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Abstract

For a simple graph G, d, denotes the degree of a vertex u in G. Let
f(x,y) be a symmetric real function in two variables, and define the weight
w(e) of an edge e = wv of G by w(e) = f(dy,d,). Then the topological index
TI;(G) of G defined by a degree-based edge-weight function f(z,y) is given as
TIf(G) = ZU’UGE(G) f(dU7dv) Let f1(377y) = f(.T + 17y) - f(a:,y), f2(x7y) =
flxy+1) = f(@,y), fir = (fi)1, fiz = (fi)2 and fiin = (fu)r- If f(z,y) satis-
fies some of following properties: f; > 0, fi1 > 0, fi2 > 0, fi11 > 0 and for any
x1+y1 = o +yo with |x1 —y1| > |2 —y2|, f(x1,y1) > f(x2,y2), we obtain some
upper bounds and lower bounds for the topological index T'I(G) and give some
graphs of given order and size achieving the bounds. For graphs with small size,
we characterize the graphs with maximal and minimal values of the index T'I;(G).

1 Introduction

In this paper, we only consider simple, finite and undirected graphs. For a graph
G, we use V(G), E(G), n and m to denote the vertex-set, the edge-set, the number
of vertices and the number of edges of G, respectively. For a vertex u € G, denote by
N¢(u) the neighbor set of a vertex w in G and by d, the degree of u in G. We denote

by A and 0 the maximum degree and minimum degree of G, respectively. A graph
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G is called almost reqular if A —§ < 1. We use P, to denote a path with length [.
For k graphs G, Gs, ..., G, the union G; U Gy U - - - U G, is the graph with vertex-set
V(G1)UV(Gs)U---UV(Gg) and edge-set E(G1) U E(Gs)U---UE(Gy). In particular,
denote by kG = GiUGU--- UG if G =Gy = Gy = --- = Gj. The join GV H of two
graphs GG and H is the graph obtained by joining edges between each vertex of G to
all vertices of H. For terminology and notation not defined here, we refer the reader

to [3,16].

As we all know, there are many degree-based topological indices or chemical indices
which are useful in chemistry [1,16], and each of them is defined as the sum of the
edge-weights defined by a symmetric real function f(z,y), for examples, the Zagreb
indices by functions f(z,y) = = +y and f(x,y) = zy, the Randi¢ index [13] by the
function f(z,y) = \/Lryv and the ABC-index [5] by the function f(z,y) = \/%, etc.
For more functions, we refer to [7,9,11].

For topological indices defined by summing up the vertex-weights, Yao et al. in [17]
and Tomescu in [14,15] studied the so-called vertex-degree function-index H¢(G), which
is defined as Hy(G) = >_ v () f(dy), where f(z) is a real function of one variable .
Yao et al., Tomescu, and the present authors in [10] got some extremal results for the
index Hy(G). In this paper, we will study the topological index defined by summing
up the edge-weights of a graph with edge-weights given by a symmetric real function

f(z,y), which was introduced by Gutman in [8]. The definition is stated as follows.

Definition 1.1. Let G be a graph and f(x,y) be a symmetric real function. Define the
weight w(e) of an edge e = wv in G by f(d,,d,). Then the topological index T1;(G) of
G with edge-weight function f(x,y) is defined as

TI;G) = Y f(du.d).

weE(G)

Cruz and Rada studied the topological index T'I¢(G). In [12] Rada and Cruz ob-
tained some extremal results for graphs with n vertices but without isolated vertices,
with no restriction on the number of edges. Later in [4] Cruz and Rada obtained some
extremal results for trees with the weight function f(z,y) being an exponential type.

Now we will study extremal problem for graphs with n vertices and m edges.



Before proceeding, we need the following notation and terminology. For a family ¢
of graphs, we call a graph G minimal in G if T1;(G) = mingeg T1;(H), and maximal
in G if T1¢(G) = maxpeg TI;(H). For a symmetric real function f(z,y), let fi(z,y) =
fle+1y) — f(z,y) and fo(z,y) = f(z,y +1) — f(z,y). So we have (fi)i(z,y) =
filr + Ly) = filz,y) = fle+2,y) — fle+ Ly) — flz+ L y) + f(z,y). Let fi1 ==
(fr and fiz i= (fi)e. We say that f > (>,=,<,<) 0 if f(z,9) > (>,=,<,<) 0
for any = and y. f(z,y) is called (strictly) monotonically increasing if fi is non-
negative(positive). Notice that if f(z,y) is partial differentiable and % is positive
(non-negative), then f; is positive (non-negative). Sometimes we need the convexity
of a real function. f(x,y) is called convex if for any (z1,41), (z2,y2) and p € (0,1),
flpzy + (1 = pag, pyr + (1 — py2) < pf(@r,91) + (1 — p)f(22,92). Notice that the
convexity of f implies f;; > 0. In this paper, we mainly consider symmetric real
functions f(z,y) with f;; > 0. The following properties of a function frequently appear
in some of our results. We say that a function f(z,y) has the property P (P’) if for
any 1 +y; = oo + yo and |z1 — yi| > |r2 — ye|, f(x1,11) > (<) f(x2,y2). It is not

difficult to see that a symmetric and convex function has the property P.
The following observations are easily seen.

Proposition 1.2. Let G be a graph and f(x,y) be a symmetric real function.

1. If Gy, Gy, ..., Gy are the connected components of G, then TI1;(G) = S_i_ TI;(G;).

2. If there is a function g(z) such that f(x,y) = g(z)+g(y) and h(x) = xg(z), then

TIHG) = > (g(d) +g(d) = Y dug(d,) = Hy(G).

weE(G) veV(G)

3. If f1 >0, then TI1;(G) > T1;(G — uv) for any uwv € E(G).

Our results focus on the maximal graphs and minimal graphs among the graphs
with n vertices and m edges. For the minimal graphs, we get a general lower bound.

Theorem 1.3. Let n and m be integers such that n > 2 and 1 < m < n(n—1)/2. If

. . . . 1 Of
f(z,y) is convex and partial differentiable with 3= > 0, then we have

TI;(G) > mf(2m/n,2m/n),



the bound is sharp since all reqular graphs can achieve the lower bound.

Although this lower bound is a rough estimate, it can also be achieved by regular
graphs. However, by a deeper analysis, we can get a clearer characterization for the
minimal graphs. We give two better results under the condition that the size m is

small. Notice that these minimal graphs are all almost regular graphs.

Theorem 1.4. Let n and m be integers such that n > 2 and 1 < m < n/2. If f(x,y)
1s symmetric and f; > 0, then for any graph G with n vertices and m edges, we have

TI;(G) >mf(1,1), and the equality holds if and only if G = mKy U (n — 2m)K;.

Theorem 1.5. Suppose n and m are integers such thatn > 2 and n/2 <m <n —1.
Let G(n,m) be the family of graphs with n vertices and m edges. If f(x,y) satisfies that
fi >0, fir >0, fio >0 and f(1,3) > f(2,2), then every minimal graph in G(n,m)
is an almost reqular graph. Moreover, if f(1,1)+ f(2,2) = 2f(1,2), then every almost

reqular graphs is also a minimal graph in G(n,m).

For a non-trivial component GGy of graph G, a vertex v is a universal vertex in Gy if

d, = |[V(G1)| — 1. In this situation, the maximal graphs have following property.

Theorem 1.6. Suppose n and m are integers such thatn > 2 and 1 < m < n(n—1)/2.
Let G(n,m) be the family of graphs with n vertices and m edges. If f(z,y) has the
property P and satisfies that fi > 0 and fi1 > 0, then the mazimal graphs in G(n,m)

have exactly one non-trivial component, and the component has a universal vertex.

When m < n — 1, we can prove that the unique maximal graph is the union of a

star and some isolated vertices.

Theorem 1.7. Suppose n and m are integers such that n > 2 and 1 < m < n — 1.
Let G be a graph with n vertices and m edges. If f(x,y) has the property P and
satisfies fi > 0, then TI1;(G) < mf(1,m), and the equality holds if and only if G =
KimU(nm—m-—1)K.

When m is larger, we find the unique maximal graph among all connected graphs.



Theorem 1.8. Suppose n and m are integers such thatn > 3 andn—1<m < 2n—3.
Let v = m —n+ 1 and G°(n,m) be the family of connected graphs with n vertices
and m edges. If f(x,y) has the property P and satisfies that fi > 0, fi1 > 0 and
fi11 > 0, then we have that for any G € G¢(n,m), TI;(G) < (n—~v—2)f(n—1,1) +
vfn—1,2) + vf(v+ 1,2) + f(n — 1,7 + 1), and the equality holds if and only if
G=KV (Ki,U(n—vy-2)K;).

The forgotten index [6] is defined as F(G) = >_,,cp(q(di + d7) with edge-weight
function f(z,y) = ? +y?*, which has the property P and satisfies that f; > 0, f1; > 0,
fi2 > 0 and f1; > 0. Thus by Theorems 1.3 to 1.8, we can get the maximal graph and

the minimal graph immediately.

Moreover, some of our theorems are suitable for more indices. For instance, the
Sombor index [9] is defined as SO(G) = }_,,,cp(o) V@2 + d2 with edge-weight function
flz,y) = \/m, which has the property P and satisfies that f; > 0 and f;; > 0,
Thus, Theorems 1.3, 1.4, 1.6 and 1.7 can be applied to the Sombor index. Moreover,
Theorem 1.4 can be applied to more indices, such as the the general Randi¢ indez [2]

with edge-weight function f(z,y) = (zy)* by setting o > 1.

Similar results hold for the edge-weight function f(x,y) has the property P’ and
satisfying that f; < 0 and fi;; < 0. In this case, we can get the extremal graphs by

similar arguments.

2 Preliminaries

When we find the extremal graphs, we always start from a graph G and get another
graph G’ by some operations such that m(G) = m(G’) and n(G) = n(G’). In the
process of comparing the values of the index of these two graphs, we always use d, and

N(z) to denote the degree of x and the neighborhood of = in G, respectively.

The following lemma can be regarded as the binary function version of the Jensen
Inequality, which is significant for the estimate of the lower bound and the minimal

graphs.



Lemma 2.1. If f(z,y) is convexr in a convex set D, then for any integer k, i €
{1,2,...,k}, (x5,y;) € D, u; >0 and Zle i =1,

k

k k
f(z iy, Zuiyi) < Z wif (i, vi).
i=1 i=1 i=1

Proof. By induction on k, when k = 1,2, the inequality holds obviously. Suppose that
for k=t —1,t > 3, the inequality holds. Then for k = t,

k k k1 k-1
i HiYi
FOQ_mirs, Y i) = FIQ —ur) Y ===+ e, (1 =) Y + [kYk)
i=1 i=1 prih il Rl
T
S 1—u f — ’ — + f Tk, Y
(1 — uk) (2_11_%;1_%) tof (T, Yio)
-1
Hi
<(L—up)) T Mkf(%yz‘) + tief (T, Yie)
i—1
k-1 k
=D maf (i ya) + g f (2w, y) = Z i f (i, i),
=1 =1

the first inequality holds by the definition of convex function, and the second inequality

holds by the induction hypothesis. The proof is thus complete. O

In a graph, we say a path P, = vyv; ... v is a pendant path it d,, = 2 for any ¢ with

1<i<k—1andd, =1, and v is called the origin vertex of the pendant path.

Lemma 2.2. Suppose k,l > 1 are integers, and G is a graph containing two pen-
dant paths P, = wvy...vx and P, = wuy ... u; such that d, > 3 (see Figure 1). If
G = G+ wv, — wuy, then TI(G") < TI¢(G) provided that fi > 0 and f(2,2) <
min{ f(1,3), {ZDH/EI

Proof. Let w = vy. Since f(z+1,y) > f(z,y), we have that TI;(G") —T1;(G) is equal
to

Z [f(dza dw - 1) - f(dza dw)] + f(dvkq? 2) - f(dkau 1) + f(27 2) - f(dun 2)

€N (w)\u1

< f(d’l}k—17 2) - f(dvk_u 1) + f(z, 2) - f(dun 2)

If k—1 > 1, then d,, , = 2. We can conclude that f(2,2) — f(2,1) + f(2,2) —
F2,dy) < F(2,2) — F2,1) + f(2,2) — f(2,3) < 0. Ttk —1 =0, then f(dy,2) —
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Figure 1. The graphs G and G’ in Lemma 2.2.

fldw, 1)+ f(2,2) = f(dw,2) = —f(dw, 1) + f(2,2) < =f(3,1) + f(2,2) < 0. It shows
that T1;(G") — TI;(G) < 0 holds for both two cases. The proof is thus complete. []

Applying Lemma 2.2, we get the unique minimal tree among all trees of order n.

Lemma 2.3. Suppose T is a tree with n vertices. If f(x,y) satisfies that f; > 0 and
£(2,2) < min{f(1,3), LEHCIY Sypen TI(T) > 2£(1,2) + (n — 1)£(2,2), and the
equality holds if and only if T is the path P,_1.

Proof. By a contradiction. Suppose 7' is a minimal graph among trees with n vertices
and T is not a path. Then T contains a vertex of degree at least three. Moreover, since
T satisfies the condition of Lemma 2.2, we can get a new tree 1" with T'I¢(T") < TI¢(T),

which contradicts the minimality of 7. The proof is thus complete. n

Lemma 2.4. Suppose G°(n,n) is the family of connected graphs with n vertices and n
edges. If f(x,y) satisfies that fi > 0, fi1 >0, fi1o >0, and f(1,3) > f(2,2), then for
any graph G € G°(n,n), TI;(G) > nf(2,2), and the equality holds if and only if G is

a cycle.

Proof. Suppose G is a minimal graph in G°(n,n). Since |E(G)| = |V(G)| =n and G is
connected, G contains a unique cycle. If G is not a cycle itself, then by Lemma 2.2, G
is a cycle C' with some paths pendant on different origin vertices. That is, A(G) < 3.
Let P! be a pendant path in G with the origin vertex z in C' and the leaf vertex, say
y. Then, d, = 3 and d, = 1. We denote the neighbor of y by ¢'. It follows that d, is

either 2 or 3. We distinguish the following cases to discuss.

Case 1. There exists a neighbor w of z in the cycle C' with degree 2.



Then we delete the edge zw in E(C) and add the edge wy. Thus we get a new
graph G € G°(n, n); see Figure 2. Then,

G G,

Figure 2. The graphs G and G for Case 1 in the proof of Lemma 2.4.

T[f(G>_T]f<G1) = Z [f(dy, 3)—f(dv, 2)]+f(3,2)+f(1, dy/)_f(27 2)—f(2, dy') >0,

veN(2)\{w.y}

which contradicts the minimality of G.
Case 2. All the neighbors of z in the cycle C' have degree 3.

Then there exists another pendant path P? in H with the origin vertex w € N(z)
and the leaf vertex, say [. We denote the neighbor of [ by I'. It follows that d is either
2 or 3. Deleting the edge wz and adding the edge yl, we get a new graph G»; see Figure
3. Then,

o T .l, .l AP .l, Il
......... o—o
z y Y =z 'yl y
G G2

Figure 3. The graphs G and G2 for Case 2 in the proof of Lemma 2.4.

TIHG) —TI(G) = Y [f(d,3) = f(dn, 2]+ > [f(d,3) = f(d,2)]

vEN(2)\{w,y} vEN (w)\{z,l}

+f(373) +f(17dy/) + f(ladl’) - f(27dy') - f(27dl’) - f(272>
> f(3,3) = f(2,2) = fi(l.dv) — fi(1,dy).

Note that 2 < d,/,dy <3, fi1 >0, fiz >0 and f(1,3) > f(2,2). So,

TIf(G) =TIy (G2) > f(3,3) = f(2,3) + f(3,2) — f(2,2) = AL, dv) = f1(1,dy)



= f1(273) + f1(272) - fl(ladl’) - f1(17dy') Z f1(2a3> + f1(272) - 2f1(1a3>
:f<373>+2f(173)_f(272)_2f(273) >f<373>_2f(273>+f(173>
= f1(2,3) — f1(1,3) > 0.

Hence, we find a graph G5 € G°(n,n) such that TI;(G) > T1;(G2), a contradiction.

Therefore, the minimal graph G is a cycle itself. The proof is now complete. O]

Next we consider the number of non-trivial components in the maximal graphs and

get the following result.

Lemma 2.5. Suppose n and m are integers such that n > 2 and 1 <m < n(n—1)/2.
Let G(n,m) be the family of graphs with n vertices and m edges. If f(x,y) is symmetric

and f1 > 0, then the mazimal graphs in G(n, m) have exactly one non-trivial component.

Proof. Suppose to the contrary that a maximal graph G in G(n, m) contains at least
two non-trivial components. Choose two vertices v; and vy from two distinct non-trivial
components of G. Then we have that d,, > 1 and d,, > 1. Contracting v; and v, and
adding an isolated vertex w, we get a new graph G’ € G(n,m) with less non-trivial

components; see Figure 4.

G G’

oc

Figure 4. The graphs G and G’ in the proof of Lemma 2.5.

Then we have T'I;(G') — T1;(G) is equal to
Z [f(dvl + du, dx) - f(dvu dz)] + Z [f(dm + dy,, dx) - f(dvza d:v)] >0,
2EN (v1) z€N (v2)

which contradicts of the maximality of G. Thus the maximal graphs in G(n, m) have

at most one non-trivial component. O



Before considering the maximal graphs with larger size, we introduce a previous
result on the vertex-degree function-index from [15]. Let fi(z) = f(z+1)— f(z). f(z)

is convex if fi(z+ 1) > fi(z). In fact, we use a weaker version of Theorem 2.3 of [15].

Lemma 2.6. [15] Suppose n and m are integers such thatn > 2 and 1 <m <n—1.

Let G be a graph with n vertices and m edges. If f(x) and fi(z) are both convezx, then
Hy(G) < f(m) +mf(1) + (n —m —1)f(0),

and G = Ky, U (n —m — 1)K, can achieve this bound.

3 Proofs of Theorems 1.3, 1.4 and 1.5

In this section we will give the proofs of three results on the lower bounds.
Proof of Theorem 1.3: Assume that the two endpoints of e are r(e) and [(e)
for any edge e € E(G). It follows from the definition of TI;(G) that TI;(G) =
> cer@) [ i), die)- Let 320 = 3 gy drie) and 325 = > cp(q) die)- Then using

Lemma 2.1, we have
T1(G) > mf(Y jm, 3 Jm).
1 2
By the symmetry and convexity of f(x,y), we have

fn, 2oy = i, 2y g gl Ty gt e bl

mo m 2" m  m 2" m  m 2m 2m

Notice that >, + 325 = > ccpa)(drie) + die) = Dvevio) d?. Then

2 2
DD, Yt 2 vevia)bo 2vevic) b

).

21 2
Ll L2y > _ _
From the Cauchy-Schwarz inequality and the monotonicity of f(z,y), we have
f<zvev(G) a3 Y evie df}) S f(4m2 4m2) B f(2m 2m>
2m 2m = 2mn’ 2mn’ T n on

Combining the inequalities above, we can deduce that TI;(G) > mf(2m/n,2m/n),
completing the proof. O

Proof of Theorem 1.4: Suppose G is a minimal graph. We assert that A(G) < 1. If

not, then suppose there is a vertex u € V/(G) of degree at least 2. Since >,y () dv =



2m < n, there exists an isolated vertex w € V(G). Suppose x € N(u), deleting uz and

adding wx, we obtain a new graph G’. Then

TING) = TIG) = > [f(dud) = f(du—1,dy)] + f(du,ds) = f(1,dz) >0,

vEN (u)\z
which contradicts the minimality of G. Consequently, the degree of each vertex in G is
at most 1, which means that GG is the union of a matching and some isolated vertices.

The proof is thus complete. n

Proof of Theorem 1.5: Suppose G is a minimal graph in G(n,m). First, we claim
that there is no isolated vertices in G. Otherwise, suppose v is an isolated vertex. Since
m > n/2, there is a vertex u with degree at least 2. Suppose © € N(u), deleting ux

and adding vz, we get a new graph G’ € G(n,m). Then
TIf<G) - TIf(G,) = Z [f(dua dv) - f(du - 17 dv)] + f(dua da:) - f(l, dx) >0
vEN (u)\z

which contracts the minimality of G. Thus G contains no isolated vertices.

Suppose Hy, Ho, ..., H, are the components of GG containing cycles and K1, Ko, ..., K;
are the rest components in G that do not contain cycles. Since GG contains no isolated
vertices, each component has at least 2 vertices. By Lemma 2.3 and Proposition 1.2,
the ¢t connected components K; of G that do not contain cycles must be paths. If s = 0,

then G is almost regular.

It remains to show that G is almost regular for s > 1. Moreover, since |E(H;)| >

V(H;)| for any ¢ and |E(K;)| = |V(K;)| — 1 for any j, we have
| J J

s t s
m =Y |E(H)|+ ) |E(K;)| > |V(H \+Z\V ) —1)=n—t
=1 7j=1 =1
Thus, t > 1.

If t =1, we know that |E(H;)| = |V (H;)| for any i. Applying Lemma 2.4, H; is a
cycle for any 7. Thus, G is almost regular. If ¢ > 2, we assert that H; is a cycle for
all 1 < i <'s. Otherwise, there is a cycle C' and a vertex w € C in some connected
component H; such that d,, > 3. Pick an edge zw € E(C). We choose a leaf = € K;

and a leaf y € K. In both two cases, x,y are not adjacent. Assume that 2’ and 3/



are neighbor of z and y, respectively. We obtain a new graph G’ € G(n,m) from G by
adding zy and deleting wz; see Figure 5. Then

T]f(G) - T]f(G,) = Z [f(duudv) - f(dw - 1,dv)] + Z [f(dz’dv) - f(dz - 17dv>]

vEN (w)\z vEN (2)\w

+f(dm/71)+f(dy’a1)_f(dx’72)_f(dy’2)+f(dzadw)_f(dx+1vfy+1)
= > Alde—1d)+ > fld—1d,)

veEN (w)\z vEN (z)\w

- fl(ladw’> - f1(17dy'> + f(dz>dw> - f(272)'

Recall that d, > 3, d, > 2, dy <2 and d,; < 2. Using the property that fi» > 0 and
fi1 > 0, we have that TI;(G) — TI;(G") is at least

fildy —1,2) 4+ fi(d, —1,2) — f1(1,2) — f1(1,2) + f(d..dy) — f(2,2) >0,

which contradicts the minimality of G. Thus, H; is a cycle for all ¢ with 1 <7 < s and

K is a path for all j with 1 <j <t in G.

w w
H; H;
z z
K, @—— oot .w/ .m K @ 'm, -
K2. ......... .y, 'y KZ. ......... 'yl y
G G

Figure 5. The graphs G and G’ for the case that s > 1 and ¢ > 2 in the proof of Theorem 1.5.

Finally, since the degree of each vertex in G is 1 or 2, G has exactly 2m — n vertices
with degree 2 and 2n — 2m vertices with degree 1. Suppose G has r components
isomorphic to P;. Then there are (n — m — r) path-components whose lengths are at

least 2. Thus

TI(G)=rf(1,1)+2(n—m—7r)f(1,2) + (B3m —2n+r1)f(2,2)



=2(n—m)f(1,2)+ (3m —2n)f(2,2) + r[f(1,1) — 2f(1,2) + f(2,2)].

Note that from fi2 > 0 one can deduce that f(1,1) — 2f(1,2) + f(2,2) > 0. If
f(L,1) + f(2,2) = 2f(1,2), then TI;(G) is exactly a constant for any G with the

property. Thus every almost regular graph is a minimal graph in G(n, m).

The proof is now complete. n

4 Proofs of Theorems 1.6, 1.7 and 1.8

In this section we will give the proofs of three results on the upper bounds.

Proof of Theorem 1.6: Suppose G is a maximal graph in G(n, m). By Lemma 2.5, G
has only one non-trivial component GG;. To prove the theorem, it is sufficient to show
that GGy contains a vertex with degree |V (G4)| — 1. This result holds when m < 2.

Next, we assume m > 3.

Choose a vertex z € G such that d, = A. If d, < |V(Gy)| — 2, we can easily
find two different vertices y € N(z) and z € N(y) — N(z) — z. For convenience, let
A= N(x)—N(y)—y, B=N(z)NN(y), C = N(y) — N(z) —z and |C| =k > 1.
Note that A, B and C' are pairwise disjoint. We construct a new graph G’ from G by
deleting yv and adding zv for all v € C; see Figure 6. It is clear that G’ € G(n, m).

6 ,‘\
G G’

Figure 6. The graphs G and G’ in the proof of Theorem 1.6.

Since f(x,y) has the property P and satisfies that f; > 0 and f;; > 0, we have

TIHG) = TIHG) = > fldo+k,dy)+ > f(dy,—k,dy)+ f(ds+k,d, — k)

ve AUBUC veB

=Y fded)+ D fldydy) + f(dy,dy)]

vEAUB veEBUC



= [f(de+ Ky dy) = f(de,do)] + > [f(de + Fydy) = f(dy, do)]

vEA veC

+ 3 [f(de+ ko) + f(dy = k,dy) = f(de, dy) = f(dy, dy)]

veEB

+ [f(dy + k,dy — k) — f(d,,d,)] > 0.

Hence TI;(G") > T1;(G), which contradicts the maximality of G.
The proof is thus complete. O
Proof of Theorem 1.7: Noting that d, + d, < 1+ m for any uv € E(G), we have

f(dy,dy) < f(dy +d, —1,1) < f(m,1). Thus

TING) = Y [fldwd) < Y f(1,m) <mf(1,m),

weE(G) e€E(G)
with equality if and only if G = K, U (n —m — 1) K. The proof is thus complete. [

Proof of Theorem 1.8: Suppose G is a maximal graph in the family G¢(n,m) of
connected graphs of order n and size m. Then by Theorem 1.6, we know that G has a

universal vertex v. It follows from m > n — 1 that d, = n — 1. Then we have
T[f(G) = [g(G — U) + Hh(G — ’U),

where g(z,y) = f(z+1,y+1) and h(z) = f(n—1,2+1). Notice that |V (G—v)| =n—1
and |[E(G—v)|=m—-n+1=v<n-2.

First, we show that g(z,y) and G — v satisfy the conditions of Theorem 1.7. It is
obvious that g(x,y) is symmetric and g; > 0, since g(x,y) = g(y,z) and ¢;(z,y) =
fi(x — 1,y). For any four integers x1, =5, y; and ys satisfying the equation x; + y; =

To+y2, (x1 — 1)+ (y1 — 1) = (22 — 1) + (y2 — 1) is still a constant. Thus
g(zi,y1) = fler =Ly — 1) > faz2 — 1,y2 — 1) = g(@2, 42)

if [(21 —1) = (g1 — 1)| > [(x2 = 1) = (g2 — 1)|, e, |v1 — y1| > |22 — 42| Applying

Theorem 1.7, we have

I,(G —v) <yg(v,1) =vf(v+1,2),

with equality if and only if G — v is the union of a star and some isolated vertices.



To estimate H(G'—v), we apply Lemma 2.6. Since h(x+1)—h(z) = fi(n—1,24+1),
fir(n—1,z+1) > 0 implies that h(z+2)—h(x+1) > h(z+1)—h(z), which means that
h(z) is convex. Similarly, fi11(n — 1,2 4+ 1) > 0 implies that hy(z) = h(z + 1) — h(z)
is convex. Consequently, we have

Hy, (G = v) < h(7) +7h(1) + (n — 7 = 2)h(0)

=fn—1,7y+ D) +vf(n—1,2)+(n—y—2)f(n—1,1).
It implies that

TIHG) = I,(G —v) + Hy(G —v) < 7f(7+1,2)

+f(n_177+1)+7f(n_172)—’_(”_7_2)]0(”_171)7

with equality if and only if G — v is the union of a star and some isolated vertices, i.e.,
G = Kl V (Klﬁ U (n -y — Z)Kl)
The proof is now complete. O
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