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Abstract

The Kazhdan-Lusztig polynomial of a matroid was introduced by Elias, Proud-
foot and Wakefield, whose properties need to be further explored. In this paper we
prove that the Kazhdan-Lusztig polynomials of fan matroids coincide with Motzkin
polynomials, which was conjectured by Gedeon. As a byproduct, we determine the
Kazhdan-Lusztig polynomials of graphic matroids of squares of paths. We further
obtain explicit formulas of the Kazhdan-Lusztig polynomials of wheel matroids and
whirl matroids. We prove the real-rootedness of the Kazhdan-Lusztig polynomials
of these matroids, which provides positive evidence for a conjecture due to Gedeon,
Proudfoot and Young. Based on the results on the Kazhdan-Lusztig polynomials,
we also determine the Z-polynomials of fan matroids, wheel matroids and whirl ma-
troids, and prove their real-rootedness, which provides further evidence in support
of a conjecture of Proudfoot, Xu, and Young.
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1 Introduction

In the study of the Hecke algebra of Coxeter groups, Kazhdan and Lusztig [21] associ-
ated to each pair of group elements an integral polynomial, now known as the Kazhdan-
Lusztig polynomial. In analogy with the classic Kazhdan-Lusztig polynomials, Elias,
Proudfoot and Wakefield [12] associated to every matroid an integral polynomial, which
can also be defined for each pair of comparable elements in the lattice of flats. As noted by
Gedeon, Proudfoot and Young [I§], both the Kazhdan-Lusztig polynomials of matroids
and the classic Kazhdan-Lusztig polynomials can be considered as special cases of the
Kazhdan-Lusztig-Stanley functions, first introduced by Stanley [31] and further studied
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by Brenti [4, 5]. Computer experiments suggest that the Kazhdan-Lusztig polynomials of
matroids has many special properties such as real-rootedness, as conjectured by Gedeon,
Proudfoot and Young [I8]. However, there still remains challenge for simple matroids
such as braid matroids, even to determine the leading coefficients of their Kazhdan-
Lusztig polynomials. Note that Gedeon, Proudfoot and Young proposed a conjecture
for the leading coefficients in the odd rank case, which is still open, see [I8, Conjecture
5.1]. The main objective of this paper is to determine the Kazhdan-Lusztig polynomials
of fan matroids, wheel matroids and whirl matroids, and to prove their real-rootedness in
support of Gedeon, Proudfoot and Young’s conjecture.

Let us give an overview of some background. We begin with the definition of the
Kazhdan-Lusztig polynomial of a matroid, as introduced by Elias, Proudfoot and Wake-
field [12]. We follow their notation and terminology to a large extent. Given a matroid
M, let L(M) denote the lattice of flats of M and let x/(f) denote its characteristic poly-
nomial. For instance, the lattice of flats of the graphic matroid of a fan graph with four
vertices is given in Figure . For any flat F' € L(M), let M be the contraction of M at
F and let My be the localization of M at F. Figure |2| gives an illustration of M and
Mp. Let rk M denote the rank of M. Elias, Proudfoot and Wakefield [12] proved that
there is a unique way to associate to each loopless matroid M a polynomial Py (t) € Z]t]
satisfying the following properties:

o If rk M =0, then Py (t) = 1.
o If rk M > 0, then deg Py(t) < 51k M.

e For every M, t*M Py (t71) = Z Xy (8) Pagr ().
FeL(M)

N4

Figure 1: L(M) Figure 2: L(MT) and L(MF)



The polynomial Py(t) is called the Kazhdan-Lusztig polynomial of M. Note that if
M and M’ are two matroids satisfying L(M) = L(M'), then Py (t) = Pyp(t). Thus, we
may always assume that all matroids appeared in the definition have no parallel elements.

Elias, Proudfoot and Wakefield [12] pointed out that the Kazhdan-Lusztig polynomials
for matroids behave very differently from the ordinary Kazhdan-Lusztig polynomials for
Coxeter groups. However, they do possess some similar properties. For example, the
coefficients of the classic Kazhdan-Lusztig polynomials are non-negative, as proved by
Elias and Williamson [13]. Elias, Proudfoot and Wakefield [12] showed that the coefficients
of the Kazhdan-Lusztig polynomials of representable matroids are also non-negative, and
they further conjectured that this is true for any matroids. They also used the defining
recursion of Py(t) to interpret the coefficients of some lower degree terms in terms of the
doubly indexed Whitney numbers of the first and second kinds, introduced by Green and
Zaslavsky[19]. While, except for the constant term (always equal to 1) and the linear
term, neither the quadratic term nor the cubic term can be proven to be positive by using
such explicit formulas. As noted by Elias, Proudfoot and Wakefield, it is difficult to find a
closed formulas for every coefficient by the same method. Later Wakefield [33] expressed
every coefficient as an alternating sum of r-Whitney numbers, and Proudfoot, Xu and
Young [29] gave another combinatorial formula for every coefficient. But neither of these
formulas is manifestly positive.

Recently, Braden, Huh, Matherne, Proudfoot and Wang [3] proved the positivity con-
jecture on the Kazhdan-Lusztig polynomials for matroids by using the singular hodge
theory. Before that, much work has been focused on determining the Kazhdan-Lusztig
polynomials for specific families of matroids. Elias, Proudfoot and Wakefield [12] al-
ready showed the Kazhdan-Lusztig polynomial of a finite Boolean matroid is equal to
1. Furthermore, they proved that the Kazhdan-Lusztig polynomial of a matroid is equal
to 1 if and only if its lattice of flats is modular. For uniform matroids, they also ob-
tained a recursive relation among the coefficients of the Kazhdan-Lusztig polynomials,
which was transformed into an equivalent functional equation concerning the generating
functions of the Kazhdan-Lusztig polynomials. Since uniform matroids are representable
matroids, the coefficients of such Kazhdan-Lusztig polynomials should be nonnegative.
But the recursive formula given by Elias, Proudfoot and Wakefield seems not helpful to
show that the positivity conjecture is valid for general uniform matroids. Based on the
recursive formula, Proudfoot, Wakefield and Young [28] gave an explicit formula of the
Kazhdan-Lusztig polynomial of the uniform matroid of rank n — 1 on n elements. For
general uniform matroids, explicit formulas of the Kazhdan-Lusztig polynomials can be
deduced from those of the corresponding equivariant Kazhdan-Lusztig polynomials due to
Gedeon, Proudfoot and Young [I7], by which the nonnegativity of the coefficients becomes
evident. Proudfoot [27] introduced the notion of g-niform matroids and determined their
equivariant Kazhdan-Lusztig polynomials.

Even for graphic matroids, determining the explicit expressions of the Kazhdan-Lusztig
polynomials remains a challenge except for few families of graphs. It is easy to show that
the Kazhdan-Lusztig polynomial for any forest is always equal to 1 since its graphic ma-



troid is isomorphic to a boolean matroid. The Kazhdan-Lusztig polynomial for a cycle
graph with n vertices was also known since its graphic matroid is just the uniform matroid
of rank n — 1 on n elements, see Gedeon, Proudfoot and Young [I8]. Gedeon [15] deter-
mined the Kazhdan-Lusztig polynomials for thagomizer matroids. Gedeon, Proudfoot and
Young [18] further determined the Kazhdan-Lusztig polynomials for complete bipartite
graphs with one part having exactly two vertices. The Kazhdan-Lusztig polynomials for
braid matroids, which are graphic matroids associated with complete graphs, were first
studied by Elias, Proudfoot and Wakefield [I2]. For these polynomials, they explicitly
determined the coefficients of some terms of degree less than four in terms of Stirling
numbers. However, there are no conjectured explicit formulas for general coefficients of
the Kazhdan-Lusztig polynomials for braid matroids, and even their leading coefficients
are still mysterious, see [12], [18].

In this paper we obtain explicit expressions of the Kazhdan-Lusztig polynomials for
some matroids associated with square of paths, fan graphs and wheel graphs. Recall that
a square of a path with n (n > 1) vertices, denoted by S,,, is the graph formed by joining
every pair of vertices of distance two in the path. A fan graph F, (n > 1) is a graph
with n 4+ 1 vertices, formed by connecting a single vertex to all vertices of a path of n
vertices. A wheel graph W), (n > 3) is a graph with n + 1 vertices, formed by connecting
a single vertex to all vertices of an m-edge cycle graph. Let Ps, (t), Pg,(t) and Py, (1)
denote the Kazhdan-Lusztig polynomials of the associated graphic matroids. Let Py« (t)
denote the Kazhdan-Lusztig polynomial of the whirl matroid W", which is obtained from
the graphic matroid of W,, by declaring the outer cycle of W, to be an independent set
and leaving the remaining independent sets the same. Gedeon [16] conjectured that the
Kazhdan-Lusztig polynomials P coincide with the Motzkin polynomials. The first main
result of this paper is as follows, which in particular provides an affirmative answer to
Gedeon’s conjecture. Note that Pr, (¢) and Ps, (t) have the same formula since F,, and S,,
have isomorphic matroids, as will be shown in Theorem [4.20]

Theorem 1.1. The Kazhdan-Lusztig polynomials Ps, (t) and Pg, (t) are given by Motzkin
polynomials, precisely,
PE n—1
Ps, (t) = Pp,(t) = — t* n>1 1.1

k=0

The Kazhdan-Lusztig polynomials Py, (t) and Py~ (t) are respectively given by

k+1 k k n
Py, (t) = — tk ‘n >3
wa (1) Z:<n—k+n—k+1 n—k—1><hk+Ln—2h—J  Jorm =

(1.2)

3

n—1
Py (t) = th forn>3 1.3
wn (1) n—k(hhn—%%&>/ fornz (13)
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where | x| stands for the smallest integer less than or equal to x.

The second part of this paper is devoted to the study of the real-rootedness of the
Kazhdan-Lusztig polynomials P, (t), Ps, (t), Pw, (t) and Py~ (t). This was motivated by
the following conjecture due to Gedeon, Proudfoot and Young [I8].

Conjecture 1.2 ([I8, Conjecture 3.2|). The Kazhdan-Lusztig polynomial Py(t) has only
negative zeros for any matrotd M.

Conjecture implies a conjecture proposed by Elias, Proudfoot, Wakefield [12, Con-
jecture 2.5, which states that for any matroid M the Kazhdan-Lusztig polynomial Py, ()
is a log-concave polynomial with no internal zeros. Recall that a polynomial

ft) =ag+ait + -+ ayt"

with real coefficients is said to be log-concave if a;> > a,_1a;, for any 0 < i < n, and it is
said to have no internal zeros if there does not exist 0 < i < j < k < n such that a;ax # 0
and a; = 0. By the well known Newton inequality, if f(¢) has only negative zeros, then it
is a log-concave polynomial without internal zeros.

Gedeon, Proudfoot and Young [I8] also studied the interlacing property concerning
the Kazhdan-Lusztig polynomials for non-degenerate matroids. A matroid M is called
non-degenerate if rk M = 0 or its Kazhdan-Lusztig polynomial Py (t) is of degree | *2=1].
Given two real-rooted polynomials f(t) and g(t) with positive leading coefficients, let {u;}
be the set of zeros of f(t) and let {v;} be the set of zeros of ¢g(¢). We say that g(t) is
an interleaver of f(t), denoted g(t) < f(t), if either of the following two conditions is
satisfied:

(1) deg f(t) = degg(t) = n and

Vp <ty < Uy <o < g <up < vy < wgg (1.4)

Up < Vpop <o <0 <up <oy S (1.5)

For the second case, we usually say that ¢(t) interlaces f(¢), which is different from
the definition given in [18]. Gedeon, Proudfoot and Young [I8] proposed the following
conjecture.

Conjecture 1.3 ([I8, Conjecture 3.4]). Given a matroid M and an element e of the
ground set of M, let M/e be the contraction of M at e. If both M and M/e are non-
degenerate, then Pue(t) = Py(t).



Despite strong interest, there were very few results about Conjectures and[1.3] For
any n > 1, it was known that Conjectures [1.2] and are both valid for the uniform ma-
troid of rank n— 1 on n elements, see [18,36]. Based on the theory of multiplier sequences
and n-sequences (see [9, [10]), we prove that Conjecture holds for fan matroids, wheel
matroids and whirl matroids, and Conjecture holds for fan matroids.

Theorem 1.4. Forn > 3, each of the Kazhdan-Lusztig polynomials P, (t), Ps, (t), Py, (t)
and Py (t) has only negative zeros. In particular, we have Pg,(t) < Pg, , (t).

The third part of this paper is concerned with the Z-polynomials for fan matroids,
wheel matroids and whirl matroids. The notion of the Z-polynomial of a matroid was
introduced by Proudfoot, Xu and Young [29]. Given a matroid M, its Z-polynomial is
defined by

Zy(t) = > "M Pye(t),

FeL(M)

Analogous to the real-rootedness conjecture for the Kazhdan-Lusztig polynomials of ma-
troids, Proudfoot, Xu and Young [29] posed the following conjecture.

Conjecture 1.5 (|29, Conjecture 5.1]). The Z-polynomial Zy(t) has only negative zeros
for any matroid M.

Proudfoot, Xu and Young obtained explicit formulas of the Z-polynomials for the
uniform matroid of rank n — 1 on n elements and the matroid represented by all vec-
tors of the vector space Fy, as well as the real-rootedness of these Z-polynomials. Let
Zg, (1), Zw, (t), Zwn(t) denote the Z-polynomials corresponding to the fan graph F),, the
wheel graph W, and the whirl matroid W™ respectively. In this paper we obtain explicit
formulas of Zg, (t), Zw, (t) and Zy~(t) as given below.

Theorem 1.6. We have

1 1\ n+1)
Zp (t) = t", n>1 1.6
n0=3 g (L) (")) ez (16)
= n\°> 2/ n n
Zw, (1) = —= t*, ) >3 1.7
wa (1) (k) n(k’—l—l)(k’—l)) . Jornz (17)
k=0
n n 2
Zyn(t) = <k> th forn >3, (1.8)
k=0

where the right-hand side of (1.6 is the classical Narayana polynomial of degree n and
the right-hand side of (L.8|) is the type B Narayana polynomial of degree n.



Remark 1.7. Note that the uniform matroid of rank n on n + 1 elements is isomorphic
to the graphic matroid of the cycle graph C,.1. Though F,, and C, ., do not have isomor-
phic matroids in general, it is worth mentioning that they have different Kazhdan-Lusztig
polynomials but the same Z-polynomials, see and [29, Proposition 4.9].

Based on the above formulas, we further show that Conjecture holds for fan ma-
troids, wheel matroids and whirl matroids. Precisely, we have the following result.

Theorem 1.8. The Z-polynomials Zp, (t), Zw, (t) and Zyn(t) are all real-rooted.

This paper is organized as follows. In Section 2| we will give an alternative description
of the Kazhdan-Lusztig polynomial of a graphic matroid directly in the language of graph
theory. In Section [3, we will recall some known results on the ordinary generating func-
tions. We also give a variation of the composition formula with respect to cycles, which
turns out to be new but very useful. In Section[d] we first determine the Kazhdan-Lusztig
polynomials for fan matroids by using the generating function technique. Based on this
result, we further obtain explicit formulas of the Kazhdan-Lusztig polynomials for wheel
matroids and whirl matroids. By Whitney’s 2-isomorphism theorem, we also determine
the Kazhdan-Lusztig polynomials for squares of paths. In Section [5] we will prove the
real-rootedness of the Kazhdan-Lusztig polynomials obtained in Section 3 by using the
theory of multiplier sequences and the theory of n-sequences. In Section [6] we get closed
formulas for the Z-polynomials of fan matroids, wheel matroids and whirl matroids, based
on which we verified the validity of Conjecture for these matroids.

2 Graphic matroids

In this section we aim to give an alternative description of the Kazhdan-Lusztig poly-
nomial, as well as that of the Z-polynomial, for a graphic matroid by directly using the
language of graph theory. As will be shown later, such a formulation is convenient for
computing the Kazhdan-Lusztig polynomials and Z-polynomials for fan matroids, wheel
matroids and whirl matroids.

Given a loopless graph G with edge set F(G) and vertex set V(G), let M (G) denote the
corresponding graphic matroid. It is known that the ground set of M(G) is E(G) and its
independent sets are the forests in G. To reformulate the definition of the Kazhdan-Lusztig
polynomial of M(G), we first recall how to describe its rank, flats and characteristic
polynomial in graph theory terminology. Recall that the rank of M(G) is equal to the
rank of G, denoted by rk G, which is defined as the cardinality of V(G) minus the number
of connected components of G. A flat of M(G) can be identified with a partition of
V(G) into vertex sets of connected induced subgraphs of G. Such a partition was called
a composition of G in [22], and we use C(G) to denote the set of all compositions of G.
Given a flat F' of M(G), the localization M (G)r and the contraction M (G)¥ are naturally
identified with graphic matroids as follows:

M(G)r = M(GF)), M(G)" = M(G/F), (2.1)



where G[F] is the subgraph of G induced by F' and G/F is the graph obtained from G
by contracting all edges of F' (in any order), see [34], p. 61 and p. 63]. If G is a graph with
k connected components, then we have

X () =t Fxa(t), (2.2)

where xg(t) is the chromatic polynomial of G, see [34, p. 262]. If a given composition
C € C(G) corresponds to a flat F' of M (G), then we also use G[C] to denote the graph G[F]]
and use G/C' to denote the graph G//F'. Further, suppose that C' = {V,V5,...,V|¢}, and
then it is readily apparent that G[C] is just the graph union UﬁllG [Vi], where each G[V}]
is the subgraph of G induced by V;. For example, given a graph G as shown in Figure [3]
let C ={{1,3,4},{2,5},{6,7,10}, {8},{9,11,12}}. Then E(G[C]) is highlighted by bold
lines in Figure |3|and G/C' is isomorphic to the graph in Figure

M (1,34} (2,5)
6 7
9 {6,7,10} 181
\/ /P
10 11 12

{9,11,12}

Figure 3: G and G[C] Figure 4: G/C

Now we can give an alternative description of the Kazhdan-Lusztig polynomial of
M (G). For notational convenience, we denote the Kazhdan-Lusztig polynomial of M (G)
by Pg(t) instead of Pyq)(t). We also say that Pg(t) is the Kazhdan-Lusztig polynomial
of G. By the preceding arguments, the polynomial Pg;(t) can be defined in the following
way:

e If kG =0, that is E(G) =0 , then Pg(t) = 1.
e If kG > 0, then deg Ps(t) < 3k G, and moreover

Pt = > %oy (t) Paje (). (2.3)
cec(G)

Note that an edge contraction operation may result in a graph with multiple edges even
if the original graph is a simple graph. Since for any graph G and its associated simple
graph G’ we have Pg(t) = Pg (t), we always assume that all graphs appeared in the above
definition are simple. In this sense we can consider G/C as a quotient graph by identifying
vertices in each block of C.

We proceed to show the multiplicativity of the Kazhdan-Lusztig polynomial Pg(t),
which will be frequently used in Section [d] Recall that a connected graph is called bi-
connected if the resulting graph remains connected whenever any vertex is removed. A
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biconnected component of a graph is a maximal biconnected subgraph. We have the
following result.

Lemma 2.1. Suppose that G is a graph with k connected components and m biconnected
components, say {G1,...,Gyn}. Then we have

Py(t) = H P (1), (2.4)

xa(t) =t [ xe. (1) (2.5)

i=1

Proof. By definition we know that M (G) = @, M (G;). It is known that for any matroids
M, and M, there holds Py, g, (t) = Par, (t) Pag, (1), see [12, Proposition 2.7|. Iteration of
this property leads to . It is also known that the characteristic polynomial x ) (%)
is also multiplicative on direct sums, see [34, p. 265]. Thus, we have

m

xu(®) = [ [ xanen (0)-

i=1

Combining the above identity and (£2.2)), we immediately obtain (2.5)). O

Next we give an alternative description of the Z-polynomial of M (G). For notational
convenience, we denote the Z-polynomial of M(G) by Zg(t) instead of Zyq)(t). As
before, we also say that Zg(t) is the Z-polynomial of G. Using the language of graph
theory, the Z-polynomial of GG can be defined by

Zo(t) == Y t*Pga(t), (2.6)
CeC(G)

From the multiplicativity of Py (¢) it follows that the Z-polynomial Z(t) also admits
the same property.

Lemma 2.2. Suppose that G is a graph with k connected components and m biconnected
components, say {G1,...,Gy}. Then we have

m

Za(t) = ] Ze.() 27)

i=1

3 Ordinary generating functions

In this section we aim to give a variation of the usual composition formula of ordinary
generating functions, which will be used to determine the ordinary generating functions
of the Kazhdan-Lusztig polynomials of wheel graphs.
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Let us first give an overview of the combinatorial significance of the derivative formula,
the product formula and the composition formula of ordinary generating functions. For
related notation and terminology, see [I Section 1.3] or [I4], Section I.1]. Suppose that
we are interested in enumerating a family A of combinatorial structures (or combinatorial
classes). For each a € A, let |a| denote its size. For the meaning of a combinatorial
structure and its size, we refer the reader to the beginning of [Il Section 1.3.2]. If |a| = n,
we also say that a is a combinatorial structure of type A which is built on a set of size
n. Let A, denote the set of combinatorial structures of type A which can be built on a
set of size n. We always assume that the allowed structures depend only on the size of
the set. If each element a of A is weighted by w4(a), then define the ordinary generating
function of A with respect to the weight function w4 as the formal power series

Alw) = 3 walayul,

acA

or equivalently,

Au) = Z (Z wA(a)) u”,

neA \a€A,
where A = {n e N| A, # 0}.

The derivative of the ordinary generating function A(u) admits a very natural com-
binatorial interpretation, as illustrated below. For n € A\{0} let A, denote the set of
pointed type A structures built on a set of size n by a special “pointer” of size 0 attached
to one of its elements. Let A = U A,. Each pointed structure @ will have the same
weight as the underlying structure a. For this reason, we still denote the weight function
of A by w4. Note that the coefficient of u™ in A(u), denoted by [u"]A(u), is the weight-
ed sum of structures in A,. Thus n[u"]A(u) can be interpreted as the weighted sum of

structures in A,. Therefore, we have the following result.

Proposition 3.1 ([I4, Theorem 1.4]). The ordinary generating function of A is given by

Aw)y= D" | D wala) | u" = ud'(u).

ne€A\{0} \aecA,

Given two types of combinatorial structures, say .4 and B, denote their weight func-
tions respectively by w4 and wg, and denote their ordinary generating functions respec-
tively by A(u) and B(u). Suppose that C is another type of combinatorial structures with
the weight function we, which is built from A and B in the following way: a structure ¢
of type C built on a set of size n, say {1,2,...,n}, is obtained by first splitting it into two
ordered subsets I; = {1,2,...,i} and Iy = {i+ 1,i+2,...,n} (the subsets I; and I, are
allowed to be empty), and then building a structure a of type A on I; and a structure b
of type B on Iy; and moreover we(c) = wa(a)wp(b). If C is obtained in such a way, we
also write C = A x B. The product formula of ordinary generating functions is stated as
follows.
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Proposition 3.2 (|14, Theorem 1.1]). Suppose that A, B,C are three types of combinato-
rial structures such that C = A x B. If we let

aw=% (3 wA<a>> ",
n=0 \a€A,

B(u) = Z Z wg(b)> u",
n=0 \beB,

C(u) = Z Z wc(c)> u”,
n=0 \ceCp

then

Next we consider the composition formula of ordinary generating functions. Let A and
B be two types of combinatorial structures as before. Note that for a type B structure
b of size n we may also say that b is built on an ordered n-element set since the allowed
structures only depend on its size. Suppose that C is a combinatorial structure with the
weight function we, which is built from A and B in the following way: a structure ¢ of
type C built on a set of size n, say {1,2,...,n}, is obtained by first splitting it into an
unspecified number of disjoint nonempty ordered subsets, say I, I, ..., I}, then building
a structure a; of type A on each /;, and then building a type B structure b on ordered
subsets {11, I, ..., I} }; and moreover w¢(c) = wg(b) Hle wa(aj). If C is obtained in such
a way, we also write C = Bo.A. The composition formula of ordinary generating functions
is stated as follows.

Proposition 3.3 (|14, Theorem 1.4|). Suppose that A,BB,C are three types of combinato-
rial structures such that C = B o A. If we let

n=1 \a€An,

B(u) = Z (Z wB(b)> u”,
n=0 \beB,

C(u) = Z (Z wc(c)> u”,
n=0 \c€eCp

then

We proceed to consider a variation of the above composition formula, which is very
useful for determining the ordinary generating functions of certain combinatorial struc-
tures related to cycles. From two types of combinatorial structures A and B we construct
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the third family of combinatorial structures C, which will build a structure ¢ on a set
of size n for each n > 2 in the following way: first consider this n-element as a cycle
of length n and decompose it into at least two nonempty segments, say {1, I, ..., I},
then build a structure a; of type A on each /;, and then build a type B structure b on
ordered segments {/y, [5, ..., [ }; and moreover we(c) = wg(b) H?Zl wa(a;). We would
like to emphasize that in the construction of ¢ we always fix some vertex on the cycle and
take {I, Is, ..., It} as the cyclically ordered segments with I; always containing this fixed
vertex. If C is obtained in such a way, we also write C = B e A. We have the following
result.

Proposition 3.4. Suppose that A, B,C are three types of combinatorial structures such
that C = Be A. If we let

n=1 \a€A,
B(u) = Z (Z UJB(b)> u”
n=2 \beB,
C(u) = Z (Z 'wc(()> u",
n=2 \ceCp
then B(AW)

Proof. First we give an alternative description of cycle decompositions involved in type
C structures. Let Ci" denote the set of cycle decompositions of an n-cycle (with vertices
labelled 1,2,...,n) into at least two segments. Let C7<12> denote the set of weak integer
compositions of n, say (ag, a1, ..., a1, ), satisfying ag > 0 and o; > 1 for 1 < i <
k. Recall that the fact (ag,aq,..., a5 1,qx) is a weak composition of n means that
ag+ay+ -+ ag_1+ o, = n, denoted by (g, aq, ..., a1, ) = n. We proceed to show
that there is a one to one correspondence between ¢t and C for each n > 2. The case
of n = 2 is obvious. For n > 3, we construct a bijective map ¢ from ¢tV to ¢i¥. For a
given element C' in CT<L1> containing k > 2 segments, say {I, Is, ..., I} arranged clockwise
in the cycle with 1 € I}, we can define ¢(C) as follows. Let ¢(C) = (ap, a1, - . ., g1, ),
where g is the integer such that n — ap is the maximal number in Iy, oy = |I1| — ag
and oy = |I;| for 2 < i < k. It is clear that ¢(C) € CS¥ and the map ¢ is injective.
Conversely, given a weak composition (ag, vy, ..., 1,0%) € CT@, we can define a cycle
decomposition C” with k segments Iy, ..., I such that Iy = [n — oy + 1,n] U [1, 4] and
L=lai+-4a1+1,a+---+a for 2 <i < k. It is not difficult to show that ¢(C")
is just (ag,aq,...,q_1,ax). Thus ¢ is also surjective.

To prove the desired result, we shall introduce three more families of combinatorial
structures. Let A be the set of pointed type A structures defined as before. From B we

12



may define another family of combinatorial structures, denoted by B, simply by requiring
that B, = B,y for n > 0. (The equality B, = B,.1 means that all possible type B
structures built on a set of size n are exactly those possible type B structures built on a
set of size n+1.) A type B structure b will be weighted as a type B structure b. Therefore,
the ordinary generating function of B is given by

By =S [ S ws®) | e =3 3 ws(h) | = BL“).

n=1 \beB, n=1 \b€Bni1

Now we define another family of combinatorial structures, denoted by C, in the follow-
ing way: for each n > 2 a structure ¢ built on a set of size n, say {1,2,...,n}, is obtained
by first splitting it into k£ > 2 disjoint nonempty ordered subsets L, I, ... Iy, build a
type A structure @ on I, for each 2 < J < k build a type A structure a; on fj, and then
build a type B structure b on ordered subsets {f Y/ i }- We define the weight function
wg of C by

we(€) = wal@)walaz) - - - walar)ws(b).

It is readily apparent that ~ . _
C=Ax(BoA).

By Propositions and 3.3, the generating function of C is given by

C(u) = A(u) x B(A(u)) = uA’(u)%S;)).

With the above bijection ¢ between C7<11> and Cfl2>, we are able to establish a weight
preserving bijection ¢ between C,, and C,. Given a structure ¢ € C,, for n > 2, we define a
structure é € C,, in the following way. Suppose that ¢ corresponds to a cycle decomposition
ceclt containing k > 2 segments, say {I, I, ..., I} arranged clockwise in the cycle
with 1 € I;. If ¢(C) = (ao, 1, .., 01, 0%) € ¢, then || = ap + oq and |[;]| = o4
for each 2 < j < k. Recall that c is obtained by first taking the cycle decomposition
C={hL,1,...,1}, then building a type A structure a; for each I;, and then building a
type B structure b for the ordered sets {1, 5, ..., I}.}. To define ¢, we first decompose a

set of length n into k ordered subsets I, I, ..., Iy with |I;] = oy + a3 and \fj| = o for
each 2 < j < k; assign the pointed type A structure a; to fl with its (ag + 1)-th element
attached to the pointer of size 0; for 2 < j < k assign the type A structure a; to each I;;
and finally assign the type B structure b to the ordered set {I5,...,I;}. Let ¥(c) = ¢. It

is clear that v is a bijection between C, and C,, and moreover ws(€) = we(c). Thus, we
have

Cu) = C(u).
This completes the proof. O
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4 Kazhdan-Lusztig polynomials

The aim of this section is to prove Theorem [I.I], namely, to determine the Kazhdan-
Lusztig polynomials of fan graphs, squares of paths, wheel graphs and whirl matroids.
We will first determine the Kazhdan-Lusztig polynomials of fan graphs, which form the
basis for computing the other three families of Kazhdan-Lusztig polynomials. It should
be mentioned that generating function methodology is crucial for our computations.

4.1 Fan graphs

Let

u) =Y Pp, (", (4.1)

where Fj is the single-vertex graph. The main result of this subsection is as follows.

Theorem 4.1. We have

2u

Pr(t,u) =1+ .
rlt,u) 1—u++/(u—1)2— 4tu?

(4.2)

Our proof of Theorem [4.1]is based on the recursive definition of the Kazhdan-Lusztig
polynomials. In fact, we could derive a functional equation satisfied by ®p(¢,u) from
(2.3). Due to the unique existence of the Kazhdan-Lusztig polynomials, we will complete
the proof by verifying that the right hand side of satisfies this functional equation.
We now proceed to get such an equation. By we obtain

tk P p (171 = Z t*|C|XFn[C} () Pr, o (t).
CEC(Fn)

Now multiply both sides by u™ and then sum over all n > 0. For the left hand side, we
have

i P () ut = i (t"Pp, (1)) u" = ZPF" = Op(t, tu)
n=0 n=0

by the fact rk F;, = n and the equation (4.1)). Thus, we have

o

Ot tu) =Y | Y 1R () Prc(t) | u. (4.3)

n=0 \ CeC(Fn)

If the right hand side of (4.3) can be expressed in terms of ®r(t,u), then we will obtain
a functional equation satisfied by ®p (¢, ).

14



For this purpose, we first give a characterization of those compositions appeared in
([4.3). Suppose that the fan graph F), has vertex set V(F),) = [0,n], where we use the
convention that [a,b] = {a,a + 1,...,b} for a < b. The size of the interval [a,b] is
defined to be b — a + 1. If vertex 0 is adjacent to each vertex in [1,n], then C(F),) can be
characterized by using certain set of weak integer compositions of n. Let §,, denote the set
of compositions with each part strictly greater than zero. Let &, denote the set of weak
integer compositions of n with even number of parts, say (ay, as, . .., aog_1, ax), satisfying
a; > 1 for 1 < i < 2k. Note that & = {(0,0)}. For convenience we set Sp = {()}. For
each 0 = (ay,as, ..., a5k 1,a0;) € E,, let

9(0’) = {(Al,AQ, e ,Agkfl,AQk) ’ AQifl = (agi,l) and AQZ‘ € Sa% fOI‘ 1 S ) S k’}
Let
C! = Uyee, 0(0). (4.4)

We proceed to define a map ¢ from C(F;,) and C,,. To this end, one may draw F), in the
plane such that 0 is connected to the n-vertex path with vertices labeled 1,2, ..., n from
left to right. For each composition C' € C(F},), consider the unique component containing
0 of its induced subgraph. Removing 0 from this component leads to a sequence of
subpaths, which lie on the n-vertex path from left to right, say 71,75, ...,T}. It is clear
that these subpaths naturally divide the other components into k£ + 1 segments from left
to right, say Si,Ss, ..., k1. Each S; can be considered as a forest (actually a sequence
of paths), which naturally contribute a composition A; of |V(S;)| with parts being the
cardinalities of its ordered connected components. Note that S; and Si; might be the
null graph, but each S; for 2 <4 < k is not the null graph since C' is a graph composition.
For example, for the composition C' = {{0,1,2,7,9,10}, {3,4}, {5}, {6}, {8}, {11}, {12}}
of Fy, the corresponding S;’s and 7;’s are illustrated in Figure

0

1 2 3 4 5 6 7 8 9 10 11 12

N —

Sy T S T, S3 15 Sy
Figure 5: Construction of S;’s and T;’s
If S; is the null graph, let
o(C) = (IV(TV)]), A2, (V(T2)]), As, -+, Aw, ([V(Te)]), Apr)- (4.5)
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If S} is not empty, we add the null graph on the left of S; and then let

¢(C) = ((), A1, (V(T1)]), Az, - -+, Ak, (V(Th)]), Apesr)- (4.6)

In both cases, we have ¢(C) € C.,.
We have the following result.

Lemma 4.2. For anyn > 1, the map ¢ : C(F,) — C|, defined by (4.5)) and (4.6 as above

1s a bijection.

Proof. The injectivity of ¢ is obvious by its construction. It remains to show that ¢ is sur-
jective. Note that removing all parentheses from a given element (A, As, ..., Agk_1, Aogx) €
C; will lead to a composition o of n. If Ay = () or (resp. and) Ag, = () then we add
a component 0 at the beginning of ¢ or (resp. and) add a component 0 at the end of
0. Suppose that the resulting weak composition is (¢, ¢, ..., ¢y). Then decompose the
n-vertex path into a series of subpaths 11, Ts, ..., T, from left to right with |V (T;)| = ¢;.
Suppose that for 1 < j < k the part ¢;; originally comes from As; ;. Then we can get a
set partition C of [0, n] with one block being {{0}UV(T},)U---UV(T;,)} and other blocks
being V(T;)’s for all i & {iq,1s,...,i;}. Clearly, this set partition is a graph composition
of F,, and ¢(C) = (Ay, Asg, ..., Agr_1, Aox). This completes the proof. O

With the above lemma, we proceed to show that for any C' € C(F,) the summand
71X 101 (t) Pr, o (t)u™ can be evaluated by weighting the corresponding element ¢(C)
of C;L Given A = (Al, A27 ce ,Agk_l, Agk) € C;L, suppose that Agi_l = (agi_1> and Agz‘ =
(bi1, bigy - .., big,) € Say, for 1 < i < k. Then define the weight of A to be

r £ (t & H,, (L
w(a) =] (Xf() P, 0[] X{”) , (4.7)

where we use H, to denote a path with b vertices. We have the following result.

Lemma 4.3. For any C € C(F},), we have

X 101 (1) Pr, o (1) = w(8(C)), (4.8)

where ¢(C) is defined as in Lemmal.4 and the weight function w is given by (L.7).

Proof. Suppose that
¢<C) — <A17 AQ, .o 7A2k717 A2k>7

where Ag; 1 = (ag;—1) and Ag; = (bj1, big, - .., big,) € Sa,, for 1 < i < k. By the construc-
tion of ¢(C) in Lemma it is clear that

ICl=1+0 4+
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As illustrated in Figure |§|, the induced subgraph F,[C] is composed of subpaths Hj,,
(where i varies from 1 to k£ and j varies from 1 to ¢;) and the unique connected component
containing 0. The latter is obtained from fan graphs Fy,, Fy,, ..., Fy, _, by identifying
their unique 0 vertices.

1 2 3 4 5 6 7 8 9 10 11 12
Fa an Hb12 HblS Fas Hbm Fa5 Hbm Hb32

1

Figure 6: F12[{{0,1,2,7,9,10}, {3,4}, {5}, {6}, {8}, {11}, {12}}]

By Lemma [2.1], we have
k

¢;
Xy =t ] ] (XFazu ) - [T xm, (f)> '
j=1

i=1

We proceed to compute Pp, ;c(t). Recall that F,/C can be considered as the quotient
graph of F,, by identifying each block of C' as a single vertex, see Figure . Thus F,/C
is isomorphic to the graph obtained from fan graphs Fy,, I, ..., Fy, by identifying their
unique 0 vertices.

{0,1,2,7,9,10}

Fy

{34} {5} {6} {8} {11} {12}
Figure 7: F12/{{0,1,2,7,9,10},{3,4},{5}, {6}, {8}, {11}, {12}}
Again by Lemma [2.1] we have

k
=1
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Combining the above identities, we obtained the desired result. O

In view of Lemma and Lemma , it immediately follows from (4.3]) that

Qp(t™ tu) = Z Z w(A) | u”,
n=0 \ AcC!
where w(A) is given by ([£.7)).
Let
V) => [ Y wd) |u
n=0 \ Aec,
Then
U(u) = Op(t tu). (4.9)

In order to obtain a functional equation satisfied by ® (¢, u), we shall give another ex-
pression of W(u) in terms of ®p(¢,u) by using the method of generating functions.

Note that each A = (Ay, Ag, ..., Agk_1, Agr) € C!, may be considered as a combinatorial
structure, say type A structure, on a set of size n. In order to use the generating function
methodology, let A° and A° denote the two types of structures respectively corresponding
to the components of A. Precisely, type A° structure will assign to a set of size n the
weak composition (n) with the weight function w® defined by

w’((n)) = T
and type A° structure will assign to a set of size n a composition (by,...,by) € S, with
the weight function w® defined by

X
bj
we((bl,...,b PFlc H

Jj=1

Note that the unique A° structure of size 0 is (0), weighted by 1, and the unique .A4°
structure of size 0 is (), also weighted by 1. Let A% (resp. AS) denote the set of type A°
(resp. A°) structures which can be built on a set of size n. Let

U0 (u) = > wo(A) | un, (4.10)

Ve (u) = > we(A) | u, (4.11)

where the index n in each summation starts with 1 other than 0.

We claim that the following results hold.
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Lemma 4.4. We have
(-
S 1l—(t—2)u’

e (u) = O (t, ﬁ) ~1. (4.13)

T (u) (4.12)

Proof. Let us first prove (4.12)). By the definition of the chromatic polynomial of a graph,
it is clear that

Xr, (1) = t(t = 1)(t —2)"~".
Thus, by (4.10f), we get that

) = 350 = S -zt < U

n=1

by a straightforward computation.

We proceed to prove (4.13)). Note that a weighted composition (by,...,b;) € S, can
be considered as a composition of two weighted structures. Precisely, we first split the

interval [1,n] into a sequence of k nonempty intervals, weight the interval of size b; by
XHb,(t)
ra

and then weight the sequence by Pr, (t). Recall that

X, (t) =t — 1), (4.14)

> XHbj (t) b _ U
bZ:l — = T (4.15)
i Pr, (Hu" = ®p(t,u) — 1. (4.16)

By the composition formula of ordinary generating functions, we obtain

Te(u) = b (t ;> —1, (4.17)

"1—(t—1u
as desired. ]

Let A be the set of pairs (A¢, A°), where A€ is a structure of type A°, and A° is of
type A, and moreover neither A° nor A° is empty. The weight function w® of A is
defined by

we((A°, A%)) = w(A°)w°(A%). (4.18)
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Let AS° denote the set of type A® structures which can be built on a set of size n.
Consider the following generating function

o0

o) => [ Y we(ae) | un (4.19)

n=0 \ AcocAgo
By the product formula of generating functions, we get that
U (u) = W (u)¥(u). (4.20)

Furthermore, let A™ be the set of combinatorial structures each of which is a sequence
(AS°, ..., As?) of A% structures. Define the weight function w™ of A™ as

k
w((AP, ... AP)) = [Jw(A).
i=1

Let A" denote the set of type A™ structures which can be built on a set of size n. Consider
the following generating function

Trhu) = [ Y wmnAm) | (4.21)

n=0 \ AmecAm

Applying the composition formula of generating functions once again, we get the following
result, whose proof is omitted here.

Lemma 4.5. We have

1

V) = T e vy

(4.22)

Now we are in the position to give another expression of ¥(u) in terms of ®p(t,u),
which is stated as below.

Lemma 4.6. Let U°(u) and U¢(u) be as in Lemmal4.j Then

(L4 W) (1 + W ()

V) = e o)

(4.23)

Proof. Giving a structure A = (A, Ay, ..., Agk_1, Agg) of A, the component A; is a struc-
ture A° of type A°, the component Ay is a structure A¢ of type A€, and the subsequence
(Ag, As, ..., Agx_1) could be considered as a structure A™ of type A™. Note that A is
allowed to be (0) and Ay is allowed to be (). Moreover, it is straightforward to verify
that

w(A) = w’(A%)w™(A™)we(A°).
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Therefore, the structure A can be considered as the product A° x A™ x A€ of three types
of structures. By the product formula of ordinary generating functions, we have

\IJ(U) _ i Z wO(AO) u” X i Z wm(Am) u” X i Z we(Ae) u"
n=0 \ A°€Ag n=0 \ AmeAm n=0 \ AccAg

= (14 9%u)) x X (14 v¢(u)),

1
1 — We(u)o(u)
as desired. This completes the proof. O
Finally, we come to the proof of Theorem and the second equality of (|1.1)) of
Theorem [1.1]

Proof of Theorem and the second equality of (L1.1)). We proceed to prove (4.2). Com-
bining (4.9) and (4.23]), we see that ® (¢, u) satisfies the functional equation

(14 0 (w) (1 + U ()

Dp(t! tu) = 1 — We(u) P (u)

(4.24)

Let us first verify that the above equation still holds if we substitute ®z (¢, u) by using
the right hand side of (4.2)). Though this could be verified by a tedious computation, we
prefer to give a computer-aided proof as follows.

2u

ni= @plu_] = 1—u+ \/(u —1)2 — 4tu? th
In[2]:= \Ilo[ui] = :lii:(:i);)u;
woie Upfu_ ] = (1 + ¥°u])(1 + ‘I’e[u]);

1 — Peu]Polu]

nar= Ueu_] := ®p [u} —1;

1—(t—1)u
misl= Simplify[(@p[u] /. {t = t™ ', u = tu}) == ¥p[u], Assumptions — 1—(t—1)u >
0]
outs]= True

The assumption 1 — (¢ — 1)u > 0 in the last step is reasonable since |u| is sufficiently
small.

Thus we have proved that the right-hand side of satisfies the third item in
the definition of Kazhdan-Lusztig polynomials. Note that the first item is obvious. We
proceed to verify the second item, or equivalently, to verify that the power of ¢ in the
power series expansion of the right-hand side of is always strictly less than half the
power of u. This readily follows from the following identity.

21



2u >

1+ = an, (t)u", 4.25
—— =30 (4.25

1—u++/(u—1)2

where

(t)— 1 n—1 4k
T kT \k k- 2k-1)"

The identity (4.25)) can be obtained from A055151 in OEIS [30]. To be self-contained,
we shall give a proof by utilizing two Mathematica packages, one of which is fastZeil due
to Paule and Schorn [25] and the other is GeneratingFunctions due to Mallinger [24]. To

this end, let
1 n—1
a(n, k) = k:+1(k,k:,n—2k—1)

n

and
a(n, k)t".
k=0
Here, to be compatible with fastZeil, the upper bound of summation is set to be n other

than L”T_lj )

an(t)

We first import the packages and define one variable.

inel:= << RISC fastZeil
7= << RISC ‘GeneratingFunctions

1
mel= a[n_,k ] := FunctionExpand mMultinomial[kz, k,n—2k —1]|;

Then we use the command Zb to obtain a recursive relation of a,(t).
me= ReleaseHold[First[Zb[a[n, k]t*, {k,0,n},n] /. SUM — all;
o= rec = Simplify [FunctionExpand[%], Assumptions — n € Z]

outiol= n(—1 + 4t)a[n] + (3 + 2n)a[l + n| == (3 + n)a[2 + n]

Together with the initial values ag(t) = a1(t) = 1, the above recurrence can be trans-
formed into an equivalent differential equation satisfied by

fu) = Z a,(t)u".

n=0

This could be done by using the command RE2DE automatically.
ni= de = RE2DE([rec, a[0] == 1, a[l] == 1, a[n], f[u]]

oupi= {14 u 4 (=1 4 u) flu] + (—u + 2u? — u® + 4tu®) f'[u] == 0, £]0] == 1}
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It remains to show that the right hand side of (4.25]) satisfies the differential equation
de.

mi12= Simplify[de /. f — ®p]
ouriz)= { True, True}

This completes the proof of (4.25)), and hence that of (4.2). Then combining (4.25))
and (4.2)), we obtain the second equality of (1.1)). ]

4.2 Wheel graphs

Based on the preceding results on fan graphs, we are able to determine the Kazhdan-
Lusztig polynomials of wheel graphs. As before, we consider the following generating
function of Py, (t) given by

Dy (t,u) == f: Py, (t)u", (4.26)

where W5 is a simple circle with three vertices. Although the graph W is not a wheel
graph, we can consider it as a wheel graph in some sense. Let W, be a multigraph with
V(W,) = {0,1,2} and E(W,) = {(0,1),(0,2),(1,2),(1,2)}. Then the graph W, can be
considered as a wheel graph and W5 can be obtained by deleting an edge (1,2) from
W,. Note that Py, (t) and Py (t) are equal to each other. As will be shown later, it is

convenient to include Py, (t)u? in the above summation.

The main result of this subsection is as follows.

Theorem 4.7. We have

By (t,u) = 2(u—1) _ 2(u?+u—1)
V=1 -4t w1 (u+1)<\/(u—1)2—4tu2+u+1>
2u

(4.27)

" (u+1)y/(u—1)2 — dtu?

We first give an outline of the proof of Theorem [£.7] By using the same arguments as
for fan graphs, it is not difficult to show that

[e.e]

Oy () => | D () P je(t) | (4.28)

in view of ED and the fact that rkW,, = n for any n > 2. Denote the right hand
side of @ as Wy (u). Asin the case of fan graphs, we shall further give an alternative
expression of Wy (u) in terms of @y (¢, u), which will lead to a functional equation satisfied
by ®w (t,u). Then Theorem could be proved with the help of computer packages.
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To determine Wy, (u), we need to analyze what a composition of W,, could be. Suppose
that the wheel graph W,, has vertex set V(W,) = [0,n], where the induced subgraph
W, [[1,n]] is its outer cycle. Graphically, one may draw W), in the plane such that 0 is
connected to the n-vertex cycle with vertices labeled 1,2, ..., n in clockwise order when
n > 3. It is easy to show that C(W,,) is the disjoint union of the following three families:

(W) = {{[0, 7]}, {{0}, [1,n]}}, (4.29)
CP(W,) ={C eCc(W,)|[0] € C and |C| > 3}, (4.30)
COW,) ={C ec(W,)|[0] &C and |C| > 2}. (4.31)

Correspondingly, for ¢ = 1,2, 3 let

Vi) => | DY Nt P selt) | u (4.32)

n=2 \ CeC®(Wy)

Then

In the following we shall determine Wy (u), Wy(u) and Ws(u) successively.
Firstly, the series Wq(u) is given by the following result.
Lemma 4.8. We have

(t —2)(t — 1)u? (t — 1)u?
(u+D(A—-t—=2u) (u+1)(1—(t—1u)

Uy (u) = (4.33)

Proof. Note that if C' = {[0,n]} then W, [C] is just the graph W, and W, /C is just
the single-vertex graph. Recall that the Kazhdan-Lusztig polynomial of the single-vertex
graph is equal to 1 and

Xwaiomh (E) = Xw,, (8) = t((t = 2)" = (=1)""}(t — 2)),

see [2, p. 68]. Next we consider the composition C' = {{0}, [1,n]}, in which case W,,/C =
K, and hence Py, ;c(t) = 1. Moreover, W5[C] is the union of the single-edge graph and
the single-vertex graph, and for n > 3 the subgraph W,,[C] is the union of a cycle of
length n and the single-vertex graph. In any case we have

XWalgoy. 1 (8) = E((t — )" + (=1)"(t — 1)),

for the chromatic polynomial of a circle see [2, p. 65|. Therefore, we have

n]y ( : ) (t
Uy(w) = 3w (an[{[o, W® | Xl ))

t t
- n n i1 t-1)"+(=D"(t-1)
—nz;u ((t—2) — (=)'t -2)+ . )

n=2
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=2t -1 (t—1)u?
C(w+D)A =t -2)u) (u+D(1 - (t— D)’

as desired. ]

We proceed to compute the series Wo(u) by using the method of generating functions.

Lemma 4.9. We have

Uy (u) = m x Dy (t, %) .

Proof. Note that a composition C' € C?(W,) naturally decomposes the outer cycle of
W, into |C| — 1 paths. Together with the single vertex 0, these paths form the induced
subgraph W, [C]. Suppose that these paths have iy, s, ..., %c|—1 vertices respectively. For
example, for C' = {{0},{12,1,2,3}, {4}, {5,6,7},{8,9}, {10}, {11}} € C(W,), the outer
cycle of Wis is decomposed into 6 paths, as depicted in Figure [§

i3=23 7
6 8

19 =1

W

1025 =1

11 26:1

11 =4

Figure 8: Wio[{{0}, {12,1,2,3}, {4}, {5,6,7}, {8,9}, {10}, {11}}]

It is clear that W, /C' is isomorphic to W¢|_1. Thus, by Lemma we have

|Cl1-1

B XH;, (t)
1N Wi () P, jc (8) = P, (8) x ] =
j=1

t

(4.34)

in view of the obvious fact that the chromatic polynomial of the single-vertex graph is
equal to t. Therefore, the generating function Wy(u) could be considered as the ordinary
generating function of type B e A structures, as defined immediately before Proposition
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, with A,, = {(n)} for n > 1 weighted by w4((n)) = xim® and B, = {(n)} for n > 2

t
weighted by wg((n)) = Pw, (t). (Here we assume that Ag, By and B; are empty.)

By (4.15)) we know that the generating function of A is given by
Alu)

T 1-(t-1u

While, by (4.26)), the generating function of B is given by B(u) = ®w(t,u). Now by
Proposition [3.4] we obtain that

,, B(A(u)) 1 u
Uy (u) = uA'(u) A =7 T r— x Oy (t,m) :

This completes the proof. n

Analogously, we could determine the series W3 (u).

Lemma 4.10. We have
ovee(u) 1
|\ = )
o) = v, (1 - qfeo(u))

Proof. Given C € C®(W,,), there exists a unique and positive integer k, denoted by k¢,
satisfying the following condition:

(0) Removing all edges incident to 0 from the induced subgraph W, [C| will result in a
cyclically ordered sequence of non-empty forests S1,T1, 52, Ts, ..., Sk, T on the outer cycle
where each S; is a sequence of paths with none of its vertices adjacent to 0, while each T;
is a path with each of its vertices adjacent to 0.

Taking C' = {{0,4,9,10,11},{12,1,2},{3},{5},{6,7},{8}} € C(Wia), we see that
ke = 2 as shown in Figure [J

121 2 3

4

) 6 7 8
4 L] O— L]

9 10 11

12

1

Figure 9: Construction of S;’s and T;’s
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This is very similar to the case of fan graphs as discussed in Lemma [£.2] According
to the value of k¢, the set C®(W,,) is divided into the following two subsets:

CENW,) = {C e C®W,) ke =1},
CEAW,) ={C € CHW,) | ke > 1.

For:=1,2, let

(e e}

Wy i(u) =) Y. TN ()P e(t) | u

n=2 \ Ceci(W,)

Thus, we have W3(u) = Us;(u) + Uso(u).

Next we shall first compute W3 ;(u). For each C € C*Y(W,,), let S;,T) be those two
forests appeared in condition (¢). Clearly, the induced subgraph of W, [C] is composed
of S1 and the fan graph, denoted F,, by connecting the vertex 0 to each vertex of T;. If
the ordered paths in Sy are Hy,,, ..., Hp, _,, then W, /C' is isomorphic to Fic|—1, a fan
graph with |C| vertices. Again by Lemma , we get that

C]-1

_ XHbj(t) XF (t)

N wae O Pwye(t) = | Pre_, () - ] ; X T; .
j=1

If we weight Sy by Pr,_,(t)- H\CI 1 (XHblj (t)/(t)) and T by xFy, (t)/(t), then the ordered
pair (S1,7T7) is essentially a weighted structure of type A% in view of as defined
in Subsection . Note that when we consider (S7,7)) as a type A structure, the first
vertex of S is always assumed to be 1. But for each C' € C®1(W,,), the first vertex of the
corresponding S is fixed, which could be any value in the interval [1,n]. For this reason,
each C' could be considered as a pointed type A° structure, where the first vertex of S;
is attached to the pointer of size 0. Therefore, by Proposition [3.1] we have

OV (u)
v _
sa(u) = u—7p-

since both Ag° and A$° are empty, where U*°(u) is defined by (4.19).
We proceed to determine W5 (u). Given C' € C 32>( ), let 1,11, 52, T, .oy Sees Tre

Ko
be those forests appeared in condition (¢). By the same argument as above, each ordered

pair (S;,T;) could be considered as a structure A$° of type A% weighted by

(4.35)

l

. (T Fr.
w4 (Pin(t)'HX ;( )> X 7;(1&)7

J=1

.

where H, ., Hy., are the ordered paths in S;. Moreover, it is routine to verify that

i1 i€,

t1Nw,c1(t) P, o (t) Hw (A7),
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since W,,/C, as shown in Figure , is just the graph obtained from some fan graphs by
identifying their 0 vertices.

{6}
{5} {7}

{0,4,9,10,11}

Figure 10: W12/{{0,4,9,10,11}, {12,1,2}, {3}, {5}, {6, 7}, {8}}

Thus W3 5(u) could be considered as the ordinary generating function of type B o A
structures, with B,, = {(n)} for n > 2 weighted by wp((n)) = 1. The generating function
of B is given by

u2

Blu) = 3 wp((n))u" =

Recall that the generating function of A% is ¥ (u). Therefore, by Proposition [3.4 we
have

1—u

oV (u) " B(We(u))
ou Weo(y)
OV (u) 1 ( (W0 (u))” )

\11372(1,6) =Uu

. Weo(u) “\1- Weo(u)
oV (u) We(y)
—u— (1_quo). (4.36)

Combining (4.35)) and (4.36]), we obtain

\I’g(u) = \D371(U) —f- ‘1/3’2(71)

oV (u) OV (u) Wee(u)
o " ou <1—\Ife°(u))

- “N{;;w (1 - \;eo(u)) ‘
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This completes the proof. O

Combining Lemma [4.8] Lemma [4.9|and Lemma [4.10] we obtain an explicit formula of
Uy (u). Recall that Wy (u) denotes the right hand side of (4.28)).

Lemma 4.11. We have

(t—2)(t — Du? (t—1)u?

Wy (u) = (u+ DA =t =2u)  (u+1)(1—(t—1)u)
1

< () o ()

Now we come to the proof of the main result of this subsection and (1.2]) of Theorem
in!

Proof of Theorem[{.7 and (1.2) of Theorem[I.] By (4.28) and Lemma we obtain

that @y (¢, u) satisfies the functional equation

(t—2)(t — 1)u? (t —1)u?
(u+1)(1=(t—-2u) (u+1)(1—=(t—1u)

" % < w (t’ m) *“w;;(u) (1 = \;w(w) |

Let us first verify that the above equation still holds if we substitute ®y (¢, u) by using
the right hand side of , or equivalently, the right-hand side of satisfies the
third item in the definition of Kazhdan-Lusztig polynomials. As in the case of fan graphs,
we prefer to give a computer-aided proof as follows.

Py (t71 tu) =

In[13]:= ‘Ileo[u_] = ‘I’e[u]‘I’O[u];

Ulu ] = (t—2)(t—1)u? (t — 1)u?
e W T W DA — (t—2)u) | (w+ 1)1 — (t— L)u)
1 u AP [u] 1 )
T [1—(t—1)u} T e 1= v
In[15]:= P [u ] = 2(u _ 1) — 2 (u2 +u— 1)
T w2 — 4t —utl (ug1) (\/(u—1)2—4tu2+u—|—1)
2u
+ (u+1)y/(u—1)2 - Ltz
mpsl= Simplify [(@w[u] /. {t = t™ ', u — tu}) == ¥y [u], Assumptions — 1 — (t —

1)u > 0]

out[16]= 1rue
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Note that here we assume that 1 — (¢t — 1)u > 0 because u is sufficiently small.

To complete the proof of Theorem [.7] we proceed to verify that the right-hand side of
satisfies the first two items in the definition of Kazhdan-Lusztig polynomials. Note
that the first item is obvious. For the second item, it suffices to verify that the power of
t in the power series expansion of the right-hand side of is always strictly less than
half the power of u. This readily follows from the following identity:

2(u —1) 2(u?+u—1)

<\/(u—1)2—4tu2—u+1> u—|—1)<\/(u—1)2—4tu2+u+1>

2u - > a 2
TR a7

n=0

where

and

a(n. k) = kE+1 N k B k n+ 2
o \n—k+2 n—k+3 n—k+1) \kk+1n—-2k+1)

Note that for k > || we have a(n, k) = 0.

For the convenience of compute-aided proof, we shall prove

2(u—1) 2(u*+u—1)

u? <\/(u )2 — At —u+ 1) w(u+ 1) <\/(u 1 4t tu s 1)

2u =
+ = a,(t)u" 4.38
u2(u+ 1)/ (u — 1) — 4tu? ;% () (4.38)

instead of (4.37). To prove (4.38]), we use the same method as in the proof of Theorem
but omit some details here. The following lines enable us to obtain a recurrence
relation of a,(t).

In[17]:= a[n_, k_] = <

2k + 1];
mis:= ReleaseHold[First[Zb[FunctionExpand[a[n, k]]t*, {k,0,n},n] /. SUM — a];

kE+1 k k
n—k+2 n—k+3 n—k+1

) Multinomial[k, k 4+ 1,n —

mizo):= Simplify [FunctionExpand[%], Assumptions — n € ZJ;

in201:= T7ec = Collect[%, a| |, Factor]|

outpzoj= (—60 — 120 4 1758t + 1372nt + 4461t + 68n3t + 4n't — 738> — 881nt? — 426n>t> — 850312 —
6n1t24-84t34-166nt>+106n2t3+26n3t>+-2nt3 ) a[24-n]+(7+n) (6— 150t —85nt —21n*t —2n3t+
122 +22nt? +12n2t2 + 2nt%)a[34n] == (3+n)t(—1+4t)(6 — 258t — 133nt — 27n*t — 2n3t +
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4812+ 520t +18n*t% +2n3t?)a[n] + (— 18 —6n-+906t+693nt +214n>t+33n3t+2n1t — 495612 —
4198nt% —1408n%t% — 224n3t? — 14n*t? + 264> + 9520t + 6180213 +- 1461313 + 12nt%)a[1 +n)]

To obtain an equivalent differential equation satisfied by > 7 a,(t)u™, we also need
some initial terms, which could be easily implemented by using the following command.

m21= Table[a[n] == Suml|a[n, k]t*, {k,0,n}], {n, 0, 2}]
oupr= {a]0] == 1,a[l] == 1+t,a[2] == 1+ bt};

Now we can obtain a differential equation satisfied by » > a,(t)u™ by using the
function RE2DE.

n2i= de = RE2DE[{rec, a[0] == 1,a[1l] == 14 t,a[2] == 1+ 5t}, a[n], f[u]]

outi22l= {—24+ 120t + 6u — 108tu+ 336w — 6(—4 + 20t + 6u — 53tu + 16t*u — 2u” + 66tu* — 326t°u” —
34t3u® — 3tu® 4 141203 — 5408303 + 96t u®) f[u] — 6(—u + 20tu + 2u® — T5tu? + 18t%u? —u3 +
85tu® — 500620+ 78131 —tut +155t%u' —660t3u' +224t u?) £ [u] — 3(24tu? — 90t + 71205 —
14630 4+ 72tu* — 474820 + 210630 + 1096%u® — 50063 0° + 256t u®) f [u] — (23tu® — 14670 —
60tu? + 73t%ut — 22630 + 37t — 2526%u° + 17063u° + 4562 — 21663 u8 + 144¢*u0) £ [u] —
2(tut — t2ut — 2tu® 4 3t2u® — Pu® + tu® — 7t2u8 + 663u8 + 207 — 563u7 + 4T) f D [u] ==
0,f[0] == 1, £ [0] == 1+¢, f [0] == 2(1 + 5¢t), fP[0] == 6(1 + 11t + 5¢)}

Next, we have to show that the right hand side of is indeed the solution of the
above differential equation de. To this end, we also need to verify its value at «w = 0. Since
each of three terms on the right hand side of is not defined for v = 0, we should
simplify the summation of these terms. We denote the resulting function by ¢1(u).

Lo
In[23]:= (b].[u_] = V,ljz[u];

2u<\/(u—1)2 —4tu2—4tu+2t—|—u—3> 44
V= 1)% — 4tu? <\/(u T2 4 tfut 1) <\/('u, T1)2 — 4tu? — u(2tu+ 1) + 1) ’
In[25]:= q’)l[u_] = %;
m2el:= Simplify[¢l[u] == P1[u]]

In[24]:=

outp26]= 1rue

Finally, we verify that ¢1(u) satisfies the differential equation de with the correct
initial values.

m271:= Simplify [de/. f — ¢1]

outerj= { True, True, True, True, True}

This completes the proof of (4.38) and (4.37)), and hence that of (4.27). Then com-
bining (4.37)) and (4.27)), we obtain (1.2)). O
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4.3 Whirl matroids

The aim of this subsection is to prove (1.3). As in the case of wheel graphs, the
computation of Kazhdan-Lusztig polynomials for whirl matroids is also based on that for
fan graphs. We consider the following generating function of Py« (t) given by

OV (t,u) = i Py (t)u", (4.39)

where W' is the graphic matroid of a path with two vertices and W? is the matroid
obtained from W, (defined at the beginning of Subsection by declaring {(1,2),(1,2)}
is also an independent set.

The main result of this subsection is as follows.

Theorem 4.12. We have

W B u+1 B 1
2w = 2tu+1)/(u—1)2 —4tu®  2(tu+1) (4:40)

We first give an outline of the proof of Theorem [4.12] By using the same arguments
as for fan graphs and wheel graphs, it is not difficult to show that

[e.9]

OVt ) =Y | D xwp(t) Panyp(t) | u (4.41)

n=1 \ FeL(Wm)

by the definition of the Kazhdan-Lusztig polynomial and the fact that tk W™ = n for
any n > 1. Denote the right hand side of as WW(u). As in the case of fan graphs
and wheel graphs, we shall further give an alternative expression of ¥" (u) in terms of
®W (t,u), which will lead to a functional equation satisfied by ®" (¢, u). Then Theorem
could be proved with the help of a computer algebra system.

To determine W' (u), we need to analyze what a flat of W™ could be. Note that for
n > 2 the matroid W™ is not a graphic matroid any more. Due to the close relationship
between whirl matroids and wheel matroids, it is possible to describe the flats of W™ in
terms of the edges of the wheel graph W,,. For n > 3, let O,, be the edge set of the outer
cycle of W,,, and let

Li(W") = Ueeo,{On \ {e}},

Ly(W") = {E(W,)} U{F € LIM(W,)) | On & F}.
For n = 1 we may assume that W' = M(G) with V(G) = {0,1} and E(G) = {(0,1)}
and further let L;(W?') = {0} and Lo(W') = {FE(G)}. For n = 2 we may assume that

the unique pair of multiple edges of W, is {e}, eo} and further let Li(W?) = {{e1}, {e2}}
and Ly(W?) = {0,{(0,1)},{(0,2)}, E(W,)}. We have the following result.
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Lemma 4.13. For anyn > 1, the set L(W™) of flats is the disjoint union of L1(W™) and
Ly(W™).

Proof. We only need to prove the lemma for n > 3. Let rky (resp. 1k") be the rank
function of M(W,) (resp. W"). Note that rky X = rk" X for any X # O,,, which will
be frequently used in our proof.

We first show that each element of Ly (W™) or Ly(W") is a flat of W™. It is clear that
each element of L, (W™") is a flat of W™ since the outer cycle is an independent set. It is
also clear that E(WV,) is a flat of W™, which is actually the maximal flat in L(W™). It
remains to show that each F' € L(M (W,,)) satisfying O,, ¢ F' is also a flat of W". In this
case we must have |0, N F| < n — 2, which means that L;(WW") and Ly(W") are disjoint.
Otherwise, |O,,NF| = n—1. Since F is a flat of W,,, if |O,NF| = n—1 then we must have
O,, C F, a contradiction. Hence, neither /' nor FUe is {O,} for any e € E(W,,)\ F. Recall
that the ground set of W™ is E(W,,). Thus rk" F U {e} = rkyy FU{e} > rtkyy F = kW F
for any e € E(W,,) \ F. That is to say F is a flat of W".

It remains to show that each flat F' € L(W™) belongs to either L;(W™) or Ly(W").
From the previous characterization of compositions of W, it follows that L(M(W,)) =
Ly(W™) U {O,}. Suppose that F' ¢ Ly(WW™). We proceed to show that F' € L(W™).
Since O,, is not a flat of W™, we have F' # O,,. Thus we must have F' ¢ L(M(W,,)), which
implies the existence of some edge e ¢ F' satisfying rky F' # rky F'U {e}. On the other
hand, we have 1k F' = tk" FU{e} since F is a flat of W”. Recalling that tky F' = rk"' F
for F' # O, we get that rky F U {e} # 1k" F U {e}, and hence F U {e} = O,,. Therefore
F € Li(W™), as desired. This completes the proof. ]

By the above lemma ¥" (u) admits the following decomposition
O () = O () + WY (1), (1.42)

where

W= 3w )Puwne(t) |, (4.43)

n=1 \ FeLi(Wn)

W)=Y [ Y xwpt)Paymyr(t) | u" (4.44)

n=1 FeLy(Wn)

We first determine W}V (u).

Lemma 4.14. We have

U (u) =

I~ —Du  1T—(—1u
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Proof. Given a flat F' € Li(W™), we need to analyze what kinds of matroids W} and
(W) are. For n =1 we see that L, (W") = {0}, the matroid W} is the empty matroid
and (W")? is W, Thus, we have

Now suppose that F' € L;(W™) for n > 2. By the definition of L,(WW"), the matroid W}
is isomorphic to the graphic matroid of a path with n vertices, and (W™)¥ is a matroid
with its simplification isomorphic to W*. Thus, for n > 2, we have

xwa(t) = ({t—=1)""",  Paynyr(t) = Py (t) = 1.

In view of the fact that L;(1W™) has exactly n distinct flats, we get that

i n n 1 n _ 1 % u
= Cl—(t—Du  1—(t—1u
This completes the proof. O

We proceed to determine W) (u). By (4.30), (4.31) and the definition of Ly(W™), we
get the following decomposition:

Lo(W™) = L (W) w L (W) w L (W),

Where LS"(W™) contains the ground set of W™ as its unique flat, both L$¥(W?') and
LY (Wl) are empty, and

LP W™ = {EW,[C])| C € C®(W,)}
LY W™ = {BE(W,[C])| C € C®(W,)}

for any n > 2. Accordingly, for i = 1,2, 3 let

ZAOEDS D X (OPawnyr(t) | u (4.45)

=L\ per{’(wn)

Then we have
Next we shall compute W3, (u), U3 (u) and W3s(u) successively.

Lemma 4.15. Let \Ifgvl(u) be defined as in (4.45)). Then

1 1

Uy (u) = - .
21(0) = T o a1
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Proof. Suppose that F' is the unique flat in Lg)(W”). As F' is the ground set of W",
the matroid (W")r is indeed W™ and the matroid (W™)¥ is the empty matroid. It is
known that ywn(t) = (¢ —2)" — (—1)", which can be easily proved by using the deletion-
contraction rule. Note that the Kazhdan-Lusztig polynomial of the empty matroid is
equal to 1. Thus we have

B (1) = 3 e (0P (O = 3 (6= 2" = (-1 = e =

Lemma 4.16. Let ®V(t,u) be defined as in (4.39). Then we have

Wyl (u) = m ((DW (t, - (tu_ m) 1o (tu— 1)u) '

Proof. First we notice that

AOEDY Y X (O Pwnr(t) | (4.46)

n=2 \ Fer{® (wn)

since LS (W1) = . Note that for n > 2 the set L{’ ( ") is exactly composed of those
flats of M (W,,) corresponding to the compositions of C2(W,). Given C € C2(W,), let
F = E(W,[C]). On one hand, considering F' as a flat of M (WV,,), we have

Xwaicl(t) = Xrwn))e (1),

which can be obtained by the previous discussion in Sectlon 2l  On the other hand,
considering F as a flat of W™, we have O,, ¢ F since F € L (W”), which implies that
M(W,)r and (W")p have the same independent sets. Therefore,

M(W)p =~ (W™, VF e L2 (W) (4.47)
Thus
w1 () = Xy ().

Due to the bijection between L (W”) and C? (W,,), we also use (W) to represent the
simplification of (W™)¥ if F = E (W,[C]). With this notation (4.46) could be rewritten
as

oo

U(u) =) > N () Pame (t) | ur. (4.48)

n=2 \CeC (W,)
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To prove this lemma, we will use the same arguments of Lemma which gives an
expression of

oo

Uy(u) =) > N () P, je(t) | ut (4.49)

n=2 \ cec® (W)

Recall that for each C' € C*?(W,,) the graph W,,/C' is isomorphic to I/V|C| 1. By the defini-
tion of contraction, it is also clear that (W) is isomorphic to WI¢I=! since E(W,,[C]) €
O,,. By comparing (4.48) and (4.49) and using the same reasoning as in Lemma [4.9] the
generating function \I/‘Q/g(u) could be considered as the ordinary generating function of type
Be A structures, where A, B are the same as before except that we take wg((n)) = P (t).
Thus we get that

Y (u) = 1_7”_1 ZPW" <m)

- ﬁ <®W (t7 1— (tu— 1)U> C1- (tu_ 1)“) '

This completes the proof. n

w80 = (g )

Proof. Since LY (W) = 0, we have

Lemma 4.17. We have

(e 9]

UY(u) =) > Xowme () Paynye(t) | u” (4.50)

n=2 \ Fer{® (wn)

In the following we always assume that n > 2. Note that each F' € L (W") is also a flat
of M(W,,). We proceed to show that M (W,)r ~ (W")p and (M(Wn)) ~ (W™)F. The
former can be proved along the same lines as in the proof of . It remains to prove the
latter. Recalling the definition of L§3> (W™), there must exist a positive integer i such that
(0,7) € F. Tt is clear that M(W,,)/(0,i) ~ M(F,_1). In fact, by definition of contraction
we also have W"/(0,1) ~ M(F,_,) since (0,i) € O,,. Thus (M (W,,))F ~ (W™)¥ turns out

to be valid since
(MW )N =~ (M(W,)/(0,)FMOD ~ (M (F,_,))F MO}

and



Therefore (4.50) could be rewritten as

[e.e]

UY(u) =) > X () Pasaw,yr (t) | u. (4.51)

n=2 \ FeLy (wn)
Note that for each F' € L§3>(W”) there exists a unique graph composition C' € C® (W,
such that F' = E(W,[C]). By the previous discussion in Section [2] from (4.32) it follows
that ¥}s(u) = ¥3(u). By Lemma we obtain the desired result. O

Combining Lemmas [4.14], [4.15] [4.16] and [£.17], we get the following result.

Lemma 4.18. We have

R SN SRy u N S
1—(t—2u u+1l 1—(t—1u "1—(t—1)u ou 1 —we(u)’

where ¥ (u) is given by (4.20), YW (u) = ®W (71, tu) and ®W(t,u) is given by (4.39).

W (u) =

Now we come to the proof of the main result of this subsection and (1.3]) of Theorem
ini!

Proof of Theorem and (L.3) of Theorem[1.1 The proof of Theorem similar to
that of Theorem [4.7. By Lemma [4.18] we obtain that ®" (¢, u) satisfies the functional

equation
1 1 1
OV (7 tu) = — + oW (¢, S
I1-(t—2u u+1 1—-(t—1u 1—(t—1u
ovee(u) 1
+u .
ou 1 —Weo(u)

Let us first verify that the above equation still holds if we substitute ®" (¢, u) by using
the right hand side of . As in the case of fan graphs and wheel graphs, we prefer to
give a computer-aided proof as follows.
u+1 1

2(tu+ 1)/ (a — )2 — 4ta?  2(tu+ 1)

In[28]:= @W [’LL_] =

w —— 1 1 1 w u OPofu] 1,
o= W [u_] 1= —G—2u — ufi T 1i—@-Du® [1—(t—1)u] T U, =g’
o= Simplify [(®@W[u] /. {t = t71,u — tu}) == ¥W[u], Assumptions — 1 — (t —
1)u > 0]

out[3o]= Lrue
Note that here we assume that 1 — (¢t — 1)u > 0 because u is sufficiently small.

37



Thus, we equivalently proved that the right-hand side of satisfies the third item
in the definition of Kazhdan-Lusztig polynomials. To complete the proof of Theorem [4.12]
it remains to verify the second item since the first item is obvious. We only need to show
that the power of ¢ in the power series expansion of the right-hand side of is always
strictly less than half the power of u. This readily follows from the following identity:

o (3]
u—+1 n+1 n il
2(tu+1)\/(u—1)2—4tu2 tu+1 Z Zn—i—l—k(k;,k,n—Qk) e

n= =

Let

where

n+1 n
By = - .
a(n. k) n+1—l<;<k:,k:,n—2k)

Note that for k > |2| we have a(n, k) = 0.
We shall prove

u+1
_ an(t 4.53
2u(tu +1)/(u—1)2 —4tu2  2u(tu+1) Z (4.53)

instead of (4.52)).
To prove (4.53)), we use the same method as in the proof of Theorem but omit

some details here. The following lines enable us to obtain a recurrence relation of a,,(t).

n+1 . )
mp= a[n_,k_]| := —————Multinomial[k, k, n — 2k];
n+1—k
ms2:= ReleaseHold[First[Zb[FunctionExpand[a[n, k]]t*, {k,0,n},n] /. SUM — a];

mp3= Simplify[FunctionExpand[%], Assumptions — n € ZJ;

imza:= rec = Collect[%, a| |, Factor]|

ousal= (34 + 24n + 4n? — 46t — 35nt — 6n’t + 16t> + 12nt? + 2n*t*)a[2 +n] + (4 +n) (=5 — 2n +
4t + 2nt)a[3 +n] == (2 +n)t(—1+4t)(=7 — 2n + 6t + 2nt)a[n] + (14 + 11n + 2n? — 102t —
78nt — 14n*t + T41? + 62nt? + 12n*t?)a[l + n]

To obtain an equivalent differential equation satisfied by >~ a,(t)u", we also need
some initial terms, which could be easily implemented by using the following command.

mssi= Table[a[n] == Suml[a[n, k]t*, {k,0,n}], {n,0,2}]
oupsi= {a[0] == 1,a[l] == 1,a[2] == 1 + 3t};
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Now we can obtain a differential equation satisfied by Y > a,(t)u™ by using the
function RE2DE.

miel= de = RE2DE[{rec, a[0] == 1,a[l] == 1+ t,a[2] == 1 + 3t}, a[n], f[u]]

ousl= {142t — (=142t — 2u+5u’ — 38tu” +24t%u” + 14w’ — 68¢*u” +48¢°u?) flu] - (3u 2tu—
1202 4 17tu® — 6120 + 9u® — 64tu® 4 50t%u® + 13tu* — 6420 + 48t3u™h) f [u] — 2(u? — tu® —
2u° 4 3tu® — 120 +ut — Ttut +61%u +tu® — 520 +48300) £ [u] == 0, 0] == 1, £ [0] == 1}

Next, we have to show that the left hand side of is indeed the solution of the
above differential equation de. To this end, we also need to verify its value at u = 0.
Since each of two terms on the left hand side of is not defined for v = 0, we should
simplify the summation of these terms. We denote the resulting function by ¢2(u).

2
In37):= P2[u = ;
[37] [ _] \/(u_1)2—4tu2 <\/(u_1)2_4tu2+u—|—1>
‘I’W[u]]

mzsl= Simplify [¢p2[u] ==

out[3g]= 1rue

Finally, we verify that ¢2(u) satisfies the differential equation de with the correct
initial values.

mol= Simplify [de/. f — ¢2]

outsol= { True, True, True}

This completeb the proof of dnd , and hence that of § - Then com-
bining ([£.52) and (4.40), we obtam 1.3)). O

4.4 Squares of paths

The main objective of this subsection is to prove that Pg, (t) = Ps, (t). Our proof is
based on the isomorphism between the graphic matroid M (S,,) and the graphic matroid
M (F,), which is implied by Whitney’s 2-isomorphism theorem.

Now let us recall some related concepts. Throughout this subsection all graphs are
assumed to be free of isolated vertices. Given two graphs G and G’, we say that G is 2-
isomorphic to G’ if G’ can be obtained from G by a sequence of operations of the following
three types:

(a) Vertex identification. This operation acts on a graph G by identifying v; and vy as a
new vertex v, where v; and vy are two vertices lying in distinct components of G.

(b) Vertex splitting. This operation is inverse to vertex identification. However, a graph
can be split only at a cut-vertex.
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(c) Twisting. This operation acts on a graph G in the following way. Suppose that there
are two vertices v and v in G such that G can be obtained from two disjoint graphs G
and Gy by identifying u; € V(G) and uy € V(Gs) as u, and identifying v; € V(G))
and vy € V(G2) as v. Then we identify u; with vy and identify v; with us to obtain

a twisting G of G about {u,v}.

The celebrated Whitney’s 2-isomorphism theorem is stated as follows.

Theorem 4.19. [3]] Let G and G’ be graphs having no isolated vertices. Then M(G)
and M(G") are isomorphic if and only if G and G’ are 2-isomorphic.

We would like to point out that it is easy to prove one direction of the above theorem,
namely, if two graphs G and G’ are 2-isomorphic then M (G) and M(G") are isomorphic.
While it is difficult to prove the other direction. Note that only the easy part of Whitney’s
2-isomorphism theorem will be used for our purpose here. With this theorem, we are able
to prove the following result.

Theorem 4.20. For any n > 1 the graphic matroid M(S,) and the graphic matroid
M (F,) are isomorphic.

Proof. For 1 < n < 4, it is routine to verify that S, and F;, are isomorphic graphs, and
hence their graphic matroids are isomorphic. For n > 5, it suffices to prove that the graph
S» and the graph F), are 2-isomorphic by Theorem [4.19] We shall show that S, can be
obtained from F}, by a sequence of twisting operations. To illustrate this process, we first
label the vertices of F}, as in Figure [11]

n—1 n—2n—-3n—4 .. ... 1

Figure 11: F,,

Then we construct a sequence of graphs FT<LO>, Frin, F,?), ce Fén_3> such that FéO) is
the original fan graph F,,, and for each 1 < ¢ < n — 3 the graph F is the twisting of

FY about {0,n — 1 —i}. The first two operations are illustrated as in Figure |12| and
Figure
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n n—2 n—3n—4

Figure 12: F{": twisting of F\” about {0,n — 2}

n—1 n—3 n—4n—-5 ... ... 1

n n—2 0

Figure 13: £ twisting of FY about {0,n — 3}

It is straightforward to show that Fén73> is isomorphic to S,,. Figure|14] and Figure
give the resulting labeled graphs according to the parity of n.

n—1 n—3 n—>s e 1

n n—2 n—4 n—6 " 0

Figure 14: F{" for odd n: twisting of Fi"* about {0,2}

n—1 n—3 n—>5 o0

n n—2 n—4 n—6 - 2 1

Figure 15: £ for even n: twisting of F"~* about {0,2}

This completes the proof. O

Proof of the first equality of (L.1)) of Theorem 1.1 By Theorem {.20] we immediately
obtain the desired result. O]
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5 Real zeros of Kazhdan-Lusztig polynomials

In Section {4 we obtained explicit expressions of the Kazhdan-Lusztig polynomials of
square of paths, fan graphs, wheel graphs and whirl matroids. The main objective of this
section is to prove that these polynomials are real-rooted.

Let us first consider the Kazhdan-Lusztig polynomials of square of paths and fan
graphs. We have the following result.

Theorem 5.1. For any n > 3 the polynomial Pg, (t) has only negative zeros, so does
Ps, (t). Moreover, we have Pp,(t) = Pp,,,(1).

Proof. By Theorem [I.1] we know that

125+

1 n—1
Pp,(t) = Ps,(t) = ) k+1(k k n-2k-1)tk'
k’O Y Y

Recall that Pg, (t) and Ps, (t) are just Motzkin polynomials. It is already known that the
Motzkin polynomials have interlacing real zeros, see for example [6], (1) of Theorem 4.2].
To be self-contained, we shall give an alternative proof here. There is a close relationship
between P, (t) and the classical Narayana polynomial

Precisely, we have

N,(t) = (1 +t)"'Pp, <L) (5.1)

see |7, (4.4)]. It is well known that N,(t) has only simple negative zeros and moreover

N,(t) = Npy1(t). Suppose that ti,... ,t|az1y are those distinet zeros of N,(t) in the
interval (—1,0). From the symmetry of N,(t) it follows that ¢, ... ,t[@ | are those
distinct zeros in the interval (—oo,—1). In addition, for even n we have N,(—1) = 0,
while for odd n we have N,(—1) # 0. Note that deg(Pp,(t)) = [“5] and for ¢ # —1

there holds
t! t

(1+t12 (146

Thus, by (5.1)), we see that

t binc1)
S 5
are exactly all zeros of Pg, (t). It is easy to see that ﬁ is a strictly increasing function
on the interval (—1,0). Thus we have the desired result. O
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Next we consider the Kazhdan-Lusztig polynomials of wheel graphs. We have the
following result.

Theorem 5.2. For any n > 3 the polynomial Py, (t) has only negative zeros.

Our proof of Theorem [5.2|is based on the theory of multiplier sequences and the theory
of n-sequences, for which we refer the reader to |10 [, IT]. Let us recall some related
concepts and results. A sequence I' = {7;}72, of real numbers is called a multiplier
sequence if, whenever any real polynomial

n

F6)=>"apt"

k=0

has only real zeros, so does the polynomial

k=0

A sequence I' = {v;}}_, is called an n-sequence if for every polynomial f(¢) of degree
less than or equal to n and with only real zeros, the polynomial I'[f(¢)] also has only real
Z€eros.

We will need the following two lemmas about multiplier sequences.

Lemma 5.3. For any non-negative integer c, the sequence { k:+c o tise s a multiplier
sequence.

This lemma can be obtained by applying a classical theorem due to Laguerre to the
gamma function I'(x), see [32, p .270] or a more recent literature [11, Theorem 4.1].

Lemma 5.4. For any positive integer n, the sequence {ﬁ}i"zo 18 a multiplier sequence,

where we set (7 =0 for k > n.

This lemma can be obtained by applying the Malo- Schur Szegd theorem, see [IT], (4)
of Theorem 2.4]. From now on we always assume that = = 0 for k£ < 0.

We also need the following algebraic characterlzatlon of n-sequences.
Theorem 5.5. [10)] Let I' = {v}}_, be a sequence of real numbers. Then I' is an n-

sequence if and only if the zeros of the polynomial T'[(1+t)"] are all real and of the same
Sign.

To use the theory of multiplier sequences and the theory of n-sequences to prove the

125+]

real-rootedness of Py, (t), we shall rewrite 1ts coefficient sequence {[tk]PWn( ) iy as the

Hadamard product of three sequences {ak}k 2] {bk}k =) and {ck}k 2 namely

[t*] Pw, (t) = arbycy, (5.2)
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where

arp = (k+1)n* — (2k* + 4k)n + k* + 3k* — k — 1, (5.3)
n!
(n—1k+Dn+1-Fk)V
(n—1)(n—2—k)!
El(n — 1 —2k)!

by, = (5.4)

cp = (5.5)

It is stralghtforward to verify . We shall subsequently prove that the sequence
{ak}L =) s a L" 21 |_sequence, the sequence {b;}2°, is a multiplier sequence and the

polynomial ZL 7] cxt* has only real zeros. Firstly, we prove the following result.
n—1
Lemma 5.6. For any n > 3 the sequence {ak},E:% : given by (5.3) is a L”T_lj -sequence.

Proof. To simplify notation, let m = L"T’lj Note that for any 0 < k < m there exists
x > 0 such that n = 2k + 1 4+ x since k < "T_l Moreover, x and k can not be 0
simultaneously since n > 3. Now it is routine to verify that

ap = k> + k3 4+ 20 + 2kx + 2k%x 4+ 2% + ka® > 0

for any 0 < k < m.
By Theorem [5.5] it suffices to show that the polynomial

= i ay (m) tk
k=0 k

has only negative zeros. By straightforward computations, we get that
f3() =20t +4), fit)=502t+3), f5(t)=4@t+3)(3t+2), folt) =29+ 76t + 35.

It is easy to see that each of f3(t), f4(t), f5(t) and fs(¢) has only real zeros.

It remains to show that f,(¢) has only negative zeros for any n > 7. Note that ay,
considered as a polynomial of k, can be expanded in the falling factorials as given below:

ap = (k)g — (27”L — 6) . (k’)z + (n2 —6n + 3) : (k)l + (n2 — 1),
where (k); = k(k—1)---(k— i+ 1). Thus, letting g(t) = (1 +¢)™, we get
Falt) = £g"(t) — (20 = 6)t%9"(t) + (n* — 6n + 3)tg'(t) + (n* — 1)g(t),

where ¢'(t) (resp. ¢”(t) or ¢”’(t)) are the first order (resp. the second order, or the third
order) derivative of g(t). Therefore, for n > 7 and hence m > 3, we have

Fult) = (L +)" A1),
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where

h(t) =m(m — 1)(m — 2)t* — m(m — 1)(2n — 6)t*(1 + 1)
+m(n® —6n + 3)t(1 +1)* + (n* — 1)(1 + t)°.

It suffices to show that h(t) has only negative zeros. By the definition of h(t), we know
that h(t) is a cubic polynomial with the leading coefficient equal to a,, > 0. Therefore,
we have h(—o00) = —o0. By straightforward computations, we get that

h(—2) = —8m® + 8m*n — 2mn* + 4mn + 2m — n* + 1,

h(=1) = —(m —2)(m — 1)m,

h(0) = (n—1)(n+1).

When n is odd, we have m = %5+ and h(—2) = (n — 1)>. When n is even, we have
m = 22 and h(—2) = (n —6)(n — 1) + 1. Since h(—00) = —oo, h(—2) > 0,h(—1) <0
and h(0) > 0 for n > 7 and m > 3, from the intermediate value theorem it follows that

h(t) has three distinct negative zeros. Thus, all zeros of f,,(t) are real and have the same
sign for any n > 7. This completes the proof. ]

Secondly, we have the following result.

Lemma 5.7. For any n > 3 the sequence {by}3>, given by (5.4)) is a multiplier sequence.
Proof. This immediately follows from Lemma [5.3] and Lemma [5.4] O]

Thirdly, to prove the real-rootedness of Py, (t), we also need the following result.

Lemma 5.8. For any n > 3 the polynomial

m

falt) =D ot (5.6)

k=0

has only real zeros, where m = [251] and ¢, is given by (5.5).

Proof. Let L,(t) be the n-th Lucas polynomial. It is well known that

NIE]

L5]
TL(’I’L —k— 1)' n—2k
Lnt) = 2_ Tt — 2w !
k=0

and L, (t) has only pure imaginary zeros for n > 2, see [20], 23]. Moreover, it is straight-
forward to verify that

Thus f,,(t) has only real zeros. The proof is complete. H
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Now we are in the position to prove Theorem [5.2

Proof of Theorem[5.4 . By (p.2]), we have

127+

PWn(t) = Z akbkcktk.

k=0

By Lemma [5.7] and Lemma [5.8, we obtain that the polynomial

125
Z bkcktk
k=0

has only real zeros. Then by Lemma we get that Py, (t) has only real zeros. This
completes the proof. O

The third main result of this section is as follows, which states the real-rootedness of
the Kazhdan-Lusztig polynomials of whirl matroids.

Theorem 5.9. For any n > 3 the polynomial Py~ (t) has only negative zeros.

In order to use the theory of multiplier sequences to prove the real-rootedness of
Pyn(t), we shall rewrite (|1.3) as

n! n—k—1\ ,
PWn(t):Zm( . )t. (5.7)

k=0
By a similar proof to that of Lemma [5.7] we obtain the following result.

Lemma 5.10. For any n > 3 the sequence {#lk),},;”;o 15 a multiplier sequence.

To prove Theorem [5.9] we also need the following lemma, which is similar to Lemma

b8

Lemma 5.11. For n > 3, the polynomial

_ Lnilj (" - Z - 1)% (5.8)

k=0

In(1)

has only real zeros.
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Proof. Let F,(t) be the n-th Fibonacci polynomial. It is well known that

—1
=]

i

k=0

and F,(t) has only pure imaginary zeros for n > 3, see [20], 23]. Moreover, it is straight-

forward to verify that

Thus g,(t) has only real zeros. The proof is complete. O
We proceed to prove Theorem

Proof of Theorem[5.9 . This is an immediate corollary of Lemma [5.10] and Lemma [5.11]
in view of (5.7)). O

6 Z-polynomials

The aim of this section is to prove Theorems and [I.§f We shall first determine
the Z-polynomials of fan graphs, wheel graphs and whirl matroids and then prove their
real-rootedness.

To determine the Z-polynomials, we will also use the method of generating functions
as in Section [4] though it will be slightly different from the previous arguments. To make
this point clear, let us compare the defining relation of Kazhdan-Lusztig polynomials with
that of Z-polynomials.

Recall that the Kazhdan-Lusztig polynomials of a matroid M satisfy the following
relation:

MPy () = > Xare () Page (1),
FeL(M)

while the Z-polynomials of M is defined by

Zy(t):= Y "M Pye(t).
FeL(M)

Suppose that { My, Myi1, Myyo, ...} is a sequence of matroids with rk M,, = n for n > d.
The key idea to determine the generating function

O(t,u) =Y Pu, (H)u",
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is to interpret

namely, the summation

o0

>0 X XMn)F )P, (t) | u” (6.1)

by the defining relation of Py, (t), as certain generating function of weighted combina-
torial structures. By the previous arguments in Section [ we know that the method of
generating functions is applicable because both xj(t) and Py (t) are multiplicative on
direct sums of matroids.

In order to use the method of generating functions to determine

o0

Z(tu) = Zu, (t)u",

n=d
by the defining relation, it is desirable to interpret

o

Z Z trk(Mn)F (M)F (t) u” (62)

n=d \ FEL(My)

as certain generating function of weighted combinatorial structures, which might be appli-
cable since ™M is obviously multiplicative on direct sums of matroids. As shown below,
this is indeed doable for fan graphs, wheel graphs and whirl matroids. Since the index
set of is the same as that of , we can use the same combinatorial structures for
Kazhdan-Lusztig polynomials to interpret the latter summation, while #* will take the
role of x/(t) in the corresponding weight functions.

6.1 Fan graphs

The main objective of this subsection is to determine the Z-polynomials of fan graphs.
Let

= Zp, (", (6.3)

where F{ is the single-vertex graph. We have the following result.

Theorem 6.1. We have
2

) = A e a1

(6.4)
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The proof of is very similar to that of . By the proceeding arguments, it
suffices to establish a parallel result to Lemma 4.6 Recall that, to prove Lemma [4.6]
we introduce a sequence of combinatorial structures in Subsection 1.1} and obtain many
intermediate results. Here we will introduce some parallel objects and state some parallel
results without proofs.

Let C,, be defined as in (#.4)). Parallel to ([&.7]), we define another weight function on
by

’
n

k 4;

@(A) = [ [ P () - ][, (6.5)

i=1 j=1

for A = (A1, Ag, ..., A1, Agy) € C), where Agyy = (agi—1), Az = (bin, by ..., big,) €
Sy, for 1 < i < k.

Parallel to Lemma [4.3] we have the following result.
Lemma 6.2. For any C € C(F},), we have

< Py o (t) = w(6(C)), (6.6)
where ¢(C) is defined as in Lemmal{.4

Recall that A is the disjoint union of C;L structures weighted by w(A). Parallel to that,
we let A be the disjoint union of C, structures weighted by w(A). By we have

o0

Zp(tu)=> | Y ™) Py, o(t) | u.

n=0 \ CeC(Fy)

The above lemma implies that Zg(t,u) can be considered as the generating function of
type A structures. Precisely, we have

Zp(tu)=> | Y w(A) | u"
n=0 \ AeC/,

To compute the right hand side of the above equation, we now define combinatorial
structures of type A°, A¢, A and A™, which are respectively parallel to those combina-
torial structures of type A°, A¢, A% and A™. Precisely, type A° structure will assign to
a set of size n the weak composition (n) with the weight function w° defined by

@((n)) = 5,

and type A° structure will assign to a set of size n a composition (b, ... ,bp) € S, with
the weight function w* defined by

trk Hbj )

Ew

@°((by, ..., by)) = Pr(t

k
J=1
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Note that the unique A° structure of size 0 is (0), weighted by 1, and the unique Ae
structure of size 0 is ( ), also weighted by 1. Let A° be the set of pairs (Ae A") where A°
is a structure of type A¢, and A° is of type A°, and moreover neither A¢ nor A° is empty.
The weight function @ of A is defined by

B, A) = @(A°) (4%,

Let lem be the set of combinatorial structures each of which is a sequence (fl‘f", . ,flz‘))
of A structures. Define the weight function @™ of A™ as

ﬁ)m(( ~io, o 7Aeo H ~eo Aeo
Correspondingly, let A (resp. AS or A% or A" ) denote the set of type A° (resp. A°)

or A or A™) structures which can be built on a set of size n.

Let

) =3[ 3 ae) | un

n=1 \ AecAq

=Y [ 0 |

n=1 \ Aec e
00

\I/eo(u) _ Z D0 Aeo
00

U (u) =) )
n=0 AmeAm

Parallel to Lemma [£.4] we have the following result.

Lemma 6.3. We have

= tu
Vo(u) = 77—

=~ u
\I/e(u) = q)F (t, 1 tu) — ]_,

where ®p(t,u) is the generating function of Kazhdan-Lusztig polynomials for fan graphs.

Parallel to Lemma [£.5, we have the following result.
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Lemma 6.4. We have
T (u) = W€ (u)W°(u),

= B 1
V) = T e

Finally, parallel to Lemma [4.6] we obtain the following result.
Lemma 6.5. We have
(1+ \Tf"(u))(l + \Tle(u))

Zp(t,u) = 1— \ije(u)\iﬂ’(u)

We proceed to prove Theorem

Proof of Theorem[6.1 In Subsection we already determined the value of ®g(t,u).

Combining Lemmas , and it remains to verify the equality based on (4.2]),
which can be completed with the aid of Mathematica.

In[40]:= ‘i’o[u_]:Zl t_utu§
In[41]:= \ile[u_]:z(bp [1 —utu} —1;
npezl= B°[u_:=0¢[u] U°[u];
_(@+ elu]) (P°[u] + 1)

In[43]:= ZF [t_, ’u/_]:

9

1 — Beoly]

2
niaa:= FullSimplify [ Z g (t, u) ==
In[44 plify[ZF (, u) \/(1—(t+1)u)2—4tu2—(t—|—1)u—|—1’
Assumptions — 1 — tu > 0]

Out[44]= ’IYue;

This completes the proof. n
Now we are able to prove (1.6 of Theorem
Proof of (1.6)). The equivalence between (|1.6)) and (6.4)) is well known, see |7, Section 4].
The proof is complete. O

6.2 Wheel graphs

The main objective of this subsection is to determine the Z-polynomials of wheel
graphs. Let

Zy (t,u) =Y Zw, (tu", (6.7)
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where W5 is a simple circle with three vertices.

We have the following result.

Theorem 6.6. We have
2u(l — (t+ Du)(t(u+ 1)+ 1)
L—(t+ Du—2tu? + /(1 — (t + Du)? — 4tu?
1

_|_
V(L= (t+ 1)u)? — 4tu?

Zw<t7 u) = —

1. (6.8)

The proof of is very similar to that of (4.27). By [2.6| we have

o0

Zw(tu)=> | > ="y o) | u.

n=2 \ CeC(Wy)
Recall that the proof of (4.27)) is based on the computation of the following summation

[e.9]

Z Z w1 () Pw, o (t) | ™

n=2 \ CeC(W,)

For that purpose we divide C(W,,) into three disjoint parts C™V(W,,),C*(W,) and
C®(W,), and introduce Wy(u), Uy(u), Us(u) as defined in (4.32). Again by the argu-
ments immediately before Subsection [6.1], we may introduce parallel functions to compute
Zw (t,u). Correspondingly, for i = 1,23 let

A =3 X R | (6.9)

n=2 \ CeC® (W,)
Then
T (t,u) = 23 (u) + Z35) (u) + Z35) (u).

In the following we shall determine Zéy (u), Z&Q) (u) and Z&‘? (u) successively.
Parallel to Lemma [4.8| we have the following result.

Lemma 6.7. We have

- t2u? n tu?

Cl—tu  1—tu

Zy (u)

Proof. Recall that CV'(W,,) = {{[0,n]},{{0},[1,n]}}. Since rk W,[{[0,n]}] = n and
rk W, [{{0},[1,n]}] =n — 1, we get the desired result. O
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Recall that a composition C' € C?(W,,) naturally decomposes the outer cycle of W,
into |C| — 1 paths. Suppose that these paths have lengths i1, 1, ..., c|-1 respectively.
Parallel to (4.34)), we can prove that

IC]-1
trkWn[C]PWn/C(t) = PW|o\71(t) « H Pl Hi;
j=1

Based on this fact, Zé?) (u) could be considered as the ordinary generating function of
type B e A structures, with A, = {(n)} for n > 1 weighted by wy4((n)) = t*#» and
B, = {(n)} for n > 2 weighted by ws((n)) = Py, (t). (Here we assume that Ay, By and
B; are empty.) Parallel to Lemma , we have the following result.

Lemma 6.8. We have

1 U
782 (4) = Oy (¢
w (v) 1—tu W(’l—tu ’

where Oy (t,u) is the generating function of the Kazhdan-Lusztig polynomials for wheel
graphs.

We proceed to determine Z$> (u). Parallel to Lemma we obtain the following
result by replacing type A structures by type A structures.

Lemma 6.9. We have

73 (u) = u

where Woo(u) is defined as in Lemma 6.4

Combining Lemmas and [6.9) we get the following result.
Lemma 6.10. Let ®yw (t,u) be given by (4.27). Then

24,2 A= I O
Z t _ —tu €eo _ i
w(tu) —tu T—tu  1—ta " ou 1= Weo(u)

Our proof of Theorem is as follows.

Proof of Theorem[6.6. In Subsection we already determined the value of @y (¢, u).
Combining Lemmas and , it remains to verify the equality based on (4.27]), which
can be completed with the aid of Mathematica.
t2u? tu? 1 [ U ] AW [y] 1
w u

nusl= Zwlt_,u_] = L !
In[45] wlt_,u_] 1—tu+1_tu+1_tu 1—tu ou 1—‘I’e°[U]’

1
mipe= T1l[u_| := \/(1 @+ Du)? = 4tu2;
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2u(l — (t+ Du)(t(u+1)+1) .
1— (t+1)u—2tu? + /(1 — (t+ Du)? — 4tu?’
masl:= Simplify [Zw (t,u) = T1[u] — T2[u] — 1, Assumptions — 1 — tu > 0];

In[47]:= T2 [ui] =

out48]= True
This completes the proof. O

Now we are able to prove (1.7)) of Theorem

Proof of (1.7)). It suffices to show that

Ay ”2k n 1
Z<Z (1) t)“ e e (620

n=2 \ k=0

(2( n n 0 2u(l = (t+ Du)(t(u+ 1) + 1)
; (;ﬁ(kﬂ) (k—1)> ! 1= (t+ Du—2tu 4+ /(1 — (E+ Du)? — 4t
— (14 t)u. (6.11)

Note that (6.10]) is equivalent to

- "\ /n Qk n 1
Z(Z (k) t>u - (6.12)

n=0 \k=0

which can be proved by using the generating function of Legendre polynomials. But here
we give a proof with the aid of Mathematica.

masl= a[n_, k_] := Binomial[n, k]?;
misoi= ReleaseHold[First[Zb[FunctionExpand|a[n, k]]t*, {k,0,n},n] /. SUM — a]];
ms1:= Simplify[FunctionExpand[%], Assumptions — n € ZJ;

wis2l= rec = Collect[%, a| ], Factor]
ours2l= (14 n) (=1 +t)%a[n] + (2 4+ n)a[2 +n] == (3 + 2n)(1 + t)a[l + n]

ms3:= Table[a[n] == Sum/[a[n, k]t*, {k,0,n}], {n,0,1}]

our3= {a[0] == 1,a[l] == 1+ t};

wisa— de = RE2DE[{rec, a[0] == 1, a[l] == 1 + t}, a[n], f[u]]

ousal= {((t — 1)%u? = 2(t + Du + 1) f'[u] + flu]((t = 1)*u —t — 1) == 0, f[0] == 1}
miss;= Simplify[de/. f — T1]

outss)= { True, True}
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It is easy to see that (6.11]) is equivalent to the following equation:

> (a5 () (1))

n=0 \k=0

_ 201 — (t+ Du)(t(u+1) +1) C(1+tu
Cu(l— (tF Du—2tu + /(= (t+ Dup —at?)  u?

Then it can be proved by the following Mathematica codes.
2t

1— 20+ Dut (2 + Du? + (1— (¢ + Du)y/I— (¢ f Du)? — ata?

T2k (1+ t)u].

In[56]:= T3 [u_] =

ms71:= Simplify [T3[u] ==

u

out[s7]= Lrue

2
mssl= a[n_,k_] = mBinomial[n + 2, k + 2]Binomial[n + 2, k];

mso:= ReleaseHold[First[Zb[FunctionExpand[a[n, k]][t*, {k,0,n},n] /. SUM — a]];
meol:= Simplify [FunctionExpand[%], Assumptions — n € ZJ;

wist— Tec = Collect[%, a[_], Factor]
outerl= (2 + 1) (3 +n)(—1+t)%a[n] + (2 +n)(6 + n)a[2 +n] == (3 +n)(7 + 2n)(1 + t)a[l + n]
mis2:= Table[a[n] == Suml/[a[n, k]t*, {k,0,n}], {n,0,1}]

owiel= {a[0] == 1,a[l] == 2 + 2t};

wissi— de = RE2DE[{rec, a[0] == 1,a[l] == 2 + 2t}, a[n], f[u]]

outssl= {2(—=5 + 3u 4 3t2u — t(5 4 6u)) f[u] + (5 — 1lu — 11tu + 6u® — 12tu® + 6t2u?) f [u] + (u —
202 — 2tu? 4+ u® — 2tu® + 2P f [u] == 0, f[0] == 1, f'[0] == 2(1 + )}

meal:= Simplify[de /. f — T3]

outls4)= { True, True, True}

This completes the proof. O

6.3 Whirl matroids

The main objective of this subsection is to determine the Z-polynomials of whirl
matroids. Let

ZW(t,u) :== i Ty ()", (6.13)
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where matroid W1 and matroid W? are defined as in the subsection 4.3
We have the following result.

Theorem 6.11. We have

w _ 1 —
ZW (t,u) = N AT 1. (6.14)

The proof of (6.14) is very similar to that of ( . We will prove along the
lines of proving (4.40)), just as we prove along the lines of proving . By (2.6),

we have

o0

ZV(tu)=> | D rk(W")p(t)Pyyeyr(t) | u™

n=1 \ FeL(Wm")
Recall that the proof of (4.40)) is based on the computation of the following summation

o

2o 22 xowne (O Pwnr(t) | un (6.15)

n=1 \ FeL(Wn)

For that purpose we divide L(W") into two disjoint parts Liy(W™) and Lo(W™), and
introduce U1V (u) and WY (u) as defined in (4.43)) and (4.44). To determine U (u), we also
divide Lo(W™) into three disjoint parts L (W”) L<2 (W”) and L (W”), and introduce

U (u), U5 (u) and WY5(u) as defined in (4.45)).

Again by the arguments immediately before Subsection [6.1], we may introduce parallel
functions to compute ZW (t,u). Let

_i Z kW) e e (2) | u”,

n=1 \ FELy(Wn)

:i > VI Py (t) | ut

n=1 \ FeLy(Wn)

Then
ZV (t,u) = 21 (u) + Z3¥ (u).
Accordingly, for i = 1,2, 3 let

o

n=1\ Fer{” (wn)

Then we have
ZY (u) = szf/l (u) + Z%(u) + Z%(u)

Firstly, parallel to Lemma [4.14] we obtain the following result.
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Lemma 6.12. We have

1 U
= X .
1—tu 1—tu

21" (u)

Proof. Recall that there are n flats of rank n — 1 in L, (W™). Therefore, we have

= 1 U
ZV (u) = "yt = X :
v (w) ; " “ 1—tu 1-—tu
This completes the proof. n

Secondly, parallel to Lemmas [4.15] [4.16] and [4.17], we obtain the following results. The
proofs are very similar to Lemmas [6.7]/6.8] and [6.9, which will be omitted here.

Lemma 6.13. We have

Lemma 6.14. We have

1 U U
ZW () = oW (¢t —
22(t) 1—tu( (’l—tu) 1—tu)7

where ®W (t,u) is the generating function of the Kazhdan-Lusztig polynomials for whirl
matroids.

Lemma 6.15. We have

Z%(u) =u

where Woo(u) is defined as in Lemma .

Combining Lemmas [6.12)/6.15/6.14] and [6.15], we get the following result.

Lemma 6.16. We have

tu OV () OW(u) 1
ZV(t,u) = -t = —.
(tu) 1—tuJr 1 —tu T ou 1 —V,,(u)

Now we are able to prove Theorem [6.11}

Proof of Theorem[6.11 In Subsection we already determined the value of ®" (¢, u).
Combining Lemmas and [6.16] it remains to verify the equality based on (4.40)), which
can be completed with the aid of Mathematica.
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tu 1
In[65]:= ZW[t_au_] = 1—tu + 1— t’Uf(I)W |:

u } OWe°[u] 1
+u = ;
1—tu Ou 1 — weo[y]
1
V(@ = (t+ 1)u)? — 4tu?

miesl:= Simplify [Zw (t, u) == —1, Assumptions — 1—tu > 0];

out[s6]= 'LTU€;

This completes the proof. O

Finally, we are in the position to prove (|1.8]) of Theorem

Proof of (1.8]). The equivalence between (1.8]) and (6.14)) is clear in view of (6.12). [

6.4 Real zeros of Z-polynomials

The main objective of this subsection is to prove Theorem [I.8] which states that the
Z-polynomials of fan graphs, wheel graphs and whirl matroids are all real-rooted.

Proof of Theorem[1.8, By Theorem we see that the Z-polynomials of fan graphs are
just the classical Narayana polynomials, and the polynomials of whirl matroids are just
the Narayana polynomials of type B. It is well known that the Narayana polynomials are
real-rooted.

It remains to prove the real-rootedness of the Z-polynomials of wheel graphs. For any
n > 3, we may rewrite ((1.7)) as

Zu,(8) = > _((L+Rn® + (1= 2k = F)n + 20%)) 7= 1<)7!1(7;+1>i — k). (Z) .

It is easy to see that

g (n—1)! n
2 )+ 1R (k)tk

has only real roots for n > 3 since {%}z‘;o is a multiplier sequence by a slight
modification of Lemma [5.7} To prove the real-rootedness of Zy, (¢), it suffices to show
that

{(1+k)n? — (k* — 2k + Dn + 2K*)}7_,

is an m-sequence, which is clearly a positive sequence for n > 3. By Theorem [5.5] it
suffices to show that the polynomial

ho(t) = i (1 + k)n® — (k* — 2k + 1)n + 2k7)) (Z) tk

k=0

o8



has only negative zeros.

Along the lines of the proof of Lemma [5.6] we obtain that

n

hat) =3 (2= n) - k(k = 1) + (n = 1)(n —2) - k +n(n + 1) (Z)t’“

k=0
=-nn—-1)n-2)0+)"*+nn—1)n—-)t(1+t)" +nn+1)(1+t)"
=(—nn—=1)Mn=-2)" +n(n—1)(n—2)t(L+¢)+n(n+1)(1+t)) (1+¢)">
=n(n+ 1)+ —n+4)t+n+1)(1+t)">

It is obvious that the quadratic polynomial

4+ + > —n+4t+n+1
has only positive coefficients and its discriminant is
(n*—n+4)2—4n+1>2=mn-1)(n—-2)(n*+n+6) > 0.

Thus (n + 1)t* + (n? — n + 4)t + n + 1 has two negative roots and hence h,,(t) has only
negative zeros, as desired. This completes the proof. m
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