y]. Observe that there is at most one strong component S,
in X with dy,(S;) = 1, and meanwhile for an arbitrary strong component S in YUY —S,, we have dy,(5) > 2
when S € X and d;,(S) > 2 when S € ). Now by Proposition 8, we get two arc sets Px/ and Py with
Px:NPy =0, and Tx/, Ty . It follows that D has a good pair (BT +Px/+Tx'+e~, B~ +Py +Ty +e1+eT),
a contradiction. This completes the proof. O

Lemma 31. Let D = (V, A) be a 2-arc-strong digraph on 9 vertices that contains a digon Q. Assume that D
has no subdigraph with a good pair on at least 3 vertices. Set X = N, (Q) and Y = N (Q) with X NY =)
and W =V —V(Q) — X =Y. Assume that | X| = |Y| = 2 and there is an arc e = st € A such that s €Y
andt € W (resp. s € W and t € X ). If there are at least three arcs in D[Y U {t}] (resp. D|X U{s}]), then
D has a good pair.

Proof. Suppose D has no good pair. Set V(Q) = {q1,q2}, X = {z1,22}, Y = {y1, 92} and W = {w1, wq, w3}.
By the digraph duality, it suffices to prove the case when s € Y and t € W. W.l.o.g., let s = y; and t = w;.
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Set D[V(Q)UY U {w;}] = H. Since both D[{q1,q2,y1}] and D[{q1, g2, y2}] has at most three arcs by
Proposition 12, there are six possible cases of H by symmetry, which are depicted in Figure 4. We partition
each H; into two parts as follows:

H; BT (H,) F~(H;) a;

Hy @LQy1w1 + g2y2 q192 + Y1y2 + w1y2 an out-arc of ys
H,y B*(H,) Q192 + Y1y2w1 an out-arc of w;
Hj B*(H;) q1G2 + Wiyi1y2 an out-arc of yo

H, | B (H,)=B"(H;)

F{ (Hs) = qiq2 + w1y

al: an out-arc of y;

1
By (Hy) = qaqiy1w1yo

F; (Hy) = qiqey2y1 + wy

ai: an out-arc of w;

Hs By (Hy)

q192Yy2 + w1

an out-arc of y;

He | By (Hs) = BT(H))

Fy (Hg) = q1q2 + y2w1i1

ag: an out-arc of y;

2

B3 (He) = qigay2unys | Fy (Hp) = gaquyiwr +yo | ag: an out-arcs of ys

Notice that, for each case, BT (H;) is always an out-branching of H;, whose arcs are in blue, F~(H;)
is always an in-forest of H;, whose arcs are in red (see Figure 4), and a; is some arc from {y;,y2, w1} to
{x1, 22, w1, ws}, where 1 < i < 6. And for i = 4 and 6, BY(H;) (vesp. F'~(H;), a;) denotes B} (H;) (resp.
Fy (H;), a}) or BS (H;) (resp. Fy (H;), a?).

q1 2 q1 (p) q q2
1 2 " Yo Y Y2
wq wq wy
H 1 H 2 H. 3
7 72 q1 @2 ¢ 42 Q1 g2 q1 a2
>
(4 Y2 i Y2 W Y2 yt Y2 Y1 Y2
w1y wy wy wy wy
H 4 H 5 H 6

Figure 4: The six possible cases of H. The arcs of BT (H;) are in blue and the arcs of F~(H;) are in red for
1 <1 <6.

The digraph Hs — y1y2 + y2y1 is isomorphic to Hs. And, if H = Hy — w1y + wiy1, then for the digon
D[{y1,w1}] = Q, N~(Q) contains the vertices q1,» and an in-neighbour of w; from {x1,zs,ws}. Thus,
|N*(QA)| > 3. Since |N+(Q)| > 2, D has a good pair by Corollary 9, and Lemmas 11 and 30.

Let e, be an arc from z; to @, for any j € [2].

Note 31.1 For each 1 < i < 6, if the head of a; is 21 or xo, then F~(H;) 4 e;, + €4, + a; is an in-branching
of D\ {wq,ws}.

Set X' = X U{wq,ws} and Y =Y Uwy.
Note 31.2 Set D' = (V, A’) with A’ = A — {a;, €y,, €w, } and each initial strong component in D’[X’] has

an in-arc from Y'. If F~ (H;) + ez, + €z, + a; + €4, + €y, is an in-branching of D, then D has a good
pair.
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Proof. Obviously BT (H;) can be extended to an out-branching of D. %

Next, we distinguish three cases:

Case 1: df,(w;) > 1 for both j = 2 and 3.

Now there exists an out-arc of w; with head in Y. Since A(D) > 2 and N} (Q) =Y, each initial strong
component in D[X'] has at least two in-arcs from Y’. Moreover, since w; (for both j = 2 and 3) has an
out-arc with head in Y”, denoted by e, for D' = (V, A") with A" = A — {a;, ew,, €w, }, each initial strong
component in D’'[X’] has at least one in-arc from Y’. Thus, if there exists an arc a; whose head is x; or z3,
then D has a good pair (Op, Ip) by Notes 31.1 and 31.2, where Ip = F~(H;) + €z, + €z, + Qi + €y + €y
and Op is obtained by extending BT (H;), for 1 < i < 6. Henceforth, we may assume that the head of a;
can only be ws or ws.

Claim 31.1 If there exists an arc a; with head w; and an out-arc of w; with head xj, where 1 < i < 6,
Jj €12,3} and k € [2], then D has a good pair.

Proof. W.lo.g., suppose that there exists an arc a; with head wy and wex; € A. Let ey, = wazy and ey,
be an out-arc of ws with head in Y'. For D' = (V, A’) with A’ = A — e,,,, if there exists an initial strong
component Xy in D'[X’] such that dy/(Xo) = 1, then 21 € Xy and wy ¢ Xy. Hence, for D" = (V, A”) with
A" = A" —{a;, ey, }, each initial strong component in D”[X’] has at least one in-arc from Y”, since the head
of a; is not in Xy and the head of e, is not in X’. Then D has a good pair (Op, Ip) by Note 31.2, where
Ip = F~(H;) + ey, + €, + a; + waxy + ey, and Op is obtained by extending B+ (H;), for 1 <i < 6. The
proof is complete. %

For 1 <4 < 3, a; has two choices e; and es, both of which are from yo (for i = 1 and 3) or wy (for i = 2).
Since the head of a; can only be ws or ws and there is no multiple arc in D, w.l.o.g., let e; = yows (resp.
wyws) and ey = yows (resp. wiws) for ¢ = 1 and 3 (resp. i = 2).

We first consider H; and Hz. Now, D[Y’] is a tournament of order 3. If di, (w;) > 2 (j = 2 or 3), then
DY’ U {w;}] is a tournament of order 4 or contains a subdigraph on 3 vertices with 4 arcs, a contradiction.
Hence, dy-, (w;) = 1 for both j = 2 and 3. Moreover, if D[{ws,ws}] is a digon, then D[{y2,ws,ws}] or
D[{w, w2, ws}] is a subdigraph on 3 vertices with 4 arcs, a contradiction. Thus, at least one of the vertices
we and wg, say wsg, has an out-neighbour in X. Let a; = e;. Now, by Claim 31.1, D has a good pair.

The discussion of other H; is analogous, where i € {3,4,5,6}.

Case 2: dy,(w;) = 0 for both j =2 and 3.

Now each out-arc of w; has head in X’. Since the proof method of this case is not difficult, we just omit
the discussion.

Case 3: dy,(w;) = 0 and dy, (ws—;) > 1 for j =2 or 3.

W.lo.g., assume that di, (w2) = 0 (i.e., d%, (w2) > 2) and d, (w3) > 1. Let e, be an out-arc of ws with
head in Y’. There are two situations: (a) wex1, wex2 € A and (b) w.l.o.g., wary, wows € A and wozs ¢ A.

Claim 31.2 There exists a; with head in {x1,x2,ws}, for each 1 <i <6.

Proof. We omit the proof here. O

Next, by Claim 31.2, we distinguish three subcases. Note that, we always let D' = (V, A’) with A’ =
A —{ew,,ew; } and D" = (V; A”) with A” = A’ — {a;}.

Subcase 3.1: a; with head ;.

For wy and Situation (a), let e,, = waxe, and for Situation (b), let e,, = wowsz. Clearly, for any
1<i<6, F (H;) + ey + €y + a; + €y, + €+ is always an in-branching of D. If there exists an initial
strong component X, in D'[X’] such that dy,(Xo) = 1, then for Situation (a) (resp. Situation (b)), x2 € Xo
(resp. w3 € Xp) and wy ¢ Xo. Moreover, 1 ¢ Xo, since wazr; € A(D') for both situations. Since the
head of a; is @1, in D", each initial strong component of D”[X’] has always at least one in-arc from Y’. By
Note 31.2, D has a good pair.

‘We omit the discussion of other two subcases.

The proof is complete. O
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Lemma 32. Let D be a 2-arc-strong digraph on 9 vertices that contains a digon Q. Assume that D has no
subdigraph with a good pair on 3 or 4 vertices. Set X = N5 (Q) andY = Ng(Q) with XNY =0. If | X| =2
and |Y'| =2, then D has a good pair.

Proof. Let D = (V,A), Q = quqaqn and W =V — X - Y —V(Q) = {w1,ws,ws}. Set X = {x1,22} and
Y = {y1,y2}. By contradiction, suppose that D has no good pair when |X| = |Y| = 2. Let BT be an
out-tree rooted at g; such that A(B") C {qi¢2} U (Q,Y)p and B~ be an in-tree rooted at g, such that

A(B7) C{ea} U(X,Q)p.
By Propositions 12 and 13, and Lemma 30, we get the following facts.

Fact 32.1. There is no digon in the induced subdigraph of X or Y.

Fact 32.2. There are exactly two vertices respectively in the disjoint in- and out-neibourhood of any C5 in
D.

Fact 32.3. |E(W)| < 3.

Fact 32.4. |(W,D — W)p| > 3 and |(D — W,W)p| > 3. That is at least 2 vertices in W have out-arcs to
X UY, analogously at least 2 vertices in W have in-arcs from X UY.

Let v (resp. u) be the vertex in W which does not have any out-neighbour (resp. in-neighbour) in X UY if
it exists, and arbitrarily otherwise. From Claim 19.1 and Note 30.2, we have the fact below by Lemmas 16
and 17.

Fact 32.5 None of the following holds:

L |(Y,X)p| =4
2. X is not independent and there exists a vertex in Y which dominates each vertex in X;

3. Analogously Y is not independent and there exists a vertex in X which is dominated by each
vertex in Y

4. Both X and Y are not independent, say x;x3—;,yjys—; € A, and y;z;,ys—;x3—; € A, where
i,7 € [2].

5. Both X and Y are not independent, say x;x3—;,y;ys—; € A, and y;zs_;,ys—;z; € A, where
i,7 € [2].

Now assume that there is no good pair in D — W, i.e., (Y, X)p| < 3. We will now show the note below.
Note 32.1. There exists an arc from Y to W and an arc from W to X.

Proof. Assume that (Y,W)p = 0, ie., |[(Y,X)p| > 3 by Fact 32.1. By Fact 32.5, |(Y,X)p| # 4, then
|(Y, X)p| = 3, which implies that Y is not an independent set. W.l.o.g., assume y1y2 € A. Now d%(y1) > 1
and d} (y2) > 2, namely yo dominates both vertices in X and y; dominates at least one vertex in X. This
is impossible by Fact 32.5, a contradiction. Thus (Y, W)p # (. Likewise (W, X)p # 0. O

Claim 32.1 If |(Y,X)p| =3 or |(Y, X)p| =2 with a P3 in D[ X UY], then D has a good pair.

Proof. Suppose that D has no good pair. If | (Y, X)p| = 3, then w.l.o.g., assume (Y, X)p = {y121, 122, Y22 }.
By Fact 32.5, both X and Y are independent sets. Let P! = yjx; + yoxo and P? = y;x5. Note that
V(BT +PHY=XUY and V(B™ + P?) = X UY — ys.

We do the similar process to the case when |(Y, X)p| = 2 with a P in D[XUY]. Since there exists a Ps in
D[XUY] when |(Y, X)p| = 2, exactly one of X and Y is not an independent set by Fact 32.5. W.l.o.g., assume
roz1 € A If (Y, X)p = {121, y2w2}, then let P! = yozoxy and P? = yyz1. If (Y, X)p = {y172, yow2}, then
let P! = yowozy and P? = yyx. Since A\(D) > 2, y2 has an out-arc to W, say yow;. We want to add ys to
B~ by YW1 .
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If there exists an arc from w; to X UY — yo, say ey, then let P_ = yow; + e;. If there exists an arc from
X UY — s to wy, say es, then let P, = es. Note that (BT + P! + Py, B~ + P? + P_) is a good pair of
D\ {wsy, w3}, which implies that D has a good pair by Lemma 10 as A(D) > 2, a contradiction.

Hence assume that at least one of e; and ez does not exist. We distinguish several cases below.

Case 1: Nt (wy) CW.

That is wywe, wiws € A. Since |E(W)| < 3, there is at least one more arc in E(W) other than these
two. This implies that at least one of we and w3 has both in- and out-neighbours in X UY’, say ws. Let e
be an arc from X UY to ws.

First assume that (wo, X UY — y2)p # 0 and (D — w3z, w1)p # 0, say ex € (wy, X UY — yo)p and
e3 € (D —ws,w;)p. Let Py =e; +e3 and P_ = yowiwy + eo. Note that (BT + P'+ P, B~ + P>+ P_)is
a good pair of D — ws, which implies that D has a good pair as A(D) > 2, a contradiction.

Next assume that woys € A and NIJDnyz (wg) C W. If wowy € A, then ws has at least one in-neighbour
and two out-neighbours in X UY as |E(W)| < 3, which implies that D has a good pair by the discussion
above, a contradiction. That is wowz € A. Now w3 has at least one out-neighbour wi # y» in X UY and
wi has at least one in-neighbour w; in X UY. Let Py = w; wiws +e; and P_ = yowwaws. It follows that
(Bt + P+ P,,B~ + P%2+ P_) is a good pair of D, a contradiction.

Henceforth, assume waw; € A. Since |E(W)| < 3, wy has at least one out-neighbour w3 # y» in X UY
and ws respectively has an in-neighbour w; and an out-neighbour w3 in X UY. Let Py = e; +wj3 w3w; and
P_ = wal’U)gw; +’LU3U};_. It follows that (BT + P! +P,,B™ + P2 + P_) is a good pair of D, a contradiction.

We omit the proof of other two analogous cases here. O
Claim 32.2 At least one of X and Y is an independent set.

Proof. W.lo.g., assume q1y1, ¢2y2 € A. Suppose that both X and Y are not independent sets, i.e., |E(X)| =
|[E(Y)| =1 by Fact 32.1. W.l.o.g., assume y1y2, z122 € A. By Lemma 31, |[Y,w;]p| <1 and |[X, w;]p| <1,
for arbitrary w; € W.

Case 1: |(Y,X)p| = 0.

Since A(D) > 2, |(Y,W)p| = 3 with [Ny, (y1)] = 1 and [Ny}, (y2)| = 2 by the fact that [[Y,w;]p| < 1.
W.lo.g., assume yjwq, yows, yows € A. Note that (W,Y)p = 0. Likewise, |(W,X)p| =3 and (X,W)p =0
with [Ny, (21)| = 2 and | Ny, (z2)| = 1. This implies that D[W] = C3 by Fact 32.3. Set C5 = wiwj41ws—jwi,
where j € {1,2}.

If w1x1 é A, then W1, W3T1,W1T2 € A. Tt follows that (B++y1w1wj+1+y2w4_jz1$2,B*+y1y2wj+1w4_jw1xg)
is a good pair of D, a contradiction. If wizq € A, then set w;zq € A, where ¢ € {2,3}. It follows that
(BT + YIW1Wj41 + Yowa—j + w122, B~ + y1y2wj1wa—jwi21) is a good pair of D, a contradiction.

We omit the discussion of the case when “|(Y, X)p| = 17. O
Claim 32.3 If |E(X)|+ |E(Y)| =1, then |(Y,X)p| < 1.

Proof. Suppose to the contrary that [(Y,X)p| = 2 by Claim 32.1. W.l.o.g., assume E(X) = {z2x:}. By
Claim 32.1, assume (Y, X)p = {y171,%221}. Let P! = 292y and P? = y;21 + yox1. Then B~ + P? is an
in-tree containing Y but B* + P! is not an out-tree. Since |[W, X UY]p| > 4 and |[W| = 3, at least one
vertex in W is adjacent to two vertices in X UY, say ws.

Case 1: yiwp,yowy € A.

Subcase 1.1: wizs € A.

If w; has an out-neighbour wj” in X UY such that w]” # xa, then (BT + P! 4+ yow; w2, B~ + P% +wiw])
is a good pair of D — {wq,ws}. This implies that D has a good pair by Lemma 10, a contradiction.
Otherwise, Ngfxz(wl) C W. Wlo.g., assume wiwy € A. If (we, X UY)p # 0 and (X UY,wq)p # 0,
then set e; € (wy, X UY)p and es € (X UY,ws)p. Let Py = yowixs + eo and P = wyjws + e;. Then
(Bt + P+ P,,B™ + P?+ P_) is a good pair of D — w3, a contradiction. Now we discuss situations when
e1 or es does not exist.

First assume that e; does not exist, namely N*(ws) C W. Then E(W) = {wjws, waws, waws }. Let
PL = ywizo + wy wo + wy w3 and P_ = wlwgwgwg, where wy , wy, wgr € X UY by Fact 32.3. It follows
that (Bt + P+ P,, B~ + P2 + P_) is a good pair of D, a contradiction.
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Next assume that e; exists, but e; does not, that is wsws € A. Let Py = yowizs + w; waws and
P_ = wiws + e1 +wswy , where w3 , w3 # wy as A(D) > 2. It follows that (B* + P!+ P,, B~ + P2+ P_)
is a good pair of D, a contradiction.

Since other cases can be derived analogously, we just omit them. O
Claim 32.4 Both X and Y are independent sets.

Proof. W.l.o.g., assume ¢y, g2y2 € A. Suppose that one of X and Y is not an independent set by Claim 32.2.
W.lo.g., assume that |[E(Y)| = 1 by Fact 32.1, say 192 € A. Now |(Y, X)p| < 1 by Claim 32.3.

Case 1: |(Y,X)p| = 1.

Subcase 1.1: (Y, X)p = {y12;}, i € {1,2}.

W.lo.g., assume i = 2. Then N~ (z1) C W, dy,(22) > 1 and d%(yg) > 2. Assume wix1,wox1 € A, then
|(y2, {w1,w2})p| > 1, w.lo.g., say yow; € A.

First assume wixy € A. Let B;; = @2q1y1y2w1r2 and B be an in-tree rooted at yo such that A(By_z) -
{1922, Y12, w11} U (X, Q)p. If NB_{z17w2}(w3) # 0, say wy € Nl;_{zl,u&)}(wg)7 then D has a good pair
(B;’2 + w3z w3 + wy wazy, By, + wgwg' + wowy ), where wy, # ws, w;' # wy and wy # x1 as A\(D) > 2, a
contradiction. Hence zyws, wows € A. It follows that (B;; + wy war1w3, By, + wgwgwgr) is a good pair of
D, where w; # x1,ws and w; # x1,ws as D 2 E3, a contradiction.

Next assume that wixze ¢ A but wozs € A. Now there exists at least one arc from ys to {ws, w3}. By
the discussion above, yows € A. Let B;; = @2q1Y1Y2w1 21 + Yaws and By_2 be an in-tree rooted at ys such
that A(B,,) C {q1q2y2,y172, war1} U (X,Q)p. It follows that (B;; + wy waze, By, + wiwl + wawy) is a
good pair of D, where wy # wy, 29, w; # 1 and wi # wa by A(D) > 2 and Lemma 31, a contradiction.

Henceforth assume that wixo, woze ¢ A but wsxs € A.

A. N~ (w3) N {y1,y2, z2} # 0.

Set wy € {y1,y2,22}. If wow; € A, then D has a good pair (BT + yi125 + w3 w3 + wy wowiz1, B~ +
w3xo + wol1 + ylygwlwf), where w, # wi,x; and wf ¢Y as D 2 F3 and Lemma 31, a contradiction.
Thus wew; ¢ A. Let wy and w; respectively be an in-neighbour of w; and an in-neighbour of ws such that
wy # y2 and wy, # x1 as A(D) > 2. Since D 2 Es5, at least one of w; and w, is not in {z1,w,w2}. It
follows that (BT + yi1xa + Wy W3 + Wy Wi + Wy wak1, BT + wsxa + y1ypwri 1 + ’(1)210;_) is a good pair of D,
where w3 # x1, a contradiction.

B. yows € A and d, (ws) > 2.

{131711)17’11)2}
Since d, ., w2}(w3) > 2, assume that w;ws € A, where i € [2]. We first show that wsw; ¢ A. If xyws €
A, then wsw; ¢ A as D 2 Es. If wiws, wows € A, then wsw; ¢ A by Fact 32.3. Let B}, = qaquy1ypwiz1 +
y2w3z—; and B be an in-tree rooted at y, such that A(By;) C {q192y2, Y172, w3_;x1 } U (X, Q) p. It follows
that (B;r2 + wz waze, By, + wiwgw;) is a good pair of D, where w; # w, and w{,f # x9 as A(D) > 2, a
contradiction.

We omit the proof of other analogous cases. O

Now both X and Y are independent sets.
Claim 32.5 If both X and Y are independent sets and (Y, X)p = {y121,y222}, then D has a good pair.

Proof. Suppose that D has no good pair. Now |[[X UY,W]p| > 4. Since |W| = 3, at least one vertex in W
is adjacent to at least two vertices in X UY, w.l.o.g., say w;.

Case 1: yjwy,yows € A (wiz1, w129 € A).

By the digraph duality, it suffices to prove the case of yywi,yow; € A. By Lemma 31, there is no arc
from wy to Y.

Subcase 1.1: wyz,wizs € A.

Let Py = w171 + yowiwe and P = yywix1 + yaxa. Then (BT + Py, B~ + P_) is a good pair of
D — {ws, w3}, which implies that D has a good pair by Lemma 10, a contradiction.

Subcase 1.2: wizs € A but wizy ¢ A (wixy € A but wizs ¢ A).
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By the digraph duality, it suffices to prove the case when wizs € A but wyzq ¢ A. Then Ngiwz (w) C W.
Since (W, z1)p # 0, w.l.o.g., assume woxy € A. Let P! = y121 4+ yowrzo and P? = yoxs + y1wi + woky.

First assume wywy € A. If (XUY, w2)p # 0, say wy wa € (XUY,ws)p, then (BT + Pl +wy wy, B~ +P?+
wywe) is a good pair of D—ws, a contradiction. Hence wswy € A. Let Py = w3 wswy and P_ = wlwz—l—wgwgr,
where wy € X UY and w:}f # wy. It follows that (BT + Py + P, B~ + P_ + P?) is a good pair of D, a
contradiction. Thus wyws € A but wywe ¢ A. Then (BT + P? + wy wq + wiws, B~ + P + wzw;|r + ’LU3U);_)
is a good pair of D, where w; ,wy # r1 and wi # wy as A(D) > 2, a contradiction.

We just omit the discussion of other cases. %
Claim 32.6 If both X and Y are independent sets and (Y, X)p = {y121,y221}, then D has a good pair.

Proof. Suppose that D has no good pair. Now dy;, (x2) > 2 and d"v'[,(yj) > 1 for any j € [2]. W.l.o.g., assume
W1Tg, Wako € A.

Case 1: dy (w;) > 1 for any i € [2].

W.l.o.g., assume yjwi,yowy € A. Since D 2 Es, D{wy,ws}] # Ca, w.lo.g., say wiwy ¢ A. If
wiws, wzws € A, then (BT + yiwiwswazs + yowy, B~ + y121 + ygwgw; + wix1 + wgw;) is a good pair
of D, where wy # m5 and wi # wy as A\(D) > 2, a contradiction. If wiws, waws ¢ A, then (BY + yjwizs +
Y21 +wy W, BT +y121 +yawaxs +w1wf) is a good pair of D, where w, # y2 and wf’ # X9, a contradiction.
Otherwise D has a good pair (Bt + yjwiza + yox1 + Wq W3 + Wy Wa, B~ + 19121 + yowaxs + wlwl+ + wgw?f),
where wy # yo, w] # 2o, w3 # wy and wy # wy as A\(D) > 2, a contradiction.

Then at least one of w; and wy has no in-neighbours in Y, w.l.o.g., say wy, that is N~ (w;) N W # @ by
Lemma 31.

The discussion of other three analogous cases are omitted here. O

By the digraph duality, we also prove the case of (Y, X)p = {y121,y122}. Now |(Y, X)p| < 1.
Claim 32.7 If both X and Y are independent sets, then (Y, X)p = 0.

Proof. Suppose |(Y,X)p| = 1. W.lo.g., assume y121 € (Y, X)p. Now [N (Y)| > 2 and [Ny, (X)| > 2 as
A(D) > 2.

Case 1: [N, (Y)| =2 (|Ny (X)| = 2).

By the digraph duality, it suffices to prove the case of |N;”V(Y)\ = 2. W.l.o.g., assume yjw1, Yowi, YoWs €

A.
Subcase 1.1: wyz € A.
A. woxo, w3x1 € A.
We find a good pair (B* + Py, B~ + P_) of D as follows, a contradiction.
Case P, P Notation
wows ¢ A Y1W1Y2W2Ta + Wg W3T1, Y121 + Yow1To + wgw; + ’UJ3UJ;— w;,wg' #* xl;w; %+ o
wows € A, wiys ¢ A Y1wW1T2 + YoWaWsT1, Y121 + y2w1w1+ + waxo + ’LU3’LU3+ w;l+ #* xg,w;j # 11
wows, wi1ys € A Y121 + Yow1Tg + Wy W2 + W3 W3, Y1 W1 Y2 W2W3T1 Wy # Y2, Wy F W
Since other cases can be derived analogously, we just omit them. O

Now we are ready to finish the proof of Lemma 32. Since |(Y, X)p| = 0 and both X and Y are independent
sets, |(Y,W)p| > 4 and |(W,X)p| > 4. By Lemma 31, for any w € W, dy (w) < 2 and d% (w) < 2. This
implies that there exist vertices w; and w; in W such that yiw;, yow;, wjz1, wjze € A. Note that it is
possible that w; = w;.

Case 1: At least two vertices in W have two in-neighbours in Y.

W.lo.g., assume yjwn, yawy, Y1wa, y2we € A. Note that [(Y,W)p| > 5.

Subcase 1.1: j € {1,2}.

W.lo.g., assume j = 2.
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First assume d}(wl) > 1, wlo.g., say wiz; € A. Then w; has an out-neighbour wfr # X1,y as
A(D) > 2 and Lemma 31. Set Py = yiwim; + yowers and P_ = yjwoz; + yowyw, . If wl # ws, then
(B* + P,,B~ + P_) is a good pair of D — w3, a contradiction. Hence w] = ws. This implies that
d% (w3) > 1. It follows that (Bt + Py + w3y w3, B~ + P_ + wswy) is a good pair of D, where wy # w; as
(D) > 2 and wi € X, a contradiction.

Next assume d¥(w;) = 0. This implies that NT(w;) C W and d¥(ws) = 2 by Lemma 31, ie.,
Wy W, wiws, w31, w3rs € A. It follows that (B+ + yrwrwsxy + YoweTo, B~ + y1wary + yowiwy + wawe) is
a good pair of D, a contradiction.

Subcase 1.2: d} (w;) = df (w2) = 1.

By Lemma 31, di(w3) = 2, i.e., w3r1,wszs € A. W.lo.g., assume wyzy, wars € A. It follows that
(BT +y1w1 + yowaze + w3 w3xy, B~ + w3xe + yowi 1 —|—y1w2w§r) is a good pair of D, where w; ¢ {wa}UX
and wy # xa,y; as A(D) > 2 and Lemma 31, a contradiction.

Case 2: Only w; in W has dy (w;) = 2.

W.lo.g., assume w; = wy, Le., yr1wi,yowi € A. Note that |(Y,W)p| = 4 and dy (w2) = dy(w3) = 1,
w.l.o.g., say yiws, yows € A.

Subcase 2.1: d} (ws) = df (w3) = 2.

That is w1, woks, w3z, wzxe € A. It follows that (BT + yowsxy + y1w1 + wy wawa, B~ + yywazy +
w3y + yowiwi) is a good pair of D, where wy, # y1, 72 and wy # wa,y2 as A(D) > 2 and Lemma 31, a
contradiction.

We omit the discussion of other two subcases here.

This compeltes the proof of Lemma 32. O

Since the idea of the proof of Proposition 33 and Lemma 34 are respectively similar to Proposition 27
and 28, we only give their contents and omit proofs here.

Proposition 33. Let D = (V, A) be a 2-arc-strong oriented graph on 9 vertices without good pair. Assume
that D does not have Ky as a subdigraph. If D have two cycles C' and C? with C* N C? = () which cover 8
vertices, then D contains a Hamilton dipath.

Lemma 34. Let D = (V, A) be a 2-arc-strong digraph on 9 vertices without good pair. If D is an oriented
graph without K4 as a subdigraph, then D has a Hamilton dipath.

Now we are ready to show Theorem 6. For convenience, we restate it here.
Theorem 6. FEvery 2-arc-strong digraph on 9 vertices has a good pair.

Proof. By contradiction, suppose that D has no good pair.
Claim 6.1 No subdigraph of D of order at least 4 has a good pair.

Proof. Suppose that a subdigraph @ of D of order at least 4 has a good pair. If |Q] > 5 = n — 4, then D has
a good pair by Lemmas 10, 16 and 17. Thus, assume |Q| =4 =n —5. Set X = N;(Q) and Y = N} (Q).

If X NY # (), then there is a vertex v in D — @ which has both an in-neighbour and an out-neighbour
in . By Lemma 10, D[V(Q) U {v}] has a good pair. Since |Q U {v}| =5 =n —4, D has a good pair by
Lemma, 17. Henceforth, assume X NY = ().

If | X| > 2 or |Y]| > 2, then D has a good pair by Lemma 18. Therefore, | X| = |[Y| = 1. Set Q =
{q1,02,q3,q4}, X ={z}, Y ={y} and V - V(Q) — X — Y = W = {w;, wa, w3}. Moreover, let (B, B; ) be
a good pair of @, where s,t € V(Q). Since A(D) > 2, N;(Q) = {z} and N}, (Q) = {y}, there are at least
two out-neighbours of = and at least two in-neighbours of y in Q.

Note 6.1 zs,ty ¢ A.
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Proof. By the digraph duality, it suffices to prove the case of xs ¢ A. Suppose xs € A. Let e,(# xs) be
another arc from z to Q. Then (zs + B, e, + B; ) is a good pair of D[V (Q) U {z}|, which implies that D
has a good pair since |Q U {x}| = 5, a contradiciton. O

Next, we distinguish two cases:

Case 1: s =1t.

W.lo.g., suppose s =t = ¢;. By Note 6.1, neither x nor y is adjacent to ¢;. Thus, Np(q1) C {q2, 3,94 }-
Since A(D) > 2, d™(q1) > 2 and d~(q1) > 2, which implies that there is a vertex ¢; € {q2, 43, g4} such that
D[{q1,¢4:}] is a digon. W.l.o.g., let i = 2. By Proposition 7, @ has a good pair (Bq2, B_,). Again by Note 6.1,
neither  nor y is adjacent to ga. Thus, Np({q1,¢2}) = {¢3,q4} and N*(2)NnQ = N~ ( )DQ = {q3,q4}. Note
that, it is impossible that D[{g;, ¢;}] is a digon, where i = 1 or 2 and j = 3 or 4. Otherwise, by Proposition 7,
Q has a good pair (B;;,Bq_j). This implies that zg; € A and ¢;y € A (j = 3 and 4), contradicting Note 6.1.
Hence, one of the vertices g3 and g4 is an out-neighbour of g; (resp. ¢2) and the other an in-neighbour of ¢
(resp. g2). By symmetry, assume q1¢s, gaq1 € A.

Now, if g2q3, quq2 € A, then D[V(Q) U {z}] has a good pair (B}, B,.) with B} = 2qi¢2q1g3 and
B, = q4q142q3 +vq3. Since |QU{z}| =5 = n—4, by Lemma 17, D has a good pair, a contradiction. Hence,
G392, q2q4 € A. Let H = QU X UY. Figure 5 shows an out- branching BJr = xq4q1q2 + xq3y of H and an
in-branching B = q193q2qay of H \ {z}. If yz € A, then (B B + yx) is a good pair of H, which implies
that D has a good pair by Lemma 16, a contradiction. Thus, assume yx ¢ A.

7 92
q3 44
L Y

Figure 5: The arcs of B} are in blue and the arcs of By_ are in red.

Since N, (Q) = {z} and N (Q) = {y}, Q contains no out-neighbours of y or in-neighbours of x.
Moreover, since yz ¢ A, N} (y) € W = {wy, w2, w3} and Np,(z) € W. Because A\(D) > 2, d*(y) > 2 and
d~(x) > 2. Thus, there is a vertex w; € W such that yw;, w;z € A. W.lo.g., let i = 1, i.e., ywy, w1z € A.

If zw; € A, then (B] + zw, B; + ywsz) is a good pair of D[V (H) U {wy }], which implies that D has a
good pair by Lemma 10, a contradiction. By the digraph duality, we also get a contradiction when wiy € A.
Therefore, assume zwy, w1y ¢ A.

Now, suppose that there is another vertex w;(# wl) € W such that yw;, w;z € A. W.Lo.g., let i = 2. If
wjws_; € A (j =1 or 2), then (w;z + B + yws_ J,B + ywjws—_jx) is a good pair of D[V (H) U {wy,w2}],
which implies that D has a good pair by Lemma 10, a contradiction. Hence, w; and wy are not adjacent.
Note that, zwi, w1y ¢ A and for a similar reason, xws, way ¢ A. For both i = 1 and 2, since d*(w;) > 2
and d~ (wz) > 2, D[{w;,ws}] is a digon. Then, (wlwgng + B B + ywix + wowswy) is a good pair of D,
a contradiction. Thus, w; is the unique vertex which is both an out neighbour of y and an in-neighbour of
x. Now, w.l.o.g., suppose that yws € A and wsx € A, and moreover, wox ¢ A, yws ¢ A.

Next, consider the following two situations.

(A) way € A.

Since d(ws) > 2 and wox §Z A, at least one of the vertices w; and ws is an out-neighbour of ws. If
wowy € A, then (B+ + ngwl,B + ywix + way) is a good pair of D — {ws}, which implies that D has
a good pair by Lemma 10, a contradlctlon If wowy ¢ A but wows € A, wsw; € A since d~(wy) > 2 and
zw; ¢ A. Then, (B+ + ywowzws, B + ywix + wey + wzx) is a good pair of D, a contradiction.

(B): wsy ¢ A.
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Since d¥ (wy) > 2 and woy, wox ¢ A, wowy, wows € A. Moreover, since d+(w1) > 2 and wyy ¢ A, at least
one of the vertices wo and ws is an out-neighbour of wy. If wywy € A, then (B+ + ywy wows, B + ywowi T +

wsx) is a good pair of D, a contradiction. If wiws € A, then (BJr + ywowiws, B + ywiz + wowsx) is a
good pair of D, a contradiction.

Therefore, in this case, we can always obtain a contradiction.

Case 2: s #t.

W.lLo.g., suppose that s = g; and t = ¢q, i.e., @ has a good pair (B;;,B ). By Note 6.1, z¢q; ¢ A. But
N7(Q) = {z} and so Nj(q1) € {g2, 93,94}, namely d(g1) > 2. Moreover, both B and B, contain an
out-arc of g;. So, dg(ql) > 2. Similarly, dg(qg) > 2 and dg(g2) > 2.

Since the root of any out-branching has in-degree zero and the root of any in-branching has out-degree
zero, if gaqy € A, then gaq1 ¢ B;‘l UB,,. Set éq_l = B, +q2q1 — ¢, where e is the unique out-arc of ¢; in B, .
Obviously, Bq_l is an in-branching of @ with root ¢;. So, @ has a good pair (B;‘I,B ), whose out- branchlng
and in-branching have the same root ¢;, which is Case 1. Thus, assume ¢2q1 ¢ A.

Since dg(q1) > 2 and ¢2q1 ¢ A, Np(q1) = {g3,¢4}. Moreover, since dg(ql) > 2, D contains at least one

of the arcs gi1q3 and ¢1q4. W.lo.g., let g1gs € A, that is D[{q1,¢s}] is a digon. Similarly, since da(qg) > 2
and gaq1 ¢ A, N} (q2) = {q3,qa}. Moreover, since dé(qg) > 2, there is an arc e from {q1,q3} to g2. Set

B;l = q193 + e + q2q4 and Bq’l = q2q3q1 + qaq1. Then, (Bql,B ) is a good pair of @, whose out-branching

and in-branching have the same root ¢1, which is Case 1. The proof is complete. O

Let R be a largest clique in D. Then R has three vertices by Claim 6.1 and Proposition 13.
Claim 6.2 No subdigraph of D of order at least 3 has a good pair.

Proof. By Lemma 18, it suffices to show that there is no  C D on 3 vertices with good pair. Suppose
to the contrary that @ has a good pair. Analogous to Claim 5.1, [N/ (Q)| > 2 and |N,(Q)| > 2 with
NA(Q)NNp(Q) = 0. Thus by Lemma 19, D has a good pair, a contradiction. O

By the claim above, R is a tournament.
Claim 6.3 D is an oriented graph.

Proof. Suppose that D has a digon Q. Set X = N,(Q) and Y = N;(Q). By Claim 6.2, X NY = (.
Since A(D) > 2, both X and Y have at least two vertices. If | X|+ |Y| = 4, then D has a good pair by
Lemma 32, a contradiction. If | X |+ |Y| = 5, then D has a good pair by Lemma 30 and the digraph duality,
a contradiction. If |X| + |Y| = 6, then D has a good pair by Lemma 11, a contradiction. If | X |+ |Y| =7,
then D has a good pair by Corollary 9, a contradiction.

Now we are ready to finish the proof of Theorem 5. By Lemma 34, assume that Pp = x122...29 is a
Hamilton dipath of D. Set D’ = D — A(Pp). Let I;, i € [a], be the initial strong components in D" and
let T, j € [b], be the terminal strong components in D’. Note that a,b > 2 by Proposition 22. Since D is
an oriented graph and A(D) > 2, ||, |T;| > 3, for any ¢ € [a],j € [b]. Since A(D) > 2, z; has at least two
in-neighbours and one out-neighbour in D’ and zg has at least two out-neighbours and one in-neighbour in
D’. Thus there are only two disjoint strong components in D', say I; and I, as n =9 and D is an oriented
graph. We distinguish two cases below.

Case 1: |[;| =4 and |I3] = 5.

If zg € I1, then zg € I as |R| = 3. Analogously, if x; € I, then xo € I. By Proposition 23, D has a
good pair for each cases. Henceforth, both z; and xg are in Is. Note that at least one of x5 and zg is in I3
as |R| = 3. By Proposition 23, D has a good pair, a contradiction.

Case 2: |I;| =3 and |I1] = 6.

In this case, 1,29 € Iy and |A(l2)] > 7. If one of z9 and zg is in I, then D has a good pair by
Proposition 23. Thus both x5 and zg are in I5. Then V(I;) = {z3, x5, 7}, which implies that D has a good
pair by Proposition 23, a contradiction.

This completes the proof of Theorem 6. O
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