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Abstract

For an edge-colored graph G, a set F' of edges of G is called a proper
edge-cut if F' is an edge-cut of G and any pair of adjacent edges in F are as-
signed different colors. An edge-colored graph is proper disconnected if for each
pair of distinct vertices of G there exists a proper edge-cut separating them.
For a connected graph G, the proper disconnection number of G, denoted by
pd(G), is the minimum number of colors that are needed in order to make
G proper disconnected. In this paper, we first give the exact values of the
proper disconnection numbers for some special families of graphs. Next, we
obtain a sharp upper bound of pd(G) for a connected graph G of order n, i.e,
pd(G) < min{x/(G) — 1, [%]}. Finally, we show that for given integers k and
n, the minimum size of a connected graph G of order n with pd(G) = kisn—1
fork=1and n+2k—4for2<k<[5]

Keywords: edge-coloring; proper edge-cut; proper disconnection number; out-
erplanar graph
AMS subject classification 2010: 05C15, 05C40, 05C75.

1 Introduction

All graphs considered in this paper are simple, nontrivial, finite and undirected.
Let G = (V(G), E(G)) be a connected graph with vertex set V(G) and edge set
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E(G). For v € V(G), let d(v) denote the degree of v, N(v) denote the neighborhood
of v, and N|v| denote the closed neighborhood of v in G. For a subset S of V(G),
denote by N(S) the set of neighbors of S in G. Denote the diameter of G by D(G).

For any notation or terminology not defined here, we follow those used in [2].

Throughout this paper, we use P,, C,,, K, to denote the path, the cycle and the
complete graph of order n, respectively. Given two disjoint graphs G and H, the join
of G and H, denoted by GV H, is obtained from the vertex-disjoint copies of G and
H by adding all edges between V(G) and V(H).

For a graph G, let ¢ : E(G) — [k] = {1,2,...,k}, k € N, be an edge-coloring of
G. For an edge e of G, we denote the color of e by c¢(e). When adjacent edges of
G receive different colors by ¢, the edge-coloring c is called proper. The chromatic
index of G, denoted by x/(G), is the minimum number of colors needed in a proper

edge-coloring of G.

Chartrand et al. in [3] introduced the concept of rainbow disconnection of graphs.
An edge-cut of a graph G is a set R of edges such that G — R is disconnected. An
edge-coloring is called a rainbow disconnection coloring of G if for every two vertices
of GG, there exists a rainbow cut in G separating them. For a connected graph G,
the rainbow disconnection number of G, denoted by rd(G), is the smallest number of
colors required for a rainbow disconnection coloring of GG. A rainbow disconnection
coloring with rd(G) colors is called an rd-coloring of G. In [1] the authors have

obtained many results.

Inspired by the concept of rainbow disconnection, we naturally put forward a
concept of proper disconnection. For an edge-colored graph G, a set F' of edges of
G is a proper edge-cut if F' is an edge-cut of G and any pair of adjacent edges in
I are assigned different colors. An edge-colored graph is called proper disconnected
if for each pair of distinct vertices of GG, there exists a proper edge-cut separating
them. For a connected graph G, the proper disconnection number of G, denoted by
pd(G), is defined as the minimum number of colors that are needed in order to make
G proper disconnected. A proper disconnection coloring with pd(G) colors is called
an pd-coloring of G. Clearly, for any pair of vertices of a graph, a rainbow cut is
definitely a proper edge-cut. In [3], we know that if G is a nontrivial connected graph,
then A\(G) < AT(G) < rd(G) < X'(G) < A(G) + 1. Hence, we immediately have the

following observation.

Observation 1.1 If G is a nontrivial connected graph, then 1 < pd(G) < rd(G) <
X'(G) < A(G) + 1.

Some complexity results on the proper disconnection of graphs are obtained in
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our recent paper [4].

The concept of monochromatic disconnection of graphs is discussed in [5, 6].

2 Preliminaries

At the very beginning, we state some fundamental results on the proper discon-
nection numbers of graphs, which will be used in this paper. Let G be a connected
graph. An edge-cut of G is a matching cut if the edge-cut is a matching of G. For
vertices u and v of (G, a matching cut F' is called a u-v matching cut if F' separates
uwand v in G. For a vertex v € V(G), let E, be the set of all the edges incident with

v in G.

Theorem 2.1 Let G be a nontrivial connected graph. Then pd(G) =1 if and only if

for any two vertices of G, there exists a matching cut separating them.

Proof. Let pd(G) = 1 and ¢ be a pd-coloring of G with one color. Assume, to the
contrary, that there exist two vertices x and y which have no matching cut, i.e. each
x-y proper cut has two adjacent edges. Obviously, the two adjacent edges are colored
differently. That is, pd(G) > 2. This is a contradiction.

For the converse, define an edge-coloring ¢ such that c(e) = 1 for every e € F(G).
For any two vertices x and y in G, there is a matching cut which is an x-y proper

edge-cut. Thus, c is a proper disconnection coloring of G and so pd(G) = 1. O
For trees and cycles, we get the following results immediately by Theorem 2.1.
Proposition 2.2 If G is a tree, then pd(G) = 1.

Proposition 2.3 If C, is a cycle, then

2, if n=3
an: ) )
pd(Cn) {1, if >4

Lemma 2.4 If H is a connected subgraph of a connected graph G, then pd(H) <
pd(G).

Proof. Let ¢ be a pd-coloring of G and cy be a coloring of H by restricting ¢ to H.
Let x and y be two vertices of H. Suppose that F' is an x-y proper edge-cut in G.
Then F'N E(H) is an z-y proper edge-cut in H. Hence, the coloring ¢ restricted to
H is a proper disconnection coloring of H. Thus, pd(H) < pd(G). O
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A block of a graph G is a maximal connected subgraph of G that has no cut vertex.
Then the block is either a cut edge, say trivial block, or a maximal 2-connected
subgraph. Let {Bj, Bs, ..., B;} be the block set of G.

Lemma 2.5 Let G be a nontrivial connected graph with blocks By, Bs,--- , B;. Then
pd(G) = max{pd(B;)| i € [t]}.

Proof. Let k = max{pd(B;) | 1 <i < t}. If G has no cut vertex, then G = B; and
the result follows. Next, we assume that G has at least one cut vertex. Since each
block is a subgraph of G, pd(G) > k by Lemma 2.4.

For each i € [t], let ¢; be a pd-coloring of B;. We define the edge-coloring ¢ :
E(G) — [k] of G by c(e) = ¢;(e) if e € E(B;).

Let z,y € V(G). If there exists a block, say B;, that contains both x and y, then
any x-y proper edge-cut in B; is an x-y proper edge-cut in GG. Next, we consider that
no block of G' contains both x and y. Assume that x € B; and y € B;, where ¢ # j.
Now every x-y path contains a cut vertex, say v, of G in B; and a cut vertex, say w,
of G'in B;. Note that v could equal w. If z # v, then any z-v proper cut of B; is an
x-y proper edge-cut in G. Similarly, if y # w, then any y-w proper cut of B; is an
x-y proper edge-cut in G. Thus, we may assume that z = v and y = w. It follows
that v # w. Consider the z-y path P = (x = vy, v9,...,v, = y). Since x and y are
cut vertices in different blocks and no block contains both x and y, we can select the
first cut vertex z of G on P except x, that is, z = v for some k (2 < k < p—1).
Then z and z belong to the same block, say By (s € {1,2,--- ,t}\{¢,j}). Then any
x-z proper edge-cut of By is an x-y proper edge-cut of G. Hence, pd(G) < k, and so
pd(G) = k. 0

We next present a useful structural property.

Lemma 2.6 Let G be a nontrivial connected graph. If there exist two nonadjacent
vertices u and v sharing t (t > 1) common neighbors in G, then pd(G) > [L].

2
Furthermore, if uv € E(G), then pd(G) > [5] + 1.

Proof. Let ¢ be a pd-coloring of G. Let u, v be two vertices of G and F(u,v) be a u-v
proper edge-cut in G. If uv ¢ E(G), let W = N(u) NN (v) = {wy,ws,--- ,w;}. Then
there are ¢ internally disjoint paths of length two. Let Ey = {uw;|l <i <t} and Ey =
{vw;|1 <@ <t}. Then |F(u,v) N Ey| > [£] or |[F(u,v) N Ey| > [£]. Otherwise there
exists at least one u-v path of length two in G\ F'(u, v), which is a contradiction. Since
E, C E, and E, C E,, pd(G) > [£]. Moreover, if uv € E(G), then wv € F(u,v).
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So |F(u,v) N Ey,| > |F(u,v) N Ey|+ 1 or |F(u,v) N E,| > |F(u,v) N Ey| + 1. Hence,
pd(G) > [L] + 1. 0

3 Main results

In this section, we give the exact values of the proper disconnection numbers
for the wheel graphs, the complete graphs, the complete bipartite graphs and the
outerplanar graphs. Furthermore, we obtain a sharp upper bound of pd(G), and

derive the minimum size of a graph G of order n with pd(G) = k, where 1 < k < [F].

3.1 Wheel graphs

Lemma 3.1 Let G = K4 — {e}. Then pd(G) = 2. Furthermore, the colors of

matching edges in G are the same for any pd-coloring.

Proof. Let V(G) = {v1,v2,v3,v4} and E(G) = {vv;}|1 <i < j <4} \ {vovy}. First,
we have pd(G) > 2 since K3 is a subgraph of G. Define an edge-coloring ¢: E(G) — [2]
of G as follows. Let c(viva) = c(v1v3) = c(vzvg) = 1, c(v1v4) = c(vov3) = 2. Let u
and v be two vertices of G. If d(u) = 2 or d(v) = 2, then E, (or E,) is a u-v proper
edge-cut. Otherwise, If d(u) = d(v) = 3, then the edge set {vivy,v1v3,v903} is a
proper edge-cut of u, v. Thus, pd(G) < 2.

For any pd-coloring ¢: F(G) — [2] of G, assume that c¢(viv3) = 1. Since any
edge-cut of v; and w3 has at least three edges, there exist two matching edges with
color 2 incident with vy, vs respectively. We claim that the remaining two matching
edges must have the same color. Otherwise, there exists a vertex, say wvq, such that
all edges of E),, have color 2. Then E,, or £, has two edges with color 2. Therefore,

there is no vy-v9 or ve-v3 proper edge-cut. O

Theorem 3.2 If W, = C,, V K is the wheel of order n+ 1> 4, then

2, ifn=3k (k€1),

3, otherwise.

pd(W,) = {

Proof. Let V(W,) = {vo,v1,...,v,} and E(W,) = {vov;, vovn, 0;v;41, v10,]1 <
i < n —1}. For convenience, each subscript of vertices is expressed as an integer
0,1,2,--- ,n — 1 modular n. First, pd(W,,) > 2, since K3 is a subgraph of W,,.

Case 1. n = 3k.



Define an edge-coloring ¢: E(W,) — [2] of W,. Let c(vgvs;) = c(vi43;V243;) =
2 where 1 < 7 < kand 0 < 57 < k — 1 and assign color 1 to the remaining
edges. Let v; be a vertex of W, where i = 3t (1 <t < k). Then the edge set
{vi_10;, Vov;, VoUi41, Vis1Vi2} i a proper edge-cut between {v;,v;41} and V(W) \
{vi,v;21} and the edge set {v;v;11, VoV, Vov;_1,V;_2v;_1} is also a proper edge-cut
between {v;_1,v;} and V(W,,) \ {vi—1,v;}.

Let vy, v; be any two vertices of W,, where k, [ are integers. If vy is nonadjacent
to v;, then there exists an edge viv, such that p = 3t or k = 3t. By above argument,
we have a proper edge-cut between {vy,v,} and V(W,,) \ {vk, v,}, which is a vg-v;
proper edge-cut. Assume vy is adjacent to v; with £ < [. If k£ or [ is a multiple of
3, without loss of generality, k& = 3t, then there exists a proper cut between {vg,v,}
and V(W,,) \ {vg, vp} where v, € N(vy) \ {vo, v}, which is a vi-v; proper edge-cut. If
neither £ nor [ is a multiple of 3, then there exits a proper edge-cut between {vy, vs}
and V(W) \ {vk,vs} where vy € N(vg) \ {vo, v}, which is a vg-v; proper edge-cut.
Thus, pd(W,,) = 2.

Case 2. n # 3k.

Assume that pd(W,,) = 2. Let ¢(vpv;) = 1. Then for matching edges vov; and
vous in induced graph G[{vg, v1, v, v3}], we get c(vov1) = ¢(vov3) = 1 by Lemma 3.1.
Using Lemma 3.1 repeatedly, we get c(e) = 1 for any edge e of W,, (i.e. c(vov1) =
c(vgug) = c(vgvy) = -+ = 1). This is a contradiction with pd(W,) > 2. Thus,
pd(W,) > 3.

Now we define an edge-coloring ¢ : E(W,,) — [3] of W,,. First, let ¢ be a proper
edge-coloring of C,, using the colors 1,2,3. For each integer ¢ with 1 < i < n, let
a; € {1,2,3}\ {c(vi1v;), e(vvir1) }, and let ¢(vgv;) = a;. Thus, E,, is a proper set
for 1 <i < n. Let x, y be two distinct vertices of W,,. Then at least one of x and
y belongs to C,,, say © € V(C,,). Since E, separates x and y, it follows that ¢ is a
proper disconnection coloring of W, using three colors. Therefore, pd(W,) = 3 for
n # 3k. U

3.2 Complete bipartite graphs and complete graphs

Now we introduce some notations. Let X and Y be sets of vertices of a graph G,
we denote by F[X, Y] the set of all the edges of G with one end in X and the other
end in Y. We write G[X,Y] for G[E[X,Y]]. For an edge-coloring ¢ of G[X,Y], if ¢
is a proper coloring, then F[X, Y] is called a proper set.

Theorem 3.3 Let K, , be a complete bipartite graph. Then pd(K,,) = [5].
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Proof. Let G = K, ,, and suppose that X and Y are two partite vertex sets of G, where
X ={z1,29,-- ,xptand Y = {y1, 42, -+, y,}. For any two vertices z;, z; € X, there
are n common neighbors in Y. Then pd(G) > [§] by Lemma 2.6.

Now, for the upper bound, we define an edge-coloring ¢ : E(G) — {0,1,--- ,[§] —
1} of G by assigning each edge z;y; with c(z;y;) = i+j—1 (mod [§]) for 1 <4,5 < n.
Let X = X1 U Xy, where Xy = {x1, 29, -+ ,x[21} and Xo = {x[n141, Tra140, -+, T}

Let Y =Y, UY,, where Y1 = {y1, 2, ,yra1} and Yo = {yre141, yr2142, - 5 Un )

Claim 3.4 For each pair of vertex sets Xy and Y; (k,l € [2]), E[X, Y]] is a proper

set.

Proof. By symmetry, we only consider the vertex sets X; and Y;. For each vertex x;
of X1, since c(z;y;) =i +j — 1 (mod [31]), it follows that c(z;y1) # c(ziyz) # --- #
c(ziyrny). Therefore, the edges of G[X, Y] incident with the same vertex are colored
by different colors. Thus, E[X7, Y] is a proper set. O

We now show that for each pair of vertices u and w of GG, there is a proper edge-cut
separating them. Two cases are needed to be discussed.

Case 1. ue X, weY.

Suppose that u = x; and w = y;. Let x; € Xy, y; € Y7 or ; € Xy, y; € Y5
and let F'(z;,y;)= E[X1,Y1]U E[X,,Y5]. Consider the subgraph H of G obtained by
deleting F'(x;,y;) from G, then H has two components G[ X1, 5] and G[X5, Y:] (See
Figure 1). Since z; € G[X1,Ys] and y; € G[ Xy, Y], we can know that F(z;,y;) is an
edge cut separating z; and y;. Moreover, E[X, Y] and E[X,, Y5] are proper sets by
the claim and E[X;, Y] N E[X,,Ys] = ¢, so F(x;,y;) is an z;-y; proper edge-cut. If
x; € Xq,y; € Yoorz; € Xy, y; €Y1, we can similarly show that E[X, Y2]U E[X,, V1]

is an x;-y; proper edge-cut.

Figure 1: A graph H

Case 2. u,w € X oru,w €Y.



By symmetry, suppose without loss of generality that v = x; and w = z;. If
vi,z; € Xy, where 1 < i < j < [§]. Let X] = X; — + Tiy[z1 and X, =
Xy + x; — xiyrey. Then z; € X5 and z; € Xj. For every vertex y, of Y, we know
that c(ziy:) = c(ziyzy) = i+t —1 (mod [§]). By the same method used in
the claim, for vertex sets X; and Y, (k,l € [2]), E[X},Y]] is a proper set. Let
F'(z;,x;) = BE[X],Y1]UE[X], Ys]. Let H' = G[X], Y2]UG[XY), Y] be a graph obtained
by deleting F'(z;, ;) from G (See Figure 2). According to Case 1, F'(x;,x;) is an x;-
x; proper edge-cut. If z; € X; and z; € Xy, similarly, we can get E[X1, Y1|UE[X,, Ys]

is an x;-x; proper edge-cut. U

Figure 2: A graph H’

Theorem 3.5 Let K,,, be a complete bipartite graph with 2 < m < n. Then
pd(Kmyn) = f%W

Proof. Let G = K, and V(G) = X UY, where X = {21, -+ ,2,,} and Y =
{y1,--- ,yn}. For any two vertices z;,z; € X, there are n common neighbors in Y.
From Lemma 2.6, it follows that pd(G) > [§]. Also, G is a subgraph of K,,,,. By
Theorem 3.3 and Lemma 2.4, we have that pd(G) < pd(K,,) = [%]. Hence, it

2
follows that pd(G) = [5]. O

Theorem 3.6 For each integer n > 2, pd(K,) = [5].

Proof. Let a = [§] and V(K,) = X UY, where X = {v1,v2,- ,v,} and Y =
{Vat1,Vat2, -+ ,vn}. For any two vertices v;,v; € V(K,), there are n — 2 common
neighbors in K, and vyv; € E(K,). Then pd(kK,) > [5] by Lemma 2.6. Define an
edge-coloring ¢ : E(G) — {0,1,--- ,a — 1} such that c(v;v;) =i+ j — 1 (mod a).
For any two vertices u, w € V(G), assume u € X and w € Y. Since F[X,Y]

separates v and w, and E[X,Y] is a proper set in K,, by a similar proof method as
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Claim 3.4, E[X,Y] is a u-w proper edge-cut. If u,w € X, assume that u = v; and
w = vj, where ¢ < j. Let igp =i+ a. Then v;, € Y. For v, € V(K,) (r # i,1o),
we have c(v;v,) = c(v,v,). Let X' = X \ {v;} and Y’ = Y \ {v;,}. Similarly,
F(v;,vj) = E[X"U{v;}, Y U{v;}] is a proper set. Since F(v;,v;) separates u and
w, F(v;,v;) is a u-w proper edge-cut in K,,. If u,w € Y, we can obtain a u-w proper
edge-cut in the similar way. Thus, ¢ is a proper disconnection coloring of K,, and so

pd(Ky) < [5]. .

2

3.3 Outerplanar graphs

An outerplanar graph is a graph that can be drawn in the plane without crossings
in such a way that all of the vertices belong to the unbounded face of the drawing. A
minor of a graph G is any graph obtained from G by means of a sequence of vertex
and edge deletions and edge contractions. A chord of a cycle C' in a graph G is an
edge in E(G) \ E(C) both of whose ends lie on C. There is a characterization of

outerplanar graphs as follows.

Theorem 3.7 [2| A graph is outerplanar if and only if it does not contain K4 or Ks 3

as a minor.

Let P, be a path of order n. We denote K; V P, by F},, which is called a fan
graph. We first show that the proper disconnection number of fan graph is 2, which

will be used to characterize the outerplanar graphs with diameter 2.
Lemma 3.8 Let F\,, = K,V P, be a fan graph, where n > 2. Then pd(Fi,) = 2.

Proof. Firstly, we have that pd(Fy,) > pd(K3) = 2 by Lemma 2.4. Clearly, F}, is a
subgraph of W,,. If n = 3k (k > 1), then pd(Fi,) < pd(W,) = 2 by Lemma 2.4 and
Theorem 3.2. Thus, Fi g, = 2. f n =3k —2or 3k — 1 (k > 1), then pd(F}3t—2) <
pd(Fisp-1) < pd(Fi3;) = 2 since both Fj 3,2 and Fjs;—1 are subgraphs of Fj s;.
Hence, pd(Fy,) = 2. O

Theorem 3.9 Let G be an outerplanar graph. Then pd(G) = 1 if and only if G is a
triangle-free graph.

Proof. Let pd(G) = 1. Assume, to the contrary, that G' contains a copy of Kj.
Then pd(G) > pd(Ks3) = 2 by Theorem 2.4, which is a contradiction. Then G is a

triangle-free outerplanar graph.



For the converse, let B be a block of G with t vertices such that pd(B) is maximum
among all proper disconnection numbers of the other blocks. Then B is a triangle-free
outerplanar graph. By Lemma 2.5, it suffices to show that pd(B) = 1. If B is trivial,
then pd(B) = 1. If B is not trivial, then ¢ > 4. Suppose that B is a cycle. Then
pd(B) =1 by Proposition 2.3.

It remains to consider that B is not a cycle. Since B is a triangle-free and
outerplanar graph, we only consider ¢ > 6. We proceed by induction on t. When

= 6, the block B has only one chord since B is a triangle-free and outerplanar graph.
Clearly, pd(B) = 1 and the result is true. When ¢t > 7, let C' = viejvqey - - - €4_106,01
be the boundary of the outer face in B. Choose a chord v;v; such that the internal
vertices of P = v;e;v;41€i41 - €j_10;(j > i + 3) have degree 2 in B. Let B’ be a
graph by removing internal vertices of P from B. Then pd(B’) = 1 by induction
hypothesis. By Theorem 2.1, for any two vertices x and y of B’ there is an z-y
matching cut, denoted by Fp/ (z,y). For any two vertices u, v in B, if u, v € B’, then
Fp/(u,v)U{e;i+1} is a u-v matching cut in B. If u, v € B\ B, then Fp/(v;,v;) U {e}
is a u-v matching cut in B, where e is an edge cut separating v and v in P. If u € B’
and v € B\ B, then {e;,e;_1} is a u-v matching cut in B. Therefore, pd(B) = 1. [

Now we characterize the outerplanar graphs G with D(G) = 2. We first construct
some graph classes. Let D be a family of graphs obtained from W,, = K; VvV C,, by
deleting ¢t (1 <t < n—1) edges from C,,. Let z be an isolated vertex and v, vyv3v4v5 be
a path of length 4. Then join z with vy, v9,v4 and vs. We denote the resulting graph
by Fy5. Let y be an isolated vertex and vivavzvs be a path of length 3. Then join y
with vy, v3 and vy. We denote the resulting graph by Fry. Let Cs = 0109U304V50601
Then let F' = Cg U {v 03, v305, 0105 }.

Theorem 3.10 Let G be an outerplanar graph with D(G) = 2. Then pd(G) = 2 if
and only if G € D or G = Fy5 or Fy, or F".

Proof. Sufficiency. Since there is at least one triangle K3 for every G € D, it is clear
to see that pd(G) > pd(K3) = 2 by Theorem 2.4 and Theorem 3.6. Meanwhile, G
is a subgraph of a fan graph, therefore, pd(G) < 2 by Lemma 3.8 and Lemma 2.4.
Hence, pd(G) = 2 for G € D. Similarly, pd(F; ;) = pd(F; ;) = 2. For the graph
F', pd(F') > 2 by Lemma 2.4 and Theorem 3.6. We now assign a 2-edge-coloring c :
E(F') — {1,2} for F'.

Let c(v1vs5) = ¢(vsvy) = ¢(vov3) = 2 and the remaining edges are colored by 1.
Thus, for every pair of vertices in F”, there exists a proper edge-cut F'[Vi, V(F”) \
Vi], where Vi = {wvy,v9,v3} and V(F') \ Vi = {wvg,vs5,06} or Vi = {v1,v9,06} and
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V(F')\ Vi = {vg,v5,v3} or Vi = {v1,09,v3,05,06} and V(F')\ Vi = {v4} or V] =
{v1,v3,v4,v5,06} and V(F') \ Vi = {vs}. Hence, pd(F’) = 2.

Necessity. Suppose that pd(G) = 2. Clearly, there is at most one cut vertex since
D(G) = 2. Otherwise D(G) > 3. We now discuss it by two cases.

Case 1. Suppose that there exists exactly one cut vertex. Then the remaining
vertices are adjacent to the cut vertex. Since the star pd(K;;) = 1, G is not a star.
And since the wheel graph is not the outerplanar graph, GG is not the graph containing
the wheel graph. Thus, we get G € D because G is a outerplanar graph.

Case 2. Suppose that there is not a cut vertex. Then 6(G) > 2. Let r be a vertex

with maximum degree and N(r) = {x1, 22, -+ ,2a}.

Subcase 2.1. d(r) = n—1. Since there is no cut vertex in G, the induced subgraph
G[N(r)] is connected. We claim that G[N(r)] is a path. Otherwise, it is a tree with a
vertex v of degree at least three, or it contains a cycle. Thus, G contains a minor of
Ky 3 or K4. By Theorem 3.7, we have a contradiction. Clearly, G is the graph from
D with t = 1.

Subcase 2.2. d(r) =n — 2. Let x be a vertex which is nonadjacent to r. Suppose
that |N(z)] > 3. Then, there is a minor of Ks3 in G, which is a contradiction.
Thus, |N(z)| = 2. We now illustrate our claim that G = Fy; or Fj, or G = F".
Without loss of generality, let xqx, xox be two edges of G. Suppose that n > 7. Since
D(G) = 2, the vertices w3, x4, x5 are adjacent to x; or 9. Then there are at least two
vertices adjacent to the same vertex x; (or z3). Then we obtain a minor of Ky 3 in
G. Suppose that n = 5. Since d(z3) > 2, we have exactly one edge z923 € E(G) or
r123 € E(G). Otherwise, there is a minor of K. So G = Fy ;. Suppose that n = 6.
The vertices x3, x4 have no common neighbor other than r. Otherwise, there is a
minor of Ky 3 in G, and it is the same for 1, z9. Since D(G) = 2, there exist edges
Tow3, 124 (OF T123, Tox4). Hence, we have G = F 5 if w12y ¢ E(G) and G = F' if
T € E(G).

Subcase 2.3. d(r) < n—3. Let y; and y, be two vertices which are nonadjacent to r.
Assume that y1y2 € E(G). If IN(r)NN({y1,y2})| > 3, then there is a minor of K5 3 in
G. Thus, IN(r)NN{y1,92}1)] < 2. I N(r)NN({y1,y2}) = 0, then d(r, y;) > 3, which
is a contradiction. If |N(r)NN({y1,y2})| = 1, then when there is exactly one vertex of
{y1,y2} which is adjacent to one vertex of N(r), it contradicts with D(G) = 2. When
both y; and y» are adjacent to one common vertex of N (r)NN({y1,y2}), without loss
of generality, let y1x1, yox1 € E(G). Then there exists z; (i # 1) which is nonadjacent
to 1 € N(r) N N({y1,y2}) since r is a vertex with maximum degree. Then there

exists two vertices ys, ys € V(G) \ (N[r] U{y1,y2}) such that, with loss of generality,
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Y3, YsY1, Ty, Yaye € E(G) since D(G) = 2, where y3 may be equal to y,. Then
IN(r)NN({y1,y3})| = 2. Namely, there are always two vertices, with loss of generality,
y1,y2 € V(G) \ N[r|, which satisfy y1y» € E(G) and [N(r) N N({y1,y2})| = 2.
Therefore, we only consider the case that |N(r) N N({y1,y2})| = 2. Without loss of
generality, let x1y1, z2y2 € E(G).

When |N(r)| = 2, clearly, G = Cj, contradicting that pd(G) = 2. If |[N(r)| > 5,
then x3, 24 and x5 belong to N(r) but not N({yi,y2}). So, there are at least two
vertices of x3, x4 and x5 adjacent to one vertex of 1 and x5, which induces a minor of
Ky 3. Thus, |[N(r)| = 3 or 4. If there exists a vertex y ¢ N(r) (y # y1,y2) such that
z3y,yy1 € E(G) (or z3y,yy2 € E(G)), then it contains a minor of Ky 3. If |[N(r)| = 3,
then N(z3) N N({y1,vy2}) # 0 since D(G) = 2. However, there is at most one vertex
in N(r)NN({y1,y2}) adjacent to x3. Otherwise, there is a minor of K, in G. Suppose
that x3 is adjacent to one vertex of {1, x5}, say x1, then D(G) = 3 since r has the
maximum degree. This is a contradiction. If |[N(r)| = 4, then z3 and x4 are not
adjacent to one common vertex of x; and z,. Otherwise, it produces a minor of Ky 3.
Then let zoxs, x124 € E(G). In the sake of D(G) = 2, the pair of vertices x3 and
y1 has at least one common neighbor and so does the pair of x4 and y,. However, it

produces a minor of Kj.

Assume that V(G) \ N[r] is an independent set. Clearly, y; and y, have at most
two neighbors in {z;|1 < i < n — 3}, respectively. Since D(G) = 2, y; and y» have
at least one common neighbor in {z;|1 < i < n — 3}. If they have at least two
common neighbors, then G contains a minor of K 3, which is a contradiction. Thus,
y1 and ys have exactly one common neighbor in {z;|1 < i < n — 3}. Without loss
of generality, let x1,29 € N(y;) and x; € N(yy). Then y, has a neighbor = where
x # 11, x9. Without loss of generality, let x = x3. Then there is an edge x5 or xox3.
Otherwise, it is a contradiction to D(G) = 2. If xex3 € E(G), then there is a minor
of Ky. If 23 € E(G), then 129 € E(G) since D(G) = 2. Since d(r) > d(z1) > 4,
there exists another neighbor z, of vertex r, which is nonadjacent to x;. Otherwise,
it produces a minor of Ky 3. In view of D(G) = 2, then {zsz4, x324} C E(G). There

is a minor of K}, which is a contradiction. U

3.4 An upper bound and an extremal problem

We first consider the upper bound of the proper disconnection number for a graph

of order n and chromatic index x'(G).

Theorem 3.11 If G is a nontrivial connected graph, then pd(G) < x'(G) — 1.
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Proof. Let ¢: E(G) — [X'(G)] be a proper edge-coloring of G. Then we define
an edge-coloring ¢ of G as follows: for any edge e of G, if ¢(e) = x/'(G), then
d(e) = 1; otherwise, ¢’(e) = c(e). Let x, y be two vertices of G. Assume N(z) =
{vi,v2, -+ , V42 }. Obviously, at most two incident edges of = are assigned the color
1. If there exists at most one incident edge of x with color 1, then E, is an x-y
proper edge-cut. If there exist two edges with color 1, then we may assume ¢ (zv;) =
d(xv)) =1(1<i<j<d(z)). Ifye {v,v,}, then let ¢t be the vertex in {v;, v;} that
is not y. Then (E,UE;)\{zt} is an z-y proper edge-cut. Otherwise, (E,UE,,)\ {zv;}
(i € [d(x)]) is an 2-y proper edge-cut. Thus, ¢’ is a proper disconnection coloring of
G and so pd(G) < X'(G) — 1. O

According to Theorem 3.6 and Theorem 3.11, we get the following result.

Theorem 3.12 Let G be a nontrivial connected graph of order n. Then pd(G) <
min{x'(G) — 1, [2]}, and the bound is sharp.

Proof. By Theorem 3.11, pd(G) < x'(G) — 1. Since G is a connected subgraph of K,
pd(G) < {%W by Theorem 3.6. For the sharpness, {%W can be reached by complete
graphs, and x’(G)—1 can be reached by even cycles and paths with at least 3 vertices.

4

Now we investigate the following extremal problem: For given positive integers k
and n with 1 < k < [g}, what is the minimum possible size of a connected graph G

of order n such that the proper disconnection number of G is k?

Lemma 3.13 Let G be a connected graph of order n. Let M be a matching of G.
Then pd(G) < max{pd(G;)|1 < i < t} + 1, where G; is a connected component of
G — M and t is the number of components of G — M.

Proof. Denote the components of G — M by Gy, Ga, ..., Gy. Let £ = max{pd(G;)|1 <
i < t}. Let ¢; be a pd-coloring of G; and Fg,(u,v) be a u-v proper edge-cut in G;
for i € [t]. We define an edge-coloring ¢: E(G) — [¢ + 1] of G by c(e) = ¢;(e) if
e € E(G;) and c(e) =¢+ 1if e € M. Let x,y be any two vertices of G. If z,y € G},
then Fg,(x,y) UM is an z-y proper edge-cut in G. If x € G; and y € G; where i # j,
then M is an a-y proper edge-cut in G. Hence, pd(G) < max{pd(G;)|1 <i <t} + 1.

O

Theorem 3.14 For integers k and n with 1 < k < (%1, the minimum size of a
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connected graph G of order n with pd(G) =k is

n—1, if k=1,
[E(G)lmin = { n4+2%k—4, ifk>2.
Proof. Since G is a connected graph, |E(G)|mmn = n—1 for k = 1 by Proposition 2.2.
For k > 2, we first show that if the size of a connected graph G of order n is at most
n + 2k — 5, then pd(G) < k — 1. We proceed by induction on k. The result holds
for k = 2 by Proposition 2.2. Suppose that G is a graph with |E(G)| < n + 2k — 5.
If G is a graph with at most one block which is a cycle and other blocks are trivial,
the result is true for G' by Proposition 2.3 and Lemma 2.5. Otherwise, we claim that
there exist two matching edges, say ej, e, of G such that G — {e, e2} is connected

graph of order n. Now, there are two cases as follows:

(1) G has exactly one nontrivial block which is not a cycle, and the other blocks

are trivial;
(i7) G has at least two nontrivial blocks.

For (i), let B be a nontrivial block which is not a cycle. Then B contains two
vertices x and y such that they are connected by at least three internally disjoint x-y
paths. We can respectively pick one edge from two z-y paths as matching edges. For
(1), we can respectively pick one edge from two nontrivial blocks as matching edges.
The edges from (i) and (i) can insure that H = G — {e1, e} is a connected graph
of order n. Since |E(H)| < n+2(k —1) — 5, we have pd(H) < k — 2 by induction
hypothesis. Then pd(G) = pd(H + {e1,e2}) < pd(H) +1 < k — 1 by Lemma 3.13.
Hence, we obtain that if pd(G) = k, then |E(G)| > n + 2k — 4.

Next we show that for each pair integers k& and n with 2 < k < [§], there is
a connected graph G of order n and size n + 2k — 4 such that pd(G) = k. Let
H = Ky 93 with partite vertex sets A = {a1, a2} and B = {b1,bs, ..., box_3}. Let
G be the graph of order n and size n + 2k — 4 obtained from H by adding an edge
aias and adding n — 2k + 1 pendent edges to a vertex of H. Now, define a coloring
¢ — [k] for graph H 4 ajas. Let ¢y be a pd-coloring using colors [k — 1] by Theorem
3.5 and c(ajay) = k. We can verify that the coloring ¢ is a pd-coloring using colors
[k], so pd(H + ajas) < k. Moreover, pd(H + ajaz) > k by Lemma 2.6. Thus, We
obtain that pd(H + ajas) = k. Furthermore, since H + ajas is a block of G, we get
pd(G) = pd(H + ajas) = k by Lemma 2.5. O
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