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Abstract

A model for a finite group is a set of linear characters of subgroups that can be induced to
obtain every irreducible character exactly once. A perfect model for a finite Coxeter group is a
model in which the relevant subgroups are the quasiparabolic centralizers of perfect involutions.
In prior work, we showed that perfect models give rise to interesting examples of W-graphs.
Here, we classify which finite Coxeter groups have perfect models. Specifically, we prove that
the irreducible finite Coxeter groups with perfect models are those of types A,,, B, Dant1, Hs,
or lz(n). We also show that up to a natural form of equivalence, outside types As, B,,, and Hs,
each irreducible finite Coxeter group has at most one perfect model. Along the way, we also
prove a technical result about representations of finite Coxeter groups, namely, that induction
from standard parabolic subgroups of corank at least two is never multiplicity-free.

1 Introduction

A model for a finite group G is a set of linear characters o; : H; — C of subgroups such
that adding up the induced characters 3, Indf (o;) gives the multiplicity-free sum > petr(c) ¥
of all complex irreducible characters of G. A model for G lets one construct an explicit G-
representation, with a natural basis relative to which the elements of G act as monomial matrices,
containing each irreducible G-representation exactly once.

Example 1.1. For a positive integer n let S,, be the symmetric group of permutations of [n] :=
{1,2,...,n}. Embed S; x S,_; C S, as the subgroup of elements preserving {1,2,...,4}. This
subgroup acts on itself by (g,h) : (z,y) — (g*xg~', hyh™1) where g* € S; is the permutation
mapping a — i+ 1 — g(i + 1 — a). Let H; denote the stabilizer subgroup of 1 € S; x S,,_; and
define o;(x,y) = sgn(y). Then {o; : H; — {£1} :i=0,2,4,...2[ %]} is a model for S,, [14].

In our previous work [20] we introduced the notion of a perfect model for a finite Coxeter
group. The preceding construction gives an example of such a model for the symmetric group.
For more general Coxeter groups the precise definition of a perfect model goes as follows.

Let (W, S) be a finite Coxeter system. Define Aut(W,S) to be the set of automorphisms
6 € Aut(W) with 0(S) = S. Let W be the set of pairs (w,0) € W x Aut(W, S), viewed as
a group with multiplication (u,a)(v,8) = (ua(v),aB). We view W as a subgroup of W by
identifying w € W with (w,id) € W.

An element z € W is a perfect involution if 22 = (2t)* = 1 for all t € {wsw™! : (w,s) €
W x S}. For example, every fixed-point-free involution in S,, when n is even is perfect. Rains
and Vazirani introduced the notion of perfect involutions in [23] as an example of a quasiparabolic
set; see Section for further discussion of this background.



Let .# = .#(W,S) denote the set of perfect involutions in W*. The group W acts on .# by
conjugation. Given a subset J C S, write Wy := (s € J) and let

Iy =Wy, J) SW] = (Wy)*.

A (perfect) model triple T = (J,K,o) for (W,S) consists of a subset J C S, a Wj-conjugacy
class K C .;, and a linear character o : W; — {il}ﬂ The character of T is

T = Indg](z)Resg}’(z)(o) (1.1)

where z € K is arbitrary and Cj(z) := {w € W, : wz = zw}. A perfect model for W, finally, is
a set of model triples P such that Y p.p X" = 2 peter(w) Y-

Example 1.2. If s, 89,..., 5,1 are the usual simple generators of S,,, then the perfect model
corresponding to Example comes from taking J = {s1,82,...,8i—1, Sit1,Si+2y---,Sn—1} and

K={(g"97 ", %) € (Si x Sp—i)T 1 g€ S;} fori=0,2,4,...,2|2].

Our goal in this article is to classify which finite Coxeter groups have perfect models. Before
stating our main results, we briefly explain why such models are interesting to consider.

A Gelfand model for a group or algebra is a semisimple module containing exactly one
constituent in each isomorphism class of irreducible representations. Each perfect model gives
rise to a pair of Gelfand models for the Iwahori-Hecke algebra H(W) of (W,S) with some
nice properties. The perfect model for S,, described above leads in this way to the H(S,)-
representation previously studied in [I], for example.

There are simple formulas for the action of the standard generators of H (W) in these Gelfand
models. Each module also has a unique bar operator that is compatible with the usual bar
operator of H (W), and a unique bar invariant canonical basis [19} 20] analogous to the Kazhdan-
Lusztig basis of H(W). The action of the standard generators of H (W) on these canonical bases
may be encoded as W -graphs in the sense of [15]. These objects then provide examples of Gelfand
W -graphs: W-graphs whose corresponding Iwahori-Hecke algebra representations are Gelfand
models. Our results about perfect models will precisely classify the Gelfand W-graphs that can
arise in this way.

Another reason to be interested in perfect models is for their connection to models of finite
groups of Lie type. One can view the perfect model for S,, in Example as the “q — 1 limit”
of the so-called Klyachko model for the finite general linear group GL(n,q) [I3} 16]. We do not
know of much related work on Klyachko models for the other classical finite groups of Lie type,
but we expect that such models should be similarly related to perfect models for classical Weyl
groups.

We now summarize our results. The following combines Theorem [2.3]and the main theorems

in Sections [3| [4} [} and [6]

Theorem 1.3. A finite Coxeter group has a perfect model if and only if each of its irreducible
factors has a perfect model. An irreducible finite Coxeter group has a perfect model if and only
if it is of type A,—1, By, Dany1, Hs, or la(n 4+ 1) for an integer n > 2.

An involution model for a finite group G is a model {); : H; — C} in which the subgroups
H; range over the centralizers of the distinct conjugacy classes of involutions g = ¢~ € G. Such
models are natural to consider when G has all real representations, since then the Frobenius-
Schur involution counting theorem asserts that -,y ¥(1) =[{g € G: g = g 1.

Involution models for finite Coxeter groups were studied and classified in [4] [5] [14] [25].
Comparing Theorem with the main result in [25] gives the following corollary.

!Since Coxeter groups are generated by involutions, any linear character o : Wy — C takes values in {£1}. More
generally, every character x € Irr(W) takes values in a subfield of R C C [12] Thm. 5.3.8].



Corollary 1.4. A finite Coxeter group has a perfect model if and only if it has an involution
model.

We do not know of an explanation for this phenomenon that avoids appealing to the case-by-
case classification of both kinds of models. More general kinds of involution models for complex
reflection groups have been studied and classified in [7, 8, [, 17, [I8]. It would be interesting to
know if the notion of a perfect model can be extended to that context.

Besides settling existence questions, our results also establish some uniqueness properties of
perfect models. A finite Coxeter group may have many different perfect models, each producing
different Gelfand W-graphs. We can show, however, that these W-graphs are all isomorphic
after possibly ignoring edge labels and reversing edge orientations. We do this by studying
a form of equivalence for perfect models introduced in [20]; see Section for the definition.
Perfect models that are equivalent give rise to essentially the same W-graphs, in a way that will
be made precise below.

In [20] we described the Gelfand W-graphs associated to a specific perfect model for each
classical Weyl group, excluding type Ds,. The following result (combining Theorems
and and Proposition gives a sense in which these Gelfand W-graphs are canonical.

Theorem 1.5. If W is an irreducible finite Coxeter group not of type As, B,, or Hs then W
has at most one equivalence class of perfect models.

If W is of type B,, for n # 3 then there are exactly two equivalence classes of perfect models,
one of which is a trivial “refinement” of the other; see Theorem There are a few additional
models when W is of type Az, B3, or Hz; see Examples [3.4] and and Proposition

Our proofs rely on the following property which may be of independent interest. This
theorem extends results in [2] [3] which address the case when y = 1 is the trivial character:

Theorem 1.6. If (W, S) is an irreducible finite Coxeter system and J C S has |S'\ J| > 2, then
Ind%‘] (x) is not multiplicity-free for any irreducible character x € Irr(Wy).

Section [2] contains some background and general results about perfect models. Sections
[ and [f] classify the perfect models up to equivalence for each classical Weyl group. Section [f]
briefly explains the perfect model classification for the remaining exceptional finite Coxeter
groups. Appendix [A] finally contains the proofs of Theorem and another technical result.
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2 Preliminaries

2.1 Restriction and induction

Suppose H C G are finite groups. Write Irr(H) and Irr(G) for the corresponding sets of complex
irreducible characters. If v : H — C and x : G — C are class functions (that is, maps constant
on conjugacy classes), then we denote the restriction of x to H by Resg (x) and the class function
of G induced from 1 by Indg(z/}). An explicit formula for the induced function is

1 _
md% (x)(z) = Il Z x(gzg™') forz € G. (2.1)
9eG
grg l€H

Induction from H to G is the unique linear operation such that (x, nd%(¢))¢ = (Res$ (x), %) i
for all x € Irr(G) and ¢ € Irr(H), where (-, )¢ is the bilinear form on class functions of G
relative to which Irr(G) is an orthonormal basis.



2.2 Extended Coxeter groups

Let (W, S) be a finite Coxeter system with length function ¢ : W — N = {0,1,2,...}. The
group W always has at least two linear characters, given by the trivial character 1 : w + 1 and
the sign character sgn : w — (—1)‘®),

Define W+ = W x Aut(W, S) as in the introduction. We extend £ to W by setting ¢(w, §) =
{(w). Besides identifying w € W with (w,id) € W, we also identify each 8 € Aut(W,S)
with the element (1,0) € W and view Aut(W,S) C W as a subgroup in this way. Every
a € Aut(W, S) extends to an automorphism of W by the formula

a:(w,0) = (a(w),afa™) = (1, a)(w,0)(1,a)" .

Suppose z = (w,0) € WT. Then 27! = (f(w)~1,071), so 22 = 1 if and only if § = 6! and
w~! = (w). The conjugation action of g € W on W+ is gzg=! = (g-w - 0(g9) "%, 0). We refer
to the orbits of this WW-action in the set .# of perfect involutions as perfect conjugacy classes.

2.3 Quasi-parabolic sets

Introduced by Rains and Vazirani in [23], a quasi-parabolic W-set is a set X with a height
function ht : X — Z and a left W-action satisfying a short list of technical axioms. The
motivating example is the set of distinguished coset representatives W7 := {w € W : {(sw) >
{(w) for all s € J} where J C S and ht = ¢. The quasi-parabolic axioms ensure that there are
simple formulas for a module of the Iwahori-Hecke algebra of W deforming the permutation
representation of W on X.

The set of perfect involutions .# in W™ is an example of a quasi-parabolic W-set, relative to
the conjugation action of W and the height function ht(z) := Le(;)J [23] §4]. This is perhaps the
most interesting general construction of a quasiparabolic set that is not isomorphic to one of the
“parabolic” examples W7. This fact has many consequences; we note here just one technical
property. An element z € W is W-minimal if ¢(szs) > £(z) for all s € S. Because .# is
quasi-parabolic, each perfect conjugacy class contains a unique W-minimal element [23], Cor.
2.10]. This element is also the unique minimal-length element in its class.

2.4 Dual model triples
Recall the notion of a (perfect) model triple for (W,S) from the introduction. We do not
distinguish between model triples (J, K, 01) and (J, K, 02) when Resg/j(z)(al) = Resg]"(z)(ag),
as these give rise to the same character via (|1.1)).
Given a subset J C S let w; denote the longest element of W; and define wy := wg. For

w € W let Ad(w) € Aut(W) denote the inner automorphism z +— wzw='. Then Ad(w;) €
Aut(Wy, J) and the element w} := (w;, Ad(wy)) is a central involution in W7, so w} € 7.
Let wy := w&. The dual of a model triple T = (J,K,0) is TV := (JY, K, o) where

JY = Ad(wo)(J) = woJwo,

KY := Ad(wo) - wh - K - Ad(wg) = {(wozw jwo, Ad(wo)Ad(w,)0Ad(wy)) : (x,0) € K},

¥ =0 o Ad(wy).
Since wy and wj are involutions, it is easy to see that (TV)Y = T. It holds by [20, Prop. 3.33]
that if T is a model triple for (W, S) then so is TV and xT = xT".

2.5 Model equivalence
Let T = (J,K, o) be a model triple for (W, S). Given oo € Aut(W,5), define
T := (o '(J),a  (K),0 0 ).



As explained in [20, §3.5], this is also a model triple of (W, S) with ™" = xT o .
Suppose T' = (J',K’,0’) is another model triple for W. We write T = T’ if J = J’ and it
holds that C;(z) = Cy(2') and Resg}’(z) (o) = Resg}’(z) (0') where z € K and 2z’ € K’ are the

/

unique minimal-length elements in each Wj-conjugacy class. In this case xT = xT .
Let ~ denote the transitive closure of the relation on model triples that has T ~ T’ when

T=T or TV =T or T* = T’ for an inner automorphism « € Aut(W,S) N {Ad(w) : w € W}.

When T ~ T we say that the model triples are strongly equivalent. The following is clear:

Proposition 2.1. Strongly equivalent model triples for (W, S) have the same characters.

Finally write sgn : w + (—1)%*) for the sign character of W and define T := (J, K, o sgn).
This is another model triple for (W, S) with xT = xT sgn.

We define =~ to be the transitive closure of the relation on model triples for (W,.S) that has
T ~ T’" whenever T ~ T’, T = T’, or T® = T’ for an outer automorphism a € Aut(W, S). When
T =~ T’ we say that the two model triples are equivalent. When P and P’ are sets of model
triples, we write P &~ P’ and say that P and P’ are equivalent if there is a bijection P — P’
such that if T — T’ then T =~ T".

Here is why this is an appropriate notion of equivalence. To each perfect model there is a
pair of associated W-graphs Y™ (P) and Y™(P) [20]. Suppose P and P’ are equivalent perfect
models for W. Then there is a canonical bijection between the sets of vertices in the disjoint
unions Y™ (P)UT™(P) and Y™ (P’)LUT™(P’). This bijection restricts on each weakly-connected
component of the underlying directed graphs to a map that is either an isomorphism or an anti-
isomorphism onto its image [20, Cor. 3.35]. Thus, when we ignore edge labels and orientations,
the graphs Y™ (P) U Y™(P) and T™(P’') LU Y™(P’) are isomorphic.

2.6 Factorizable model triples

A character of a finite group is multiplicity-free if it is a sum of distinct irreducible characters.
We say that a model triple T is multiplicity-free if its character xT is multiplicity-free. All model
triples appearing in a perfect model must have this property.

The Cozeter diagram of (W, S) is the graph with vertex set .S that has an edge between two
elements s,t € S whenever st # ts; this edge is labeled by the order of the product st € W. The
irreducible components of (W, S) are the subsystems (W, J) where J C S is the set of vertices
in a connected component of the Coxeter diagram. A Coxeter system (W, S) is irreducible if it
has exactly one irreducible component.

For z = (w,0) € W let aut(z) := 0. Suppose T = (J,K,0) is a model triple. Then the set
{aut(2) : z € K} has just one element, which we denote by aut(K) € Aut(W;, J). We say that
T is factorizable if aut(K) preserves each irreducible component of (W, J).

Theorem 2.2. If W is irreducible then every multiplicity-free model triple for W is factorizable.

We prove this result in Section [A]

2.7 Models for reducible groups

Let (W, S) be a finite Coxeter system. Suppose Ly, Lo, ..., Ly are disjoint, nonempty sets such
that S = Ly ULy U---U L, and every s € L; commutes with every t € L; forall 1 <i < j <k.
Let W; = Wy, for i € [k]. The subsystems (W;, L;) might be the irreducible factors of (W, 5S),
for example, or they might be larger subgroups.

Each automorphism of W; extends to an automorphism of W fixing all elements of W; for
i # j, so we may view W;" C Wt and . .= #(W,,L;) C & = #(W,S). Each w € W can be
written uniquely as w = wyws - - - wy, with w; € W, so given functions f; : W; — C for i € [k] we



may define f1 ®@ fo® - fr : W — C by w — f1(w1)fa(wsz) - -+ fr(wg). This gives a bijection
Irr(Wh) x Irr(Wa) x -+ x Irr(Wy) — Irr(W).
If T, = (J;, K;, 0;) is a model triple for (W;, L;) for each i € [k], then we define
T1Te® - Ty := (J,K,0)

where J:=Jy U oU---UJg, K:=K1Kg---Kg,and 0 := 01 ® 02 ® - - - ® 0. Note that K is a
well-defined subset of .# (W, J), although the latter might not be a subset of .# C W if there
are Coxeter automorphisms of W that do not extend to W.

It is straightforward to see that if T; is a factorizable model triple for (W;, L;) for each
i € [k] then Ty ® Te ® --- ® T}, is a factorizable model triple for (W, S) with yT1®T2@®Tk —
X" ®@x™ ® - @ xT*. Every factorizable model triple for (W, S) arises in this way.

Theorem 2.3. A finite Coxeter system (W, S) has a perfect model if and only if each of its
irreducible factors has a perfect model.

Proof. If each irreducible factor of (W, S) has a perfect model then a perfect model for W is
obtained by tensoring together the corresponding model triples.

Suppose instead that (W, S) is a reducible Coxeter system with a perfect model. Then there
exists a nonempty subset S’ C S such that (Wss,S’) is irreducible. Let S” := S\ S’. We
will show that Wg: also has a perfect model. This is nontrivial primarily because although
W = Wg x Wgn, the extended group W is not always isomorphic to Wgr, X WS+,,.

Suppose T = (J,K,0) is a model triple for W. Let 6 := aut(K) € Aut(W,,J). Then we
can express J = AU B U C U D for disjoint subsets A, B C S’ and C,D C S” with §(A) = A,
0(B) =C, 0(C) =B, and (D) = D.

In this setup (Wg,B) & (W¢,C) and all elements a € A, b € B, ¢ € C, and d € D
must pairwise commute. Additionally, the minimal-length element of K must have the form
Zmin := (242D, 0) for some z4 € W4 and zp € Wp. Let 04 = 0w, and 0p = 0|w,. Then the
centralizer of zyi, in Wy = Wy x Wg x We x Wp is

H:=Cw,((24,04)) X Ag(Wp x W) X Cwp, ((2p,7D))
where Ag(Wp x We) :={b-6(b) : b€ W} C Wi x We. Define
o4 = Res%i (o), op:= Res%g(o), and op(b) =o(b-0(b)) for b € Wp.
Since all characters of finite Coxeter groups are real-valued, Frobenius reciprocity implies that

V" = Indff Resy (o) = ndlf, (xh @ (> opv@vos)@xh)
YeElrr(Wg)

T . w. w. T . W, 1%
where x4 == IndC‘;A((zA,GA))ReSC‘;A((zA,GA))(UA) and xp, == IndCMD/D((ZD79D))RGSCV€D((ZD79D))(O-D).
Since W = Wgig» = Wg x Wgr we can rewrite this as

=Y Wdya, (G ®osy) @Indyly, (Vo @ XD).
Yelrr(Wg)

A basis for the class functions on W is given by the irreducible characters xy ® v for y €
Irr(Wg) and ¢ € Irr(Wgr ). Let £ be the linear map from class functions on W to class functions
on Wy that sends x ® ¥ — x if ¢» = 1L and to zero otherwise. Since for ¢ € Irr(B) we have

{<11,x}5>WD if =1

<n,1ndgz”wa (¢00®X}5)> = <H,¢09®X%>chwp Vo ify #£1

WS//



it follows that £(xT) = (1, xH)wp Ind%ﬁst (XE ® UB) . Define K’ to be the W, g-conjugacy
class of (z4,0'y) where 0'; : ab — 6(a)b for a € W4 and b € Wg. Then Ind%ixWB (x™ ®op)
is just the character of the model triple T := (AU B,K',04 ® o) for (Wg/,5").

Let P be a perfect model for W. Then (., XH)wp € {0,1} for all T % Pand Y pepx' =
erhr(wsl) Zwehr(WS”) X ® ¢. Define P’ = {T/ : T € P has (lw,,xp)w, = 1}. Then
Sser Xo = r0ep LT = L (Xrep x’) = > xet(wy,) X S0 P'is a perfect model for W/, [

2.8 Classical Weyl groups

By Theorem [2.3]our main classification problem reduces to understanding which irreducible finite
Coxeter groups have perfect models—in particular those groups in the three infinite families of
classical Weyl groups.

Let (i,i+ 1) for ¢ € Z denote the permutation of Z interchanging 7 and ¢ + 1 while fixing all
other points. The group of permutations of Z with finite support is Sz := ((i,i+1) : i € Z). We
realize the classical Weyl groups as subgroups of Sz in the following way. Define sy := (—1,1).
For integers ¢ > 0 let s; := (i,4+ 1)(—i,—i — 1) and s_; := (4, —i — 1)(—4,i + 1). For n > 1 set

Snt1 = (81,82,...,8,) and WnB = (80,581,582, 8n—1)-
For each n > 2 set
W,

These are the finite Coxeter groups of types A,, (for n > 1), B,, (for n > 2), and D,, (for n > 4)
relative to the given simple generators. Note that

WlB = <50> = 52, WQD = <S_1,51> = 52 X SQ, and WP’D = <5_1,52781> = S4.

= (5_1,51,50,...,5,_1) where S} =WP:={1}C 5.

The elements of WP are the permutations w € Sz with w(—i) = —w(i) for all i € [n] =
{1,2,...,n} and with w(i) = i if |¢| > n. The group S, is the subgroup of such permutations
which preserve [n], and the group WP is the subgroup of elements w € W,, with an even number
of sign changes, that is, with |{i € [n] : w(i) < 0}| =0 (mod 2).

Assume W € {S,,, WB WP} is one of these classical Weyl groups. Each element w € W
is uniquely determined by its one-line representation, which is the word wyws - --w, where
w; = w(i) and where we write negative numbers —1,—2, —3,... as 1,2,3,..., respectively.
When i > 0 and s; € W, one has {(ws;) < ¢(w) for w € W if and only if w; > w;41; when
w € W = WP one has (ws_1) < £(w) if and only if —w; > wy [6, Props. 8.1.2 and 8.2.2].

3 Model classification in type A

In this section we fix a positive integer n and consider the Coxeter group W = S,, with generating
set S ={s1,82,...,8n—1}. Our main result here is Theorem (3.3

3.1 Perfect conjugacy classes in type A

The longest element in S,, is the reverse permutation wy = n---321 and the only nontrivial

Coxeter automorphism is Ad(wg). Let IC;’;" := {1} and when n is even define IC%; to be the

S’IL

set of fixed-point-free involutions in S,,. Let IC;Z’; := {wg } and Ko+

= leé;"; -wg . The unique

minimal-length elements in IC;%} and K, are then

fpft+
518385 Sp—1 €S, and (1,Ad(wp)) € S,
The perfect conjugacy classes in S, are IC;Z" and Ki’;, together with Kg)} and leSp ‘t+ when n is

even [23, Ex. 9.2]. One has K} = lCiSdl+ and K22 = ngﬁ and lCiSd2+ = lepr.

7



3.2 Model indices in type A
Let Index(S;,) denote the set of 3-line arrays of the form

a1 &2 ... (]
O = [51 B2 ... ﬁl:|
Y Y2 - ML
where aq, g, . . ., aq are positive integers summing to n, each f; is a symbol in {id, id™, fpf, fprr}7

and each v; € {1,sgn} subject to the requirement that 8; € {id,id"} when o; € {1,3,5,7...}.

We refer to © as a model index for S,,. Let © = {%3 %i - %Z} € Index(S,,). For i € [I] define
172 - M

Ji Z:{Sj GSnSOé1+"'+Oéi_1 <j<0£1++0[z}
and let ; be the isomorphism S, — (J;) mapping s; — Sa,tas+-+a;_1+; for j € [a; —1]. This

extends to an isomorphism S} = (J;)T via (w,0) — (¢i(w),¢i0p; ). Let K; be the image of
ICZ“’ under ;. Using the notation in Section we define a model triple

TC = (J1,K1,m) ® (J2, Koy y2) @ - - - @ (Ji, K, m1)-

Every factorizable model triple (and therefore every multiplicity-free model triple by Theo-
rem [2.2)) for S, arises as T® for some © € Index(S,). This representation is almost unique.
However, T® is unaltered by the following modifications to ©:

e when «; = 1, changing 3; = id to id™ (or vice versa) or v; = 1l to sgn (or vice versa);
e when «; = 2, changing 3; = id to fpf* (or vice versa) or 3; = id™ to fpf (or vice versa).

In view of Theorem the character

[C]
Xa =x"

is never multiplicity-free if ©® has more than two columns. However, it will be useful later to

allow these more general indices.
a1 ag ...

o] ... 2 @ op ... 2 O J— a
Define ©* := [Bf /32 51], oY .= [ﬁlv By BY}, and © = [1_31 Bz .. @z] where
Yoo Y2 Y1 Yio-ee Y2 M1 Y1 Y2 e ML

fpf  if B = fpf*

fpft if §; = fpf 1 ify =

gy = P B =DE g s = yisen = LT
id if 5; =id sgn if y; = 1.
idt if 3 =1id

It is straightforward to check that T® = (T®)Ad(wo) TO" — (T€)V and T® = TO. Likewise, if
@’ is formed from © by changing any entries id" in the second row to id, then T® = T®" since
ICS;”’ and ICZ‘Z} are singleton sets with the same centralizers in Sai

If ©,¥ ¢ Index(S,,) then we write © = U if T® = TY, © ~ U if T® ~ TY, and © ~ ¥ if
T® ~ T¥. In the second two cases we say that © and ¥ are strongly equivalent and equivalent.
If M and M’ are sets of model indices then we write M = M’, M ~ M’ or M ~ M’ if there
is a bijection M — M’ with © = ©’, © ~ ©’, or © ~ ©’, respectively, whenever © — ©’.

If @”His formed from © by changing any fpf™ entries to fpf, then x§ = X?” always holds but we could have
T® 2 T°". If (J,K,0) = (J',K',0’) then J = J’ and the W-centralizers of the minimal-length elements of K and

Sa, Sa; . .
K’ must be equal. For K = Ko and K = ICfpfir these centralizers are conjugate but not equal.



3.3 Littlewood-Richardson coefficients in type A

The irreducible characters of S, are indexed by partitions of n, that is, by weakly decreasing
sequences of positive integers A = (A > Ao > -+ > X > 0) with \y + Ao +--- 4+ A\, = n. The
diagram of a partition A is the set Dy := {(¢,5) : ¢ > 0 and 1 < j < \;}. The transpose of X is
the unique partition AT with Dyr = {(j,7) : (i,5) € Dx}.

We write A F n to indicate that A is a partition of n, and x* for the irreducible character
of S,, indexed by A F n following the standard construction explained in [12, §5.4]. The linear
characters of S,, are 1 = x(™ and sgn = y('") where (1?) := (1,1,...,1) F n. It is well-known
that x* sgn = X’\T for any A+ n.

Let p,q € N with n = p+¢. We identify S, x S, with the subgroup (s; :p #i € [n—1]) C S,
and write u X v € Sp14 for the image (u,v) € S, x S, under this inclusion. Given functions
f:S,—=Candg:S;, — Cdefine fg:S, xS, = C to be the map sending u x v — f(u)g(v)
for all u € S, and v € S;. If f and g are class functions, then we further define

feag=Tndy% (fRg). (3.1)

ay ... Qg
This is a commutative, associative, and bilinear operation. If © = {Bi Bz’} € Index(S,,) then

Yo M
S I I 1] .

Let s € N denote the Littlewood-Richardson coefficients satisfying x* ea x* = > s’ The
Pieri rules [12 Ex. 6.3] state that if p € N and u = (p) (vespectively, u = (17)) then c§ , =1 if
D, \ Dy consists of p cells in distinct columns (respectively, rows) and otherwise ¢ u =0

3.4 Perfect models in type A

When n is even, let ERows(n) denote the set of partitions A F n whose parts A; are all even,
and let ECols(n) = {\T : A € ERows(n)} where AT is the transpose of a partition A. Then

X/Lfgf}=x/£fp;§+]= > x* and X/Lngﬂ:X/L%)gﬂ: >, XY 33
AEERows(n) AEECols(n)

by [14, Lem. 1]. Fix a model index © € Index(S,,) and write ncols(©) for its number of columns.

a1 @
Lemma 3.1. The character X,(;) is not multiplicity-free if ncols(©) > 2. Suppose © = {g; 53}
1 2

has exactly two columns. Then x§ is not multiplicity-free if any of the following holds:
(a) a1 € {4,6,8,...}, B € {fpf, fpf T}, an > 2, and 1 = 7o.
(b) az € {4,6,8,...}, Bo € {fpf, fpf T}, a; > 2, and v, = 7s.
(c) ai,as € {4,6,8,...} and Sy, B2 € {fpf, fpfT}.

Proof. Suppose oy € {4,6,8,...}, B € {fpf, fpf"}, and ap > 2. Then it follows from that
[5:] [5 ]
xa ' has (@) 4 x(21722) a5 a constituent and y, ! * has x(*2) as a constituent, regardless
of the value of B, € {id,id™, fpf, fpft}. But x(*1) e, x(@2) and x(*1=22) e, y(*2) bhoth have
ylarte2=2.2) 55 5 constituent, so X? is not multiplicity-free when v; = 79 = 1 by . Since
XS = X?* = X%, it follows that this character is not multiplicity-free in cases (a) and (b).
It remains to show that X? is not multiplicity-free when oy, s € {4,6,8,...}, f1,52 €

{fpf,fpf*}, and 41 # 72. In this case x§ = Z)\EERows(p) ZueECds(q) Y bpiq CruX” for some



{p.q} = {e1, 02} by (3.2) and (3.3). If p > ¢ then for v = (p,q/2,q/2) and p = (¢/2,q/2) we
have ¢§, = 1 for both A = (p) and A = (p —2,2) since P22 = (P=2) g5 \(2) — \(P=1) 5 (1)

SO X/(i) is not multiplicity-free. If p < g then we reach the same conclusion by considering
v=1(¢,p/2,0/2)", A= (p/2,p/2)", and = (q)" or (¢-2,2)". m

Let ORows(n, ¢) be the set of partitions A - n with exactly ¢ odd parts, and define OCols(n, ¢) =
{AT : X\ € ORows(n, q)}.

Proposition 3.2. Suppose © € Index(S,) and x§ is multiplicity-free. Then © is strongly
equivalent to a model index of one of the following forms:

(a) 121] for either linear character o € {1l,sgn}, in which case x§ = o.
(b) [fg{f] with n € {4,6,8, ...}, in which case x§ = Z/\GERows(n) .

(c) fgﬁ] with n € {4,6,8,...}, in which case x§ = 2 \EECols(n) x>

k n—k n—k— n—
(d) [i](li "ia } with 2 < k < n — 2, in which case x§ = y*+1:! T k1T,
sgn
[k n—k T .
(e) id ni]cli } with 0 < k < n, in which case x§ = Z;n:’%(kn )\ (n=id),
k —k . o
(f) [ id i } with 0 < k < n, in which case x§ = Z;“:‘%(k’"fk) @1,
sgn  sgn
[ 2k n—2k . . ) N N
(g) fof Si;in with 0 <k <n/2, in which case X' = >_\corows(n,n—2) X
[ 2k n—2k . . . e N
(h) ngrf1 i with 0 <k <n/2, in which case xg = > cocols(n,n—2k) X -

Proof. Lemma[3.1]implies that © must have at most two columns and not more than one entry
in the second row equal to fpf or fpf™: moreover, if the second row of © has an entry equal to
fpf or fpf™ then the two linear characters in the third row must be distinct. As we can change
any entries in the second row of © from id™ to id without altering its strong equivalence class,
and since © ~ OV ~ ©*, it follows that © is strongly equivalent to one of the cases listed. The
reason why case (d) has 2 < k < n — 2 rather than 0 < k < n is because

1 n—1 1 n—1 n—1 1 n—11 2 n—2 2 n—2 n—2 2 2 n—2
[id id ] = [ id id ], [ id id:| = [ id id], [id id ] fpf id || { id id} = | fpf id |.
1 1 1 sgn 1 sgn sgn 1

1 sgn sgn sgn 1 sgn 1 sgn
The given character formulas are consequences of the Pieri rules and (3.3]). O

n 0 n 0 n n
[fpf id] [fpf} ) [fpf id} [id] )
Let Tty 724 :=TL7 ) when n is even and Tt7 724 :=Tl72J. When X is a set of model
triples, let X := {T : T € X'}. Then X =~ X where = is the equivalence relation from Section

Theorem 3.3. The following set is a perfect model for S,,:
2k n—2k

737’?,1 = {T@;Gz[fpf id } fOfOSkSVQLJ}-

1 sgn

If n ¢ {2,4} then each perfect model for S,, is strongly equivalent to P2 _; or PA_,.

Proof. The claim that P2 _, is a perfect model is well-known [14], or can be seen as an immediate
consequence of Proposition [3.2} The difficult part of the theorem is showing that every perfect
model is strongly equivalent to P4_; or PA_, when n ¢ {2,4}.
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Suppose M is a set of model indices © € Index(S,,) such that {T® : © € M} is a perfect
model for S,,. Every perfect model for S,, arises in this way. After replacing M by a strongly
equivalent set of indices, and updating our notation for model indices to allow zeros in the first
row, we may assume by Proposition [3.2] that every © € M has the form

off ="' ], et =[u"a'], & =[u"a], o= {"f;?l a } , or ©9€ = ["f;? I’S}

1 sgn 1 1 sgn sgn 1 sgn sgn 1
where 2 <k <n—-2,0<1[<mn, andeA::{OSan:jEn(m0d2)}E|Wenovvargue
that the only possibility for M is XOR := {O%R : m € A} or X°9¢ := {09 : m € A}. For small
values of n this claim can be checked by a short computer calculation using Proposition In
the following argument we assume n > 10.

If 1 and A are partitions with D, € Dy then we write p C A. To simplify our notation, we
say that “) is a constituent of ©” as an abbreviation for “x* is a constituent of x©.” With this
convention, every A - n is a constituent of exactly one © € M, and the constituents of @9 and
O°C are the partitions whose diagrams have m odd rows or m odd columns, respectively. The
formulas in Proposition [3.2] tell us that no constituents A of ©F, O}, or ©7%" have (3,2,1) C .
Thus, M must share at least one element with XOR or X9¢. We argue below that in fact,
exactly one of the intersections M N AR or M N X°C is nonempty:

e If n=4a+1=1 (mod 4) then the partition A := (2a,2a, 1) - n contains (3,2,1) and has
one odd row and one odd column, so either OPR € M or 69¢ € M. By considering the
partitions of the form (p, ¢) - n and their transposes, one finds that there are partitions of

n with 1 odd row and m odd columns, or with 1 odd column and m odd rows, for every
m € A. Thus if OPR € M then M N X°¢ = @ and if O € M then M N AR = 2.

e If n =4a+3 =3 (mod 4) then X := (2a, 2a,3) I n contains (3,2,1) and has 1 odd row and
3 odd columns, so OPR € M or ©9¢ € M. If OPR € M then it follows as in the previous
case that M N X°C = @. Assume ©9¢ € M. Since (2a,2a — 1,3,1) - n has 3 odd rows
and 3 odd columns, we must have O ¢ M. But AT = (3,3,3,22¢73) has 3 odd rows and
1 odd column, so ©9¢ € M, which implies that M N XOR = & as in the previous case.

e If n =2a+ 2 is even then A\ := (a + 1,a,1) F n contains (3,2,1) and has 2 odd rows and
2 odd columns, so either O9% € M or ©9¢ € M. By considering the partitions of the
form (p,q,r) b n and their transposes, one finds that there are partitions of n with 2 odd
rows and m odd columus, or with 2 odd columns and m odd rows, for every m € A\ {n}.
Suppose O9R € M. Then M contains no elements of X°¢ except possibly ©9¢, whose
unique constituent (1") has zero odd rows. The partition p := (n—4,2,2) F n has zero odd
rows and n —4 odd columns where (3,2,1) C p. Since ©9¢, ¢ M we must have OYR € M,

so MNXOC = @. A symmetric argument shows that if @9R € M then M NXOR is empty.

This completes the proof of the claim.

The claim shows that we are in one of two cases. The first case is that M N AXCR is nonempty
and M N X%C = @. The partitions of the form (3 4+ a,2,1,1"7*7%) for 0 < a < n — 6 and
(n —4,2,2) all contain (3,2,1) so must appear as constituents of elements of M N XOR. The
number of odd rows in these partitions range over all m = n (mod 2) with 0 < m < n — 4,
so XOR\ {O9R, OOR} must be a subset of M. The only partitions of n not appearing as
constituents of this subset are (17), (2,177 1), and (3,1"73).

The remaining models indices that could be in M are @9R,, @R OF for 2 < k < n — 2,
O} for 0 < I < n, or ©;*" for 0 < | < n. Among these, the only ones containing (3,1"?)
as a constituent are O9R, and ©%. Since the latter index shares the constituent (4,1"~%)
with @9R, € M, we must have O9R, € M. But now the only partition of n not accounted
for as a constituent of some © € M is (1"). The only index that could be in M that has

3We can restrict 0 < [ < n since O} = 0} = %€ and O = 0" = OOR,
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(1™) as its unique constituent is O%R, so we conclude that M O {O%R : m € A} whence
M={60R :meA}y=PA .

The other case that could arise is to have M N X9¢ # @ and M N AR = @. But then M
belongs to the case just considered so must be equal to PA_;, which means M = PA . O

Example 3.4. When n = 2 there is one other perfect model consisting of just {(&,{1},1)}.
When n = 4 there is a single additional equivalence of perfect models for S,,, which contains

{T@:@:{i}li i?él} or [iidi%}}%{T@:GZ[i}liiid} or [i%i i%i”.

sgn sgn sgn

These models belong to a family of type D constructions, which arise here because S4 = WP.

Remark 3.5. Assume n > 5. Theorem [3.3] tells us that if M is a perfect model for S,, then
{XT : T € M} contains exactly one of 1 or sgn. We refer to M as a ll-model if 1 € {xT : T € M}
and as a sgn-model if sgn € {xT : T € M}. One can determine whether M is a I-model or a
sgn-model by examining whether

> Ye{XT:TeM} or > Y e {xT:TeM}

A€0Cols(n,n—2[%]) A€ORows(n,n—2[ % ])

It will be useful to enumerate all the ways of specifying a perfect model for S,,, since there is
some redundancy in our notation. To construct a sgn-model for S,,, first choose ®y to be one of

{:}i} or [ic?“] (3.4)

sgn sgn
Then let ®; be one of
2 n—2 2 n—2 n—2 2 n—2 2
[* id }, {* id+:|, [ id *], or |:id+ *] (3.5)
1 sgn 1 sgn sgn 1 sgn 1
where each * is any symbol {id, id™, fpf, fpf*}. For 2 < k < [n/2] — 2 define @, to be one of
2k n—2k n—2k 2k
[fpf* id* ] or [ id* fpf*:| (3.6)
1 sgn sgn 1
where fpf* € {fpf, fpft} and id* € {id,id"} are arbitrary. When n is even, let ®,,/2—1 be one of
n—2 2 n—2 2 2 n—2 2 n—2
|: fpf  * :| , |:fpf+ * :| , |: *  fpf :| s or |: * fpf+:| (37)
1 sgn 1 sgn sgn 1 sgn 1
where each * is any symbol {id, id™, fpf, fpf*}, and let ®,,/2 be one of
[fgf} or [fprflﬂ . (3.8)
1 1
Finally, when n is odd choose ®(,,_1)/2 to be one of

n—1 1 n—1 1 1 n—1 1 n—1
|:fpf* id*] , fpf* id* | | [id* fp]lf*] , oOr id* fpf* (3.9)

1 1 1 sgn 1 sgn 1

where fpf* € {fpf, fpf™} and id* € {id,id"} are arbitrary. Then M = {T®* : k =0,1,... |n/2]}
is a sgn-model for S,, and every sgn-model arises in this way. The 1l-models for S,, are con-
structed in the same way after interchanging “1” and “sgn” in (3.4)—(3.9).

12



4 Model classification in type B

In this section we fix an integer n > 2 and consider the Coxeter group W = W2 with generating
set S = {s0,51,...,5,_1}. Recall that WE is the subgroup of permutations w € Sz with
w(—1) = —w(i) for all i € Z and w(i) =4 for all ¢ > n. Our main result here is Theorem @4.5

4.1 Perfect conjugacy classes in type B
The longest element in W2 is the central element wo = 123 --- 7. If n = 2 then there is a single
nontrivial Coxeter automorphism (interchanging sp and s;) and otherwise there are no such

B
automorphisms. Given integers p,q > 0 with p + ¢ = n, let ICE/Z’;) be the set of w € WB with
H{i€n]:w(k)=14}|=p and |{i€[n]:w(i)=—-i}|=q.

B B B
Let ICKI;" := {1} and ICK;‘ = {wo} = {wg}. When n is even define /C&?”’ to be the set of
involutions z = z=1 € W, with |2(i)| # i for all i € [n]. The perfect conjugacy classes in (WB)*+
. WB WB B
consist of ;;", K

B
s and ICE/;’;) for all p,q > 0 with p+ ¢ = n, along with IC&" when n is even

B B
23, Ex. 9.2]. The unique minimal-length elements of ICE/ZT;) and ICE:; (when n is even) are

12---q(qg+1)(g+2)---n and s18385- - Sp_1.

4.2 Model indices in type B

The linear characters of WE are given as follows. Let 1, := 1 be the trivial character and
let 1__ := sgn be the sign character. Define 1, _ to be the linear character of W2 mapping
so — 1 and s; = —1 for i > 0. Define 1_, := 1, _sgn to be the linear character of WB
mapping so — —1 and s; — 1 for¢ > 0. If n =1then I, =1 and 1_, =sgn. If n > 2 then

. . . wh
these four linear characters are distinct. If n is even and z = s18385---S,,_1 € ICfpf" then the
centralizer subgroup Crye := {w € WB : wz = 2w} does not contain s so

wp Wk Wk Wk
Resc, (1-4) =Resg” (1) and  Resg” (Iy—) = Resg” (sgn).

Let Index(WB) denote the set of 3 x 2 arrays, to be called model indices for W2, of the form

0= |5 o]
Yo 71
where ag, @; > 0 are integers with ag+a1 = n; Sy is a symbol in {id, id*, fpt} or a pair of positive
integers (p, ) with p+q = n; 81 is a symbol in {id, id ™, fpf, fpf*}; and vo € {1, sgn, 1, _, 1 _,}
and 71 € {1, sgn} are linear characters of WE and S,,. We further require that:
e if By = fpf then ag € {0,2,4,6,...} and if 3; € {fpf,fpfT} then a; € {4,6,8...};
e if g <1 or By = fpf then vy € {1, sgn}.
Suppose © = [%g %i} € Index(WB). Let Jo := {s;—1 : j € [a]} and Jy := {s; 1 ag < j < n}.
0 1
WB
Write ¢ : Sf, — (J1)" for the isomorphism sending s; + sq,4; for j € [@1—1]. Let Ko := K5 "

and let K be the image of IC;;” under ¢1. Now set

(Jo, Ko, 70) if ag =n
T® := (J1,K1,m) ifag =n
(Jo, Ko,7) ® (J1,K1,71) otherwise.
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In this way © indexes a factorizable model triple for WE. Also define
A )
X8 =x" .

Note that if a; = 0 then T® does not depend on j3; or ;. Moreover, if a; = 1 then T® is
unaffected by changing 8; = id to id™ (or vice versa) or 7; = 1 to sgn (or vice versa). By
Theorems and every multiplicity-free model triple for W2 with n > 2 arises as T® for
some O € Index(W2)H
Qo Qg Qo Qg — Qo a1
Given © = [,80 ﬁl] € Index(WE), define OV := [ﬁov BY} and © := [@o @1} where
Y0 71 Yo 71 Yo M1

(Q7p) if i = 0 and 60 = (pa Q)
fpf if i = 0 and By = fpf, or if §; = fpf+

BY = fpft  ifi=1 and B; = fpf and ; := sgn ;.
id if B; =id™
idt if B =1id

We adapt the relations =, ~, and ~ to (sets of) model indices in Index(WE’)just as we did for
elements of Index(S,). It is straightforward to check that T® = (T®)Y and T® = T®. Likewise,
if © is formed from © by changing any entries equal to id" to id, then © = @'.

4.3 Littlewood-Richardson coefficients in type B

The irreducible characters of W2 are indexed by bipartitions of n, that is, by ordered pairs
of partitions (A, p) with |[A| 4+ || = n. To indicate that (A, ) is a bipartition of n we write
(A, 1) F n. Let x(M#) denote the irreducible character of WE indexed by (\, ) F n following
the construction given in [I2), §5.5]. Then, as explained before [12, Lem. 5.5.5],

]1 — ]1++ — X((n)’w) Sgn — ]1__ — X(@»(lvlf"wl))

and (4.1)
1_, = @) 1, = (@100,

By [12, Thm. 5.5.6] one also has
X()‘#‘) sgn = X(F‘Tv)‘T)7 X(A’#)ﬂ_+ = X(F‘f)‘), and X()HH)]]“F— = X()‘T#"T)' (42)

Let p,q € N. We identify W2 x WE in the usual way (see [12, §5.5]) with the subgroup of
permutations in WpB+q fixing {£1,£2,...,£p} and {£(p+ 1),x(p + 2),...,=(p+ q)}. Write
u X v for the image of (u,v) € WpB X Wf in W;qu. Given f : WpB — C and g: WqB — C define
fXg: WpB X Wf — C by the formula u x v = f(u)g(v). When f and g are class functions, let

B
WP+<1

fegg:= Indngqu(f X g). (4.3)

g &
This is an associative, commutative, and bilinear operation. If © = {BS 81 } € Index(WE) then

Yo Y1
0
o [Bwe [H] E_ B,

XB =Xg " 8 IndS:ll (XA ) where we define xg

and where we interpret the characters on the right as the trivial characters of W& := {1} or
So := {1} when g =0 or ay = 0.

4This is true, even with our restrictions on o when 8y = fpf, because we do not distinguish between model triples
(J,K,01) and (J, K, 02) with Resg}’(z>(01) = Res‘évj"(z>(0'2).
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If (A1, A2) and (p1, po) are bipartitions then by [12, Lem. 6.1.3] we have

(>\1 A2) 5 X (H1,p2) — Z CAI#IC)\ZHQX(VMW) (45)

Vi,V2

where ¢§ , € N are the Littlewood-Richard coefficients from Section In addition, one has

B
Indg " (x*) = D X, (4.6)
A1
by [12, Lem. 6.1.4]. Thus, the Pieri rules for S, imply that
Indg‘;’?(ﬂ) = Z x(P-@) and Ind 5gn Z x (@), () (4.7
ptg=n ptg=n

Let ERowsg(n) be the set of bipartitions (A, 1) F n where A and p both have all even parts.
Define EColsg(n) = {(AT, ") : (A, ) € ERowsg(n)}. If n is even then

XE[;fgf} _ > x* and X.Lsfgfl] = Y. A (48)

(X,n)EERows g (n) (X,n)€EEColsp(n)
by [, Prop. 1]. We note one other character formula for use in the next section:

Proposition 4.1. Suppose p,q > 0 are integers with p + ¢ = n. Define A = A(p, q) to be the
set of partitions of the form A\ = (max{p, ¢} + r,min{p, ¢} — r) for 0 < r < min{p, ¢}. Then

0 DRSSP ] BRSPRN [) IS ) BEpSpes
=2 M D IR S D DE G

AEA PYETN A€A A€A
— B
Proof. The centralizer of 12---g(¢+1)(¢+2)---n € ICE/ZZ) is W& x WP and the restriction of
any linear character o of WB to this subgroup is ¢ X o. The result then follows from (£.5). O
4.4 Model projections in type B

We define two maps i, 7R : Index(W2) — Index(S,,) U {0}. Let © = [%3 %1} € Index(WE). Let
(A p) € £((m), 0), (0, (1)), (1), 0), (0, (1))} be such that 5o = x#). Tf ag = 0 then set
7.(0) = 1R(0) = [2;} .
Assume ag, a1 > 0. If ag € {2,4,6,...} and By = fpf, then vy € {1,sgn} and we set
m(0) =mr(0):=0 = {gg ﬁyﬂ € Index(S,).

If By € {id,id"} then define

ap o1 Qo o1
BoBr| ifpu=0 [ﬂ B} ifA=0
m (©) = [x* 71] s and 7R(©) := X 1
0 if w0 0 if A £ 0.
If By = (p, q) for positive integers p and ¢ with p + ¢ = «p then define
SR 545 s
id 1 1 — id i =
m (©) = [X* x> 71} nH and wgr(©) := Lc” x* vﬂ !
0 if ps#£0 0 if X # 0.
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When ag > 0 but a; = 0, we form 7 (©) and wr(©) by applying the same formulas as above,
and then deleting the last column if the result is nonzero.

Let R? and RE denote the C-vector spaces of complex-valued class functions on S,, and WE,
respectively, and set RA := @, .y Rh and RE := @, .y RE. We use the same symbols 7 and
7R to denote the linear maps R® — R” with

A ‘f — m .f _
WL(X(A’M)) = X 1 1% @ and ﬂ_R(X()\,p,)> . X 1 A @
0 ifpu#0 0 ifA£D

for all bipartitions (A, u). Finally, set x% := 0 € RA.
Lemma 4.2. If © € Index(WB) then m_(xS) = XXL(@) and mr(xS) = XZR(@)-

Proof. One has cgﬂ = 0if X or p is nonempty and 68(2) = 1. Likewise, one has c§, = 0if A # v and
vy = 1. It follows from these observations via and that ﬂL(XOBInngE () = 7L(x) et
for all x € R® and ¢ € RA. In view of this identity and and , we see that to show
m(x8) = X2 for all © € Index(WB) it suffices to prove this identity when © = {%ﬂ
as in and Proposition But this follows immediately from the definition of m and
Proposition The proof that Tr(xS) = XZR(@) is similar. O

4.5 Perfect models in type B
o 1
Fix a model index © = [go gl ] € Index(W2).

Lemma 4.3. The character Xg) is not multiplicity-free if any of the following conditions hold:
(a) a1 € {4,6,8,...} and B; € {fpf, fpf*}.
(b) ap € {2,4,6,...}, Bo =1Ipf, a1 > 2, and g =71 € {1, sgn}.
(¢) Bo = (p,q) for some p,q > 0 with p+ ¢ = ap and «a; > 0.

o
Proof. Suppose (a) holds and let ¥ := [gi} and m := a;. To prove that XS) is not multiplicity-
1
B —
free, it suffices by (4.4)) to show that Ind?i’f (x¥) is not multiplicity-free. As xy = x¥ sgn, we may
B
assume y; = 1. Propositionand (4.6)) imply that Indgf:” (xy) = ZyeEROWS(m) W CKHX()"”),

which is not multiplicity-free as cgg)&)@) = CE:Z:;)Q(;) =1.

Suppose (b) holds. We may assume (; € {id,id"} given the previous paragraph. Let
m = ag. It is straightforward from Section to check that y§ contains either x ((=m),(m))
(when 79 = v = 1) or x((""")(™) (when vy = 71 = sgn) as a constituent with multiplicity
greater than one.

Finally, if (c) holds then one of 7 (x§) or mr(xS) is nonzero. But if m (xS) = XZL(@) is
nonzero then it cannot be multiplicity-free since 7 (©) has three columns. The character mr(x§)
likewise cannot be nonzero and multiplicity-free. Hence y§ must not be multiplicity-free. [

Let ORowsg(n, q) be the set of bipartitions (A, u) F n such that A U p has exactly ¢ odd
parts. Define OColsg(n,q) = {(AT,u") : (\, 1) € ORowsp(n,q)}.

Proposition 4.4. Suppose O € Index(W2) and x§ is multiplicity-free. Then © has one of the
following forms:

k n—k
(a) |:id/id+ id/id+:| for some 0 < k <n, v € {ll,sgn,1,_,1_4}, and 7; € {1,sgn}.
Yo 71
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[ 2k n—2k
(b) fpif ids/gii+] for some 0 < k < |n/2], in which case Xg = Z(A’#)GOROWSB(n’nf%) X,
[ 2k n—2k ) ) 6 N
(c) :grfl id/lid+:| for some 0 < k < [n/2], in which case Xg = () . coColsp (n,n—2%) XA,
[ n 0
d) | (p,g) id/id" | for some p,q > 0 such that p+ ¢ =mn and vy € {1l,sgn, N, _, T _, }.

il gn, 4 +
L Yo 1

Proof. The given cases account for all model indices in Index(W2) not excluded by Lemma
The formulas in parts (b) and (c) follow by combining (4.4)—(4.6) with (4.8]). O

Theorem 4.5. Assume n > 2. The following sets are inequivalent perfect models for WE:

B . o . . 2k n—2k n
Po:=<T°:0=|fpf id for0<k<|[%]¢,
1 sgn
A~ 2 n—2 2 -2 2k n—2k
735:: T@:@:[id”id}, { 2" },or fpf  id fork:0,273,4,...L%J .
1 sgn 1_, sgn 1 sgn

If n # 3 then each perfect model for W8 is strongly equivalent to one of P8, PB, P8 or 7575’.

Proof. 1t is clear from part (b) of Proposition 4.4] that PB is a perfect model for WE. Tt follows
that PB is also a perfect model since

2 n—2
i](l:l id
sgn
XB +

|: ?:1 n'd2:| |: 2 :| |: %1 :|
1, s1 n id ]ll_ wh
X Tos e = (XB 1 X * ) o5 Indsn":; (X

n—2 2 n—2
slgdn fpf id
B B ) =¥ 1 sgn |

A

We have checked the desired result using the computer algebra system GAP [10] when n < 4,
so assume 1 > 5. Suppose M is a set of model indices © € Index(W?2) such that {T® : © € M} is
a perfect model for WB. Every perfect model for WE arises in this way. Define M| := {7 (©) :
© € M}\ {0} and Mg := {mr(©) : © € M}\{0}. Lemmaimplies that {T® : © € M, } and
{T® : © € MR} are perfect models for S,,. After possibly replacing M by M = {6 :0 € M},

we may assume that {T® : © € M} is a sgn-model in the terminology of Remark

2k n—2k
Define 9, := fpif id } for 0 < k < [n/2]. Remark [3.5] tells us that M| must contain
sgn

elements of each of the forms , , , and . There are limited possibilities for
model indices © € Index(W2) with x? multiplicity-free that can serve as the preimages for these
elements under 7. It follows by inspecting Proposition [£.4] that M must contain a unique model
index strongly equivalent to Oy, for at least each 2 < k < |n/2]. Since mr(0f) = m.(Of) = O,
it follows from Remark [3.5|that {T® : © € MR} is also a sgn-model.

By similar reasoning, for M| to contain an index of the form , M must contain a

0 n 0 0
unique element strongly equivalent to ©g = [fpf id } ~ [id id } or O = [ id id} . For Mgr
1 sgn 1 sgn 1,1

to contain an index of the form ([3.4), M must contain a unique element strongly equivalent to
0
©p or Of := [ id iﬂ . Likewise, for M| to contain an index of the form (3.5]), M must contain
sgn

2 n—2 n—2 2
a unique element strongly equivalent to 01, ©] := |:i]<l:1 id }, or ¥} := hid iﬂ . For Mg to
sgn .
contain an index of the form (3.5)), M must contain a unique element strongly equivalent to ©1,
2 n—2 =)
ef = [ id i }, or Uy := [nid id} :
1_4 sgn sgn 1

Thus, M contains a subset strongly equivalent to M° LI M U M? where M is either {Og}
or {0),00}; M! is either {©1}, {0,071}, {0, ¥}, {¥], 07}, or {¥), ¥/}; and M? := {Oy :
2 <k < |n/2]|}. In fact, we must have M ~ M° LU M! LU M? since it is impossible to add any
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further indices without violating our assumption that {T® : © € M|} and {T® : © € MR} are
perfect models for S,,.

If M° = {6} and M! € {{0©,},{0},07}} then {T® : © € M} is strongly equivalent to
PB or PB as desired. All of the other choices for M° and M* are all impossible since they

2
would lead to Yoen X8 (1) = Socrouriune X§1) < T x5 (1) = X emmqws) X(1),

contradicting the fact that {T© > 1 © € M} is a model. We conclude that if P is a perfect model
for W2 when n # 3 then P or P is strongly equivalent to P2 or PE. O

Example 4.6. There are 2 more equivalence classes of perfect models for W?? , represented by

{T@:GZ [ill?i]zﬂ , [ 4 111} [ % iid}’ or hi?i i?ld]} and
-+

sgn 1 14—
12 2 1 30 3 0
{T@;@:[ld 1d} |:id id},[idid}7or[idid}},
141 1,_1 1 1 sgn 1

5 Model classification in type D

In this section we continue to fix an integer n > 2 and consider the Coxeter group W = WP
with generating set S = {s_1, 52,53,...,5,_1}. Recall that WP is the subgroup of permutations
w € W for which |{i € [n] : w(i) < 0}] is even. Our main result here is Theorem

5.1 Perfect conjugacy classes in type D

Let w ~ w® denote the Coxeter automorphism of WP interchanging s_; ¢+ s; while fixing the
other simple generators. This is the restriction of Ad(sg) € Aut(WE). Write wy for the longest
element in WP. If n is even then ¢ is an outer automorphism and wy = 123---7 is central. If
n is odd then wy = 123--- 7 and o = Ad(wp). Thus wy := (wo, Ad(wg)) € W is equal to wy
if n is even and to (wg, <) when n is odd.

If n # 4 then the Coxeter automorphisms of WP are {id,o}. The Coxeter diagram of WP is

§1 —— S92 —— 83

S—1
so there are two Coxeter automorphisms of Wf of order three that fix so. We denote these by
O:s_ 1+ s > s3—5_17 and O:85_1+> S3+> 8] — S_1. (5.1)

There are three nontrivial Coxeter involutions of WP, given by ¢, © ¢ O, and ¢ ¢ ©. The latter
two interchange s_1 <> s3 and s <> ss, respectively, while ﬁxing the other simple generatorsﬂ

D
Fix p,q > 0 with p + ¢ = n. If g is even then let IC(p"q) = IC (v be the set of w € WP with

i€ [n]:w@l) =14} =pand |{i € [n] : w(i)=—i}| =q. I qis odd then define

WD o D\+
Ky = {(wso, 0): wEK(pq)}Q(Wn) .

D
The unique minimal-length element of ICE/Z’;) is either

12---G(g+1)(g+2)---neWP or (12---@lg+1)(g+2)---n,0) € (WD)*

®The automorphism ¢ ¢ (9 interchanges s_1 and s3 because s2¢° := ((s©,)°))° = (s3)° = 52, = s3.
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according to whether ¢ is even or odd. Let IC m:= {1} and IC1d+D = {wg}. Recall that if n is

B
even then IC L 18 the set of elements z = 2~ e W, with |z(7)| # i for all i € [n]. If z belongs
to this set and z(i) = —j for some 4,5 € [n] then i # j and 2(j) = —i, so 2 € WP. Define

D B D B D
Kpp = {z € K : 1{i € [n] : w(i) < 0}] is divisible by 4} and  KIVE = KV — KV

D D
The unique minimal-length elements of IC ot and IC fpfe are respectively
518385 Spn—1 and §_.18385 " Sp—1.
WD
ld‘t 9,
wy - L WP wP ...
and IC(p’é) for all p,q > 0 with p + ¢ = n, along with K¢, f and Koo if nis even [23, Ex. 9.2].

D
When n € {2,3} or n > 5 the distinct perfect conjugacy classes in W consist of ICE;”, K

D
When n = 1 the only perfect conjugacy class is ICiV(;/l = d+ = {1} since WP = {1} is trivial.
The case n = 4 is exceptional. For p,q > 0 with p 4+ g = 4 define
WD . o . WD
Ic(pqo) {Z 'ZGIC(p?q)} and IC(IHIO { ZGK(pq)}

D D
There are 11 perfect conjugacy classes in (WP)*, consisting of lCng4 and ICK;/i together with

wp wb WP
K(341) > (1’0)7 IC(341 ) B ( ,O < O), K:(341 o) > ( ,O & O)’
D o 5
’Cg‘lz) > S8_181, K:g,g,O) = K:K)/? > S183, K:g‘lz o) = ]C&‘.‘O D S35_1,

ICW4 55 wp wyp T
(13) 2 (1234, 0), ’C(l,s,o) 3 (4321,0 0 ©), ’C(l,3,o) 3 (4321,0 0 ©).

This listed elements of each class are the unique ones of minimal length.

5.2 Model indices in type D

If n > 2 then 1 and sgn are the only linear characters of WP. If n = 2 then there are four
linear characters given by M4, := 1, 1__ :=sgn, I1;_, and 1_,, where the last two satisfy
Dig:sy+ £l and lig :sp = FL. One has 1° = 1, sgn® = sgn, and 15 . = N4 where for
any function f: WP — C we write f° for the map W1th w i f(w®).

Let Index(WP) denote the set of 3 x 2 arrays, to be called model indices for WP, of the form

ap
0= |:ﬁo 51]
Y0 M1
where a; € {—n,n}U{0,1,...,n—2} and ap = n — |aq|; where Sy is either

e a symbol in {id,id ™", fpf, fpf°}, with By € {fpf, fpf°} allowed only if oy is even,
e when ag > 2, a pair of positive integers (p, q) with p + ¢ = ayg, or
e when o = 4, one of the triples (3,1, 0), (3,1,0), (1,3,0), or (1,3,0);
where f; is a symbol in {id,id™, fpf, fpf ™}, with 8, € {fpf, fpf™} only if |y | € {4,6,8,...}; and

where 79 and 7, are linear characters of WD and S|y, |- Let © = [20 31} € Index(WP). Define
0 1

%) if ag=0
J() = . and J1 = {81,827...,8|a1‘_1}.
{s-1,81,82,...,8a9—1 otherwise
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Define ¢ : S‘le — (J1)T to be the isomorphism sending s; — sqy+; for j € [|aq] — 1]. When
B
ag # 0 define Ky = ICWO“O When o7 # 0 define Ky to be the image of IC ‘ 1 under ;. Let

(Jo, Ko, 70) if ap =n,
T® — (J1, K1,71) if = n,

(J1,K1,71)° ifa; =—n

(Jo, Ko,70) ® (J1,K1,71) otherwise.

This gives a model triple T® for W2 which is factorizableﬁ and by Theorems and every
multiplicity-free model triple for WP arises from this construction. As usual we also define

If ag € {0,1} then T® does not depend on 3y or vy and if a; = 0 then T® does not depend on
B1 or 1. If a; = 1 then T® is unaffected by changing 8; = id to id™ (or vice versa) or v; = 1l
to sgn (or vice versa).

ag o1 _ ap a
Let © = [gg £I:| € Index(WP). Define © := [ljg @i} where 7; := 7; sgn. Next let
0 1

Yo M1
(e 73 0/1} Qo a1
eV .= {BOV BY] ifnisodd and ©V:= {BS BY} if n is even, (5.2)
73 71 Yo 71
where we set af := —ay when |ag| =n and af := a3 otherwise, and define
(qap> if 60 ( )
(¢,p,0) if Bo = (p,q,O) and n is even
(¢,p,0) if Bo = (p,q,O) and n is odd
(qap, O) if ﬁO (pv q, ) and n %S even fpf if ﬁl — fpf+
(q,p,©) if Bo = (p,q,O) and n is odd ff if By = fpf
BY = fpt if Bo = fpf and %2 +nis even  and fY = 'S " 61 - ,§+
i i =1
fpf if By = fpf® and %2 + n is odd S 61 1
i i =i
fpf® if By = fpf® and %2 + n is even !
fpf® if By = fpf and S + n is odd
id if By =id™
id™ if By =1id
Next define ©° := {Bs b ] where af is as above and
'Y() Y1
(paQ7O) if BO = (p7qao)
(paqu) if ﬁO = (p7Q7 O)
65 = fpf® if By = fpf
fpf if By = fpf®
Bo otherwise.

We always have 7§ = 7o unless o = 2 and g = 4.

5Note that T® would not be factorizable if we allowed 8o = (p,¢) = (1,1) when ag = 2.
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We adapt the relations =, ~, and = to (sets of) model indices in Index(WP) in the same
way that we did for elements of Index(S,,) and Index(WE). Tt is easy to check that T® = T® and
T® = (T®)°, and that if ©’ is formed from © by changing any entries equal to id™ to id, then
T® = T®'. It is somewhat more involved, but still straightforward, to verify that T® = (T®)V.
We have © ~ ©V ~ ©° when n is odd and © ~ ©V ~ ©° when n is even.

5.3 Littlewood-Richardson coefficients in type D
If (A, u) F n with A # p then the restricted character

B B
et = Res%ﬁ (x*MH) = Reszvv’g (x#N) e Trr(WP)

is irreducible. In this case we refer to {\, u} as an unordered bipartition of n and write {\, u} F n.
If n is even and v - n/2 then

B
Resiys (x(**)) = "+ 4y~
for two different irreducible characters x[*:*1. The distinct elements of Irr(WP) consist of y{*#}
for all {\, u} F n together with the degenerate characters x**! for all v - n/2 when n is even.
We distinguish the degenerate irreducible characters by requiring that y!*! (wepr) — ! (wipt)
be positive for the element wgye 1= 515355 - - - sn,lﬂ by [1I, Lem. 3.5] it then holds that

X (wipe) = X (wipe) = 22x7 (1), (5.3)

This follows the convention of the data returned by the CharacterTable("WeylD", n) com-
mand in GAP [10].

In this notation, the linear characters of WP are 1 = X0} and sgn = {1103
together with 1_, = M+ and 1, = y[:=] when n = 2. As explained in [II, Lem. 3.5]
(correcting an error in [I2, Rem. 5.6.5]), one has

S TI
O g — AT and v son = X if n/2 is even 54
X X neox wen XA n/2 is odd. (5.4)
If A # p then (x1M#h)o = x1ded and (y#%])° = y[»F. Finally, note that
B B
Ind%(x“’”}) =) 4N and Indgﬁs (xH) = ) (5.5)
for all {\, u} Fn and v F n/2 by Frobenius reciprocity.
Let p,¢q € N and recall that s_, :== (p,—p — 1)(p + 1, —p) if p > 0. Define
J_ %] ifp<1 and K — %] ifg<1
{s_1,81,...,8p—1} ifp>2 {S_p—1,8p+1,Spt2, -1 Sprqg_1)y if g >2.

We identify WpD X W(? with the subgroup (JUK) C WpD+q. Write u X v for the image of (u,v) €
Wz? XW,? in W£+q. Givenmapsf:WpD—>Candg:W,?—)Cdeﬁnef&g:WprW(?%C
by the formula u x v+ f(u)g(v). When f and g are class functions, let

WD
S on g = Indysto (f B g). (5.6)

"The convention in [IT} §3] for distinguishing x*! is to require that x* ¥ (wepr) — X (wepe)) = (—2)

This gives the same labels as what we use if and only if n is a multiple of 4.
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apg &
This is another associative and bilinear operation. If © = [@/3 gi} € Index(WP) then
0 1

(674} 0
%] e, 3] &) Bl
Xg =xp " *p Indsa‘? (XA n ) where we define x5 := x5"° (5.7)

and where we interpret the characters on the right as the trivial characters of W := {1} or
So := {1} when ag = 0 or a; = 0. We need to explain how to evaluate this formula when ag =0
and a; = —n < 0. For that case, we define S_,, := S% = (s_1,52,53,...,5,_1) C WP, viewing
S_1 = {1}, and extend any f : S, — C to a map S_,, US,, = C by setting f(w) := f(w®) for
w € S_,,. This is well-defined as ¢ fixes every element of S_, NS, =5, _1.

There are coefficients di. € N whenever A, I', and Y are unordered bipartitions or symbols
of the form [v, £] such that

A op ! Z diex ™. (5.8)

Taylor [24] Prop. 2.7] has shown how to express these numbers in terms of the Littlewood-
Richardson coefficients cf, from Section Namely, if A\y # Ao, A\, g1 # po, [, V1 # Vo, vV are
partitions and ey, €,, €, € {£} are signs then we have:
{V17V2} 1z
(2) d{/\17>\2}{u17u2} Allmchzzuz + C/\mchzm + Cz\zmchuz + CAZHQCAQM

{v1,v2} {v1,v2} _
A, 6)]{”1,“2} {p1,m2} [N ex] c)\/l«lc)\,uz + c)\ugc)\,ul

{V17V2} _ cu1 CVQ
exllmen] = MnCxw

(b)

()

() [{Vk?&z}{m,uz} = X Rape T Kipiz o

() A s = Lryinen) = Ko S 20

() Doenlien] = 50/\#(c§ﬂ + e1€62e3) where to evaluate e1eae3 € {41} we replace + by il

[v,e.]
Let v F n. In view of (4.6) and (5.5)), if n is odd then

wp v WE v v
Indg" (x) =Indg" (x') = > K x™M (5.9)
{\utn
while if n is even then there are numbers CI[/A,i] € Nfor A= 3 with c’[’)\ﬂ_] + CZ[IA,_] = ¢4, and
wPb v y Y
Indg (") = > K™+ (C[A,HX[A’i} +C[A,—]X[A’¢])- (5.10)
{\utn AL

As noted in [24], §1], it appears to be an open problem to give a general formula for ¢f\,4)- One
can compute these numbers without much difficulty when c§, = 1. For example:

Proposition 5.1. If n is even then Ind?/f (1) = Z"‘ ' A®)(-p)} [(8)E] and

-
[(171,/2)’:‘:] f 2 .

Wo _ an,amry 4 )X if /2 is even

Indg " (sgn) = Z;) X * YAF] i /2 is odd.

=

Proof. The second formula follows from the first by . In view of (4.7 . we Just need to show
that x[(2)*] is a constituent of Inds ( ) and x[(3):7] is a constituent of Inds (1). For this, it

is enough by (5.3)) to check that Indsn (1) (wepe) —Indsw(ll)(wfpf) > 0 for wepp 1= 8183+ Sp—1-
This follows from (2.1)) since g - wpr - g1 ¢ S_,, for all g € WPD. O

8This formula still holds if one defines x*"*! such that ¥ (wipr) — X (wepr) = (—2)"2x(1) as in [I1} §3],

since switching to this convention would reverse either zero or two of the signs €1, €2, €3.
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Let ERowsp(n) be the set of unordered bipartitions {\, u} - n where A # u have all even
parts. Let EColsp(n) = {{\T,u"} : {\, u} € ERowsp(n)}.

Proposition 5.2. Suppose n is even, 3 € {fpf, fpf°}, and © = {%] If v = 1 then
o _ ot L ) Dvcerows(nya) X if B = fpf
XD = Z X + E v,—] lfﬂ — fpf®
{A, 1} EERowsp (n) vEERows(n/2) X =1p

and if v = sgn then
> cecols(njz) X1 if B = fpf
X5 = Z w4 { €ECols(n/2)

{\,u}€EColsp (n) ZuEECoIs(n/Z) X[V7_] if g = fpf(>

where the sums over v € ERows(n/2) and v € ECols(n/2) are zero when n # 0 (mod 4).

o

Proof. Since xgo = (x§)° and xg = sgnx§, we may assume that 3 = fpf and v = 1. The
centralizers of 5183 - -+ 8,1 in WP and W2 coincide, so Indx’gs (x§) = x§. By and we
therefore have y§ = 2 {0 u}EERowsp (n) pasat: +EyeERows(n/2)nX[V’€”] for some choice of ¢, € {£}.
To show that €, is always + it suffices by to check that if n is divisible by 4 then

wP WP B )
Indcfzf(]l)(wfpf) — Indcng(]l)(wfpf) — 9n/2 Z )
vEERows(n/2)

where Chpy is the WnD -centralizer of we,r = 5153+ s,—1 and Cfpf = (Cfpr)® is the WnD -centralizer
of wg ¢ :==s_183 - s,-1. Because |Cpt| = |C§Of|, the induced character formula (2.1) gives

D

wp wy wp wp
Indcfpf(]l)(wfpf) — Indcgpf(]l)(wfpf) = |ICfpf N Cfpf| — |]Cfpf n Cﬁpf|
w,y wp
= [Kgpit N Crpt| — [Kppfo N Crot]-

Let Af = {2i —1,2i}, A; := {1 — 2i,—2i}, and A; := A U A; for i € [n/2]. Each w € Cpyy
D D
determines a permutation of Ay, As, ..., A, 0. fw € IC&” NCipe (respectively, w € IC&% NClpf)
then this permutation is an involution with w(A;) = Aj[ whenever w(A;) = Aj, such that the
number of i € [n] with w(A]) = A; is even (respectively, odd). These properties characterize
D D D
the elements of ICE:? N Ctpe and ICK:f’g N Ctpe, and so there is a bijection from IC:Z;Q N Cipt to the
D D
subset of elements w € IC&" N Crpr with w(A;) = A; for at least one ¢ € [n/2]. Thus \K?gf’l N

Chpt| — \nggz N Cipe| is the number of w € WP with A; = w?(4;) # w(A;) € {A1, Az,..., Ay o}
for each ¢ € [n/2], such that if w(A4;) = A; then w: A; — A; is any of the four bijections with
w(Al) = Aji. The number of such permutations is 4%/ times the number of fixed-point-free

involutions of [n/2]. This product is 2"/2 > cERows(n/2) X7 (1) by (3:3) as needed. O

Proposition 5.3. Suppose p and ¢ are positive integers with p + ¢ = n. Then
[ea]  mineo » [u!?q)] min(psq)
xpg b= Z Y =300} anq xg & = Z X
§=0 §=0

{(29,1779),0}
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Proof. Let © := [(p:{w] For either parity of ¢, the centralizer of the unique minimal-length

D
element of ICE/Z’;) in WP is the intersection H := (W(;3 X WPB) NWP. Let K := Wf X WpB. By
Frobenius reciprocity we have Indg(ll) = x{(@:0) 1K 1 (2).0) 1 (0:(2) g1 (@) g0

min(p,q)
IndWD(XD)fInd “Ind " (1) = IndV Ind X (1) = > (0 gy (=300
§j=0

by (4.5). The formula for x§ follows by (5.5). The other formula holds since Xg =x9sgn. O

Our last proposition records a calculation we performed in the algebra system GAP [I0]:

Proposition 5.4. Suppose § € {(1,3,60),(3,1,0)} where 6 € {O, ©}. Then

4 4
3] [xt@m @ e—o - 2] [xteriner f e g — o
XD Z @0 (0 ipg = Xo T T A LLD0) 40D g — oo,

5.4 Model projections in type D

We define a map 7p : Index(WP) — Index(S,,) U {0}. Let © = {%g %i} € Index(WP). First set
0 1

la1]

m(0) = { B } ifagp=0 and mp(©):=0if v ¢ {1,sgn} (only possible if oy = 2).
71
Assume ag # 0 and g € {1,sgn}. If @; # 0 then we define

[fpf aﬂ if Bo € {fpt, fpf°}

Yo

(0) = [id ﬂl} if Bo € {id,id™, (1,3,0), (1,3,0), (3,1,0), (3,1,0)}

Yo V1

P qa
[id id ﬂi] if 8o = (p,q) for p,q > 0 with p+ ¢ = «ap.
Yo Yo M

When oy = 0, we form 7p(0) by applying the same formula, and then deleting the last column
if the result is nonzero.
Define RP := @, .y RY where RY is the C-vector space of class functions W — C. We use

the same symbol 7p to denote the linear map RP — RA with

* ifpu=0
7TD(X[>\7ﬂ:]) =0 and ﬂ-D(X{k,p}> — X’“‘ T @

0 otherwise

for all partitions A # y. Finally, set x% := 0 € RA.

Lemma 5.5. If © € Index(WP) then 7p(x§) = XZD(@)

Proof. The identities imply that 7TD( ep IndgvB () = mp(x) ea ¢ for X € RP

and v € RA. Given this together with and , to show that mp(x§) = XWD( for all

O € Index(W2) it suffices to prove this 1dent1ty for model indices of the form © ‘[)LThls
and

follows from the definition of mp on comparing Proposition [3.2] with Propositions [5.2]

G54
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5.5 Perfect models in type D
Fix a model index © = {%g %i} € Index(WP).

Lemma 5.6. The character Xg is not multiplicity-free if any of the following conditions hold:
(a) a1 € {4,6,8,...} and By € {fpf,fpf*}.
(b) ag € {4,6,...}, Bo € {fpf, fpf°}, a1 > 2, and 9 =y, € {1, sgn}.
(¢) Bo = (p,q) for some p,q >0 with p+ ¢ =cap >3 and a; > 1.

Proof. Suppose (a) holds and let ¥ := [%i] and m := aq. As in the proof of Lemma it
1

D
is enough by (5.7) to show that the character Indgj:‘ (x¥) is not multiplicity-free when v; = 1.
When m = 4 this can be checked by hand or using a computer algebra system. The proof of

B D
Lemma shows that Indx’[’; (Indgi’” (x¥)) contains x((™=2):(2) with multiplicity at least two,

v

and when m > 4 this can only occur in view of (5.5) if xHm=2).)} appears with multiplicity at
. wP N
least two in Indg ™ (xp )-
If (b) or (c) holds then mp(x§) = XXD(@) # 0 is not multiplicity-free by Lemma s0 X9
O

must also not be multiplicity-free.

Let ORowsp(n, ) be the set of unordered bipartitions {\, u} F n such that AU u has exactly
q odd parts. Define OColsp(n,q) = {{\",u"}: {\, u} € ORowsp(n,q)}.

Proposition 5.7. Suppose O € Index(WP) and x§ is multiplicity-free. Then © has one of the
following forms:

[k n—k
(a) |id/id*+ id/id*l for some k € {3,4,...,n} and y9,v1 € {1,sgn}.
Yo Yo

2 n—2
(b) | id/id* /fpf/fpt® id/id+:| for some vy € {1,sgn, 1,1 _4}, and 1 € {11,sgn}.
L Y0 71
0 n 0 —n
(c) |id id/id+:| or [id id/id‘*‘] for some ~y; € {1,sgn}.
LT ™ 1 7

2k n—2k
(d) | tof/tpte id/id+:| for some 0 < k < |n/2], in which case

1 sgn
8= > eI ) el

{X,n}€ORowsp (n,n—2k) v€ORows( %, % —k)

for some choice of signs €, € {£}, where the second sum is zero if n is odd.

2k n—2k
(e) |:fpf/fpf° id/id+:| for some 0 < k < [n/2], in which case
1

sgn
N 3 W ST e

{\,n}e0Colsp (n,n—2k) ve0Cols( %, % —k)
for some choice of signs ¢, € {£}, where the second sum is zero if n is odd.

n 0
() {(p,q) lﬂ for some p,q > 0 such that 2 < p+ ¢ =mn and vy € {1, sgn}.
Yo

4 n—4
(g) [ 8 id/id+:| for some 8 € {(1,3,0),(1,3,0),(3,1,0),(3,1,0)} and 79,71 € {11,sgn}.

Yo M1
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The signs in parts (d) and (e) can be determined using (5.8) and Propositions and
but we will not need this for our applications.

Proof. The given cases account for all model indices in Index(W>) not excluded by Lemma
The formulas in parts (d) and (e) follow by combining (5.7)) with Propositions and

Theorem 5.8. Assume n > 4. If n is even then WP has no perfect models. If n is odd then

2k n—2k
P,?::{T@:G):[fpf id } forOSkngj}

1 sgn

is a perfect model for WP, and each perfect model for WP is strongly equivalent to P2 or PP.

The equivalence class of PP gives the extra models for S; described in Example

Proof. Our argument is similar to the proof of Theorem When 7 is odd it is clear from
Proposition that PP is a perfect model for WP.

Suppose M is a set of model indices © € Index(WP) such that {T® : © € M} is a perfect
model for WP. Every perfect model for WP arises in this way. Define MA = {mp(0) : 0 €
MY\ {0}. Then {T® : © € Mp} is a perfect model for S, by Lemma After possibly
replacing M by M := {0 : © € M}, we may assume that {T@ O € Ma} is a sgn-model.

2k n—2k
Again let Oy, := [fpf id } for 0 <k < |n/2]. If n is odd then we have
1 sgn
2k n—2k1° 2k n—2k 2k n—2k 2k n—2k
O ~ | fof id = | fpf® id ~ | fpf idt | ~ | fpf® idt |.
1 sgn 1 sgn 1 sgn 1 sgn

Since WP is abelian we have

O, = {Bio Z@:} for all By € {id,id™, fpf, fpf°} and B; € {id,id"}.
Now assume n > 5 is odd Remark [3:5] tells us that Ma must contain elements of each of
the forms ((3.6] , , and . By considering the limited possibilities for model indices
0 e Index w1th XD multiplicity-free that can serve as the preimages for these elements
under mp, we deduce from Proposition [5.7] that M must contain a unique model index strongly
equivalent to Oy for at least each 2 < k < [n/2].
By similar reasoning, for M to contain an index of the form , M must contain a unique

X 0 n 0 n 0 —n n 0
element strongly equivalent to 0y = {fpf id } ~ [id id ] ~ [id id ] or ¥, := [ id id}7 and for
1 sgn 1 sgn 1 sgn

M to contain an index of the form (3.5), M must contain a unique element strongly equivalent

n—2 2
to @1 or \Ifl = |: id 1]?i|
sgn
Thus, M contains a subset of model indices strongly equivalent to M® U M* U M? where
MV is either {©g} or {¥g}, M! is either {©1} or {¥U;}, and M? == {0y : 2 < k < |n/2]}.
Moreover, all elements ® € M outside this set must have mp(®) = 0, so are of the form
2 n—2
® = [go B ] for some v € {11_,, 1, _} and v, € {11,sgn}, (5.11)
0 1
where By € {id,id ™, fpf, fpf°} and B; € {id,id"} are arbitrary. If M° = {6} and M! =
{01} then M° U M U M2 = PP so M ~ PP. If this does not occur then the character
Y e MOUMIUM? X(g is missing several irreducible constituents. Specifically, we know that

X([?O: Z Y A0D and x(§1= Z K @100} 4 Z » L3190}

p+q=n pt+g=n—2 p+q=n—3
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by Proposition but one can compute using ([5.8) that Xg"’ = 10} and
n—2 n—3 n—1 n—3 n—2
x§1 - X{(l @)} 4 X{(2’1 )M} 4 X{(l )WY 4 X{(3’1 )0} 4 X{(2’1 )0}

All irreducible constituents of X(go - X‘é’o and X(gl - Xgl must be accounted for in  oc XS)-
However, it is impossible for these constituents to come from model indices of the form (5.11)).

Indeed, it follows from ([5.8) that the character of any such ® is either

NN P o N COXID N Y ov (5.12)
ptg=n—2 {\u}trn
A uEH

where H is the set of partitions of the form (1**1) or (2,1%) for k € N, or

T T
NI P S VRIS N (5.13)
ptg=n—2 {\u}trn
A uEH

In the first case xp shares the irreducible constituent X{((2’1”73)’(1)} with Xg)l and in the second

case X‘S shares the irreducible constituent x{(»=1-(} with XS)L”/QJ. Thus if any ® of the form
belongs to M then must hold and M' = {©}}. But then the missing irreducible
constituent x 131"} of P Xgll does not occur in x3.

We conclude that it is necessary to have M = {6} or M! = {6}, so any perfect model
P for WP when n > 5 is odd has P ~ PP or P ~ PP.

Now we turn to the even case. One can check directly that WP has no perfect models; we
have verified this using the computer algebra system GAP [I0]. Assume that n > 6 is even. The
formulas for X‘é’o and Xgl given above are still valid, but now one has O, ~ ©} rather than
O ~ OfF. By repeating the argument above, however, we can still deduce that M contains
a unique element strongly equivalent to ©j or ©f for each 2 < k < |n/2]; a unique element
strongly equivalent to Oy or ©f or ¥y for each k € {0,1}; and all other elements of the form
(5.11)).

In view of Proposition this means that the model indices in M not of the form
contribute to the sum » o\, XS) at most one element from each pair of degenerate irreducible
characters y»*! e Irr(WP). But the only degenerate irreducible characters appearing in X‘ID’
when @ has the form are y[("/2)£] or X[(ln/g)’ﬂ. Thus it is impossible to have > g 1, xg) =
erm(wg) X, and we conclude that no perfect models for WP exist when n > 6 is even. O

6 Model classification for exceptional groups

Here we discuss which of the remaining irreducible finite Coxeter groups have perfect models.

6.1 Perfect models for dihedral groups

Fix a positive integer m. The finite dihedral group lz(m) is the Coxeter group generated by two
elements s and ¢ subject only to the relations s? = t? = (st)™ = 1. We have already encountered
the groups I5(1) = {1}, I5(2) = Sy x So, I5(3) = S3, and I5(4) = WE, so assume m > 5.

The group la(m) has 2m elements and a unique nontrivial Coxeter automorphism interchang-
ing s > t, which we denote by *. The longest element is wy = ststs--- = tstst--- (m factors). If
m is even then * is an outer automorphism, wy is central, and war = (wp, Ad(wo)) = wp € la(m).
If m is odd then * = Ad(wp) and wi = (wo, *) € la(m)*.
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For either parity of m, the only perfect conjugacy classes in lz(m)* are {1} and {u)g}, which
are both central. The only model triples (J, K, o) for la(m) are therefore

T .= ({s,t},{1},0) = ({s,t}, {wg},0) for any linear character o of la(m),
T = ({s},{1},0) = ({5}, {s},0) for o € {1, sgn},
T = ({t}, {1}, 0) = ({t}, {t},0) for o € {1,sgn},
T? = (2, {1}, 1).

We can ignore T< since its character is not multiplicity-free. One has (T,{,S})* =T soif m is
odd then T} and T are strongly equivalent.

Let ¢ := e?™V=1/™ ¢ C and define pj, : ly(m) — C for h € N to be the map that sends all
elements of odd length to zero and has pp,((st)*) = pn((ts)*) = (" + ("% for k € N. It is
well-known [2], §5.3] that if m is odd then the distinct irreducible characters of I(m) consist of
pn for h € [mgl] plus the linear characters 1l : s,t — 1 and sgn : s,t — —1; while if m is even
then the distinct irreducible characters of Iz(m) consist of pj, for h € [ — 1] plus the linear
characters 1, sgn, I, _ and 1, where 11+ is the class function sending s — £1 and ¢ — F1.

Evidently XTr{rS’t} = ¢. The following identities are straightforward exercises from Frobenius
reciprocity. If m is odd then xT" = yT5" = o + > on pn for o € {1,sgn}. If m is even then

s} s, s s
P IndéS;)(ﬂ) =01+1,_+ Z Ph, XTs{gﬁ = Indgsf> (sgn) =sgn—+1_, + Z Ph;

h h
(6.1)
{t} 5 {t} s
XTI = Indé:;w ()=10+1_4+ Z Ph, XTSEH = IndEt;t> (sgn) =sgn—+1,_ + Z Ph-
h h

Recall our notions of model equivalence from Section 2.5 The following now is evident:

Proposition 6.1. Assume m > 5. If m is odd then {']I‘i{ls’t}, ']Tigl}l} ~ {']I‘igsr’f}, Ti{ls}} are perfect
models for I(m) and every perfect model is strongly equivalent to one of these. If m is even then
frfe0, 2 1) ~ (T T i)~ {20 2 1) {10 7 1)

14> 1_4»
are perfect models for lo(m) and every perfect model is strongly equivalent to one of these.

6.2 Perfect models for exceptional groups

The finite Coxeter system (W, S) = (WH {hy, ha, h3}) of type Hz has Coxeter diagram
hy 5 ho 3 hs

and may be embedded in Wf? by setting hi := s153, ho := S284, and hg := s_155. There are
no nontrivial Coxeter automorphisms of Wi, the only linear characters are 1 and sgn, and the
only perfect involutions are 1 and the longest element wg, which is central.

For each subset J C {hy, ha, h3} and linear character o : (J) — Q let T: denote the model
triple (J,{1},0). Let 11;_ and I_, be the two linear characters of (hy, h3) = Sz x S3 not given
by 1 or sgn. We have checked the following propositions using GAP [10]:

Proposition 6.2. The sets {Ti{lhl’hQ’hB}, ’H‘b{;}’hz’h”’ ’]I‘i{l}ilihﬂ} s {T]{lhl,hz,hg}’ T;{gité,hz,hs}’ Ti{li:ha}}
and {’]I‘i[lhl’h2},'ﬂ‘;~{£§’h3}} R~ {Ti,é‘é’h”m]{l’”’h“} are perfect models for Wi, and every perfect

model is strongly equivalent to one of these four.

Proposition 6.3. The Coxeter groups of types Eg, E7, Eg, F4, and Hy have no perfect models.
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A Proofs of Theorems [1.6] and 2.2

This final section contains the proofs of two technical results from Sections [1] and If A=
(A1,..., ;) and p = (1, ..., ux) are partitions with j < k, then we define A+ p = p+ X ==
(M A,y AjF 1, fhjt1, - - - k) and AU p to be the partition sorting (A1, ..., Aj, 1, - - -, ik)-
The arguments below frequently makes use of the following identity [22, Lem. 3.2]:

v+(1") v vU(r) v
CX(ut(17)) >cy, and AU > X, (A1)

for all partitions A, u, v and integers r € N.

Lemma A.1. If XA and p are any partitions then cil’“ >1 and cii“ > 1.

Proof. Write £(u) for the number of nonzero parts of . If £(u) = 0 then p = ) and the
result holds as ¢}y = 1. If £(p) =T > 0 then (A.I) implies that. c:\\;“-z cij{“ where i :=
(1 —Lype —1,...,ur — 1), and in this case we may assume by induction on |A| + |u| that

~ T
cij{“ > 1. The other identity holds since cii“ = cg\’\TU;T) = ci::#ﬁ > 1. O
Let (W,.S) be an irreducible finite Coxeter system and let J C S be a subset with |S\ J| > 2.
Theorem asserts that Indy}, _(x) is not multiplicity-free for all x € Trr(W).

Proof of Theorem[I.6. By the transitivity of induction we may assume that |S\ J| = 2. We
have checked the desired property using GAP [I0] for each finite exceptional Coxeter group. It
remains to prove the result when W € {S,,, W8 WP} for all n > 3.

First suppose W = S, so that S = {s1,52,...,5,-1} and S\ J = {s;,s;} for some 1 <i <
j < n. Then we have W; = 5; x S;_; x S,—; and it suffices to show that X oa X* 04 XV is
never multiplicity-free if A\, u, and v are nonempty partitions. This is easy to derive from the
Pieri rules when two of these partitions are equal to (1).

A partition is a rectangle if it has the form (a') = (a,q,...,a). Stembridge [22, Thm. 3.1]
gives necessary and sufficient criteria for x* ea x* to be multiplicity-free. This result implies that
X" @4 x¥ can only be multiplicity-free if at least one of y or v is a rectangle, so x* ea x* ®4 X
can only be multiplicity-free if at least two of A, u, v are rectangles, say A = (a*) and pu = (V7).
Suppose v is not a rectangle and without loss of generality assume a > b.

We claim that there is a non-rectangle p such that c?ai)(bj) > 1. If a > b and i # j, then one

can take p = (a’,b’) since Lemma implies that cgzzg)zgj) > 1. If a = b and max{s,j} > 1,

then one can take p = (2a,a’*7~2) since using the second identity in (A.1]) one can check that

(2a,a't772) (2a) _ . - .
Cay@) 2 Caya) = L Ifa=b>1andi=j =1, then one can set p = (a + 1,a — 1) since

the Pieri rules give cgzy(i’)afl) > CEZ;B = 1. The only remaining case is when a = b = 1 and

i =j =1so that A = u = (1), which we already considered. We conclude that if A, u, and v
are not all rectangles then y* ep x* @4 x” is not multiplicity-free.
Now assume further that v = (c¥) and a > b > c. A k-line rectangle is a rectangular partition

with either k rows or k columns. Assume at least two of A, u, v are not 1-line rectangles, say p
and v. If we define p = (a + 1,a’~1,6’=1,b — 1), then one can check using (A.I) that

P _ (a+1,a" I p-1) (a+1,a""1,b—1) (a+1,b—1)
“an@9) = Can ) = Cai)v) =) =

but then [22] Thm. 3.1] implies that x” e 4 x” is not multiplicity-free since p is not a “fat hook,”
50 X ea X" @4 x” is also not multiplicity-free.

Thus we reduce to the case when at least two of A, u, and v are 1-line rectangles, say A and

p. If X = (a), p = (b) and v = (c¥) with a > b, then the Pieri rules give CEZ;F(i)fl’l) = CEZT(Z% =1
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while (A.1)) implies that

(a+b+cfl,ck’1,1) (a+b+c—1,1) (a+btc—1)
Clatb—1,1)(c*) 2 Clatb—1,1)(c) = Clatb—-1)(c) = L

and (a+b FLL) (a+b )
a+b+c—1,c"" 7,1 a+b+c—1,1)
Clatb)(ch) Z Clattyle) T L
so x* ea X" 4 X is not multiplicity-free. Next, if A = (a), p = (1°) and v = (c¥) with

b—1 b
a>b>1,¢> 1, then the Pieri rules give CEZ;F(L}) ) = CEZSLZ) = 1 while (A.1]) implies that

k—1 qb b
(a+c,c ,17) > C(a+c,1 ) > e

(a+e,1)
Clat1,10-1)(ck) = Yat1,10-1)(c) =

(1) _
(a+1)(e) 1

2 €)=

and (ac,c®=11%) (a4-c,1°) (a+c)
Clatv)er) 2 Ca1v)e) = Caye) = 1

50 X ea x* 4 x” is again not multiplicity-free. The same result follows in the remaining cases

since x* oa x* @4 x” is multiplicity-free if and only if x» ea x* e4x” is multiplicity-free.
Next let W = WPE so that S = {s, 51, 82,...,5,_1}. There are two cases for J, depending

on whether s € S\ J. First assume S\ J = {sg, s;} for some ¢ € [n —1]. Then W; = 5; x Sp,_;

B
and it suffices to show that Indg[j"X Sis (x X x*) is not multiplicity-free for all A F i and p F n—i.
ince Tnd"S W LS we
Since Indg % 5 . (X)\ D X“) =Indg "Indg", 5 . (X)\ X X“) = Indg’ (an CK#XV), Lemma
B
tells us that our induced character has Ind?i”‘ (XM* 4 x**) as a constituent. But this is not
multiplicity-free by (4.5 since cij“ >1 and cii” > 1.

Alternatively suppose S\ J = {s;,s;4;} where 0 < i < i+ j <n. Then W; = WE x S, x
Sp—i—; and it suffices to show that

W we W,
IndW:éijxsn,i,j (X(Al,xz) X " X X”) = IndW?xwg_i <X(/\1,A2) X Inds,- by A (x* ® Xu)>

is not multiplicity-free for all (A, A2) b4, pt j and v+ n — i — j. But this is immediate since
B
we have already seen that Ind??;_én,i,j (x* X x¥) is not multiplicity-free.

Finally let W = WP for n > 4 so that S = {s_1,51,2,...,5,_1}. There are again two cases

for J, depending on whether s_; € S\ J. First suppose S\ J = {s_1, s;} for some ¢ € [n — 1].
D

Then W; = 5; x S,,_; and it suffices to show that Ind?j’;sn_i (XA X X“) is not multiplicity-free

for all A\F 4 and pFn —d. If X # p then this holds by (5.5) since we have already seen that

B
Ind??; S, (XA X X“) is not multiplicity-free.
D
It remains to show that Ind?;”>< Sk (X’\ X X)‘) is not multiplicity-free when n = 2k is even and

B
A F k. Again using (5.5)), it suffices to check that XM appears in Indgvk">< Sk (XA X XA) with
multiplicity at least 3. As we already know that cii)‘ > 1 and cﬁ)‘ > 1, the desired property

follows via (4.5)) once we use (A.1)) to check that ¢§, > 1 for

(2)\1;A27A2a"' 7A7‘7)\7‘) lfTZK(A)>1
i +1,0 — 1) i\ = 1.

In the second case when S\ J = {s1,s;} for some i € {—-1} U {2,3,...,n — 1}, the desired
property follows by a symmetric argument, since this case differs from the one just considered
by applying the automorphism o. If S\ J = {i,j} for some 1 < i < i+ j < n then W; =

D
WP x S; xS,_;_; and the fact that Ind%ﬁ,xs‘ vs . (X)
i J n—i—j

from the cases already examined, as in the argument for type B. O

is never multiplicity-free is immediate
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Suppose (W, S) is an irreducible finite Coxeter system and T = (J, K, o) is a model triple for
W that is not factorizable. Theorem is equivalent to the claim that the character T given
by (1.1) is not multiplicity-free. We prove this below.

Proof of Theorem[2.3 Since W is irreducible we must have J # S. Let z be the unique minimal-
length element in K and let § := aut(z). If [S\ J| > 2 then xT is not multiplicity-free by
Theorem

Assume |S'\ J| = 1. Since 6 interchanges two irreducible components of (W;,J), the irre-
ducible Coxeter system (W, S) must be of type Ag,_1 for n > 2 (with S\ J = {s,}), B3 (with
S\ J ={s1}), Dy (with S\ J = {s2}, D7 (with S\ J = {s3}), Eg, or Hs. In all but the first
case, one can verify that xT is never multiplicity-free by a finite calculation; we have done this
using the computer algebra system GAP [I0].

For the remaining case, suppose W = Sy, and J = {s; : n # i € [2n — 1]} so that
Wy = S, x S,. Then the automorphism 6 must either be the map with s; < s,4,; for all
i € [n — 1] or the map with s; <> s2,,—; for all i € [n — 1]. In both cases the only possibility for
K is the set {(w - 0(w)~1,0) : w € S,}, whose unique minimal-length element is z = (1, 8).

The S,, X S,-centralizer of this element is isomorphic to the diagonal subgroup A(S,) =
{(z,y) € Sp x Sp : x = y} = S, on which the linear characters of S, x S, each restrict

to 1 or sgn. To show that xT is not multiplicity-free it suffices to check that Indiz(’g )(0) =

Indgi"X s, Indi"(';(n )y (o) is not multiplicity-free for each linear character o of A(S,,).
It is a standard exercise using Frobenius reciprocity and the orthogonality relations for irre-

ducible characters that Indi’zgf)" (o) is either >, x*Ex* or >, x* My, so Indiz(’fgn) (o) is

either >~ , o (ZAM CK)\) xXYory  on (EM_H ST ) X”. The second character is not multiplicity-
free since n > 2 and cg\ AT = CKT \- The first character is also not multiplicity-free: when n = 2
one has Cg)z(;) = 08:3(1,1) =1, and for n > 2 one can check that CEZ_TLfll)(IT)L_M

Pieri rules and the identity x("~11) = y(n=1) g5 y(1) — (1), O

) = 2 using the
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