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1. Introduction

In this work, by a graph, we mean a simple, finite and connected one. The symmetric division deg index a graph invariant
based on degree of vertices and it is defined as follows:

dz + d?

SDD(G) = Y o,

uveE(G)

(1)

where d;, and d, denotes the degrees of vertices u and v. Several properties of sdd-index are given in [8,11,21-24] as well as
[1,9,17].

The inverse symmetric division deg index is defined by Ghorbani et al. in [7] as follows:
dyd,

uveE(G)

(2)

The adjacency matrix A(G) of graph G is a matrix that a;; =1 if v;v; € E(G) and zero otherwise. With respect to the
symmetric division deg index, the extended adjacency matrix (A = A¢) is defined as a symmetric real matrix in which the
ijth entry is dﬁi +d§j/2duiduj, when i # j and uu; € E(G), and zero otherwise. It is clear that for a regular graph G, the
extended adjacency and the adjacency matrices are the same. For recent research along these lines, see [3,13,25]. Recall that
the extended adjacency matrix is just one among a large number of degree-based graph matrices; for details see [4].
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The structure of this paper is as follows. In continuing this section, we introduce definitions and concepts that we need
in this paper. In Section 2, we compute the extended adjacency matrix or .A-matrix of well-known graphs together with
their characteristic polynomials. In continuing, we will argue about the spectra of certain classes of graphs. In Section 3,
we apply algebraic graph theory techniques to explore the .4-spectral radii of graphs in general. Finally, in Section 4, the
extended adjacency energy of a graph is defined and some bounds are given.

Two graph invariants M;(G) = Z dy +dy and M, (G) = Z dydy are calles as Zagreb indices and they have been defined

uveE uvek
in the 1970s, see [16,17]. Also, the forgotten index is defined as [5,6]
F(G) =) di+d;.

uveE

A permutation ;r on the vertices of a graph G is called an homomorphism, if for an edge e = xy of G, then m(e) =
7 (x)7 (y) is again an edge of G, where the image of edge e = xy is denoted by 7 (e). We say 7 is an automorphism, if both
7 and ! are homomorphism of G. The automorphism group of a graph G is the set Aut(G) = {7 : V(G) — V(G), where
is an automorphism}.

For a given edge e € E(G), the collection E. = { w (e), m € Aut(G) } is an orbit including e. A vertex(edge)-transitive graph
is a graph with only one vertex(edge) orbit.

Throughout this paper, for the graph G, the symbol G\ e means removing the edge e.

2. Preliminary results

For a graph G of order n and with adjacency matrix A = A(G), the polynomial x; (G) = det(Al, —A), where I, is the
identity matrix of order n, is called the characteristic polynomial of G and each root of x; (G) is called an eigenvalue of
G If A, Ap, .00, As are all distinct eigenvalues of G, then the spectrum of G is the multiset spec(G) = {[*{]™., ..., [As]™s},
where m; (1 <i <s) indicates the multiplicity of A;. Also, the spectral radius of a graph is the largest absolute value of its
eigenvalues.

The eigenvalues of matrix A = Aex are shown by 711,71, ..., s and its spectrum by specex(G). It is not difficult to realize
that in either a regular graph or a complete bipartite graph, the .4-matrix is a multiple of the adjacency matrix. Hence, by
having the eigenvalues of the adjacency matrix, we can find the .4-eigenvalues, but in general, this problem is more difficult.

Theorem 2.1. Let G be a graph extended adjacency eigenvalues nq, ..., nn. Then
n
(i) Xomi=tr(de) =
i=1
n
(ii) > n? =tr(A2 ZZ«Aex),,)Z 3 Z( 1 )2,

Il
—_

(dﬁi + dﬁk)(dﬁj +d3)

2
duk

d2
a , U1+ uj
(iii) z n; = tr(Ax 42 (du,duj)2 k%:j
. n ul (dﬁi +d1211)(d£' +d5’)
) £ 0t —erato = Z(Z( 1)2)2+Z( > z 2

i=1 i~ M du; Yj g~ j

Proof.

(i) It follows from definition.

d dy
(11) gx i = Z(Aex)u(-Aex)]x = Z((Aex)u)z Z(.Aex)izj 4 2:(i + 7)2 Therefore,
Jj=1 i~j i~j Yj
» 1 d,, dy
tr(Agy) = ZZ( (G o . Gy = Ly Sy
i=1 i~j ui 2 i~j duf du,-

(iii) Suppose i # j. Then

n

(Agx)ij = Z(Aex)ik(Aex)kj = Z (Aex)ik(-Aex)kj

k=1 k~ik~j
d d d
= > ( (7 + “k))( (—+ﬂ))
fe~i k~] i u,
1 3 (dg, +di ) (df, +d5k))
~ 4dydy, G dz, .



For the matrix A3,, we have

ex i = Z('AEX)U('A )]k - Z(

Hence

tr(A3,

dz + d

i~j

du,

+7]))((-Aex) ) jk

Z 8(dy,

ZZ&

i=1 i~j

1T

(iv) The trace of A%, is

rwA)—Ejué5=

i,j=1

(Z(Z(
+ Z(

]
This completes our argument.

Example 2.1. Theorem 2.1 imlies that if G is r-regular, then clearly Aex = A and A2,
which yields that tr(AZ%) = nr.

dg + 5,
(dydy;)?

2 2
u1+ uJ

%W<Z

k~ik~j

2 —|—d2 )(dz +d2)

(>

ki k~j
(di +da, )(d2 +d§k))

(di, +di ) (g +di)

dyydy))?

(>

k~ik~j

_1_7]

(2 +d2)(d2 +d2)

)?)?

232 232
Aex ij+Z(Aex ij
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O

Example 2.2. For the path graph P,, we obtain

Aex(Pn) =

The diagonal elements of A2, (P,) are 1

0

o [« BERENIS |

0
0

[@XN3;]

0
1

0

0
0

1

0

0

tr(A B)) = E +2(n—-4).

Theorem 2.2. Let G be an edge-transitive graph on n vertices. Then

Xn(Aex) = a" X a2)(A),

a?+b?
where o = b

O =

0
0

o

B O =

6° 16’

o o

[« PN Ne) o

2,2,

2
dz

2,4 25 Therefore

= A2, On the other hand, tr(A%) =nr

Proof. Since G is edge-transitive, and for each edge e = uv, there are two integers a and b such that a =d, and b =d,.

Then

a® + b?

Aex(G) =

and we are done.

2ab

O

A(G)

Example 2.3. According to Theorem 2.2, for the complete bipartite graph Ky, », we obtain

Aex (Km,n) =

(

m? + n?
2mn

JAKinn)-



€2 €1

Fig. 1. The graph G.

Hence
m2 + n? . .m?%+n?
speCex(Kmn) = {[— NG 1" [o]™ =2 | > i ]1}.

Theorem 2.3. For a regular graph G, we yield that
Xn(Aex) = X0 (A).

Proof. It is clear that all non-zero entries of Ay are 1. This fact and using the definition, would yield the required result. O

3. The spectral radii of extended adjacency matrix of graphs

In this section, we obtain some lower and upper bounds for the spectral radii of extended adjacency matrix of graphs.
Here, we show the largest eigenvalue of the adjacency matrix of graph G by A;(G) (or for simply by A;). Also, we denote the
largest eigenvalue of extended adjacency matrix of a graph by 17 (G) (or for simply by 7). It is a well-known fact that for
the largest ordinary eigenvalue of a graph G, we have A;(G) > A;(G\e) [2] but this fact is not true for the largest extended
adjacency eigenvalue. For example, consider the graph G as depicted in Fig. 1. It is not difficult to see that 1;(G) = 3.65,
m (G\E]) =4.25 and m (G\EZ) = 2.65.

Based on the above facts, we investigate the spectral properties of the largest eigenvalue of extended adjacency matrix
of a graph.

Theorem 3.1. For any graph G, we have A; <nq < %(% + %))\,]. The left equality holds if and only if G is a regular graph and
the right equality holds if and only if G is a complete bipartite graph.

dy,
Proof. For two arbitrary vertices v; and v; (1 <i,j<n), we have 1< %(g——i—%) < %(% + %). Consequently, A(G) <
i

Aex(G) < 3(§ + {)AG) and thus Ay <7y < (5 + R)A. O

It is well-known that [2,18]

max{vA, M]TSG) 2’;n 2COS( )} <A; <min{A,n-1}.

This together with the fact that for a tree T, A; < min{2+/A — 1, +/n — 1}, we may conclude the following result.
Corollary 3.2.
(i) For graph G with maximum degree A and minimum degree §

max{v/A, /M9 2m sco5( T} <y < $(5 + S)ymin{A.n -1},

5
(ii) For tree T wzth maximum degree A and minimum degree §

= (5 + p)min2y/A 1 a1}

It is a well-known fact that among all bipartite graphs of order n, the star graph S, has the minimum ordinary spec-
tral radius which is A = +/n—1 and the complete bipartite graph Kn 1 (if n is odd k[ L1 j+1) has the maximum ordinary

spectral radius equal to Aq = 5. Thus the next result follows dlrectly

Corollary 3.3. Among all bipartite graphs of order n, the star graph Sp has the maximum A-spectral radius n; = - \7}21”%2 and
the complete bipartite graph KT% has the minimum A-spectral radius n, =

4



For a real vector x € R", the Rayleigh quotient theorem [2] yields that
Xt AexX
x20 XX
d2 +d?
> g
uveE(G) utv

xlio >oox

ueV(G)

|
wn
=
o

m =

Hence, for x = j, we have
_ (Ax(G))j _ SPD(G)
S
Consider three following well-known topological indices:

}ea((;) ::iE::(dutjv)ay

uveE
GA(G) = Z 3 udy
uveE u 47
d,+d
ABC(G) = ) d;
uveE utv

Suppose G has n vertices, m edges and k pendant edges. By [7], the following lower bounds for the spectral radius of Aex
can be explored:

(m + %)
m=-—"23" (4)
n
m+n
m = ( ), (5)
n
M2 (G)
—2m
m = M,(G) ) (6)
n
n2
= —2m
R_1(G)
=z —F (7)
2m?
m = ;iziazzfj, (8)
3ABC(G)
m = 90 9)
2GA(G
m = ( ), (10)
n
4w _om
n > M, (11)
n
Mi(©)y2 _ o
nm = %, (12)
Consider now the real vector x = (dy,);. Again Rayleigh quotient theorem yields that
Y’ +dy)
X (Aa)x v]>eE<c> F(G) 13)
KX M@ =T

>,
k=1



Since, SDD(G) > 2m, by Eq. (3), we conclude that n; > ZT
Suppose now v, Us € E(G), is an arbitrary edge. For the non-zero real vector x = (x);, where

ol i=ks
"7 )10 otherwise’

we obtain
X(Aex)x 1.d,  ds
xtx 2ds dk) = ®

or equivalently SDD(G) < 2mn;,. Finally, for each vertex u € V(G), clearly 6 < deg(u) < A and thus sr%m(c) < 1. Hence, we
proved the following theorem.

Theorem 3.4. Let G be a graph on n vertices and m edges. Then

2m 2m+2% (m+n)
mzmax {55 =S T

In addition, ny = sz if and only if G is a regular graph. Applying well-known degree-based topological indices given in Equations
(4) — (13), we have

Mz (G) 2

MO _om T _2m 2
0 > max{ F(G) , SDD(G)7 M, (G ’ (e 7 2m 7 3ABC(G)7
M;(G) 2m n n nGA(G) 2n
3
2GA(G) SDPD(G) Aoy —2m m[(%—g)Z—Z]}
n ’ n ’ n ’ n ’

Corollary 3.5. Suppose G is a graph in which two vertices with degrees A and § are adjacent. Then
1A 6
m= E(K + Z)

By using inequality given in Theorem 3.4, one can deduce that for the smallest eigenvalue of .4ex, we obtain n, <
Since

SDD(G)
-

SDD(G) < min{nA, 2m(1 +1(G)) — n?, 2m(

kf,(,G_) +n) ),

1

n

1 . .

where I1(G) =) T and kf(G) =) r;;, where r;; denotes the resistance-distance between v; and v;. We conclude that
i=1 i i<j

N < & x a(G), where

kf(G) +n
n_

a(G) = min{nA, 2m(1 +1(G)) — n?, 2m( 1

) —n?}.
Lemma 3.6. (/27]) If Anxn is a Hermitian matrix of order n > 2 with eigenvalues 6, > ... > 6,, then

[ > aijl

i#]
0]—9;12 n_1"

Theorem 3.7. If G is r-regular, then An = 1y < 115

Proof. Since G is r-regular, we conclude that A.x(G) = A(G), which yield that n; = A; (1 <i <n). Specially n; =r. On the
other hand, }"(Aex);j = nr and Lemma 3.6 yields that
i#]
nr
n-—1

m—"1nz=

or equivalently

r
1-n’

M =



4. On extended energy of graphs

Let G be a graph with adjacency eigenvalues A{, A;, ---, An. The graph energy of G is

£G) =

see [10,12,14,15].
Here, we define the extended energy as the sum of absolute values of the eigenvalues of extended adjacency matrix.
More formally, suppose 71,15, ---,nn are the eigenvalues of Aex. It is not difficult to see that these eigenvalues are real

numbers and their sum is zero. Hence, the Extended Energy can be defined as &x(G) = Z [n;], see [4,20].
i=1

Theorem 4.1. Let G be a graph with n vertices. Then

VEr(A2) < Ex(G) < y/ntr(AZ,).

Proof. The variance of the numbers |n;|, i=1,2,---,n is equal to
1, 1< 2
1 Z [mil° — (n Z 7]
i=1 i=1
n
which is greater than or equal to zero. Now, Z [n;]? Z n, =tr(A%) and therefore

i=1
Eex(G) </ ntr(Agx)

as we desired. Now by Radon inequality we investigate that

Zln,l2
Zln,

Z'”' Z |Im| =

Hence,

Eex(G) = Z |7’1|2 Y tr(-Agx

O

Theorem 4.2. Let G be a non-trivial graph. Then

3
Eex(G) = 1/ t;((A; )

Proof. Suppose G has n vertices. The Holder inequality implies that

n n n
TE (z )(z b?)w
i=1 i=1 i=1

where a;, b; e R*(i=1,2,---,n). Put a; = |;]%/3, b; = |n;|*3, p=3/2 and q = 3, thus we have

Do Imil? = Zlnllm(lnl ) < (Z|77|)2/3(Z|Tl| ). (15)
i=1

i=1

n
If Gis not an empty graph, then Z [n;]* # 0 and Eq. (15) can be rewritten as
i=1

; Yo ml??? Y )2

— = tr(_AZ )3
Eex(G) = Y i = = = £l = |l
ex ; 1 n n tT(.A‘elx

Y (miMH' Y
i=1 i=1
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Fig. 2. The correlation between the values of 7; and other lower bounds.

O

Theorem 4.3. For the graph G, we have
Eex(G) = 2m.

n
Proof. It is clear that £ (G) = Z |n;] and thus

i=1

n n
Eex(G) = |ml+ Y Imil = Iml+1D_mil.
i=2 i=2

n n n
On the other hand,Z n; = 0 yields that n; = —Zn,-, and so || = |Zn,»|. Hence
i=1 i=2 i=2

Eex(G) = 2|m| =2m.
]

Corollary 4.4. For the graph G with n vertices, m edges and k pendant edges, we obtain

)

n n
Moregenerally, comparing with other degree-based topological indices, we have

2m + %
gex(G) > 2max{2Tm’ g M}

M2(G
F(G) SDD(G) ML§c§—2m o — 2M 2m2GA(G) 3ABC(G)}

M{(G)> 2m ’ n ’ n ’ n o 2n
Proof. Use Theorems 3.4 and 4.3. O

Eex(G) > 2 max {

5. Computational experiments

In this section, we present some comparatives examples for different values of n. Considering all graphs of orders 3,
4, 5 and 6, several lower bounds for .A-spectral radii in the paper are compared. The analyzing of these graph quantities
indicates that the best upper bound for 7, is as given in Eq. (13). The correlation between the values of n; and other lower
bounds are given in Fig. 2 and Table 1. By the contents of table, we obtain

_ SDD(G) A F(G)

n 2T Mi(G)

Aq



Table 1
The correlation between the values of 7; and other lower bounds.

Corr Ay Ay As Ay As Ag A;

m 0955 0959 0906 0938 0933 0558 0.72

M3 (G) m3
Ay = M@ ~ 2m Ay —2m
n ’ n ’
2
A — K@ ~ 2m A _ 2GAG)
5 n ,Ag ra
2m?
A7 = ———.
nGA(G)
This means that, if n is sufficiently large, then 1, ~ @) The correlations between A-energy and the ordinary and Randic

M (G)*
energies of 1000 random graphs of orders 19 and 20 are respectively corr(ex, £) = —0.41 and corr(&ex, &) = —0.48. It can
be infered that the A-energy has a low correlation with both ordinary and Randic energies.
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