THREE-PARAMETER MOCK THETA FUNCTIONS
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ABSTRACT. Mock theta functions were first introduced by Ramanujan. Historically, mock
theta functions can be represented as Fulerian forms, Appell-Lerch sums, Hecke-type double
sums, and Fourier coefficients of meromorphic Jacobi forms. In this paper, in view of the
g-Zeilberger algorithm and the Watson—Whipple transformation formula, we establish five
three-parameter mock theta functions in Eulerian forms, and express them by Appell-Lerch
sums. Especially, the main results generalize some two-parameter mock theta functions. For
example, setting (m, q,z) — (1,q1/2,xq71/2) in

i (=% ¢%)ng” T
(g™, 271q™ %) nt1

n=0

we derive the universal mock theta function g2 (z, q).

1. INTRODUCTION

In this paper, we use the following standard g-series notation [20]. For positive integers n

and m,
n—1
(@iqo=1, (a;q)n:= ][]~ agd"),
k=0
[ee]
(a; @)oo := [ [ (1 = ag"),
k=0
(a1,a2,...,am;@)n = (a1;¢)n(a2; Qn - - (@m; @)n,
(a1,a2,...,am;q)oo = (a1;9)00(a2; @)oo - * (A q)o-
Define

J(25q) = (25 0) 00 (4/%3 0) 00 (¢ @) 005

[e.9]

Ja,m ::j(qa;qm), Ja,m = j(_qa;qm)a Im = m,3m — H(l _qmi>-
i=1
The (unilateral) basic hypergeometric series , ¢ is stated as

G1,G2,...,0p oo (al,az,...,aT;q)n< " (n))l-i-s—?" .
rY's ;7$ = —1 2 x .
() = S e (o

Ramanujan [37] first introduced seventeen classical mock theta functions in his last letter
to Hardy. These functions are defined by g-series convergent for |¢| < 1 with a complex
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variable ¢q. Generally, Eulerian forms, Appell-Lerch sums, Hecke-type double sums, and
Fourier coefficients of meromorphic Jacobi forms are used to express mock theta functions.
The properties of mock theta functions were widely studied in the literature. In 1936, some
identities related to third and fifth order mock theta functions were proved by Watson [40,41].
Later, using the Hecke-type double sums for the fifth and seventh order mock theta functions
provided by Andrews [2], Hickerson [23,24] proved some identities related to these mock theta
functions. For example, Hickerson [23] proved

J5,10:
fola) = %125 —2¢°g3(¢*,4"°),
J5,10J4
filg) = =272 — 24%3(¢%, ™),
1
where the fifth order mock theta functions fy(q) and fi(q) are stated as
0 an 0 qn2+n
fol) =) —— and filg) =) ——,
nzo (¢ Dn nzo (=€ Dn
and the function g3(z, q) is defined as
n? & qn(nJrl)
g3(x,q) =x -1+ = —_—.
3(e,4) Z (@ Q1@ G O ,;) (@, 271¢; OInta

In 1991, some identities related to sixth order mock theta functions were proved by Andrews
and Hickerson [5]. In 2007, two new sixth order mock theta functions were established by
Berndt and Chan [7]. By means of some g-series identities, Lovejoy [29] reproved the identities
involving the sixth order mock theta functions given by Ramanujan. Later, Motivated by
asymptotics of g-series, eight eighth order mock theta functions were discovered by Gordon
and Mclntosh [21]. In 2007, McIntosh [31] built some relations between the second and
eighth order mock theta functions. Choi [13-16] proved eight Ramanujan’s identities for the
tenth order mock theta functions. Recently, Chen and Wang [12] provided a new method
to establish Appell-Lerch series and Hecke-type series representations of some mock theta
functions. For other research on classical mock theta functions, one can refer to [3,4, 8,22,
25,34, 38].

In 2012, Gordon and McIntosh [22] showed that the odd order mock theta functions can
be expressed by the function g3(z, q) and the even order mock theta functions are related to
g2(x, q) where
q(n2+n)/2

o (—4:9)
ga(x, q) == — :
nZ:O ($,JJ lq; Q)TH-I
In addition, they showed that gs(x,q) can be expressed in terms of ga(z,q) [22, Eq. (6.1)].
Since each of the classical mock theta functions can be represented by gs(z,q) or go(x,q),
these two functions are called universal mock theta functions. Some other two-parameter
mock theta functions are stated as follows [19, 36].

x qn2 x ( qn2
N(z,q) =) 73— K(z,q) e
7 HZ:O (zq, v g5 q)n’ nzzo acq2 x1q%¢2),’

o0 : 2 A (=1)" (n+1)2 —1:9)n (n24n)/2
Kl(m)zz(qq)( )"q KQ(WJ):Z( 9)ng 7

= (20,77 ¢% )1 — (vq, 27 g q)n
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o0
_ (—¢; q)2ng™ "
So(z;q) = (1+2) ,
,;) (xq,ﬂfl% q2)n+1

(¢:¢H)n(—1)"
(=2 @Q)ns1(—27 ¢ Qn

(o]

Su(ziq) = (1+2"))

n=0

Besides the relations between universal mock theta functions and classical mock theta func-

tions, some two-parameter mock theta functions are related to ranks and cranks [6,18,28,30].

For more properties of universal mock theta functions, one can refer to [9,10,19,26,27,32,33].

In 2011, Choi [17] found some generalizations of classical mock theta functions. For example,
Choi introduced

& n2—3n_n.2n

Flazg) =y —A—r

= (=2 —0z/q )n

The purpose of this paper is to find some new mock theta functions by introducing an
integer parameter m. We establish the following three-parameter mock theta functions, and
then express them in terms of Appell-Lerch sums.

A(aiq) = f: (—¢:¢°)ng

(xg™, 271¢™; ¢® g1’

n2+2mn

n=0
o0
(4% ¢*)nq
B(2;q) : = ,
" ; (g™, 7 1¢"™; ¢*)nt1
_ 0 (q2;q4)n<_1)nq2mn
—0 (xqm7w—1qm; q2>n+17

n2+(2m—1)n

n

(—q; q)2ng@m—1"
D, (x;q) : = g ,
m(®:4) (g™, 271q™; ¢?) i1

(2m+1)n

n=0
o9

Em(x;q) - Z (_1;Q)2nq

(xq™, 271¢™; ¢* g1

n=0

Recall the following definition of Appell-Lerch sums which was introduced by Hickerson
and Mortenson [25].

Definition 1.1. Let z, z € C* := C\{0} with neither z nor xz an integral power of q. Then

1 i (—1)7q(2)2r

1 — g1 :
= q "tz

) = )

Changing r to r 4+ 1 in the above series becomes another useful form of m(x, ¢, 2):

& (1))
m(z,q,z) = od) T;oo (1)_qu$2 (1.1)
They provided some properties of Appell-Lerch sums.
Proposition 1.2. [25] For generic x,z € C*,
m(x,q,z) = m(x,q,z2q), (1.2)

m(z,q,2) =z 'm(z", ¢, 27 "), (1.3)
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Following [25], the term “generic” means that the parameters do not cause poles in the
Appell-Lerch sums. They [25] also found that

m(q,qz,—l) = —. (1.4)

In addition, Mortenson and Hickerson [25] established the following result.

0o (
92(1,’ Q) — Z ( Q7Q>nq

= (e 'GP D2,

n24n)/2 B 1

oo 2
-1 nqn +n B _
Z <1)_an:—1‘ 'm(z7%q,¢%,x).  (1.5)

In 2014, Mortenson [35] expressed the following series in terms of Appell-Lerch sums. Some
of these identities were first proved in [1].

o0 .2 _1\n (n+1)2 J2
; 1
(1 —|—£L‘_1) Z ((q q )n( ,1) ,qg = m(xa%_]-) - 2.#7 (16)
n=0 —Xq, =T “q;q )n+1 ](—.%,q)
oo
- (—¢; @)2ng™ ! )
14271 =-m(x,q°,q), 1.7
( ),;) (‘TQ7‘T_1Q; q2)n+1 ( ) ( )
= (g A)a(-1)g I
Z( 2 —1,2. 2 :m($aq7—1)+2.7_
n=0 —T4q )n+1(—l’ q=;9q )n ](—LU,(])
= 2m(m7Qa _1) - m(l‘a(b _"L‘il(J)
= m(—zq, q, —q¢ V) — zg tm(—2%¢ 7, q*, —q), (1.8)
& 2 n
* 49" )n(—1
Z ( ( )n( 7)1 . = m(x’(bil)? (19)
n—0 —x,q)n+1(—x q?‘])n
0 2. 4 n,2n> 72 2. 4
; -1 J14J(—2q%q
Z (¢%;5¢*)n(—1)"q (e, g) + ( )

= (g ) (27 gt ¢ i(=z;¢*)j(zq; ¢*)
where > denotes convergence problems and indicates that some “summability” convention
is required. In [1, Pages 36-37], Andrews considered the ¢-Whipple’s theorem [20, Appendix

(IT1.18)]
(z) a, \/5Q7 _\/6(]7 b7 ¢, d> €, qu .q a2qN+2
07 \/a? 7\/&7 aQ/ba GQ/C’ CLQ/d, GQ/ea an-‘,—l " bede

(aq,aq/de; q)N aq/be,  d, e, N
- 10,9 - 1.10
(aq/d,ag/e: ) " ag/b, agfe, deq N ja TY (1.10)

Settinga=a,b=—z"', ¢=—z,d=q"? and e = —¢*/% in (1.10), and then letting N — oo
and o — 17, he derived

lim i (24 @)n(g: ()" _ 1 i (1+2)(1 + 2~ 1)gn(n+1)/? (1.11)
a—1- =0 (Qa —oxq, —qu/x; q)n 7071 = (1 + an)(l + CC_lqn) .

Thus, the right-hand side of (1.11) is a suitable representation of the divergent series

o ;Qn_ln
Z( (:¢%)n(-1)

—2¢; On(—27 ;@)

n=0

In this paper, we obtain the following main results.
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Theorem 1.3. For m > 0, we have

i (—q; ¢¥)ng™ H2mm

= (2q™, 271" ¢% )

— (_1)(2’1(’*;’“

Bg) (m(xzq,q4 q2m+3) + (_1)m+1xq71m(x2q717q47q2m+1))
m

+(-Dl2lg

4k—2m—
15;7)71 ( 2m 1’q4’q2m+3)
k=1

i (_1)mq7m+2k72m(q4k72m73’ 3 q2m+1)> :

where

B(l) _ (_1)m+1$(xq—m+2;q2)m_1

m

1.12

(—zgm L q%)m ’ (1.12)

s _ O (06" (=4: 6" )m s 113)
B (14 2 (6% ¢2)e-1 (0% 6% mer '

Remark: Notice that here and in what follows, we define Zﬁ: ;=0ifj > k.
Theorem 1.4. For m > 1, we have

i (_qz; q2)nqn2+(2m—1)n

= (g™ 271" 0% )t

my 1=(=D™ =m24(-1)M-1 (=D™-1
=(-Dlela— 2 o7 T IBPm? " g e g )
m—1 my (7m2+<71)m71] - 1—(—p™
+ ) (DIl T (g
k=1
2 _ _1\ym _ (Difl
><B}({:J)nm(q 2m+-4k4(—1) “,q4, —q 2k+m+ ),

where

B(2) _ (_1)m+1(xq7m+2;q2)m_1

: 1.14
(—2q~™26%)m—1 (1.14)
5@ _ (=D (=¢% ) k-1(-1:¢*)m—k . (1.15)
Bem (9% 42 k-1(¢% ¢®)m—k—1(1 + zgm—2F)

Theorem 1.5. For m >0, we have

i (%5 ¢M)n(=1)"¢*™"
(

= (2q™, 27 1q"; ¢% )

= 207" " (=% D)1 B m(—zq ™, ¢, —1)

m—1
—m2— 3 e ——
+2q " q q m— IZ (Bfn km 2k 1,(]2 )+B£n)kmm(_q 2 1,(]27_1)),
where
B(B) _ _l‘m—‘rl(xq_m—i_z;qz)mfl (1 16)
m (x2q72m 2 1) '

VLR 1 02) e (—a 2m_
g® _ (D¢ 1_2(k 44 )4k 1( qiqz k. (1.17)
2(1 4 zgm™H1=28) (¢ ¢M) k-1 (¢*: ¢ m—k
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2_
=B _ 0" NG 4*)k-1(454*)mk
B 2(1 — agm ) (¢h N1 (ah ¢ men
Theorem 1.6. For m > 1, we have

Z(( 4 4)2n4

o €K L P

(1.18)

2m—1)n

where

(1.19)

k2 2.2 2
_ 2. (=1 B
’ (¢:9)26-1(q; Q) 2m—2k—1(1 + £g™=2F)

szk(

50 _ 6@ (G mk
B (43 q) 2—2 (a5 @) 2m—2k (1 4 wgm 2
Theorem 1.7. For m > 1, we have

(1.21)

i (—1; q)2ng@mtm
(

= (@™ x5 ¢ )t
_ 2 _1_
= 2(—1)" g D4 %) BPm(zg ™™, %, q)

B(5) —2k

_ 2
+2(=1)" g M (g ¢%)m Y By (=g

1.4 q)

-

3
L

m —(m+1)2 5 YN
+2(=1)™ g (g 2),, ST B, m(—g 2, 6%, q),
0

i

where

B(5) _ (_1)m+1xm+2(xqu+2;q2)m_1

m

, 1.22
(—2q™™; q@)2m+1 (1.22)
g® _ ¢ M@ (=1 ¢k
R (43 q) ok (43 @) am—2k (1 + zgm—2F)”
2 _
50 =45 D)1 (=G )i
k,m

T : 1.24
(@5 @)2k-1(0; Q) 2m—2841(1 + ;Equrlka) ( )

k2+2k(

(1.23)

Letting (m, ¢, ) — (1,¢"/2,2¢7/?) in Theorem 1.4 and using (1.3), we derive (1.5). The
identity (1.7) can be established by setting m = 1 in Theorem 1.6. If we replace m, ¢, and
x by 0, —¢, and —z in Theorem 1.3, respectively, then after simplification, we deduce (1.8).
Setting m = 0, ¢ — ¢'/2, and # — —z in Theorem 1.5 implies (1.9). Notice that replacing m
and ¢ by 1 and —q in Theorem 1.3, respectively, and multiplying both sides by (14 z~!), we
obtain a different representation of (1.6). Furthermore, some new two-parameter mock theta
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functions can be obtained from the main results. For example, setting m = 2 in Theorem 1.4
and using (1.4), we derive

(ER) B ALl

+
TP )2 (7% ) 1—x

n24+3n+2 1 9 9 4 1
=m(z°q*, q",x" ).

n=0

This paper is organized as follows. In Section 2, some preliminary results are stated. In
Section 3, we prove Theorems 1.3-1.7.

2. PRELIMINARIES

In this paper, in order to prove the main results, the following identities are needed. For
lal <1,
i@ q) = jla/x;q),
jlar;q) = = j(x10),

i(@"x5q) = ()¢ Gla (s q), nez, (2.1)
1

(aa Q)—n = m, n >0, (2~2)

(@5 Otk = (a5 Q)nlaq"; Q) (2.3)

(aq™";q)n = (a/a: @)u(~a/a)"q~(2), (2.4)

, _ (a9)n Nk (o

(a5 @)n—k = m (—a) q( ) ka (2.5)
(@ Dnre (@ @n(d* /b (b)"

03 @)t (030)n(q'"/a;q)x <a> (26)

In order to prove the main theorems, the following results are needed.

Lemma 2.1. /20, Appendiz (111.17)] The Watson—Whipple transformation formula is stated
as

¢ a, \/&(L _\/6Q7 b7 c, d7 €, f .q a2q2
ST \/Zl, _\/av QQ/bv CLQ/Ca (I(]/d, CLQ/G, CLQ/f7 ’deGf

_ (aq,aq/de,aq/df,aq/ef;q)oo p aq/be,  d, e, f
_(aq/d7G’Q/eaa'Q/f7QQ/d€fQQ)oo4 s CLQ/b, CLQ/C, def/a’q’q ’

Lemma 2.2. For m > 1, we have

(2.7)

.- (. € ¢%)n "N

T;) (g™, 2714™; % )nt1 ( de >

(@A P e ) o (@00 (ds e g (=) R 1 "
<q27 q2m+2/de; qQ)OO <q2n’b—i-2/d7 q2m+2/e; qZ)n(l _ xq2n+m) de

n=—oo

Proof. For m > 1, setting ¢ — ¢*, a = ¢*™, b = 271¢™, ¢ = ¢™, and f — oo in (2.7), then
dividing both sides by (1 — z¢™)(1 — 2~ 1¢™), after simplification, we deduce

i (d, e;¢%)n <q2m+2>"
(xgm, 7 q™;¢?) g1 \ de

n=0
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(P2, q2m+2/€ q Z — gt2m (@202 02) o (d e g2 ) (—1) g 2mnt3n 1\"
T (& P de; ) (@2 )d, 22 Je; (1 — 22 ) (1 — a1 m) \ de

_ @, q2m+2/e # i (51 (ds 5 ) (1) 1N
(4%, q*>™F2/de; ¢?) (¢*™2/d, ¢*™ 2 /e; ¢%)y, de

x—qun—&—m 1
X 1—2— q2n+m + 1— Iq2n+m
2
_(@7d PP e %) oo o (@00 mo(ds €3 g7 ) (1) g RIS S\
(¢% ¢*™+2/de; %) oo (> +2/d, > 2 /€5 q*)n(1 —xq=2*~™)  \de

2m+2 d q2m+2 e: q & 2n+2’q m 1 d e: q -1 nqn2+2mn+3n 1 n
Z p
(q q2m+2/de q vt 2m+2/d q2m+2/e q ) (1 _ wq2n+m) de

(¥ /d ¢ es ¢P) ( 3 +Z> (%7267 m—1(d, €5 ¢2)n(—1)" g +2mm+3n <1>

(q ’q2m+2/de’ q ) 2m+2/d q2m+2/6 q ) (1 _ xq2n+m) de
_ (q2m+2/d7 q2m+2/e; q )oo
(g2, q2m+2/de'q2)
Z Z ("2 ¢*)m-1(d, €;¢*)n(— 1)nqn2+2mn+3n 1 "
2m+2/d’ q2m+2/e, q )n(l _ a?aner) de )

n=—oo n=—m-+1

n=0

n=—oo n=0

where the penultimate equality is obtained by setting n — —n —m in the first sum, and then
using (2.2), (2.3), and (2.4). Finally, we find that (¢2"2;¢%)m_1 =0 for —-m+1<n < —1.
Therefore, we complete the lemma. O

Lemma 2.3. [11, Theorem 2.1] We have, provided both sides converge,

[Ty (0k25 @)oo [Tamy (Br/ 25 @)
Tl (er2; @)oo TTRL, (dr/ 25 9)oo
. (al/cl, ces ,aL/cl; q)oo(blcl, cee ,chl; q)oo
~ (e2fer, .. en/e;@)oo(crd, - - c1dar @)oo

n
X Z (%> (c1q/ay, ... c1q/ar; @)nlcrds, . .., crdu; @n
n(ciq/ca, ... c1q/cr; @)n(bict, ..., barer; @)n(l — c1q™2)

(a1d17 . ,aLdl;Q)oo(bl/dl, o bar/di q) oo
(c1di, ... cndi;q)oo(da/dy, .. dar/di; @)oo

dr (%) (diq/by, ... d1q/brr; Onlcrdy, - . . cpdi; @)n
¢ (¢ nlardy, ... ardi;q)n(dig/dy, ... diq/da; In(z — dig™)

(45 @)oo

+ idem(cy;ca, ..., cp)

+idem(dy;dz, . .., dun),

X

n=

where

F(by,ba, ... by) +idem(by; by, ... by ZF bizba, ... bi 1, b1, bis1s . b)),

Lemma 2.4. Forn >0 and m > 1, we have

(q m A(l)

,q) _Z k,m
_2n+1. - 2n+2k—1"
(=" P)m =144

2n+2.
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where

A0 _ GO Tk (=6 6k
o (4% a®)r—1(a% 4 m—k
Proof. We prove this lemma by applying the g-Zeilberger algorithm. The Maple program is

stated in Appendix I. Instead, we can also prove the lemma by using Bailey pairs and Bailey’s
lemma.

A pair of sequences (ay,(a, k), Bn(a, k)) is a WP-Bailey pair if they satisfy

Bulak) =3 (k/a; @n—j (k; Qg aj(a k). (2.8)

= (60)n—5(a4; )n+;

Then recall the following pair which was initially provided by Singh [39]:

_ (Vag,—vaq,a, p1, p2,a*q/kpip2; O (K"
n(a, k) = -, (2.9)
(Va, —va,q,aq/p1,aq/p2, kprp2/a; q)n
k k k 1q)n
ﬁn(aa k‘) — ( pl/aa p2/a'7 7GQ//)1P27 Q) (210)
(aq/p1,aq/p2, kp1p2/a,a;q)n
Replacing k by ak and then letting a — 0 in (2.8)-(2.10), we obtain
(kp1, kp2; @)n _ 3 (k: @)nj(p1,p2:0)j 5 (2.11)
(kp1p2: ;@) 4= (4 Dn—j(kp1p2, 45 9);
Next, letting ¢ — ¢? and n = m — 1, and then setting k = —¢, p1 = —¢***!, and py = —¢ in

(2.11), we find

2n+2.

-1
(@*"*25¢%)m— mz (=) (=:6*); (=43 ¢*)m—j—1
(—¢*"iq )m (1+ q2”+2j+1)(q27 4%); (4% 4*)m—j—1
Finally, shifting the summation interval on the right-hand side of the above equation, we
complete the proof. O

j=0

Using the above lemma, we derive the following corollary.

Corollary 2.5. Forn >0 and m > 1, we have

(1)
("2 ¢ m— By B,
(_q2n+1 ) (1 _ xq2n+m) - 1— mq2n—i-7n 1+ q2n+2k’—1’

k=1

where BY and B,(:?)n are defined in (1.12) and (1.13), respectively.

Proof. According to Lemma 2.4, we have

("2 ¢%)m—
(=" ¢*)m(1 - wq2”+m)
(1)
= (1 + q2n+2k71)(1 _ :Eq2n+m)

(1) pqm—2k+1 1
o Z 14 xqm 2k+1 1 — zg2ntm T 1 + g2n+2k—1
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(1) —2k+1 (1)
_ i Akjqum + N i Ak7m
s (1 + zgm—2k+1)(1 — gg2ntm) e (1 + zgm—2k+1)(1 4 g2n+2k-1)
_ _ (1)
_ i o D i Gl T T G L S S i Bym 2.12)
= (L4 2qm M )(¢% ¢*)-1(¢% ¢%)m—r 1 —ag?tm =14 gni2hel
Notice that
_ _ -1
i (D 2™ M (=g )1 (= ) mk _ (—0)* (=4 (=4 ) m—1—1
= (L4 2qm M0 (¢% ¢*)e-1(0% ¢ m—k = (L+ 271 )(0% ¢*)r(0% ¢%)m—k—1
- (x—lq—m+2;q2)m 1
(el ?)
= B, (2.13)
where we replace g by ¢, and then set n =m — 1, k = —¢q, py = —¢q, and py = —x~Lg~™*!
in (2.11) to obtain the second equality, and the last step follows from (1.12) and (2.4).
Hence, applying (2.12) and (2.13) yields the corollary. O
Lemma 2.6. Forn >0 and m > 1, we have
(2)
(4225 ¢%) B - - Z Ay (2.14)
(—a*"*%;q )m_1 B 1+ q2”+2k’ '

where
A2 _ (D" (=% ka1 (=16 mk
(QQ; q2>k71 (q2; qg)mfkfl

Proof. We use the g¢-Zeilberger algorithm to prove the lemma, and the program is given
in Appendix II. It can be shown that three terms of (2.14) satisfy the same recurrence
relation. 0

Corollary 2.7. Forn >0 and m > 1, we have

_ 2
(@25 ¢*)m— ~ BY N mZI Bl(f,f)n
(_q2n+2; q2)m71(1 _ xq2n+m) T 1= xq2n+m P 14+ q2n+2k’

where BY and B,(fT)rL are defined in (1.14) and (1.15), respectively.

Proof. In view of Lemma 2.6, we have
(@22, ¢2)m_
(_q2n+2. q2) _ (1 _ xq2n+m)
(2)

1
_ m 1 .
- + Z 1+ q2n+2k 1— xq2n+m
_ — (2) _
—1)ym-1 m—1 A 1 ra™—2k
= ( )2n+m + Z k7272k < 2n—+2k + 1 2n+m>
1—xzq k:11+1:q 1+4+¢ 1 —=zq
_ 1 (2) 1
-yt N~ B N " (= @)1 (L @)k 1

1 — wg?ntm ; 1+ q2"+2’“ — k- 1(q @*)m-k—1(1 +zgm=2*) 1 —ag?tm
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! 1 p@
- yme1 +m 1t 1( 0% 4*)k-1(=1;6*)m— ‘ 1 +mZ e
P Dk-1(0% ¢ m—p—1 (L +a=1g2k=m) |1 —agntm & £ ] g2nd2k
(2.15)

The following identity is still proved by using the g-Zeilberger algorithm. The Maple
program is stated in Appendix III.

-1 _ _
(4% ¢*)k-1(¢% ¢*)m—k—1(1 + x71g2—m) (—2q ™2 ¢%) -1
Then substituting the above identity into (2.15), we obtain
_ 2
(@5 %) )M a1 B,
(=22 )1 (1 — xq2n+m> - (=g~ 2, ¢%)m1 1 — pg2ntm T ; 1+ g2n+2k
which complete the proof. O
Lemma 2.8. Forn >0 and m > 1, we have
(3) m “(3)
(@2 6*)m1 _ km km
M d mol : + ’ (2.17)
In+2. Z n+2k—1 Z _ g2n+2k-1°
(g™ ,q)m =1+ = 1—qn
where
1 k2l
@ _ (=DM IS (—q‘ @)t )18
b = : (2.18)
2(¢% ¢Hk-1(a% ¢ m—
k2
(3 q q;9" )k—1\4; 9
Al = ( ) ¢ ek (2.19)
2(q* q*)k-1(q* )m—k

Proof. We prove this lemma by utilizing the g-Zeilberger algorithm. It can be shown that
three terms of (2.17) satisfy the same recurrence relation. The Maple program is stated in

Appendix IV. O
Corollary 2.9. Forn >0 and m > 1, we have
P B SN
(¢ +2; ¢ (1 — xq2n+m) 1 — zg2ntm ] 1 4 g2nt2k—1 £ 1 — g2nt2k—1°

where BT(S), B,(jzl, and E,(f) are defined in (1.16), (1.17), and (1.18), respectively.

,m

Proof. First, using Lemma 2.8, we derive

(¢*"% %) m—
(q4n+2; q4)m(1 _ xq2n+m)
m ](63) m *l(€3) 1
;1 ,m
- Z 1+ q2n+2k—1 + Z 1— q2n+2k—1 ' 1— xq2n+m
k=1 k=1
3 —(3
(A o, Ay g% 1
- ; 1+ - Llg—m-1+2k ; 1 — ggmt1-2k | "1 gg2nitm

—1,—m—1+2k m —(3)

k mx q 1 km 1
+ Z L+ 2-lg—m—1+2k 7 4 g2n+2k—1 + ; 1 — xgmt1i-2k 1 — g2nt2k-1
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m A(3) A(3) m~+1—-2k 1

=X T Pk -
- —1,—m—1+2k — egm+1—2k _ pa2ntm
pt 1+27¢q pt 1—2xzq 1—2zq

BO) m B

+ Z 1+ q2n+2k 1 + ; 1— q2n7+2k71 : (220)

Next, based on (2.18) and (2.19), we find
m 3 m 53 m41—
(3) Agf}nxq +1-2k

T 2
1+ x—lq—m—1+2k prt 1— xqm+1—2k
k-+1,m mz:l ZS;) fom g TR
i 1+ x—lq—m+1+2k — 1— xq—m+1+2k
(— m—1 2m+2)kz( —2m+2 —2m+2
2(q

m—1 A(3)

Jm-1 x4 q ,—4q G4k 1
a4 4" )m-1 = (¢, =% —q =23 g%y, 1+ g—tgmmtit2k

72m+2 —2m—+2

,—4q 497k 1
(2, —¢2, 273, 2, 1 — pgm 142k’

2 2 2k
g )mlzq

2(q o (2.21)

=0
where we set kK — k + 1 in the first term and k£ — m — k in the second term to obtain the
first equality, and we apply (2.5) to derive the last step.

The following identity is proved by applying the g-Zeilberger algorithm. It can be shown
that the three terms of (2.22) satisfy the same recurrence relation. The Maple program is
stated in Appendix V.

(—¢; qz) o 1q2m+2)k(q72m+2 —q2mH2 g q2)k 1
2(¢% ¢ m—1 = (4% —¢% - ‘2m+3 on L4 glgmtiveh
—1 _ _
B g™ Q)m 1 Z q2k 2m+2 ,—q 2m+27q;q2)k . 1
2(q q — q—2m+3; q2)k 1— xq—m+1+2k¢
o m—l—l( q—m+2,q2)m 1 599
(@), (222)
Finally, from (2.21) and (2.22), it can be seen that
(3) —=3) _
Zm: Ay - i Ay g™t 2k B _Im-l-l(mq mt2 02y (2.23)
—1,—m—1+2k _ t1-2k 2—2m+2. g4 : :
—ltazlgm — 1—xgm (227242 ¢ )m
Therefore, combining (2.20) and (2.23), we complete the proof. O
Lemma 2.10. Forn > 0 and m > 1, we have
1 (4) (4)
(%) me1 mz: Apm N i Ay
2n+1, - 2n+2k 2 +2k 1
(=" Qam1 = 14 =14 g*n
where
2
AW _ (=16 ) m ok
kEm —

(Q; Q)Qk—l (Q; Q)2m—2k—1
2_
Bk (g3 ) k-1 (~ 45 ¢ m—r

Z(4) _4
(¢ @)2k—2(a5 @) 2m—2k
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Proof. The proof is similar to that of Lemma 2.8. O

Corollary 2.11. Forn >0 and m > 1, we have

(e RN NN )
) — + N L — _—
(_q2n+1; Q)Qm—l(l _ xq2n+m) 1— mq2n+m ; 14+ q2n+2k ; 1+ q2n+2k—1

where BSY, B,(:‘%I, and E,(j; are defined in (1.19), (1.20), and (1.21), respectively.

Proof. In view of Lemma 2.10, we derive

(@26 )m—
(- q2”+1 @)am-1(1 —wq2”+m)
4 —(4
( ) 1 m Aézn 1
- Zl 1+ q2n+2k 1 — zg2ntm * kz_l 1 4 g2nt2k—1 "1 — pg2ntm

= 1 A("l) —12k—m 1
- 1+ w—quk—m 1+ q2n+2k + 1— qun-‘rm

k=1
i Z,(“)n 1 . zgm2kHL
1+ xqm—2k+1 14+ q2n+2k—1 1— $q2n+m
4 4
= A,(w)n g il .
- 2k—m 2n+2k 2k41 2n+2k—1
k:11—|—:n q“k—m 14 g" kill—}—xq”‘ 14+ qg="
m—1 (4) 1 i Z’(fzn g2+
+ —1 2k m Ingm T m—2ht1 2n+m
k:11+x q 1—2q kzll—i—:vq 1—2zq
(4) —(4)
= Z Em: _ Bem
2 +2k 2n+2k—1
1+ g<n P 1+ g%n
m—2 (4) m—1 *(4) _ 2k—+1
A xq m+2k+ 1
k+1 m m—k,m
+ Z —miz T Z Rp—y A - S (2.24)
k=01+$ q 5—0 1+ g 1—xzq

where we set k — k + 1 in the third term and &k — m — k in the fourth term to obtain the
last step. Next,

2 (4) 1 (4) -
mz Ak+1,m _'_mz A~ k,mTd met i
—1,2k—m+42 —m+2k+1
i A par SR
—92 2
X ¢ (g% ) (1)) k1
= (0:0*)k4+1(0% (@ ¢ )m—k—1(0% ) m—p—2(1 + 27 g~ m+2)
-1 AV _
S g R 3R (g ¢2) k1 (=45 4Pk
= (430 m—k-1(% ) m—k—1(¢ )k (0% ¢*)k (1 + zg*—mH)
— (_1)m 1L (l‘q " 2; qz)mfl (2 25)
- (—zq ™t q)am—1 '

where we derive the last step by utilizing the g-Zeilberger algorithm, and the proof is similar
to that of (2.22).
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So, combining (2.24) and (2.25), we complete the proof.

Lemma 2.12. Forn > 0 and m > 1, we have

(") m1 ,
( q2n Q)Qm—i—l _kz_ol_|_q2n+2k +; 1+q2n+2k 1’

where
2
46 _ ¢ =a* )1 (16 mk
o (45 @) 26 (45 @) 2m—2k
2 _
R g )1 (— 45 ¢ mi

(Q; Q)2k—1 (q; Q)Qm—2k+1

)

2(5) __4a

Proof. The proof is similar to that of Lemma 2.8.

Corollary 2.13. Forn > 0 and m > 1, we have

5 (5) —-(5)
@ B SN B SN B,
(7q2n; Q)2m+1(1 _ xq2n+m) 1— xq2n+m prt 1+ q2n+2k p 1+ q2n+2k71’

where BT(;?), B,(f?)n, and B\ are defined in (1.22), (1.23), and (1.24), respectively.

k,m

Proof. Based on Lemma 2.12; we have

("2 ¢%)m—
(—¢®"; @)om+1(1 — xq?"*’”)

m A 5) xfquerQk 1 m 2(5) 1

_Z 1+ —1,—m+2k 1+ 2n+2k +Z 1+ lj’r’:—rll-l—Qk ’ 1+ 2n+2k—1
z~lq q = 1+aq q

5 —(5 _

m
+ kZ:O 1+ x71’qu+2k + ; 1+ zgmti=2k | "1 — gpg2ntm

(5) -(5)
= 2k Int2k—1
1 +q pt 1+4+4¢
5 1 _
. i A( ) +mZ Am - m-+1+42k ' 1
P 1+ x—lq—m+2k 1+ wq—m+1+2k 1— xq2n+m'
Notice that using (2.5) and (2.6), we have
(5) 1 - k
i A —i_mZ Am - m+1+42
TR “mtit2k
— 1+z71q 1+ 2q
(AP q(2m+4)’“((f2m7q‘2m“,—1;q2)k 1
(¢, 4%¢*)m = (¢, 6% =72 %) 14 z=tgmt2k
2 1 _ _
I G mZ: qz’“ 2m+2,q g6 1
(1= a)(¢;4*)m (4?5 ¢%)m-— —q72mt3q%), 1+ pg-mrit2k
=0
7m+25 q )m—l

— (_1)m+1xm+2 (xq ’
(—2¢™™; @)2m+1
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where we obtain the last equality by using the g-Zeilberger algorithm, and the proof is similar

to that of (2.22). Therefore, we complete the proof.

g

Remark: We can derive most of the identities which are proved by the ¢-Zeilberger algorithm
in this section by using Lemma 2.3. For example, based on (2.6), we deduce

m

()" (g -1 ¢P)m—s
= (14 ¢ 71)(0% ¢*)k-1(0% ¢ )m—k
1
_ m lrnz —q4;9 ) (q 2m+27q) (226)
( Jm-1 = +q2"+2’““)(q PP k(=23 )k
For n > 0 and m > 1, replacing ¢ by ¢?, and then setting L =2, M =0, a1 = —q, ag = ¢*™
c1=1,c=—¢*""! and z = —¢*"*! in Lemma 2.3, we obtain
(% ) (¢*"*%¢*)m1 (@™ D)o P Z —¢;°)e(a*" % ¢
b o0 9 m .
(—¢**1¢?) (1 +q2”+2’““)(q 3 q%) k(=g 23 q2);

Therefore, substituting the above identity into (2.26) yields Lemma 2.4.

3. PROOFS OF THEOREMS 1

In this section, we prove Theorems 1.3-1.7.

Proof of Theorem 1.3. First, in view of (

3-1.7

1.8), we get the case for m = 0. Next, we prove

the theorem for m > 1. Setting d — oo and e = —¢ in Lemma 2.2, we deduce

(—q; ¢¥)ng™ t2mn
(xq™, x71q™; ¢?) 1

>

n_zol (*"2;¢%) 1 (—1)nq2n2+2mn+n
= J174 W (_q2n+1; q2)m(1 — xq2”+m)
Lo (B g agtm) | 8 B (- 1>"q2" F2mntn(] _ g2n2k=)
" Jia nzz_oo 1= z2gin+2m kz s
~ BYG(@ qm(aa, ¢t P — B ag (P g m(aa T ¢t P

J14
. Z l(glg@]( 2mt3, 4y (gtk—2m=1 g4 g2m+3)
— J14
) in: B}(;y)nq2k—2m—2j(q2m+lj gH)m(gh—2m=3 gt g2+l
pt J14

, (3.1)

where we obtain the second equality by using Corollary 2.5, and the last step follows from
(1.1). If m is even, then we change m to 2m in (3.1). So, we obtain

(_q; q2)nqn2+4mn
(zg*™, 271%™ ¢*)n 41

>

n=0

—9m2— 1 —9m2—m— 1 —
= (_1)mq am mBgnzm(foQanl,q?))‘i‘(_1)m+11‘q 2me—m 1B§W)L’I7’L(£L'2q 1,q4,Q)
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+Z m —2m? mB(l) m

4k—4m—1
k,2m (q

44 )

+Z )™q —2m2—3m~+2k— 2B(1) 4k—4m—3 4 )

kam(q 4 54), (32)

where the last step follows from (1.2) and (2.1). Similarly, for odd m, we replace m by 2m —1
n (3.1) and use (1.2) to obtain

OO (_q. q2)nqn2+4mn72n
;:0 (qum—l’ x—qum—l; q2)n+1
— (—1)"g 2B m(a?g,¢%,q) + (1) ag B (g ¢t )

2m—1"M
2m—1
+ Z m —2m —|—mB](C %m lm(q4k_4m+1,q4,q)
2m—1
_ 1 —Am—
+ Z m+1 2m2—m+2k— 1Bl(€%m lm(q4kz dm 1,q4,q3). (3_3)

In view of ( .2), we see that (3.2) and (3.3) are the even and odd cases of m in Theorem 1.3,
respectively. Therefore, we complete the proof.

O
Proof of Theorem 1.4. For m > 1, setting d — oo and e = —¢? in Lemma 2.2, and using
Corollary 2.7, we deduce
oo (_q2;q2)nqn2+(2m—1)n
nz% (g™, 71q™; ¢*)n+1
_ 1 oo (q2n+2;q2)m71(_1)nq2n2+2mn
Joa = (=q*"2¢%) 1 (1 — zg®"t™)
_ 2 2
_ i i (_1)nq2n2+2mnB£3) N mz:l (_1)nq2n +2mnB’(€J)n (3 4)
J274 S 1— $q2n+m prt 1+ q2n+2k . .
Next, we split m into two cases. First, if m is even, then changing m by 2m in (3.4),
derive
o0 ) qn2+(4m71)n
;] 2m x_lqzm q*)n+1
g (g e e,
J2’4 = 1— $q2n+2m P 1+ q2n+2k
_ L i ( 1)n+mq2n —2m? B( +2mzl 1)n+mq2n —2m B](g %m (3 5)
J2’4 = 1— q2n 1+ q2n+2k—2m ’ ’

where we set n — n — m in the first sum to obtain the last step.
By changing n — —n, * — =1, and ¢ — ¢% in (1.5), we find

1 (—1)nq2n2 2.2 4 1
—_— —_— = ). 3.6
T n=—o0
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Then substituting (3.6) into (3.5), we arrive at

i (—a% ¢*)ng

= (2¢*™, 27?5 P )

n24+(4m—1)n

—4Am—+4k+2 4
m(qg— "™ .q

I

2m—1
= (~1)"q 2 Bm(a*e, ¢ ) + Y (<) By

2m—2k
k, 2m M —-q )
k=1

which implies the even case of m in Theorem 1.4.

Now we turn to prove the case for odd m in Theorem 1.4. Changing m by 2m —1 in (3.4),
we obtain

i (=% g)ng HEm=3n
= (2@ 2 P P g
B 1 i (_1)nq2n2+4mn—2nB§2)i +2§—:2 (_1)nq2n2+4mn—2nBl(€%
~ Jag 1 — pg?nt2m—1 1 + g2n+2k
7T n=—00 —
1 i (— 1)n+m+1q2n +2n—2m +2mB§TI’)L ) +2§—:2( 1)n+m+1q2n +2n—2m +2mBl(C %m :
o — pg2ntl 2nt2k—2m+12
Joa — 1 — zg?n — 1t g m
(3.7)
= (-1)™z lq—2m +2m— 1B(n)l 1m(m—27q4’$q)
2m—2
_ 2 —e— —Ak— _
+ Z (—1)mHlg=2m?+dm 2k 2BI(€2)m 1m(q4m k=2 g4 o 2m+2k+2)
k=1
_ 2 -1 —
= (-1)™zq 2m2+2m— 1B() _m(x 2 4oy 1)
2m—2
+ Z m+1 —2m +2kBlg %m . (q74m+4k+27q4,_q2mf2k72)7

where we set n — n —m + 1 in the first sum to obtain (3.7), the penultimate step follows
from (1.5), and we obtain the last step by applying (1.3).

Therefore, we complete the proof. O

Proof of Theorem 1.5. In view of (1.9), we have the case for m = 0. Next, we prove the

theorem for m > 1. Setting (d,e) — (¢, —¢) in Lemma 2.2, and then using Corollary 2.9, we
deduce

io: (q2; q4)n(_1)nq2mn
= (2™, 271" ¢% )t

2
2% @ )m-1 x~ (@) morg” T

j0,2 S (q4n+2’ q )m(l _ xq2n+m)
3 (3) n24+n+2
_ 2(_q2;q2)m71 i Bﬁn)qn2+n+2mn N 2(_ m 1 Z Z B q +n+2mn
- T _ 2n+ 2n+2k—1
J0,2 ne——o0 1 —azgtm JUQ 1 e —oo l—l—q n
2 (5) n2+n+2mn

L S JO 9 Z Z 1 _ q2n+2k 1

k=1n=—o0
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= 207" " (= D) m1 B m(—xq™, ¢, —1)

m
—m2_ 3 _ _
+2¢ m m(_q2;q2)m—1ZB](€77)nm(q2k 2m 17q2,_1)

k=1
50
m2e - Com
+207" M=% ¢))m-1 Y Brmm(—¢* P P 1),
k=1
where the last step follows from (1.1) and (1.2). Hence, we complete the proof. O

Proof of Theorem 1.6. Letting (d,e) — (—¢, —¢?) in Lemma 2.2, and then using Corollary
2.11, we derive

T ((—q; q)2n4q

= (xq", " P )

(2m—1)n

_ 4
(@36 m—1 i (—1)ngn*+2mn g N (q;q2)m_1mzl i (~1)g™ B
Jl 9 = 1— xq2n+m J1 9 — 1 + q2n+2k
(G m-1 = ~— (—1)”61”2*2"1”?&
1+ g2n+2k—1

’ k=1 n=—o0
2

= (=)™ (¢; ¢*)m-1BPm(zg ™, %, q)

m—1
—m?2 4 _
(D" (P mo1 Y Boo m(—g?F L 2 g)
k=1

m
—m?2 —(4 _
+ (=" ™ (@ P mr Y Brwm(—a 2", ¢, q),

k=1
where we obtain the last step by utilizing (1.1) and (1.2). Therefore, we complete the proof.
O
Proof of Theorem 1.7. Setting (d,e) — (—1, —¢) in Lemma 2.2, and then using Corollary

2.13, we have

o

_1; n
Z (( q)2nq

@™, 7™ ¢ ) g

2m+1)n

n=0
2 5
_ m i (—1)nqn2+(2m+2)TLB7(;?) N 2(q;q2)m i”: i (_1>nqn +(2m+2)nB1(g7711
J12 W= 1 — gg2ntm Ji2 — = 1+ g2n+2k
2qg: 2 m 00 —1)" n2+(2m+2)n§(5)
+MZ T (=" ko

2n+-2k—1
’ k=1n=—o0 1 T q

= 2(=1)" gm0 (g ), B m(wg ", ¢, q)

+ 2(_1)m+1q*(m+1)2(q; m Z B,(C‘f’;m(—q%’zm’l, a2, q)

where the last step follows from (1.1) and (1.2). Therefore, we complete the proof. O
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4. APPENDIXES

In this section, we provide some Maple programs which are used to prove the main results.
The Maple package APCI which is written by Hou can be downloaded from the following
link.

http://faculty.tju.edu.cn/HouQinghu/en/lwcg/4184 /content /23455 . htm#lwcg

4.1. Appendix I. We prove Lemma 2.4 by Maple with the following program.
> with(APCI);

> ¢= (=9)*~'-gpoch(—q,q% k—1)-gpoch(—q,¢®> ,m—k)
" gpoch(q?,q%,k—1)-gpoch(q?,q%,m—k)-(1+q2n+2k—1)"

> re = qZeil(t,m, k, q);

2n+2

> fi= apoch(q g% m—1)
" gpoch(—q¢?nt1,q2,m)

> qhyper_simp(add(re[i] - subs(m =m+1i—1, f),i = L..nops(re)));

4.2. Appendix II. We use the following program to prove Lemma 2.6.
> with(APCI);

(=1)*~1 gpoch(—q?,4% k—1)-gpoch(—1,¢> ,m—k)

> 1= apoch(a®,q%,k—1)-qpoch(a2,q2,m—k—1)-(1+q2n T 2F) >

> re = qZeil(t,m, k,q);

qpoch(¢®"t2,¢% m-1) |

> fi=
f gpoch(—q?"+2,q2,m—1)"

> ghyper_simp(add(re[i] - subs(m =m+1i—1, f),i = L..nops(re)));

> ghyper_simp(add(re[i] - subs(m =m +i—1,(=1)™"1),i = 1..nops(re)));

4.3. Appendix ITI. With the aid of the following program, we prove (2.16).
> with(APCI);

(=1)*~1.gpoch(—q?,¢*,k—1)-gpoch(~1,¢*,m—k) .
2k—m
gpoch(q?,q2,k—1)-qpoch(q?,q% ,;m—k—1)-(1+<4——)

>ti=

> re = qZeil(t,m, k,q);

> nops(re);

(=)™ F.gpoch(z-q~ ™12 4% m—1)

> f= gpoch(—z-g—™+2,4%2,m—1) ’

> qhyper_simp(re[l] - f + re[3] - subs(m =m + 2, f));
> ghyper_simp(re[2] - subs(m =m + 1, ) + re[4] - subs(m =m+ 3, f));

> ghyper_simp(add(re[i] - subs(m = m+1i—1,(—=1)™),i = 1..nops(re)));

4.4. Appendix IV. We prove Lemma 2.8 by utilizing the following program.
> with(APCI);

1 k2-
(=1)*71.g*" 1 gpoch(—q,q% k—1)-gpoch(—gq,q* ,m—k) .

2gpoch(qt,q*,k—1)-gpoch(q?,q*,m—k)-(14+¢2n+2k—1)>

>tl =

2
S 12 = q* 1<qp0ch(q,q2,k*l)»qpoch(q,q{mfk)

= 2qpoch(a®,q®,k—1)-qpoch(q®,q*,m—k)-(1—g2n+2k— 1y

> rel := qZeil(t1,m, k, q);
> re2 = qZeil(t2,m, k, q);
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> rel —re2;

2% m-1),

gpoch(q
> fi=
f gpoch(gint2,gt,m)

> ghyper_simp(add(relli] - subs(m =m +1i—1, f),i = 1..nops(rel)));

. Appendix V. We prove (2.22) by applying the following program.

> with(APCI);

qpoch(—q,qz,m—1)-q(2m+2)k-qpoch([q72m+2,—q72m+2,—q],[q2,—qz,—q72m+3],q2,k‘) .
—m+1+2k )
@

>tl =
2gpoch(g,q*,m—1)-(14-4 )

. m2—m

> $9 .= —%d -gpoch(g,q*,m—1)-¢** -qpoch((q —q

—2m+42
— .
- 2qpoch(q?,q*,m—1)-(1—z-q~mFT1+2F)

—2mt2 qlle?—a?a 2" 362 k) .
7

> rel := qZeil(t1,m, k, q);
> nops(rel);
> re2:= qZeil(t2,m, k, q);

> rel — re2;

> fi= —z™* 1 gpoch(z-q~ ™12 ,q%,m-1)
. apoch(az?.q=2m+2 ¢4 ,m) ’

> qhyper_simp(add(rel(2i + 1] - subs(m = m + 21, f),i = 0..2));

> gqhyper_simp(add(rel[2i] - subs(m =m +2i — 1, f),1 = 1..2));
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