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Abstract

In an edge-colored graph G, a subgraph is rainbow if all its edges have different
colors. A strongly edge-colored graph is an edge-colored graph in which each path of
length three is rainbow. A cycle C' in an edge-colored graph G of order n is called
a rainbow Hamiltonian cycle if the cycle is rainbow and its length is n. An edge-
colored graph G of order n is rainbow vertex(edge)-pancyclic if each vertex(edge) of
G is contained in a rainbow cycle of length k for each k with 3 < k < n. Cheng et al.
in 2019 showed that every strongly edge-colored graph G of order n with minimum
degree 6 > 2?” contains a rainbow Hamiltonian cycle. Later in 2021, Wang et al.
extended this result and showed that every strongly edge-colored graph G of order n
with minimum degree § > %” is rainbow vertex-pancyclic. In this paper, we further
show that every strongly edge-colored graph G of order n with minimum degree
0> % is rainbow edge-pancyclic. Moreover, from the proof we get a polynomial
time algorithm for every given edge e in any such graph G to find a rainbow I-cycle

for each 3 <1 < n that contains the edge e.
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Rainbow vertex(edge)-pancyclic.
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1 Introduction

In this paper, we only consider finite, undirected and simple graphs. Let G be a graph
consisting of a vertex set V(G) and an edge set F(G). We use d(v) to denote the number
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of edges incident to a vertex v in G, called the degree of v in GG. Furthermore, we use
d(G) to denote the minimum value of d(v) over all vertices v in G, called the minimum
degree of G. The length of a path or a cycle is the number of edges on it. We call a
cycle(path) of length k a k-cycle(path). For a vertex subset X C V(G), we denote by
G[X] the subgraph of G induced by X. For two distinct vertex subsets X and Y of G, we
use E(X,Y) to denote the edge subset of G such that one end of each edge of E(X,Y) in
X and the other end in Y. An edge-coloring of G is a mapping ¢ : F(G) — N, where N
is a color set. An edge-colored graph is a graph with an edge-coloring. In an edge-colored
graph G, we use c(e) to denote the color of an edge e of G and ¢(G) to denote the set
of colors assigned to the edges of G. A subgraph is rainbow (properly colored) in an
edge-colored graph G if any two (adjacent) edges of the subgraph have different colors. A
strongly edge-coloring of G is an edge-coloring such that every path of length three in G is
rainbow. A cycle C' in an edge-colored graph G of order n is called a rainbow Hamiltonian
cycle if C' is rainbow and its length is n. An edge-colored graph of order n is rainbow
vertex(edge)-pancyclic if each vertex(edge) of G is contained in a rainbow cycle of length
k for each k with 3 < k < n. Let d°(v) denote the number of different colors on the edges
incident with a vertex v in an edge-colored graph G, called the color-degree of v in G, and
let 6¢(G) denote the minimum value of d°(v) over all vertices v in G, called the minimum
color-degree of G. For notation and terminology not defined here, we refer the reader to
2].

The classical Dirac’s theorem states that every graph G of order n with minimum
degree 6 > 7 contains a Hamiltonian cycle. Inspired by this famous theorem, Hendry in
[7] showed that every graph G of order n with minimum degree ¢ > "T“ is vertex-pancyclic.
Recently, the problems on the existences of properly colored cycles and rainbow cycles in
an edge-colored graph attracted much attention, and thus a lot of work have been done
extensively. For more details, the reader can find results on the properly colored cycles
in [6, 9, 11, 12, 14] and on the rainbow cycles in [4, 5, 8]. For the edge-colored version
of Dirac’s problem, Lo in [10] proved the the following asymptotic result by probabilistic
method.

Theorem 1.1. [10] For any ¢ > 0, there is an integer ng such that every edge-colored
graph G with n > ng vertices and 6°(G) > (% + €)n contains a properly edge-colored cycle
of length k for all 3 < k < n.

In 2019, Cheng et al. in [3] considered the problem of the existence of rainbow Hamil-

tonian cycles in strongly edge-colored graphs and proposed the following conjecture.

Conjecture 1.2. [3] Every strongly edge-colored graph G with n vertices and minimum

n+1

degree 6 > 5

has a rainbow Hamiltonian cycle.
They constructed a class of graphs in [3] to show that the lower bound of Conjecture
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1.2 is tight if it was true. To support the correctness of Conjecture 1.2, they proved the

following result.

Theorem 1.3. [3] Let G be a strongly edge-colored graph G with n vertices and minimum

degree 6. If 6 > %”, then G has a rainbow Hamiltonian cycle.

In fact, Bondy in [1] stated a significant conjecture that almost any condition that
implies a graph being Hamiltonian will imply the graph being pancyclic, possibly with a
well defined class of exceptional graphs. Hence, Wang et al. in [13] considered the rainbow
vertex-pancyclicity of strongly edge-colored graphs under the condition of Theorem 1.3,

and they got the following result.

Theorem 1.4. [13] Let G be a strongly edge-colored graph G with n vertices and minimum

2n : . :
degree 6. If 6 > 5, then G is rainbow vertex-pancyclic.

Inspired by the above results, we consider the rainbow edge-pancyclicity of strongly

edge-colored graphs further in this paper, and obtain the following result.

Theorem 1.5. Let G be a strongly edge-colored graph G of order n with minimum degree

2n+1 S '
0. If 6 > =5, then G is rainbow edge-pancyclic. Furthermore, for every edge e of G, one

can find a rainbow l-cycle containing e for each | with 3 <1 <n in polynomial time.

As one can see that for the results in both [3] and [13] the authors did not discuss the
sharpness of the lower bounds for the minimum degree. This is so because it could be
very difficult to get the best possible lower bounds. For us, the same problem exists, too.
So, we also cannot construct examples to show the sharpness of our result, at least at the
moment.

From the proof of Theorem 1.4 in [13], we can also get a polynomial time algorithm to

find a rainbow [-cycle containing v for each [ with 3 <[ < n.

Corollary 1.6. Let G be a strongly edge-colored graph G of order n with minimum degree
o> %” Then for every vertex v of G, one can find a rainbow l-cycle containing v for

each | with 3 <1 < n in polynomial time.

The rest of the paper is to give a proof of our this result.

2 Proof of Theorem 1.5

Before proving Theorem 1.5, we first introduce more useful notation and lemmas.

Let G be a strongly edge-colored graph with an edge-coloring c. For every vertex v of
G, the color neighborhood of v in G, denoted by C'Ng(v), is defined as the set of colors



assigned to the edges that are incident to v. When there is no confusion, we write CN(v)
instead of C'Ng(v). For a subgraph H of G, ¢(H) denotes the set of colors used on the
edges of H. Let C' = vyvy---vw; be a rainbow cycle in G. We call a color f a C-color
(C-color) if f € ¢(C) (f ¢ ¢(C)). An edge e is called a C-color edge (C-color edge)
if c(e) € ¢(C) (c(e) ¢ ¢(C)). For any two vertices x and y, we say that x and y are
C-adjacent (C-adjacent) if c¢(zy) € ¢(C) (c(zy) ¢ ¢(C)). For any two disjoint vertex
subsets V7 and V3, we use E¢(Vi,Vs) and Eg(V4, V) to denote the C-color edges and
C-color edges of E(V1,V3), respectively. Similarly, for two subgraphs H; and Hs of G,
we use Ec(Hy, Hy) and Ex(Hy, Hy) to denote Ec(V (Hy),V(H,)) and E5(V (Hy),V (Hs)),
respectively. Choose two vertices v; and v; in C, we use v;Cv; to denote the rainbow path

ViVi41 - - - v;—1v; on C, where all the subscripts of vertices are taken by mod I.

Lemma 2.1. Let G be a strongly edge-colored graph of order n > 5 with minimum degree
o > % Then each edge of G is contained in rainbow cycles of lengths 3, 4 and 5,

respectively.

Proof. 1t is straightforward to deduce that each edge of G is contained in a rainbow
triangle. If n < 6, then G is a rainbow complete graph and it is not difficult to check that G
is rainbow edge-pancyclic. Next, we consider n > 7. Choose an arbitrary edge xy, and let
xyzx be a rainbow triangle containing xy. Note that d(x)+d(z) —n > %—n = "T*Q > 3.
Then there is a vertex w such that w € N(x) N N(z) — {y} in G. Clearly, zyzwz is a

rainbow cycle of length four in G.

Finally, we show that xy is contained in a rainbow cycle of length five. Since d(z) +
d(w)—n > 42 —p = 222 > 3 there is a vertex u such that u € N(z) N N(w) — {y, 2} in

G. Hence, zyzwux is a rainbow cycle of length five in G, and the result thus follows. [

Let G be an edge-colored graph and C' = vyvs - - - v,v1 be a rainbow cycle in G. A vertex
u € V(G) = V(C) is called an extendable vertex respect to vivy if u is C-adjacent to two
successive vertices v; and v; 41 in {vg, vs, ..., v, v1 = Vi1 ). 1t is clear that v;uv1Cv; is a

rainbow (¢ 4 1)-cycle containing v1v, in G if u is an extendable vertex respect to vqvs.

Lemma 2.2. Let G be a strongly edge-colored graph of order n with minimum degree
o> % Then each edge of G is contained in a rainbow cycle of length | for each | with
3<I<L ”TJFB. Furthermore, one can find these rainbow cycles for each fixed edge of G in

polynomial time.

Proof. In fact, choose an arbitrary edge viv,. To prove that each edge of GG is contained

n+8
3

v1v9 is contained in a rainbow (¢ + 1)-cycle if vvy is contained in a rainbow t-cycle for all

in a rainbow cycle of length [ for each [ with 3 <[ < . We only need to show that

3<t< ”T“’ in G. Let C' = vyvy---v4v1 be a rainbow cycle in G. From Lemma 2.1, we

consider ¢ > 5. Suppose that ¢ is the strong edge-coloring of G and ¢(v;v;41) = i, where



1 <i <t and vy = vy, Next, we find a rainbow (¢ + 1)-cycle containing the edge vyvy
in G.

We assert that there is an extendable vertex respect to vive in V(G) — V(C'). If not,
assume that Nj; is the set of vertices on C' which are adjacent to v; and M; is the set of
vertices in V(G) —V/(C) which are C-adjacent to v;. Note that the color j is not in CN (v;)
if v € N;, where 1 < j <i—2ori+1<j <t This implies that there are at least
(|N;|]—1) C-colors that do not appear in C'N (v;). Then the number of C-colors included in
C'N(v;) is at most t — | N;| 4+ 1. Combining the fact that c(v;v;41) = i@ and c(v;_1v;) =i —1
belong to C'N(v;), we can get that |Ec(v;, V(G) =V (C))| <t—|N;j|+1-2=1t—|N;| - 1.
Since |E(v;, V(G) = V(C))| > § — |N;|, we have

|M;| = [Ee(vi, V(G) = V(CO))| = [E(v;, V(G) = V(O))| = [Ec(vi, V(G) = V(C))],
where 1 <1 < t. Then,
|M;| >0 —|N;i| — (t—|N;J—1) = —t+ 1.

The hypothesis that G' contains no extendable vertex implies that My N M3 = (). Since
|Ms| + | Ms| +t < n, we have ¢t > 20 + 2 —n > 22 a contradiction. Then M, N Mz # 0.
Clearly, each vertex of My N Mj is an extendable vertex and we can find an extendable
vertex u € V(G) — V(C) in polynomial time. Hence, vouvsCuy is a rainbow (¢ + 1)-cycle

containing v;v9 in G, the result thus follows. O

Lemma 2.3. Let G be a strongly edge-colored graph of order n with 6 > Q”T“ If an
edge e of G is contained in a rainbow t-cycle in G, then e is also contained in a rainbow
(t + 1)-cycle in G, where t € {n —2,n — 1}. Furthermore, one can find the rainbow
(t + 1)-cycle in polynomial time.

Proof. Assume that c is the strong edge-coloring of G, C' = vjvy - - - v,_ov; is a rainbow
cycle, and c(v;v;11) = i, where 1 < i < t and vy = v1. Without loss of generality,
suppose e = v109. Next, we need to show that there is a rainbow (n — 1)-cycle containing
V109 in G.

We assert that there is an extendable vertex respect to vive in V(G) — V(C). If
not, choose an arbitrary vertex u € V(G) — V(C). Let p = |Ec(u,V(C))| and g =
|E&(u, V(C))|. Then,

2n — 2

ptqg=|EuV(C)|>d-12> T

For each edge wv;, note that the colors i — 1 and i cannot appear in C'N(u). Hence,

there are at least (p + q) C-color edges that are not incident to u, which means that
p<n—2—(p+q). Then,
2p+q<n-—2. (1)

5



Assume that v;,, vj,, ..., v;, are all the vertices in C that are 6’-adjacent to u, where
1 <4y <ig--- <1y <t. Then the hypothesis that there is no extendable vertex respect
to v1vs in V(G) — V(C) implies that u is not C-adjacent to two successive vertices v; and
Vi1 in C for all 2 < ¢ < t. Therefore, we have |i;11 —i;| > 2 for all j € {2,3,...,¢ — 1}.
Then 4 — 1,41, 42,13 — 1,13, ...,74 — 1,4, are pairwise distinct. Furthermore, the definition

of a strong edge-coloring implies that
{il — 1, il, ig,ig — 1,i3, ...,iq — 1, Zq} N CN(U) = @

Hence, we have 2¢ — 1 +p < n — 2. Then 2¢ + p < n — 1. From Inequality (1), we
know that 3|E(u, V(C))| = 3p+ 3¢ < 2n — 3. Then, |E(u,V(C))| < 222, However,
24l < d(u) < |E(u,V(C))| +1 < 2, a contradiction. Suppose that v € V(G) — V(C)
is an extendable vertex respect to vyvy and w is é—adjacent to two successive vertices v;
and v;;; in C, where 2 < i < t. Then v;uv;;1Cv; is a rainbow (n — 1)-cycle containing
v1v9 in G. Clearly, we can find the above rainbow in polynomial time. Similarly, we can

show that for the case t = n — 1, and the result also follows. O

Now we are ready to give a proof of our Theorem 1.5.

Proof of Theorem 1.5: Choose an arbitrary edge e* = vv5 in G. In fact, To prove
that G is rainbow edge-pancyclic, we only need to prove that vjvs is contained in a
rainbow (¢ 4 1)-cycle if vvy is contained in a t-cycle in G for each 3 <t < n — 1. Let
C = vyvy - - - vv1 be a rainbow t-cycle in G. From Lemmas 2.2 and 2.3, we only need to
consider the case that ”TJFS <t <n—3. Without loss of generality, suppose that c is the
strong edge-coloring of G and c(v;v;41) = 7, where 1 <i <t and vy = vy.

If there is an extendable vertex respect to vivy in V(G) — V(C), by a similar argument
to the proofs of Lemmas 2.2 and 2.3, the result follows. Hence, we suppose there is no

extendable vertex respect to vivy in V(G) — V(C) in the following.

Let H = K, be a maximal complete subgraph in G[V(G) \ V(C)] such that each
edge of H is a C-color edge and let F' be the induced subgraph of the vertex subset
V(G)\ V(C)\ V(H). Choose an arbitrary vertex v € H, and set p, = |Ez(u,C)|,
¢ = |Ec(u,C)|, ry = |Ez(u, F)| and s, = |Ec(u, F')|. Then,

d(u) = Py + qu + Ty + S0+ (M — 1) > 6. 2)

For each edge uv;, note that the colors i — 1 and ¢ cannot appear in C'N(u). Hence,
there are at least (p, + ¢,) C-color edges that are not incident to w, which means that
Qu+ Su <t — (pu+ qu). Then,

2¢u + 50 +pu <t (3)

Assume that v;,,v;,,...,v;,, are all the vertices in C' that are é—adjacent to u, where
1 <4 <ig--- <ip, <t Note that if u is C-adjacent to v; and vy, then viuvyCuvy is
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a rainbow (¢ 4+ 1)-cycle that does not contain the edge vive. The fact that w is not an
extendable vertex respect to vive implies that |i; 1 —¢;| > 2 for all j € {2,3,...,p, — 1}.
Then ¢, — 1,1, 492,93 — 1,43, ..., 1y, — 1,4, are pairwise distinct. Furthermore, the definition

of a strong edge-coloring implies that
{il - 172.1, ig, 7:3 - ].,ig, ceey ipu - ]_, Zpu} N CN(U) = @
Hence, we have
200+ Gu + Sy <t + 1. (4)
Noticing that V(F) = V(G) \ V(C) \ V(H), we have r, + s, < n —t —m. Combining
with Inequalities (3) and (4), we can get

3Gy +3py + 35y +1ru <n+t+1—m.

Next,set P =3 cpyPu, @ =D ey @us R=> cgruand S =3 s, Then, we have
3Q+3P+3S+R<m(n+t+1—m). (5)

The maximality of H implies that each vertex of F'is C~’—adjacent to at most m — 1 vertices
of H. Then, we have
R<(m—1)(n—t—m). (6)
Note that
mé<P+Q+R+S+m(m—1). (7)

Hence, using Inequalities (2), (5) and (6), we have

3mé < 3P +3Q + 3R+ 35S+ 3m(m — 1)
<mn+t+1-—m)+2(m—1)(n—t—m)+3m(m—1)
<n(3m —2)+t(2—m).

We can see that if m = 1, then ¢t > n, a contradiction. If m = 2, then § < %", a
contradiction. In conclusion, we have m > 3. Let H* be an induced subgraph by all
the C-color edges of G[V(G) \ V(C)]. Since we can get H* by visiting all edges of
G[V(G) \ V(C)], and then we can easily find a maximal clique in a graph in polynomial

time. Hence, we can construct H from H* in polynomial time.

Since H is complete, the definition of a strong edge-coloring implies that E(H) U
E(H,F UC) is rainbow. We can see that

Q+5<t (8)

We assert that



If not, we suppose P <t — 1. From Inequalities (6), (7) and (8), we have
mi<P+Q+S+R+mim—1)<2t—1+(m—1)(n—1),

which means that m(n —t —9§) >n+1—3t. If n —t — ¢ < 0, recalling that m > 3, then
3(n—t—208) > m(n—t—0) > n+1—3t. This can deduce that 6 < 22+, a contradiction.
Ifn—t—6>0, thent < 7, which contradicts Lemma 2.2.

Algorithm 1 Find a sequence of [ disjoint paths P, P, ..., P, respect to a rainbow cycle
C = vvy - - -vw1 and a rainbow clique K, in a strongly edge-colored graph G.

Input: A strongly edge-colored graph G, a rainbow cycle C' = vyv5 - - - v;v1 and a rainbow
clique H = K, such that C' and H are disjoint.

Output: A sequence of [ disjoint paths P;, P, ..., P, such that P; is a subgraph of C.

1: Set a; be the smallest subscript such that Ex(ve,, H) # 0 for 1 < a; <t.

2: if a; = 1 then

3: Set v = vy forall 2 < k <t, a; =2 and go to 4.

4: if a; > 2 then

5: Set j = 1.

6: if a; +m <t+1 then

7 Set Pj = v4,Vq;41 " * Va;4m

8: if E5(v, H) =0 for all v € {vg,4m+1, ..., V¢, v1} then

9: Set | = j.

10: return P, P, ..., P,.

11: else Set j = j + 1, a; be the smallest subscript such that Eg(v,,, H) # 0 for

aj—1+m+1<a; <t+1and go to 6.
12: else Set P; = vq,Vq; 41+ vv1 and [ = j.

13: return P, ..., P,

By Algorithm 1, we can construct a sequence of disjoint paths P;, P, ..., P, respect
to C' and H. Firstly, we prove the correctness of Algorithm 1. Clearly, Inequality (9)
implies that such an a; exists. Since |V (C)]| is finite and Py, Ps, ..., P, are pairwise disjoint,
Algorithm 1 will stop and output a result in polynomial time. Secondly, from Algorithm

1 we can see that
P = Va;Va;41 " " Va;+m) 1 S ? S [ — L
1T .
Vg;Vgs41 " " VU1, &= 1.

Note that e* ¢ E(F;) for all 1 <i <.

For any two vertices u, w € H, we call (u, w) an extendable pair respect to vivs if u and
w are C-adjacent to two vertices v; and vy, of C such that 2 <k —j <m + 1 and v;Cvy

contains no v;vy. Note that if we can find an extendable pair (u,w) respect to vivy in H,



without loss of generality, assume that wv;, wv, € Ex(H, {vj,vp}) and 2 < k—j < m+ 1.
Clearly, v;uQuwuv,Cv; is a rainbow (¢+1)-cycle containing v;ve, where @) is a rainbow path
of length (k — 7 — 1) in H. Hence, we only need to show that there is an extendable pair
respect to v1v9 in H in the following. If not, recalling that there is no extendable vertex

in H, we show the following claim.

Claim 1. (1) |E5(P, H)| <m if |[V(F;)| <2 forall 1 <i <I;

(2) |[E5(P,H)| < m+1 for all 1 < i < [. In particular, E5(ve,4m+1, H) = 0 if
|Es(Pi,H)|=m+1foralll1<i<[—1.

Proof. 1t is clear that |[E5(P;, H)| < m if [V(P;)| = 1. Suppose that |V (FP;)| = 2 and
|E&(P;, H)| > m+1. Then there is at least one vertex w € H such that |Ez({vq,, Va, 41}, w)|

= 2, which means that w is an extendable vertex respect to viv,, a contradiction.

Next, we prove statement (2). In fact, we only need to show it for the case i = 1, i.e.,
|\Es(P, H) <m+1.

Firstly, we assume that a; +m < t 4+ 1 and |Ex(ve,, H)| > 2. Let hy and hy be two
vertices of H such that v, hi, Ve, ho € Eg(v,,, H).

We assert that Eg(va,1i, H) = 0 for each vertex v,,4; with 2 < ¢ < m. If not, then
there exists a vertex w in H such that v, 4w € E5(Py, H). Without loss of generality,
say hy # w. Then (w, hy) is an extendable pair respect to vjve, a contradiction. Hence,
Es(P,H) = E5({vay, Vay 11}, H). If |[E5({va,, Vay41}, H)| > m + 1, then there is at least
one vertex w € H such that |Ez({va,, Ve, 41}, w)| = 2. Then w is an extendable vertex
respect to v1v,, a contradiction. Thus, |E5(Pr, H)| = |Eg({Va,, Ve, 41}, H)| < m.

Secondly, we suppose that a; +m < t+1 and |Ez(ve,, H)| = 1, say ve, ho € Eg(ve,, H).

If |E5(Vay41, H)| = 0, then |Ex(ve, 44, H)| < 1 for all 2 <4 < m. Otherwise, suppose
that there is an integer 2 < ¢ < m such that |Eg(vq, 44, H)| > 2. By a similar discussion,
we can get a contradiction. Then |E5(Py, H)| < m.

If |Eg(va,41,H)| = 1, say vg,41M € Ez(va,41,H). Clearly, hy # hg. For each
vertex vg,4; with 2 < i < m, if Eg(ve,1i, H) # 0, say vg, 4w € Eg(va,4i, H) and
w # hy. Consequently, (w,hy) is an extendable pair respect to vjve, a contradiction.
Thus, Eg(vVa,1i, H) = 0 for 2 <i < m. Then, |E5(P;, H)| < 2.

If |E5(Vay4+1,H)| > 2, then by a similar discussion, we have |E5(P; \ v, H)| < m.
Thus, |Ex(Pi, H)| < m+ 1. Similarly, we can show that |Ez(P, H)] < m + 1 when
ay +m >t + 1. In conclusion, we have |E5(P;, F)| <m+1forall 1 <i<I.

Finally, we prove the second half of statement (2). It is clear that [ > 2. From the above
discussion, we can find that |E5(ve, 41, H)| > 2 if |[Eg(Py, H)| = m+ 1. Let w; and ws
be two vertices of H such that v, 1w, Ve, 1w2 € Eg(Ve, 41, H). If Eg(vay4mi1, H) # 0,
then there is at least one vertex w € H such that vg, 41w € Eg(Va,4m11, H). Without



loss of generality, set w # w;. Then (w,w;) is an extendable pair respect to vivq, a

contradiction. The claim thus follows. O

If | =1, then P = |E5(P, H)] < m+ 1 from Claim 1. Combining with Inequalities
(6), (7) and (8), we can get that

mé < P+Q+R+S+m(m—1)
<m(n—t+1)+2t—n+1.

This means that m(§ +t —n —1) < 2t —n+ 1. From Lemma 2.2, we know that ¢ > ”T*g.
Then § +t —n — 1 > 0. Recalling that m > 3, we have

2t—n+1>m@0+t—n—-1)>30+t—n-—1).

2n+4-—t < 2n—1

From Lemma 2.1, we have ¢ > 5. Consequently, we can conclude that ¢ < == >

a contradiction.

Next, assume [ > 2. From the definition of the sequence P;, Ps, ..., P;, we can see that
V(P)|=m+1foralll <i<l—1and 1< |V(F)| <m+ 1. Then, from Claim 1, we
have

1-1
P = |Ea(C, H)| = Y _|Ea(P: H)| + | Eg(Py, H)|
N i=1
< ) WV(P)|[+|Ea(P, H)|

1

[y

<t—[V(P)| = (a1 —2) — (I — 1) + | Eg(Py, H)|
<t—ay—1+3—-|V(P)|+|Es(P, H)|

Now we consider the following two cases.

Case 1. |V(P)| > 2.

From Claim 1, we know that |Ez(P, H)| <m + 1if |V(P)| > 3 and |E5(P, H)| <m
if [V(P)| = 2. Then —[V(P)| + |Eg(F, H)| < m — 2. Recalling that [ > 2 and a; > 2,
we have P < ¢+ m — 3. Using inequalities (6), (7) and (8), we can get that

mé<P+Q+R+S+m(m—1)
<t4+m-3+t+(m—-1)(n—t—m)+m(m-—1)
<3t—-n—-3+m(n—t+1).

Then we have m(6 —n+t¢ — 1) < 3t —n — 3. Recalling that ¢t > "TJrg and 0 > %, we
can conclude that 6 —n +1¢ — 1> 2. The result m > 3 implies that

30—n+t—1)<m(@@—-—n+t—1)<3t—n-3.
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Then § < 28 which contradicts the assumption that § > 2ot
3 P 3

Case 2. |V(P)| = 1.

From Claim 1, we know that |Egz(F, H)| < m. Recalling that a; > 2 and [ > 2, we
have P <t + m — 2. Using Inequalities (6), (7) and (8), we can get that

mé < P+Q+R+S+m(m—1)
<t+m—-24+t+(m—-1)(n—t—m)+m(m—1)
<3t—n—-2+m(n—t+1).

Then we have
m@@—n+t—1)<3t—n-—2.

Recalling that t > ”TJ“S and 0 > 2";1, we can conclude that 6 —n+t—12> 2. If m > 4,
then 3t —n —2>4(6 —n+t—1). Hence, 6 < W. Using the result ¢ > ”T’LS, we can
get 6 < % < 2ntl 5 contradiction. Next, we suppose m = 3. Thus, we can conclude

3
that § < 281

The condition 6 > % implies that 6 = 2”3“7 which means that a; = 2, | = 2,
Py = vousvgvs, Py = vy and |Eg(Py, H)| = |Eg(vi, H)| = m = 3. Then, P <t —a; — [ +
3—|V(P)|+ |Es(Ps, H)| =t + 1. Combining Inequality (9), we have t < P <t 4 1.

We assert that |Eg(Py, H)| > 3. If not, then P < |Ex(P, H)| + |Es(P, H)| < 5.
Hence, using Inequalities (6), (7) and (8), we can get that

30<P+Q+R+S+m(m—1)
<54t+2n—t—3)+6
<2n—t+5.

Since t > 5, we have § < %”, a contradiction. Then, from Claim 1, we have 3 <
|Ea(Py, H)| < 4.

Figure 1: n =09, |[Eg(v1, H)| =3 and t = 6.

Now we assume that V(H) = {x1, 22,23} If |[E5(P, H)| =3, then P =6 and t =5

or 6. If P=6and t = 5, then n > t + m = 8. Recalling that ¢t > ”T%, we have n < 7,

a contradiction. If P =t = 6, then n > t + m = 9. Combining the fact that ¢t > ”TJrs,

11



we have 9 < n < 10. If n = 9, then d(vy) > 7. Since (V(C),V(H),V(F)) is a vertex
partition of G, we can obverse that V(F) = (). Thus, E(vy, H) # 0, say vyz1 € E(vy, H);
see Figure 1. The definition of a strong edge-coloring and the fact that |Eg(vq, H)| = 3
imply that (z1,x3) is an extendable pair respect to v1ve and v vovV3V4T1 222301 1S & rainbow
7-cycle contains viv, in G, a contradiction. Similarly, we can show it for the case n = 10.

If |E5(P,H) =4, then P =Tand ¢t =6o0r 7. If P =7 and t = 6, by a similar
argument for the case that P = t = 6, we can find a rainbow cycle of length seven
containing e* in G, a contradiction. If P =t = 7, using Inequalities (6), (7) and (8), we
can get that 30 < P+ Q+ R+ S+m(m—1) <7+t+2(n—7—3)+ 6 = 2n, which
means that § < %", a contradiction.

Combining with the above two cases, we prove that there is an extendable pair respect
to vyvg in H. Clearly, we can find an extendable pair by visiting all the vertex pairs of H.
The operation can be finished in polynomial time, and then we can construct a rainbow

(t 4+ 1)-cycle containing vv, in G in polynomial time, and the result thus follows. O]

To end of this section, we give an algorithm for finding the (n — 2) rainbow cycles of
different lengths containing a given edge in a strongly edge-colored graph of order n. The

correctness of the algorithm is contained in the proof of Theorem 1.5.
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Algorithm 2 Find (n — 2) rainbow cycles of different lengths containing a given edge in

a strongly edge-colored graph of order n.

Input: A strongly edge-colored graph G of order n with minimum degree > % and
a given edge e* = v1vy € F(G).

Output: (n — 2) rainbow cycles C* (3 < i < n) such that C* contains v1vy and the
length of C?is 7 in G.
Set i = 3.
Choose a vertex v such that v3 € N(vy) N N(vg).
Set C' = vyvq - - - v;0; and €* = vyv,.
if there is an extendable vertex v € V(G) — V(C") respect to viv, then

Choose an extendable vertex v € V(G) — V(C") respect to v;vy such that v is

a—adjacent to v; and vj4; for 2 < j <t.
Set C"™' = v;vv;11Cvj, i =i+ 1 and go to 3.
else
if 222 <i<n—2then
Choose a maximal complete subgraph H = K,,, in G[V(G) \ V(C")] such that
each edge of H is a C-color edge and m > 3.

10: Get a sequence of disjoint paths {Py, P, ..., P;} respect to C* and H in G by
Algorithm 1.

11: for1 <j<ldo

12: if there is an extendable pair respect to v1v, in H. then

13: Choose an extendable pair (u,, ug) respect to v1v, in H and two vertices
Va, Vg € V(C") such that vaua, vsus € Bz ({va, vs, YH) and |8 —al > 2.

14: Choose a (8 — a — 1)-path P* from wu, to ug in H.

15: Set C! = vau, P*ugvgCu,, i =i+ 1 and go to 3.

16: return C3,C4, ..., C".
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