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ABSTRACT. The Dougall-Dixon summation formula is reformulated in terms
of binomial sums. By computing their second derivatives, we establish several
harmonic number identities.

For an indeterminate x and two natural numbers n and /¢, define the generalized
harmonic numbers by
1 "1
HO92) =) —— = HY =gL0)=) —=.
k=1 k=1
When ¢ = 1, they will be abbreviated as H,(z) and H,, respectively.

Given a differentiable function f(z), denote two derivative operators by

d d
D.f(x) = - f() and Dof(x) = - f(z)
Then the generalized harmonic numbers satisfy the following recurrence relation

H? (z) = =D, H,(x) and D,H" (x)=—LH*(x).

n

=0

These numbers come naturally from the derivatives of binomial coefficients:
o, (") = m@("T) = (") = He o ()
n n n
-1 -1 -1
Dw(ner) :—Hn(x)(ner) — DO(”“”) - _H,  (Ib)
n n n

This fact can trace back to Issac Newton [12], as pointed out by Richard Askey
(cf. [1]), and has been explored recently in [7] and [13].
Recall the shifted factorial
(c)o=1 and (¢)p=clc+1)---(c+n—1) for n=1,2,---
and the hypergeometric series (cf. [2, §2.1])

ao ag,---, @
F, ’ P
1+ptiq bh,,,’ bq

_ > (ao)n(ai)n - - (ap)n o
Z} 7,;) n! (b1)n -+ (bg)n '
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We can reproduce the Dougall-Dixon summation theorem [2, §4.3] as

a, 1+a/2, b, c, d
5 a/2, 1+a—-b, 1+a-—c, 1+a—d’1} (22)
_ I'l+a-0ll+a—c)l'l+a—-d)'(1+a—b—c—d) (21)

I+ al(l+a-b—c)l(l+a-b—dI(1+a—c—d)
provided that R(1 + 2a — b — ¢ — d) > 0 for convergence.

Following the hypergeometric method presented in [7], this paper will further in-
vestigate the second derivative of the Dougall-Dixon formula and establish several
interesting harmonic number identities. In particular, we find a hypergeometric
series proof of one of the hardest challenge identities:

Zn:(—nk( . )3{3(Hk — o)+ (B + HP, )} = 0 (3)
k=0

conjectured by Weideman [15, Eq 20] and proved subsequently by Schneider [8,
Eq 16] (cf. [9, Eq12] also) and Chu [6, Eq 0.5].

§1. Specifying the Dougall-Dixon formula (2) by
a—Xx—n, b—6r—n, c— (Ax—n)/2, d— —n
we may restate it, under A = 6 + ¢, as

[)\aj -n, fx—mn, —n ‘ ] (It A - n)n(1+ nbAz_20e)

F:
342 1+dz, 1+ (1_|_19x)n(1+)\m2—n)n

n—A\zx

o ) ("_ne””), we reformulate the result

Dividing both sides by binomial coefficients (
as the following finite sum identity:
n m3 p(MmlEAT 3nd(A—20)z
3 D" () _ ) E ) )
(k+)\rc) (k+19z) (n—k—)\r) (n—k—&m) - (n+)\z) (n—)\x) (n+19:r) (n—GI) :

k n n n n

k=0 k n—k n—Fk

According to the parity of n, the right hand side of last equation reads explicitly as
3 + A—26
m (3m)! " )

3m

RHS(4) — (_1) (m')S (er%w) (mJ”rn%z) (mfgg;) (2m+19m) (2m79a:)’

m m 2m 2m
_ | 13 3+6n?+(>\729)x
RHS(4) "=z (_Dm%x : (?:;+f'5mi.(m2.) |3(1+an++6&$)
(T +3m) (1 +2m)1J3 (1o
() (1) ()
() (R ) () () (™)

The case z = 0 recovers the following well-known identity:

i(—l)k(n)g _[EmgEs =2 (5)
k 0, n=2m+ 1.

k=0

By means of (1), we write down the first derivative of (4) with respect to a:

- R 3 Qi (x) 6a
Z( )<k> (k+>\z)(k+19z)(n—k—>\z)(n—k—ex) ( )

k k n—k n—k

U(x), n = 2m;
— RHS(4) x (6b)
V(z)+1, n=2m+1,
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where Q(z), U(xz) and V (z) are given respectively by

Qk(x) = /\Hn_k(f/\l’) + 0Hn_k(70m) — )\Hk()\l’) — 19Hk(19f£),

=
=
I

A—229H3m(,\—2291,) _ A—226H7n(k—226x) _ %Hn (%iﬁ)

+  3Hun(—%z) — VHam(92) + 0Hap (—02),

=
2
I

(A= 20)Hi om0 — 202) = 252 Hy ey (5222) + 3 Ho (32)
S Ho(— 32) + 252 Hyp(35222) — (A~ 26) Hy yam (A0 — 260)
— /\H1+2m(/\213) + )\HH_Qm(—/\l‘) — ?9H1+2m(19$) + 0H1+2m(—9$).

Qk(()) = ()\+9)an1€ — ()\+19)Hk,
U(O) = (% _0>{H3m_2H2m_Hm}a
V() = (% - 9) {2Hs6m — Hitsm — 4H14yom + Hm };

we have the case z = 0 of (6):

n 3
S () (Z) {()\ +9)Hy, — (A + H)Hn_k}

k=0

(1" G (3 = 0) (o + 2Ham — Hyn), = 2m:

34+6m)!(m!)®
(—1ymHL ) et n—2m 1.

Splitting the summand into two terms according to (A + 9)Hy — (A + 0)H,,—x and
then keeping the former invariant and performing involution k& — n — k for the
latter, we reduce the last identity to the following simplified form.

Example 1 (Harmonic number identity: cf. [9, Eq 2] for n = 2m).

O T I
k —1)mtt 3+6m)!(m!)® -
k=0 = (1+(3m)!{()15r2m)!}3v n=2m+ 1.

The derivative of (6), i.e., the second derivative of (4) with respect to z at z = 0
reads as

i(_l)k(z)?){gi(oH%(o)} _ ()& U2 0) + U (0)}, 0 =2m;

m)!(m!)3
k=0 (_1)m)\%‘/(0)7n:2m+1

Noting further that

20) = W+9H)HD + (2+0HHD,,
A2 A2 A 2
U0) = SHP+SHG - (5 -0) {H) - 20 - HP);

we obtain the following general formula.
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Theorem 1 (A = 0 + ¥: Harmonic number identity).

n as [ {0 H — A+ 0)H, )
(-1)"
kZ:O (’“> +HOZH9)HP + (N 402 H P,

(=)™ (3m)! 2APH 2 +(A—20)% (H3m —2Hzm —Hm)?
3 , n=2m,;
4 mlP | forn 202 —an - n)

H7Tl 2H m
(—1)m(%—9 A (3+6m)(mh)? { + 28346 }, n=2m+ 1.
(esm){ 2m)t |~ Hygam—4H: 1 om

2m

Example 2 (A =2 and § =9 =1 in Theorem 1).

2~ 1) B+ HY, 0= 2m;

(mh)3

Example 3 (A =0 and § = —9 =1 in Theorem 1).

n

S (3) e+ 4 )

k=0

(_ )m (3m)! { (H’m +2Hoy, — H3m)2} n=2m:
e
0, n=2m+ 1.

Example 4 (A= -0 =1 and ¥ = 2 in Theorem 1).

n

S (3 for + Ga? +2n2,)

k=0
(=)™ (3m)! 9(H,, + 2Hazy, — Hzp )? — o
4 (7n!)3 <2> <2> _ (2) ) n = 2am;
FILHP +20HS2 — 9oH
(3+6m)!(m!)? { Hpy, + 2Hs 1 6m
(rsm){ (2m)t} |~ Hiyam—4Hi4om

(][]

(=™ }, n=2m-+ 1.

§2. Specifying the Dougall-Dixon formula (2) by
a——-n, b——-dx—-n, ¢c—-n/2, d— —0zx—n

we may restate it as

m (2)m (A4+2mAz+0z)m
-n, —Ar—n, —60xr—n ’ 1} _ (—4) 2(1+>\x)m(1+0x)m ’

1+ Az, 1+ 6x 0, n—9m-41.

n = 2m;

3ks

Here we consider only the case n = 2m because the case n = 1 + 2m does not
produce any interesting result on harmonic numbers.
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Dividing both sides by binomial coefficients (%) ("*#7), we reformulate the result
as the following finite sum identity:

m\ 3 m 3m 3m+Az+0x
in: (_1)k(2k ) _ (71) (m,m,m) ( 3m ) ) (7)
pa (k+k>\1) (ktcez) (22;114?1) (273;114291) (mi»n)\z) (22:;)\1) (m::lez) (277;;91») (2m+2)":l:+9;7:)

By means of (1), we write down its first derivative with respect to x:

2m 2m 3 O (x

S () e e e ()

IR O G e L -
(7] () () (57 (e

where Q(z) and W (z) are explicitly given by
Qe(z) = MHp(A\2) 4+ Hop—r(Az)} + 0{Hy,(02) + Hop—i(02) },
W(z) = MHn(Az)+ Hom(Az)} 4+ 0{Hy(02) + Hap (62) }
+ (A +0){Haom(Ax + 02) — Hap(Az + 0z) .
Noting that

Qx(0) = ()‘+9){Hk+H2m—k}a

W0 =~ {a® + B )
W) = —(A+02{H{) —HD Y — (W +60){H? + B

we may compute the derivative of (8), i.e., the second derivative of (7) with respect
tox at z =0:

S (2 oz - o) = (-1 o {weo) - wio))

from which we derive the following formula.

Theorem 2 (Harmonic number identity).

2 oma | A0 (Hk +H2m7k)2

Z(_l) ( k ) 2 2 (2)

k=0 (>\ +0 )( +H2 )
+(A+9>2(Héiif 2
(A2 + 02 (HY + Hy)

Putting A = 0 and § = 1 in Theorem 2, we recover again the harmonic number
identity stated in Example 3.

Example 5 (A =1 and § = —1 in Theorem 2: cf. [9, Eq 3]).

S () (e LY = o )
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Example 6 (A =60 =1 in Theorem 2).

2m

om\*
S0t () {t trn? o+ (52 4 G

k=0

— m (3m)! Q(Hm + 2Ham — H3m)2

2m 3m

Example 7 (A =2 and 6 = 1 in Theorem 2).

2m 3
2m
Z(—l)k( i ) {9(Hk + Hop i) +5(H” + Héii_k)}
k=0
_ (_ )m (3m)' 9(Hm + 2H2m - H3m)2
(m))3 | +5H + 14H — 9HP [

§3. Subtracting twice Example 5 from Example 2, we obtain immediately Weide-
man’s identity (3). Combining the formulae established in the previous examples,
we further display the harmonic number identities in the following short list.

Example 8 (Example 5 with involution).

k(MY e g ) (~)™ {Hﬁ) + Héii}, n=2m;
Z(_ ) k k + n—~k -
k=0 0, n=2m + 1.

Example 9 (Example 2 minus five times of Example 5).

- (=)™ F! (3m)! (2) (2) _ )
Z(_l)k<Z)S(Hk —ank)2 _ { 3 (m)? {Hm +H2m}, n = 2m;

Example 10 (Example 6 minus Example 5).

2
n L ) (—=1)™ (37?)31 { (Hpm + 2Hom — Hspy,) }7 n = 2m:
S0t () e = T e )
k=0 0, n=2m+1.

Example 11 (Example 9 plus Example 10: cf. [9, Eq 23]).

2
. s ™ (3@;{ 3(H,, + 2Ho,, — Ha,) } n = om:
> (1) ( k) (Hi+Ha ) =4 ¢ "\ (5® —2m{) + 3053
k=0 0, n=2m+1.

Example 12 (Example 9 minus Example 10: cf. [9, Eq 22]).

n el M3 (*112)"1 (377'1);{ 3(Hp + 2Ham — Hzm)? }7 n = 2m;
S () Bt =y O an) )

k=0 0, n=2m+1.

The factor H + H, é2> is separatable, in case n = 2m, as follows.
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Example 13 (Example 8 with involution).

2m 3 _1\m m)! )
=0

Example 14 (Example 11 with involution).

2i(l)k(zm)gH2 (=)™ (3m)! f 3(Him + 2Ham — Ham)?
L 12 (m)3 | —(H — 20 +30) )

3m

When n is odd, we are not able to split the factor H ,f + H ,§2>. However, we do have
the following interesting result.

Example 15 (Example 4 with involution).

1+2m

1+ 2m\3 ) (=)™ @B+6m)!(m)* | Hpm +2Hs6
—1¥( JRELER m om L
2 U S Y (TRETILE (S PO e

§4. Specifying the Dougall-Dixon formula (2) by
a—X—n, b—0Or—n, c—1+Ix—-—n)/2, d— —n

we may restate it, with A = 6 + 1, as

I Ax —n, 14+ (A —n)/2,0x—n, —n ’ (= A (Ly=20e )
4r'3 (A —n)/2, 1+9dz, 1+ M\ B (1 + 9z, (=mpe) —

nf)\w) (nfew

- %), we reformulate the result

Dividing both sides by binomial coefficients (
as the following finite sum identity:

n 3 n 3n—1+iz—20x
Z (" .()\x—|—2k—r-z) _ (=)™ ( %,HX).
=Y <k> CEECENEER T e e Y

According to the parity of n, the right hand side of last equation reads explicitly as

(6m)l(ml)3 (T (mAe—20m)

m 6m
(3m) ! { (Qm) | }3 (2m+§;ﬂy;20:p) (3m+3% x)
(") ("7

o) o) C™) ()

RHS(9) 2222 (—1)™\z

X

(o

RHS(9) "=2=" 2(=1)"+! (1&?)?)! ("F) () (7L F)

m m
1
X (1+2m+19;c) (1+2m—93:) :
1+2m 1+2m
The case x = 0 reads as follows:
0, n = 2m;

i(—l)k(;‘)?’(n ok = (10)

= 2(-1)m Ul n=2m+ 1.
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By means of (1), we write down the first derivative of (9) with respect to a:

n 3
n A+ (Az + 2k — n)Qx(z)
Z(_l)k< ) k+Az\ (k+9z\ (n—k—Az\ (n—k—0x (11&)
= BRI (D)
1 — 29m:
_ RHS(9) x 4 U@ o m=2ms (11b)
V(z), n=2m+1,
where Qi (x), U(z) and V(z) are given respectively by
Qk(.%‘) = —)\Hk(A.%‘) — 19Hk(19$) + )\Hn,k(—)\x) + eHn,k(—QLL'),
U(z) = 232H,,(23202) + (A — 20)Heym(Ax — 20z) — S H,(—22)
3Hm(3) — (A = 20) Ho Az — 202) — 2520 Hy,p, (25200)
— )\Hzm()\l‘) + )\Hgm(—)\l‘) — 19H2m(’l91') + 9H2m(—9m),
V(.%‘) — A—229H1+3m()\—229x) A= 29H (A 29l‘)
3Hp(32) + 5 Hp(—32) — 9H1400m (V2) 4+ 0H1 42, (—02).
Noting that
Q(0) = AN+0)Hy—r, — (AN +9)Hy,
A
vO) = (5-0){2Hom — Hom — 4o + Hy .
A
V() = (5 - 9) {H1+3m —2H149m — Hm};
and then recalling (5), we have the case = 0 of (11) as follows:
n NG 3
S D) =20 {0+ ) He = 0+ 0 Ho (12a)
k=0
_1\m (6171)!(771!)3 N (3m)! - X
_ T { Gty — S} n = 2m; (12b)
(~1)™ (A — 20) L2 {H 2H o — H1+3m} n=2m+1.
Example 16 (A= -0 =1 and ¥ =2 in (12)).
Con { Gt G "= 9

- 3 m m)1}3 — (m!)3
Z(_l)k(z> (2 = | e
k=0 (- 1)m((+ ;n) {H +2H 1 {om— H1+3m}7 n=2m+ 1.

The derivative of (11), i.e., the second derivative of (9) with respect to x at =0
reads as

22 kzi:o(nk <Z> kzo <”) (2k — n){szz(o) + Q;(O)}
Bm){(2m)!1}3

(~1ymt1grin) {V2(0)+V’(0)}, n=2m+ 1.

{(—1)m2AWW‘U(0), n = 2m;

Noting further that
Q0) = W+ HP + (V2 + 01 H

Vi) = —(2-0) {HE,—2m,, — HE )+ 2P + 1, )
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and then appealing Example 1, we have the following general formula.
Theorem 3 (A = 0 + ¢: Harmonic number identity).
{OA+9)Hy — A+ 0)H, 4}

n
3
Z(—l)k<Z) (n — 2k) ) ) 2> 2 Ao er(2)
k=0 +(N ) H + (N 4+0%)H,
(6m)!m!3 (H
m Bm){m)? \Hem+4Ham —2H6m—Hm) B .
(=1)™A(X — 20) Gm)t (5 . . n = 2m,;
+( n3 ( 3m — 2 2m — m)
= 34+6m)!(m! 1+3m
(-1)m ey + G {”2<H§3>+Hf2>2m>
_2 +(A —26)? (H1+3m 2H14om — Hyp,)? , n=2m+1.
2
~(\ = 202, — 20, — )}
Example 17 (§ =9 =1 and XA = 2 in Theorem 3).
n 3
n
L (k> (n = 20){9(H, — Hyp)? + 5(H + HP,) |
k=0
0, n = 2m;

m m)! 2 m)!(m!)®
4(~1) {(l(jj)z) (HS +HE), )+ %}, n=2m-+1.

Example 18 (§ = —Y =1 and A = 0 in Theorem 3).

i(l)k(”)gm o) (B + B0+ (P + B2

k
k=0
0, n =2m;
= st | 2(Hit3m — 2H1 19m — Hp,)?
(=)™ (1(4;3!)3)! { s @) o (0 "= 2m + 1.
+4H1+2m - 2H1+3m, + 2Hm

§5. Specifying the Dougall-Dixon formula (2) by
a—Mdx—-—n, b—0xr—n, c—-n, d— oo
we may restate it, with A = 6 + 1, as

I Ar—n, 14+ (A —n)/2,0x—n, —n ‘7 I+ Az —n),
478 (Ar—n)/2, 1+9z,1+ Iz (T +92),

Dividing both sides by binomial coefficients ("™, AI) (”;93”), we reformulate the result
as the following finite sum identity:

" /n\? Ax k—n —1)" \x
Z (k) (k-M:n) (kiﬂw)J(rnQ—k—Az))(n—k—ez) = (n(—le))(n+19m) : (13)

k=0 k k n—k n—k n n
By means of (1), we write down the first derivative of (13) with respect to :
Z) k+3\+ki\g:+2k—n)§2k( ) _ (1 )" M1+ a2W(z)} (14)
=\ T EEN ST T )

where Qk (x) and W (x) are given respectively by
Qk(l') = —/\Hk()\il') — ﬁHk(’ﬁl') + )\Hn,k(—)\x) + 0Hn,k(—0x),
W(z) = 60H,(—0x)—9H,(dz);
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with the following particulalr values:

Qu(0) = (A+0)H,- k:_ (A + ) Hy,
Q0) = (CHIHT + (40,
(0) = (0—9H,
)

%

The case z = 0 of (14) reduces to

Akznjzo( ) Z:: (n — 2k) ( )3{(A+19)Hk—()\+6)Hn_k} = (—1)"A,

Under involution k& — n — k, we may reformulate it as the following identity.

Example 19 (Paule and Schneider [13, Eq 3], cf. also Chu and De Donno [7, I-16]).

n

S (1) {1+t 2mEy = (-1

k=0

Similarly, the derivative of (13), i.e., the second derivative of (14) with respect to
x at £ = 0 reads as

zAkzn:_o (Z) )+ Z ( ) {92( ) + Q;(O)} = 2(—1)"AW(0),

which leads us to the following general formula.

N 2>\{)\+19ka (A+0)H,, 1}
Z( ) (n—2k){ A +0)Hy—(A+0)H, 1 }° Y = 2(=1)"A\(0 — 0)H

+(n — 2k){ (240 HP + (32 +6*)HD,
By means of kK — n — k, this formula can be simplified as the following identity.

Example 20.

Z(Z)S{HH(% — K)(3HE + H)} = (~1)"H,.

§6. Specifying the Dougall-Dixon formula (2) by
Az —n

a—Ax—n, b—1+ 5 c—0x—n, d— —n

we may restate it, with A = 0 + 9, as

Ax—n,14+ Az —n)/2, 1+ (Ax—n)/2,0z—n, —n ]
5y ‘1

(A —n)/2, A —n)/2, 149z, 1+ Az
(14 Az — n), (nf2z=20=)
(EmNE="

Dividing both sides by binomial coefficients (" **) ("~ ?7), we reformulate the result
as the following finite sum identity:

- (n)g()\x + 2k —n)? (D) Az — n)(3n72+72?17291) 5
kzzo kJrkl%v) (nfnk_fk)\w) (nfnkr_flfa:) ( ) (njl@w) (ntfw) (n—2721+>\z . ( )
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According to the parity of n, the right hand side of last equation reads explicitly as

B —1ym (3m)! A222 — 4gm?2)(3m L Afwm
RHS(15) noom ;) Sm))' mo142220 Ee YO )Q(m_i_;;m m+)‘i me2a
7 ) ) (o ) (27 (M27)

m— 1 2m 2m m

24+6m-+Az—20x
RHS(15) "ZL2m (_q)m A2 (B+6m)!(m)3  (Tiem )
6 (14 3m){(1+2m)!}3 (1+311n4é%$)

+ m

[ = (L 2m)?) ("3 (74 37) (", 27)
1+2m~+Ax\ ([14+2m—Azx\ [1+2m+9x\ (1+2m—0zx\ (2m+Ax—20x\ *
( 14+2m ) ( 14+2m ) ( 14+2m ) ( 14+2m ) ( 2m )

X

The case = 0 reads as follows:

m+14m> (3m)!

i(n’“(?ﬁ)g(nw T e (16)

k=0 0, n=2m+ 1.

By means of (1), we write down the first derivative of (15) with respect to x:

= 2A(AT + 2k — n) + (\x + 2k — n)?Q(z) 17a

>0 (3) P e s e 1
x #7 n = 2m;

= RHS(15) x U+ st ? (17b)

where Qi (), U(z) and V(z) are given respectively by

Q. () )\Hn p(=Az) + 0H,_(—0x) — AHy(A\z) — 9Hy(92),
U(.T) = 29H3m 1()\ 20 ) + 9H2m( 91‘) — 19H2m(19$>
229Hm—1(% ) - §Hm(§ ) + %Hm(*%x)a
V($) = (/\ - 29)H2+6m(>\l' - 291‘) A— 2 H1+3m( E )
+ 252H,,(2522) + $Hy(32) — $Hpn(—32) — (A — 20)Hap (Az — 202)

2
— )\H1+2m()\x) —+ )\H1+2m( )\(E) —+ 9H1+2m( ) 19H1+2m(191').

Noting that

U(O) = (7 - 9) {HSm 1= 2H2m - Hmfl}z
A
V(O) = (5 - 9){ H2+6m - H1+2m - H27n) - (H1+3m - Hm)}a
and then applying (10), we have the case x = 0 of (17):

f:(—l)k (Z)S(n - 2k:)2{()\ + O Hy, — (A + 9)Hn,k}

k=0
(—1)™(A—20) 282 B0 (11 ttyett 1), 1 = 2m
(—ma{ G g Gy, n=2m+ 1.

Under involution k — n — k, it simplifies as follows.
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Example 21.

(_1)m27§z2 Ei:;l))g (H3m 1—2Hom—Hp, - 1) n = 2m;

n\3 9
Z(—l)k( ) (n— 2k)2H), = . N
k=0 K = é) { ((1;_72;)‘1()2;;!1 - 4(1(—7‘;3')23) }7 n=2m+ 1.

The derivative of (17), i.e., the second derivative of (15) with respect to x at z =0
reads as

n 3
Z(—nk (Z) {2X2 —4A(n — 2k)Q,(0) + (n — 2k)*{QZ(0) + Q;.(O)}}

k=0

(—ym i {20 — 2 (72(0) + U(0)) }, 0= 2m;

ma1 A(1+2m)? 3+6m)!(m!)3 -
(=1)m+t ( 3 : (1-1-(3m)!{()13-272L)!}3V(0)7 n=2m+1.

Note further that

00 = W+ HP + (W2 +0)H,,
A2 A 2
v = S{aP+ui ) - (5-0) {#m_ - 205 - B}

and then appealing (5) and (12), we get the following general formula.

Theorem 4 () = 6 + ¥: Harmonic number identity).

k(™Y (N2 + 02 H + (A2 + %)}
2 (=) (k) (n =26 {+{A+19Hk— A+ 60)H,— k} }

k=0
2 et — S {ae w1 a2
(_1)m+1 —m2(/\ - 20)2(H37TL 1= 2Hay, — an—1)2 , n=2m,;

+m? (X — 20)? (HSm 1 2H2<7272_H7<3>71)}

BmHEm)
(D)™ AN =20) ¢ +2(Hopm — Hiyom — H2m)} ,n=2m+1.

+4 (1(:;37)?)' (2H1+2'm + Hm - H1+3m)

Example 22 (§ =9 =1 and A = 2 in Theorem 4).

3
(K1+6m)!(7n1) {(Hm N H1+3m)

i(q)k <Z)3(n - Qk)Q{Q(Hk — H,_ )2 +5(H? + Hf_)k)}

k=0
_ {(—1)m{§ i {4 — m2 () + B} — 16520 L 0 = 2m,

(3m)H{(2m)!}*
0, n=2m+ 1.

Example 23 (§ = =9 =1 and A = 0 in Theorem 4).

n

Z(—1>k(§j)3<n 202 { (He + Hoo) + (P + HE))

k=0
(71)m+1 4m? (3m)! {(H3m 1—2Hom—Hpm— 1) }’ "= 2m7

+(H2 2H® —H?

m 3m—1

0, n=2m-+ 1.
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87. Specifying the Dougall formula by

a—Xx—n, b—0r—n, c—ex—n, d— —n,

we restate it, under A =0 + 9 =€+ ¢, as

5Fy Az_n 1+9%z, 1+ex, 1+ Az

2

{)\xn, 14 22zn O —n, exr—n, -n )1}

I+ X —n)p(l+n+dz —ex),
(1+9z), (1 +ex), ’

Dividing both sides by binomial coefficients ("_nm) ("_nef”) ("7%), we reformulate
the result as the following finite sum identity:

A (Ax + 2k —n) ™
> () s e O
m (2n+129w—67;)
=(-1)"\x L .

( ) ( n ) (n+197:f—er) (n—;ﬂr) (n-l;fz) (n—nGz) (n;ez)

By means of (1), we write down the first derivative of (18) with respect to z:

"\t A+ Az + 2k — n)Qp () B o
Ig(k) e LG | Gl [ Gt T Gt N Eq(180){ W (@) + 1} (19)

(18b)

where

Qu(x) = AHp_k(—Ax) +0H,_(—0x) + eH,_i(—ex)
/\Hk(/\l‘) - 19Hk(19x) — €Hk(€$),

=
&
[

(9 — €)Hop(Vx — ex) — (9 — €)H, (Y — ex)
0H,(—0x) — VH,(9x) + eH,(—ex) — eHp(cx).

_|_

In accordance with
Q(0) = AN+0+e)H,_ — AN+ +¢e)Hy,
W(0) = (—e)Hyn —3(J — €)Hy;

the case = 0 of (19) results in the following formula.

En: (Z>4{)\+ (n = 2K){(A+ 9+ &) Hy = (A + 0+ )Hoi}} = (_1),1/\(211).

n
k=0

Under involution k — n — k, it reduces to the following identity.
Example 24 (Paule and Schneider [13, Eq 4], cf. also Chu and De Donno [7, I-17]).

zn:( " )4{1 +A(n - 2k)H, )} = (-1)71(?).

k=0

The derivative of (19) i.e., the second derivative of (18) with respect to x reads as

n (n>4 20 (z) + (A\z + 2k — n){Qi(x) + Q;(fﬂ)}
im0k (

k k—‘,;c)\m) (k-‘rﬁ:v) (k+6£) (n—k—)\m) (n—k—Qz) (n—k—ex)

(20a)

k k n—k n—k n—k

= Eq(18b) x {%W(x) +W(x) + W’(x)} (20b)
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where
1) = NHP (- )\x)+92 H? (—02) + H? | (—ex)
+ NHP (\x) + 92HP (92) + 2 HP (ex),
W(z) = —(9—e¢?H W —ex)+ (0 — €)2HP (0x — ex)

+ ?HP (0z) + 2H (ex) + 0 HP (—0z) + EHP (—ex).

n

Noting that

Q0 = N+ +SH? + N +02+HH,
Qo) = 203 +6%+ 63)Hfffk — 2\ 4+ P+ HY,
W) = (02497 ++eHHP — (0 — e (H) — HP),

we have from the case z = 0 of (20) the following general formula.
M\ +0+e)Hy — A+ 0+ e)Hyi}

n 4
n
> (k:) +(n = 2k) {0 bore) H— (ot )
h=0 +(n = 2k){ (V40242 HP + 02462+ HP )

2
— (—1)"2(9 — e)< ”) (3H, — Hap).
n
Under involution k — n — k, this formula becomes the following identity.

Example 25.

n

4
3 (Z) (ot + (n—2k) (a8 + HP)} = (1) (21) {30, — Ha ).

k=0

The derivative of (20), i.e., the third derivative of (18) with respect to « at x = 0

reads as
n

SAZ( ) { 0) + €, (0 }+Z< ) 2% — ) {92(0)+3Qk(0)9;€(0)+9g(0)}

— (—01)”3/\( ! ) {w20)+w'©)}.

This leads to the following general formula.
Theorem 5 (A = 6 4+ ¥ = € + e: Harmonic number identity).

BMA+0+e)Hy — (A +0+e)H, 4}
) \ F 3N\ 4+ 02 + ) HP + (A2 402+ ) H )
3 (”) 4 (n—26){(A+ 0+ ) H— (A+0+ ) Hy 1}
+2(n — 2]6)g(z\3+193+53)H}§3>—(/\3+93+e3)H7<13>k}
+3(n—=2k){(A+I9+e)H,— (A+0+e)H, i}
)N+ 92+ HP + (N + 6%+ H, )

2n\ [ (9 — €)?{(Han—3H,) (D ~H)}
= (=1)"3x 2 2 24 2\f(2 :
n +(0* +9* + e +e%)Hy
Example 26 (§ =9 =e=¢ =1 and A =2 in Theorem 5).
n o[ 24(Hooy — H)? +o(HD : + H<2>)
Do) | Hi8m -2k (H—H, ) (D +HD,) 6(=1)" (") H?

k=0 +(n — 2k){16(H.~H, 1) +5(H<3‘> )}
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Example 27 (§ = =2,9 =€ = —1 and A =1 in Theorem 5).

gt | O, = Hoon)? +O(H 4+ H2)) 2\ o
2 ( ) +18(n — 2k) (Hy— Hyop)(HY +H ) ¢ = 15(_1)n< )H,ﬁ -
k=0 +4(n — 2k){ (Hi—H, ) +25P B )}

Example 28 (Combined difference of Example 26 and Example 27).
n 4
ST {0 R a2 =it H '} | g gy (27 ey,
k —6(Hy — Hn—i) n
k=0
Example 29 (Combined difference of Example 26 and Example 27).
n 4 2 2 3 3
S\ 20— 20) (Hi— Hyoi) (4 HZ) n)or
Example 30 (Combination of Example 26 and Example 27: Chu [6, Eq 1.15]).

>

k=0

Ty
<k) +6(n —2k)(Hy, — Hy—x)(H," + H,”}) =0
+(n — 2k) {8 —H,_1)*+@HP -HP )}

Acknowledgement: This work was supported by the 978 Project on Mathe-
matical Mechanization, the Ministry of Education, the Ministry of Science and
Technology, and the National Science Foundation of China.

REFERENCES

[1] G. E. Andrews and K. Uchimura, Identities in combinatorics IV: differentiation and har-
monic numbers, Utilitas Mathematica 28 (1985), 265-269.

[2] W. N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge,
1935.

[3] A. T. Benjamin, G. O. Preston and J. J. Quinn, A Stirling encounter with harmonic num-
bers, Mathematics Magazine 75:2 (2002), 95-103.

[4] W. Chu, Inversion techniques and combinatorial identities: a quick introduction to hyperge-
ometric evaluations, Math. Appl. 283 (1994), 31-57; MR 96a:33006 & Zbl 830:05006.

[5] W. Chu, A binomial coefficient identity associated with Beukers’ conjecture on Apéry num-
bers, The Electronic Journal of Combinatorics 11 (2004), N15.

[6] W. Chu, Harmonic number identities and Hermite-Padé approzimations to the logarithm
function, To appear in Journal of Approximation Theory.

[7] W. Chu and L. De Donno, Hypergeometric series and harmonic number identities, Advances
in Applied Mathematics 34 (2005), 123-137.

[8] K. Driver, H. Prodinger, C. Schneider and J. A. C. Weideman, Padé approzimations to the
logarithm II: identities, recurrences and symbolic computation, To appear in The Ramanujan
Journal.

[9] K. Driver, H. Prodinger, C. Schneider and J. Weideman, Padé approzimations to the loga-
rithm III: alternative method and additional results, To appear in The Ramanujan Journal.

[10] H. W. Gould, Combinatorial Identities, Morgantown, 1972.

[11] R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics, Addison-Wesley Publ.
Company, Reading, Massachusetts, 1989.

[12] 1. Newton, Mathematical Papers: Vol. III, D. T. Whiteside ed., Cambridge Univ. Press,
London, 1969.

[13] P. Paule and C. Schneider, Computer proofs of a new family of harmonic number identi-
ties, Advances in Applied Mathematics 31 (2003), 359-378.

[14] K. R. Stromberg, An Introduction to Classical Real Analysis, Wadsworth, INC. Belmont,
California, 1981.

[15] J. A. C. Weideman, Padé approzimations to the logarithm I: derivation via differential equa-
tions, Preprint, (2003).



