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Abstract

The concept of rainbow disconnection number of graphs was introduced by Char-
trand et al. in 2018. Inspired by this concept, we put forward the concepts of
rainbow vertex-disconnection and proper disconnection in graphs. In this paper, we
first show that it is NP-complete to decide whether a given edge-colored graph G
has a proper edge-cut separating two specified vertices, even though the graph G
has A(G) = 4 or is bipartite. Then, for a graph G with A(G) < 3 we show that
pd(G) < 2 and distinguish the graphs with pd(G) = 1 and 2, respectively. We also
show that it is NP-complete to decide whether a given vertex-colored graph G is

rainbow vertex-disconnected, even though the graph G has A(G) = 3 or is bipartite.

Keywords: Edge-cut, Vertex-cut, Rainbow (vertex-)disconnection, Proper discon-

nection, NP-complete
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1 Introduction

All graphs considered in this paper are finite, simple and undirected. Let G = (V(G), E(G))
be a nontrivial connected graph with vertex set V(G) and edge set E(G). For a vertex
v € V, the open neighborhood of v in G is the set Ng(v) = {u € V(G)|uv € E(G)} and the
degree of v is d(v) = |Ng(v)|, and the closed neighborhood is the set Ng[v] = Ng(v)U{v}.
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Generally, we say N(z) and N[z]. We use A(G) to denote the maximum degree of G.
Sometimes, we say A briefly. For any notation and terminology not defined here, we
follow those used in [7, 9].

For a graph G and a positive integer k, let ¢ : E(G) — [k] (¢ : V(G) — [k]) be an edge-
coloring (vertex-coloring) of G, where and in what follows [k| denotes the set {1,2,...,k}

of integers. For an edge e of G, we denote the color of e by c(e).

In graph theory, paths and cuts are two dual concepts. By Menger’s Theorem, paths
are in the same position as cuts are in studying graph connectivity. Chartrand et al.
in [11] introduced the concept of rainbow connection of graphs. Rainbow disconnection,
which is a dual concept of rainbow connection, was introduced by Chartrand et al. [10].
An edge-cut of a graph GG is a set R of edges such that G — R is disconnected. If any
two edges in R have different colors, then R is a rainbow edge-cut. An edge-coloring is
called a rainbow disconnection coloring of G if for every two distinct vertices of GG, there
exists a rainbow edge-cut in GG separating them. For a connected graph G, the rainbow
disconnection number of G, denoted by rd(G), is the smallest number of colors required
for a rainbow disconnection coloring of GG. A rainbow disconnection coloring using rd(G)
colors is called an rd-coloring of G. Chartrand et al. in [10] characterized the graphs with
specific rainbow disconnection numbers. Bai et al. in [2] gave the rainbow disconnection
numbers for several classes of graphs, and they also got the Nordhaus-Gaddum-type
theorem for the rainbow disconnection number of graphs. Furthermore, the authors in [5]

obtained some bounds for the rainbow disconnection number.

Inspired by the concept of rainbow disconnection, the authors in [4, 14] introduced the
concept of rainbow vertex-disconnection. For a connected and vertex-colored graph G,
let  and y be two vertices of G. If x and y are nonadjacent, then an x-y vertez-cut is a
subset S of V(@) such that x and y belong to different components of G — S. If x and y
are adjacent, then an x-y vertez-cut is a subset S of V(G) such that x and y belong to
different components of (G —zy) — S. A vertex subset S of G is rainbow if no two vertices
of S have the same color. An z-y rainbow vertex-cut is an x-y vertex-cut S such that if
x and y are nonadjacent, then S is rainbow; if x and y are adjacent, then S +x or S +y

is rainbow.

A vertex-colored graph G is called rainbow vertex-disconnected if for any two distinct
vertices x and y of (G, there exists an x-y rainbow vertex-cut. In this case, the vertex-
coloring c is called a rainbow vertex-disconnection coloring of G. For a connected graph
G, the rainbow vertez-disconnection number of G, denoted by rvd(G), is the minimum
number of colors that are needed to make G rainbow vertex-disconnected. A rainbow

vertex-disconnection coloring with rvd(G) colors is called an rvd-coloring of G.

Andrews et al. [1] and Borozan et al. [8] independently introduced the concept of prop-



er connection of graphs. Inspired by the concept of rainbow disconnection and proper
connection of graphs, the authors in [3] and [12] introduced the concept of proper discon-
nection of graphs. For an edge-colored graph G, a set F' of edges of G is a proper edge-cut
if F'is an edge-cut of G and any pair of adjacent edges in F' are assigned by different
colors. For any two vertices x,y of GG, an edge set F' is called an x-y proper edge-cut if F'
is a proper edge-cut and F' separates x and y in G. An edge-colored graph is called proper
disconnected if for each pair of distinct vertices of G there exists a proper edge-cut sep-
arating them. For a connected graph G, the proper disconnection number of G, denoted
by pd(G), is defined as the minimum number of colors that are needed to make G proper
disconnected, and such an edge-coloring is called a pd-coloring. From [3], we know that if
G is a nontrivial connected graph, then 1 < pd(G) < rd(G) < X' (G) < A(G) + 1, where
X'(G) denotes the chromatic index or edge-chromatic number of G.

These graph parameters are some kinds of chromatic numbers, which are used to char-
acterize the global property [6], i.e., the connectivity for colored graphs. At the same
time, they have some applications in the real world problems. As shown in papers [4, 12],
they can be used in the interception of smuggled goods, frequency assignment to feedback
locations and so on. So it is natural to ask how to calculate them? Are there any good
or efficient algorithms to compute them? or it is NP-hard to get them. For the rain-
bow disconnection number of graphs, the authors showed in [2] that it is NP-complete
to determine whether the rainbow disconnection number of a cubic graph is 3 or 4, and
moreover, they showed that given an edge-colored graph G and two vertices s,t of G,
deciding whether there is a rainbow cut separating s and ¢ is NP-complete. In this paper

we will give the complexity results of proper (rainbow vertex-)disconnection of graphs.

Our paper is organized as follows. In Section 2, we show that it is NP-complete to decide
whether a given edge-colored graph G has a proper edge-cut separating two specified
vertices, even though the graph has A(G) = 4 or is bipartite. Then for a graph G with
A(G) < 3, we show that pd(G) < 2, and distinguish the graphs with pd(G) = 1 and
2, respectively. In Section 3, we show that it is NP-complete to decide whether a given
vertex-colored graph G is rainbow vertex-disconnected, even though the graph G has
A(G) = 3 or is bipartite.

2 Hardness results for proper disconnection of graph-

S

In this section, we show that it is NP-complete to decide whether a given edge-colored

graph G has a proper edge-cut separating two specified vertices, even though the graph



has A(G) = 4 or is bipartite. Then we give the proper disconnection numbers of graphs

with A(G) < 3, and propose an unsolved question.

2.1 Hardness results for graphs with maximum degree four

We first give some notations. For an edge-colored graph G, let F' be a proper edge-cut
of G. If F is a matching, then F' is called a matching cut. Furthermore, if ' is an z-y
proper edge-cut for vertices x,y € G, then F is called an x-y matching cut. For a vertex
v of G, let E, denote the set of all edges incident with v in G.

We can obtain the following results by means of a reduction from the NAE-3-SAT
problem. At first we present the NAE-3-SAT problem, which is NP-complete; see [13, 17].

Problem: Not-All-Equal 3-Sat (NAE-3-SAT)
Instance: A set C of clauses, each containing 3 literals from a set of boolean variables.

Question: Can truth value be assigned to the variables so that each clause contains

at least one true literal and at least one false literal?

Given a formula ¢ with variable x1,--- ,x,, let ¢ = ¢t Acg A -+ A ¢, Where ¢; =
(5 VIyVIg). Then I5 € {x1,Z1,- -+, 2, T} for each i € [m] and j € [3].
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Figure 1: The graphs [; and Cj.

We will construct a graph G, below. We first introduce a variable-gadget I; for each
boolean variable z; (j € [n]) and a clause-gadget C; for each clause ¢; (i € [m]), as shown
in Figure 1. The graph [; is a cycle of length 4 with V(I;) = {z;,a;,%;,b;}. The graph
C; is obtained by joining three cycles of length 4 using two pairs of parallel edges. The
three black vertices of C; in Figure 1 correspond to the literals I%, 15 and [} of the clause
c; = (I; VISV 1), The graph G, (see Figure 2) is obtained from mutually disjoint graphs
I; and C; by adding a pair of parallel edges between z and w if z, w satistfy one of the

following conditions:
1. z=a; and w = a;4, for some i € [n + 2m — 1J;
2. z =b; and w = b;y; for some i € [n+ 2m — 1];

4



3. z=uxj, w=1, and x; = [} for some j € [n],¢ € [3] and i € [m];

4. z=1x;, w =1 and Z; = [} for some j € [n],¢ € [3] and i € [m)].
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Figure 2: The graph G4 with I} =13 = 7.

In fact, the graph G, was constructed in [16] (in Section 3.2). It is obvious that each
vertex of G, with degree greater than four is a vertex with even degree. Moreover, there
are two simple edges incident with this kind of vertex, and the other edges incident with
the vertex are some pairs of parallel edges. The authors proved that G4 has a matching

cut if and only if the corresponding instance ¢ of NAE-3-SAT problem has a solution.

We present a star structure as shown in Figure 3 (1). Each vertex z; is called a tentacle.

A star structure is a k-star structure if it has k tentacles.

21

Figure 3: (1) A 6-star structure with tentacles zq,--- , zg, and (2) the operation O on

vertex y with degree 16.

For a vertex y of G4 with dg,(y) = 2t + 2 > 4, assume N(y) = {wy, - , w2} such
that w1, w9 connect y by a simple edge respectively, and w; connects y by a pair of
parallel edges for i € [t]. Now we define an operation O on vertex y: replace y by a
(t 4 1)-star structure with tentacles zy, - - - , 2,41 such that w; and 2,44 for i € {t+1,t+2}
are connected by a simple edge, and z; and w; are connected by parallel edges for i € [t].

As an example, Figure 3 (2) shows the operation O on vertex y with degree 16. We apply



the operation O on each vertex of degree greater than four, and then subdivide one of
each pair of parallel edges by a new vertex in Gy. Denote the resulting graph by G/,
which is a simple graph. The graph G, was also defined in [16], and the authors showed
that G, has a matching cut if and only if the corresponding instance ¢ of NAE-3-SAT

problem has a solution.

Now we construct a graph, denoted by H,, obtained from G, by operations as follows.
Add two new vertices u and v. Connect u and each vertex of {aj,aniom} by a pair of
parallel edges, and connect v and each vertex of {by, b, 2, } by a pair of parallel edges.
We apply the operation O on each vertex of degree greater than four in H,, and then
subdivide one of each pair of parallel edges by a new vertex. Denote the resulting graph
by H; (see Figure 4), which is a simple graph. Observe that A(H;,) = 4. Since a minimal
matching cut cannot contain any edge in a triangle, we know that there is a u-v matching
cut in H </i> if and only if there is a matching cut in G;. Thus, there is a u-v matching cut
in Hj if and only if the instance ¢ of NAE-3-SAT problem has a solution.

Figure 4: The graph H), with I3 = I§ = 7.

Theorem 1. For a fized positive integer k, let G be a k-edge-colored graph with maximum
degree A(G) = 4, and let u,v be any two specified vertices of G. Then deciding whether

there is a u-v proper edge-cut in G is NP-complete.

Proof. For a connected graph G with an edge-coloring ¢ : E(G) — [k] and an edge-cut
D of G,let M; = {e| e € D and c(e) =i} for i € [k]. Then D is a proper edge-cut if
and only if each M; is a matching. Therefore, deciding whether a given edge-cut of an
edge-colored graph is a proper edge-cut is in P.

For an instance ¢ of the NAE-3-SAT problem, we can obtain the corresponding graph
H}, as defined above. Then there is a vertex, say y', of Hj with degree two. Let G be a
graph obtained from H}, and a path P of order k by identifying ¥ and one of the ends of
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P. Then A(G) = 4. We color each edge of G — E(P) by 1 and color k — 1 edges of P
by 2,3,--- ,k, respectively. Then the edge-coloring is a k-edge-coloring of GG, and there
is a u-v proper edge-cut in G if and only if there is a u-v matching cut in Hj. Thus, we
get that there is a u-v proper edge-cut in G if and only if the instance ¢ of NAE-3-SAT

problem has a solution. O

Remark: For the k-edge-colored graph G in Theorem 1, we can see there exists another
pair of vertices (not u, v) which have no proper cut, for example, two vertices in the same
triangle. So it is easy to know that G is not proper disconnected. Thus, we can not
conclude that the complexity of deciding whether a given edge-colored graph is proper

disconnected from Theorem 1. We are working on it further.

2.2 Results for graphs with maximum degree less four

Now, we consider the graphs with maximum degree at most three. We will show that
pd(G) < 2 for a graph G with maximum degree A(G) < 3 and then distinguish the graphs
with pd(G) = 1 and 2, respectively. Some preliminary results are given as follows, which

will be used in the sequel.
Theorem 2. [3] If G is a tree, then pd(G) = 1.

Theorem 3. [3] If C,, be a cycle, then

Theorem 4. [3] For any integer n > 2, pd(K,) = [§].

Theorem 5. [3] Let G be a nontrivial connected graph. Then pd(G) = 1 if and only if

for any two vertices of GG, there is a matching cut separating them.

Theorem 6. [7] (Petersen’s Theorem) Every 3-regular graph without cut edges has a

perfect matching.

For a simple connected graph G, if A(G) = 1, then G is the graph Ks, a single edge.
If A(G) = 2, then G is a path of order n > 3 or a cycle. By Theorems 2 and 3, for a
connected graph G with A(G) < 2, we have pd(G) = 1 if and only if G is a path or a
cycle of order n > 4, and pd(G) = 2 if and only if G is a triangle.

Next, we will present the proper disconnection numbers of graphs with maximum degree

3. At first we give the proper disconnection numbers of 3-regular graphs.

Lemma 1. If G is a 3-reqular connected graph without cut edges, then pd(G) < 2.
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Figure 5: The graph Gq

Proof. Let Gy be a graph by connecting two triangles with 3 matching (or independent)
edges, and we color GGy with two colors as shown in Figure 5. Obviously, it is a proper
disconnection coloring of GGo. Now we consider 2-edge-connected 3-regular graphs G except
Gy. By Theorem 6, there exists a perfect matching M in G. We define an edge-coloring
c of G as follows. Let ¢(M) = 2. If E(G)\ M contains triangles, then we color one
of the edges in each triangle by color 2. We then color the remaining edges by color
1. Since G \ M is the union of some disjoint cycles, we denote these disjoint cycles by
C1,Cs,---Cy. Let x and y be two arbitrary vertices of G. If  and y belong to different
cycles of C,Cy, - --Cy, then M is an x-y proper edge-cut. If x and y belong to the same

cycle C; (i € [t]), then there are two cases to discuss.

Case 1. |C;| > 4.

Since |C;| > 4, there exist two x-y paths P, P» in C;. We choose two nonadjacent edges
e1, €9 respectively from Py, Py. Then M U{eq, es} is an edge-cut separating x and y. Since
c¢(M) =2 and c(e;) = c(e2) =1, M U{ey, e} is an z-y proper edge-cut.

Case 2. |C;] = 3.

Since z,y € C;, we can assume C; = zyz. Let N(z) = {y,z, 20} and N(zg) =
{z, 21,22} Assume zy € Ci, k € [t] \ {i}.

Subcase 2.1. c¢(zy) = 1.

Assume c(yz) = 1 and ¢(zz) = 2. Note that x; ¢ N(z) or x3 ¢ N(z), without loss of
generality, say xo & N(z).

For |Cx| > 4, we have c¢(xgzy) = 1. Then E,, \ {xoxz2} have different colors. So,
{zy,xz,x021} U E,, \ {xox2} is an z-y proper edge-cut.

For |Cy| = 3, if ¢(xoxq) # c(xoxs), we get that {xy,zz, xox1, xox2} is an x-y proper
edge-cut. Now consider ¢(zox;) = c(zor2) = 1. If 2y € N(z), then c¢(z12) = 2. Since
G # Gy, we have x5 ¢ N(y) UN(z). So, (E, \ {yz}) U{zz, zox1, x122} is an z-y proper
edge-cut. If 21 ¢ N(z), then denote E,, \ {xox1, z122} by €1 and denote E,, \ {xoxs, 122}
by es. It is clear that ey, es € M. So, c(e1) = c¢(ez) = 2. We get that {zy,zz,e1,e2} is an
x-y proper edge-cut.

Subcase 2.2. c¢(vy) = 2.



In Subcase 2.1, if ¢(xy) = 1, then the z-y proper edge-cut is also an z-z proper edge-cut.
So, we have proved Subcase 2.2. O

Let H(v) be a connected graph with one vertex v of degree two and the remaining
vertices of degree three. We assume that the neighbors of v in H(v) are v; and vy,
respectively. If vy, vy are adjacent, then denote it by H;(v). Otherwise, denote it by
Hy(v). Let Hj(v) be the graph obtained by replacing the vertex v by a diamond. Let
H!(v) be the graph obtained by replacing the path vivvy of Hs(v) by an new edge vqvs;

@% @@

1 2 2

see Figure 6.

Figure 6: The graph process

Lemma 2. If G is a 3-reqular graph of order n (n > 4), then pd(G) < 2

Proof. We proceed by induction on the order n of G. Since a 3-regular graph of order 4
is K4 and pd(Ky) = 2 from Theorem 4, the result is true for n = 4. Suppose that if H
is a 3-regular graph of order n (n > 4), then pd(H) < 2. Let G be a 3-regular graph of
order n+ 1. We will show pd(G) < 2. If G has no cut edge, then pd(G) < 2 from Lemma
1. So, we consider G having a cut edge, say uv (u,v € V(G)). We delete the cut edge
uv, then there are two components containing u and v, respectively, say G, G2. Since
G is 3-regular, we have |V(Gy)| > 5 and |V (G,y)| > 5. Thus, 5 < |[V(Gy)| < n—4 and
5 < |V(Gy)] < n—4. Obviously, Gy and G; are the graphs H(u), H(v), respectively. We

first show the following claims.
Claim 1. pd(H,(u)) < 2.

Proof. Let uy and uy be two neighbors of u in Hy(u). Assume that the neighbors of u; and
ug in Hy(u) are {u,us,w}, {u,us, ws}, respectively. The edges ujwy, ujus and uswy are
denoted by ey, eq,e3. Let A = {u,u,us} and B = V(H;(u)) \ A. Since [V (G1)| <n —4,
we have |V (H](u))] < n — 1. Obviously, Hj(u) is 3-regular. Then pd(H;(u)) < 2 by the

induction hypothesis. Let ¢’ be a proper disconnection coloring of H{(u) with two colors.



For any two vertices p and ¢ of Hi(u), let R,, be a p-q proper edge-cut of Hj(u). There
are two cases to discuss.

Case 1. d(e1) = d(eg) or d(eg) = (e3).

Without loss of generality, we assume ¢(e1) = ¢/(e2) = 1. We define an edge-coloring
¢ of Hi(u) as follows. Let c(uui) = 2, c(uup) = 1 and c(e) = d(e) (e € E(Hi(u)) \
{uuy,uus}). Let x and y be two vertices of Hy(u). If they are both in Hy(u) \ {u}, then
(Ryy N E(Hy(u))) U {uuy} is an z-y proper edge-cut of Hy(u). If z = u or y = u, then
E, is an z-y proper edge-cut of Hy(u). So, ¢ is a proper disconnection coloring of H;(u).
Thus, pd(H;(u)) < 2.

Case 2. d(e1) = d(e3) # d(eq).

Assume (e;) = d(e3) = 1 and d(e3) = 2. Define an edge-coloring ¢ of Hi(u) as
follows. Let c(uui) = 2, c(uuy) = 1 and c(e) = (e) (e € E(Hy(u)) \ {wuy,uus}). Let
x and y be two vertices of Hy(u). If x = u or y = u, then E, is an z-y proper edge-cut
of Hy(u). If z,y € A\ {u}, then {uus,e1,es} is an z-y proper edge-cut of Hi(u). If
x € A\ {u},y € Borx € B,y € A\ {u}, then {e1,e3} is an a-y proper edge-cut of
Hi(u). Considering z,y € B, if ej,e3 ¢ Ry, then (R, N E(H;(u))) U {uus} is an x-y
proper edge-cut of H;(u). Otherwise, i.e., e; € R,y or e3 € Ry, then Ry, N E(H;(u)) is
an z-y proper edge-cut of Hy(u). So, ¢ is a proper disconnection coloring of H;(u). Thus,
pd(Hi(u)) < 2.

Claim 2. pd(H,(u)) < 2.

Proof. Assume that the neighbors of u in Hy(u) are uy and us. Since |V (Hi(u))| < |V(G2)|
and H)(u) is 3-regular, pd(Hj(u)) < 2 by the induction hypothesis. Let ¢ be a proper
disconnection coloring of Hj(u) with two colors. We define an edge-coloring ¢ of Hy(u)
as follows: c(uuy) = 1, c(uuz) = 2 and c(e) = (e) (e € E(Hz(u)) \ {uuy, vus}). Assume
d(ujug) = c(uw;) (i = 1 or 2). Then for any two vertices x and y of Hs(u), if z = u or
y = u, then E, forms an x-y proper edge-cut. Otherwise, assume that the x-y proper
edge-cut in Hj(u) is R. If uyus ¢ R, then R is an z-y proper edge-cut. If ujus € R, then
(RU{uu;}) \ {ujus} is an z-y proper edge-cut. So, ¢ is a proper disconnection coloring
of Hy(u). Thus, pd(Hz(u)) < 2.

So, from the above claims we have pd(G;) < 2. Similarly, we have pd(Gy) < 2. Then,
there exists a proper disconnection coloring ¢y of G UG5 with two colors. Now we assign

color 1 to the cut edge wv. It is a proper disconnection coloring of G. So, pd(G) < 2. O

A block of a graph G is a maximal connected subgraph of G that has no cut vertex.

It is obvious that a block is a K5 or a 2-connected subgraph with at least three vertices.
Let {By, Bs, ..., B;} be the set of blocks of G.
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Lemma 3. [3] Let G be a nontrivial connected graph. Then pd(G) = max{pd(B;)|i =
1,2,...,t}.

Theorem 7. If G is a graph of order n with mazimum degree A(G) = 3, then pd(G) <
2. Particularly, if G satisfies the condition of Theorem 5, then pd(G) = 1; otherwise,
pd(G) = 2.

v

Figure 7: The graph H.

Proof. 1f G is a tree, then pd(G) = 1 by Theorem 2. Suppose G is not a tree. Let H be a
graph as shown in Figure 8, where v is called the key vertex of H. Suppose G is a graph
with maximum degree three. Let G’ be a graph obtained from G by deleting pendent
edges one by one. Then A(G’) < 3 and pd(G) = pd(G’) by Lemma 3. Let {uy,--- ,u;}
be the set of 2-degree vertices in G’ and Hy,--- , H; be t copies of H such that the key
vertex of H; is v; (i € [t]). We construct a new graph G” obtained by connecting v; and
u; for each i € [t]. Then G” is a 3-regular graph. By Lemma 2, pd(G”) < 2. Since G’ is a
subgraph of G”, pd(G") < 2. O]

Theorem 8. Let G be a connected graph with maximum degree A = 3 such that the set
of vertices with degree 3 in G forms an independent set. If G contains a triangle or Ky 3,
then pd(G) = 2; otherwise, pd(G) = 1.

Proof. If G' contains a triangle or a Ky 3, then there exist two vertices such that no
matching cut separates them. So, pd(G) = 2 by Theorem 7. Now consider that G is
both triangle-free and K s-free. We proceed by induction on the order n of G. Since
A(G) = 3, we have n > 4. If n = 4, then the graph G is K 3 and pd(G) = 1 by Theorem
2. The result holds for n = 4. Assume pd(G) = 1 for triangle-free and K 3-free graphs
with order n satisfying the condition. Now, consider a graph G with order n + 1. Let =

and y be two vertices of G.
For d(x) = 1, the edge set FE, is an x-y matching cut.

For d(xz) = d(y) = 2, if  and y are adjacent, let z1,y; be another neighbor of z and
y, respectively. Let G’ = G — xy. Then by the induction hypothesis, there exist an
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x1-y; matching cut R in G'. Thus, R U {xy} is an z-y matching cut in G. If z and
y are nonadjacent, then assume N(z) = {x;,22}. Since G contains no triangles, then
x1 and xo are nonadjacent. There are two cases to consider. If d(x;) = 2, then let u;
be another neighbor of x;, and then {zxs,zju;} is an z-y matching cut. If d(z;) =
d(zy) = 3, let N(z1) = {z,u1,us} and N(z3) = {z,v1,v2}. There are two cases to
consider. If {uj,us} N {vy,v2} # 0, assume u; = v1. Let w,q be another neighbor of s
and vq, respectively. If y # vq, then {zzy, zouy, v2q} is an z-y matching cut. Otherwise,
{xx9, x1u1, ugw} is an z-y matching cut. Assume {uq,us} N {v,v2} = 0. Let w,q be
another neighbor of u; and usy, respectively. If y = uy, then {zxs, z1ui,usq} is an z-y

matching cut. Otherwise, {zxy, x1us, uyw} is an x-y matching cut.

For d(z) = 3 (or d(y) = 3), assume N(z) = {z1,22,23}. Since the set of vertices
with degree 3 in G forms an independent set, the neighbors of x have degree at most
two. Since G is Ky 3-free, there exists at least one vertex in N(z) which has only one
common neighbor = with the others in N(z). Without loss of generality, say x;. Let
N(zq1) = A{z,s1}, N(z2) = {x,s2} and N(x3) = {z,s3} (s2 = s3 is possible ). If x and y
are nonadjacent, then {x1s1, 989, z23} is an z-y matching cut. If z and y are adjacent,
there are three cases to consider. When y = x9 (or x3), we have {x1s1,xy, 2353} (or
{181, 2y, x252}) is an z-y matching cut. When y = z; and sy = s3, if d(s2) = 2, then
{zy} is an z-y matching cut; if d(sy) = 3, then assume N(sy) = {z2,x3,p1}, and then
{zy, sep1} is an x-y matching cut. When y = x; and sy # s3, we have {zy, x99, 2383} is
an z-y matching cut. Thus, pd(G) = 1 by Theorem 5. O

Corollary 1. Let G be a connected graph with A = 3. If the set of vertices with degree 3
in G forms an independent set, then deciding whether pd(G) = 1 is solvable in polynomial

time.

Naturally, we can ask the following question.

Question 1. Let G be a connected graph with A = 3. Is it true that deciding whether
pd(G) =1 is solvable in polynomial time?

2.3 Hardness results for bipartite graphs

Let G be a simple connected graph. We employ the idea used in [15] to construct a new
graph G*, which is constructed as follows: G* is obtained from G by replacing each edge
by a 4-cycle. Then G* has two types of vertices: old vertices, which are vertices of G,
and new vertices, which are not vertices of G. For example, for an edge e = uv € E(G),
replace it by a 4-cycle C, = uxvyu. Then u,v are old vertices and x,y are new vertices.

Observe that all new vertices of G* have degree two, and each edge of G* connects an old

12



vertex to a new vertex. Clearly, G* is a bipartite graph with one side of the bipartition

consisting only of vertices of degree 2.

Theorem 9. Given an edge-colored bipartite graph G* and two vertices x,y of G*, deciding

whether there is an x-y proper edge-cut is NP-complete.

Proof. For a graph G, suppose x,y are two old vertices in G*. We color edges of G* (and
also G) monochromatic. If there is an z-y proper edge-cut in G*, then there exists an z-y
matching cut F'in G*. Thus, F' consists of pairs of matching edges in the same 4-cycle.
Let F’ be the edge set obtained by replacing each pair of matching edges of F' in the same
4-cycle by the edge to which the 4-cycle corresponds in G. Then F” is an z-y matching
cut in G. If there is an x-y matching cut F,, in G, then we choose two matching edges
from each 4-cycle to which each edge of F, corresponds in G*. Denote the edge set by
Fy,. Then FJ is an x-y matching cut in G*. Therefore, there is an z-y proper edge-cut
in G* if and only if there is an x-y matching cut in G. Since G is monochromatic, there
is an x-y proper edge-cut in G* if and only if there is an x-y proper edge-cut in G. By

Theorem 1, the proof is complete. O

3 Hardness results for rainbow vertex-disconnection

of graphs

In this section, we show that it is NP-complete to decide whether a given vertex-colored
graph (' is rainbow vertex-disconnected, even though the graph G has maximum degree
A(G) = 3 or is bipartite.

Lemma 4. Let G be a k-vertex-colored graph where k is a fized positive integer. Deciding

whether G is rainbow vertez-disconnected under this coloring is in P.

Proof. Let x and y be any two vertices of G. Since G is a vertex-colored graph, any
rainbow vertex-cut S have no more than k vertices. There are at most (”;2) choices for
S, which is a polynomial of n for a fixed k. For any two nonadjacent (or adjacent) vertices
x, y of GG, it is polynomial time to check whether x and y are in different components
of G =S (or (G — zy) — S). There are at most (}) pairs of vertices in G. Thus, it is

polynomial time to deciding whether GG is rainbow vertex-disconnected.

]

Lemma 5. Let G be a vertex-colored graph and s and t be two vertices of G. Deciding

whether there 1s a rainbow vertex-cut between s and t s NP-complete.

13



Proof. This problem is NP from Lemma 4. We now show that the problem is NP-complete
by giving a polynomial reduction from the 3-SAT problem to this problem. Given a
3CNF formula ¢ = A%, ¢; over n variables x1, z3, -, z,, We construct a graph G, with
two special vertices s,t and a vertex-coloring f such that there is a rainbow vertex-cut
between s,t in G if and only if ¢ is satisfied. Let 0.,(z;) denote the location of literal z;
in clause ¢; for i € [m] and j € [n].

We define G4 as follows:

V(Gy) = {cis i, Vig,wip 20 € [m], k € 3]} U{x;,z;:j € [n]} U{s, t}.

E(Gy) = {zjuip, Tjw; ) : If x; € ¢; and 0, (x;) = k,i € [m],j € [n],k € {1,2,3}}
U{zjwi g, Tjup  If T € ¢; and 0.,(Z;) = k,i € [m],j € [n|,k € {1,2,3}}
U{uipvig s i € [m], k€ {1,2,3}} U{sx;, sz, : j € [n]}

U{cvig, ciwig =1 € [m], k€ {1,2,3}} U{tc; : i € [m]}
U {st}.
Now we define a vertex-coloring f of G, as follows. For i € [m],j € [n] and k € [3], let

f(xy) = f(@) =Ty f(wzk> = Tik, f(uzk) = Ti4, f(Uzk) = Ti5, f(S) = f(t) = f(Cz) =T

All those colors are distinct.

Figure 8: The variables x;, Z; € ¢; and x;, 7; are the first and second literature respectively.

We claim that there is a rainbow vertex-cut between s and ¢ in Gy if and only if ¢ is
satisfied.
Suppose that there is an s-t rainbow vertex-cut S in G4. Since s and ¢ are adjacent in

Gg, S+ s or S+t is rainbow and so ¢; ¢ S for ¢ € [n]. Thus S also separates s and ¢;. Note
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that there are three s-¢; paths of length 4. Since f(u;x) = r;4 and f(v; ) = 15 for k € 3],
there exists at least one j (5 € [n]) such that x; € S or z; € S. Since f(z;) = f(z;) =rj,
x; and Z; can not belong to S simultaneously. If z; € S, set x; = 1. If z; € S, set x; = 0.
Then the literature associated with z; in clause ¢; is satisfied and ¢; is true. Since S is an
s-t rainbow vertex-cut, there are no conflicts on the truth assignments of the variables.
Therefore, ¢ is satisfied.

Suppose that ¢ is satisfied. We now try to find an s-t rainbow vertex-cut S in G4 under
the coloring f. Since f(s) = f(t) = f(¢;) = r and s, t are adjacent, then ¢; ¢ S. For
any variable z;(j € [n]), if x; = 0, let the vertex z; € S. In this case, if x; € ¢;, then
x; is adjacent to u; ), in Gy and let one vertex of {u;x,v;;} belong to S for i € [m],j €
n],k € {1,2,3}. If z; € ¢;, then z; is adjacent to w;; in G4 and let vertex {w;;} € S
for i € [m],j € [n],k € {1,2,3}. For any variable x; (j € [n]), if z; = 1, let the vertex
x; € S. In this case, if x; € ¢;, then let vertex {w;} € S fori € [m],j € [n],k € {1,2,3}.
If Z; € ¢;, then let one vertex of {u;, v} belong to S for ¢ € [m],j € [n],k € {1,2,3}.
By the choice of S, we know that if a literal of ¢; is false, then a vertex-colored with r; 4
or r;5 is in .S. So if two literals of some clause ¢; are false, we put two vertices colored
with r; 4 and r;5 respectively to S. Since each clause ¢; is satisfied, the vertex set S is

rainbow. Thus S is an s-t rainbow vertex-cut.

O

Theorem 10. Given a vertex-colored graph G, deciding whether G is rainbow vertez-

disconnected is NP-complete.

Proof. For the vertex-colored graph G, defined above, we can get that G, is rainbow
vertex-disconnection if and only if G4 has an s-t rainbow vertex-cut. Since the necessity
is obvious, we show the sufficiency below. Let y € {z;,Z;, uig, Vi, wi : j € [n],i €
[m], k € [3]}. Then the vertex set N(y) is rainbow. For any vertex x ¢ N(y), vertex set
N(y) forms an z-y rainbow vertex-cut. For any vertex z € N(y), vertex set N(y)\{z} is an
x-y rainbow vertex-cut. For any clause ¢; (i € [m]), suppose that z; € ¢; and 0., (x;) = 1.
Then vertex set F; = {w; 1, w;2, Wi 3, Wiz, Vi3, 21, t} is a ¢;-¢; (1 # j) rainbow vertex-cut.
Furthermore, F; is also an s-¢; rainbow vertex-cut and F;\ {t} is a t-¢; rainbow vertex-cut.
Thus, any pair of vertices have a rainbow vertex-cut in G,. From above lemma, the proof

is complete. O

Theorem 11. Let G be a vertez-colored graph with mazimum degree A = 3 and s and
t be two vertices of G. Then deciding whether there is a rainbow verter-cut between s
and t is NP-complete. Moreover, deciding whether the vertezx-coloring is a rainbow vertez-

disconnection coloring is NP-complete.
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Proof. Let Ny = {s,t,c1, -+ ,Cm, @1, %1, , T, Ty} and Ny = V(Gy) — N;. Then each
vertex with degree greater than three is in /V;. Based on the vertex-colored graph G in
Lemma 5, we can obtain a new graph G} by doing the following operation on G4. We
change each vertex v of N to a path P, with d(v) new vertices. The new vertices in the
path will connect the neighbors of v, respectively. We color all the new vertices of P,
using the same color with v. Let S = (J,cy, V(FPa). Then V(G}) = S U N,. We relabel
each vertex of S by doing the following operation. For each a € Ny and w € V(PB,), w
has only one neighbor w’ not in P,. If w" € V(B,) for some b € Ny, then relabel w by ng4.
If w' € Ny, then relabel w by ng,.

If D is an ng-n;, rainbow vertex-cut of V(GY), then we can obtain an s-t rainbow
vertex-cut of Gy from D by replacing ns,. (n;,,,) with z; (z;). If T is an s-t rainbow
vertex-cut of V(Gy), then we can obtain an ng-n;, rainbow vertex-cut of V(G}) from T
by replacing z; (7;) with ns,s (n;.,). Thus, deciding whether there is a rainbow vertex-cut
between ng and ng in graph G7 is NP-complete.

Next, we can get that G is rainbow vertex-disconnected if and only if G has an ng-n;,
rainbow vertex-cut. Since the necessity is obviously, we prove sufficiency below. Suppose
R is an ng-n;, rainbow vertex-cut of G. Choose two vertices x and y from G7. If z € Ny,
then Ng:(2) is an 2-y rainbow vertex-cut if z,y are nonadjacent and N (x)\{y} is an
x-y rainbow vertex-cut if z,y are adjacent. Thus, suppose {z,y} C S, where z € V(P,),
y € V(PB,) and a,b € N;.

Case 1 a # 0.

Suppose a = z; and b € N;. If z is adjacent to y (x = nsz,s and y = ng,), then
Ne,(z;)\{s} is an x-y rainbow vertex-cut. If z is not adjacent to y, one z-y rainbow
vertex-cut is in {(Ng, (7;) U {nzs1)\{s}, (Ng, (i) U {ne, H\{s}}

Suppose a = s and b € {t,c1,- - ,cpn}t. I z is adjacent to y (r = ng and y =
n;,), then R is an x-y rainbow vertex-cut. Otherwise, one z-y rainbow vertex-cut is in
{RU{na}, RU {n;}}.

Suppose a = ¢; and b € {t,c1, -+ ,cn}. If 2 is adjacent to y (z = ney and y = ng,),
then F/\{t} is an z-y rainbow vertex-cut, where F is a vertex-set obtained from F; (see
proof of Theorem 10) by replacing x; with 1z, ,. Otherwise, one 2-y rainbow vertex-cut
is in {(F7 U {nge, )\{t}, (F7 U {nea })\{t}}-

Case 2 a =b.

Suppose x is adjacent to y. If a € {s,t}, then R is an x-y rainbow vertex-cut. If a = ¢;,
then Fj\{t} is an z-y rainbow vertex-cut. If a = x;, then Ng,(z;)\{s} is an 2-y rainbow

vertex-cut.

Suppose x is not adjacent to y. Let z be an internal vertex of zP,y. If a € {s,t}, then
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RU{z} is an a-y rainbow vertex-cut. If a = ¢;, then (F} U {z})\{¢t} is an -y rainbow

vertex-cut. If a = x;, then (Ng,(7;) U {2})\{s} is an 2-y rainbow vertex-cut. O

Theorem 12. Let G be a vertex-colored bipartite graph and s and t be two vertices of G.
Deciding whether there is a rainbow vertex-cut between s and t is NP-complete. Moreover,
deciding whether the vertex-coloring is a rainbow vertex-disconnection coloring is NP-

complete.

Proof. By Lemma 5, we know that there is a rainbow vertex-cut between s and t in G
if and only if ¢ is satisfied. Construct a graph G/, by subdividing all edges of G4. Then
assign the new vertices with color 7 and the other vertices with the same color as in G.
It is easy to show that there is a rainbow vertex-cut between s and ¢ in G, if and only if
¢ is satisfied.

Next, we can get that G, is rainbow vertex-disconnected if and only if G7 has an s-t
rainbow vertex-cut. Since the necessity is obvious, we show the sufficiency below. Let
z be a new vertex. If Ng, (x) is rainbow, then N/ (2) forms an -y rainbow vertex-cut
for any vertex y ¢ Ny (x) and Ny, (x) \ {y} is an z-y rainbow vertex-cut for any vertex
y € Ngy(x). Otherwise, {at, zc;} C E(Gy) for some i € [m] or {zs,at} C E(Gy). For
any vertex y € {x;,%;, Uik, Vig, Wik : J € [n],i € [m],k € [3]}, vertex set Ng,(y) forms
an z-y rainbow vertex-cut. Let F; (i € [m]) be the vertex set as defined in Theorem 10.
If {zt,xc;} C E(GY) for some i € [m], then Fj is an x-¢; (or 7-s) rainbow vertex-cut for
J # i, and F; \ {t} is an z-¢; (or x-t) rainbow vertex-cut. If {zs, zt} C E(Gy), then F; is
an z-¢; rainbow vertex-cut, and the s-t rainbow vertex-cut in G, is also an z-s (or z-t)
rainbow vertex-cut. If y is also a new vertex, then there is at least one vertex of {z,y}
adjacent to ¢ (I € [m]). Then Fj is an z-y rainbow vertex-cut. Let z., be the new vertex
subdividing the edge tc; of G4. Then F; U{z.} \ {t} is a t-¢; rainbow vertex-cut. Vertex
set Ng, (z:) U{os )\ {s} (Na, (%) U{Zs} \ {s}) is an s-x; (s-7;) rainbow vertex-cut, where
xs (Ts) is the new vertex subdividing the edge sx; (sZ;) of G4. The rainbow vertex-cuts
of the remaining vertex pairs can be obtained by the corresponding vertex sets defined in
Theorem 10. [l

Acknowledgement: The authors are very grateful to the reviewers and editor for their
helpful suggestions and comments. This paper is an extended version of [12], which was
published in the proceedings of FAW 2020, Lecture Notes in Computer Science No.12340.

17



References

[1] Andrews, E., Laforge, E., Lumduanhom, C., Zhang, P.: On proper-path colorings in
graphs. J. Combin. Math. Combin. Comput. 97, 189-207 (2016)

[2] Bai, X., Chang, R., Huang, Z., Li, X.: More on rainbow disconnection in graphs.
Discuss. Math. Graph Theory. doi:10.7151/dmgt.2333, in press

[3] Bai, X., Chen, Y., Ji, M., Li, X., Weng, Y., Wu, W.: Proper disconnection in graphs.
Bull. Malays. Math. Sci. Soc. https://doi.org/10.1007/s40840-020-01069-5, in press

[4] Bai, X., Chen, Y., Li, P., Li, X., Weng, Y.: The rainbow vertex-disconnection in
graphs. Acta Math. Sin. (Engl. Ser.) https://doi.org/10.1007/s10114-020-0083-x, in

press

[5] Bai, X., Huang, Z., Li, X.: Bounds for the rainbow disconnection number of graphs.
arXiv:2003.13237 [math.CO]

[6] Bai, X., Li, X.: Graph colorings under global structural conditions, arXiv: 2008.07163
[math.CO)]

[7] Bondy, J. A., Murty, U. S. R.: Graph Theory. Springer 2008

[8] Borozan, V., Fujita, S., Gerek, A., Magnant, C., Manoussakis, Y., Montero, L., Tuza,
Zs.: Proper connection of graphs. Discrete Math., 312, 25502560 (2012)

9] Cai, J., Wang, J., Zhang, X.: Restricted Colorings of Graphs, Science Press, Beijing,
2019

[10] Chartrand, G., Devereaux, S., Haynes, T. W., Hedetniemi, S. T., Zhang, P.: Rainbow
disconnection in graphs. Discuss. Math. Graph Theory, 38, 1007-1021 (2018)

[11] Chartrand, G., Johns, G. L., McKeon, K. A., Zhang, P.: Rainbow connection in
graphs. Math. Bohem., 133, 85-98 (2008)

[12] Chen, Y., Li, P., Li, X., Weng, Y.: Complexity results for the proper disconnection of
graphs, Proceedings of 14th International Frontiers of Algorithmics Workshop (FAW
2020), LNCS No.12340, 1-12 (2020)

[13] Darmann, A., Docker, J.: On simplified NP-complete variants of Not-All-Equal 3-
SAT and 3-SAT. arXiv:1908.04198 [cs.CC]

[14] Li, X., Weng, Y.: Further results on the rainbow vertex-disconnection of graphs.
arXiv:2004.06285 [math.CO]

18



[15] Moshi, A. M.: Matching cutsets in graphs. J. Graph Theory, 13, 527-536 (1989)

[16] Patrignani, M., Pizzonia, M.: The complexity of the matching-cut problem. In:
Brandstadt A., Le V.B. (eds) Graph-Theoretic Concepts in Computer Science. WG
2001. LNCS No.2204, 284-295 (2001)

[17] Schaefer, T. J.: The complexity of satisfiability problems. In: Procceedings of the
10th annual ACM sympodium on Theory of Computing, pp. 216-226. ACM, New
York (1978).

19



