M>-RANKS OF OVERPARTITIONS MODULO 4 AND 8

NANCY S.S. GU AND CHEN-YANG SU

ABSTRACT. An overpartition is a partition in which the first occurrence of a number may be
overlined. For an overpartition A, let £(\) denote the largest part of A, and let n(\) denote
its number of parts. Then the Ms-rank of an overpartition is defined as

Ms-rank()) := "@-‘ —n(A) +n(ro) — x(V),

where x(A) = 1 if £(A\) is odd and non-overlined and x(A) = 0, otherwise. In this paper,
we study the Ms-rank differences of overpartitions modulo 4 and 8. Especially, we obtain
some relations between the generating functions of the Ms-rank differences modulo 4 and 8
and the second order mock theta functions. Furthermore, we deduce some inequalities on
Mo-ranks of overpartitions.

1. INTRODUCTION

Let ¢ denote a complex number with 0 < |g| < 1. Recall that for positive integers n and
m7

n—1 00
(@;@)o:=1, (6:9)n:=[[(1—ad"), (59)00 = [](1—ad"),
k=0 70

J(759) == (759)00(0/75 Qoo (¢ Doos I = (€™5 ™) o

A partition of n is a nonincreasing sequence of positive integers whose sum is n. Let p(n)
denote the number of partitions of n. Dyson [5] defined the rank of a partition as its largest
part minus the number of parts. Let N(s,m,n) be the number of partitions of n with rank
congruent to s modulo m. Atkin and Swinnerton-Dyer [2] deduced the generating functions
of the rank differences N (s, m,mn+d) — N(t,m,mn+d) for m =5or 7and 0 < d, s,t < m.
Subsequently, Atkin and Hussain [1] provided the generating functions of the rank differences
for m = 11. Since then, rank differences of partitions modulo other numbers were widely
concerned. For instance, see [7,8,12,14].

Corteel and Lovejoy [4] defined the overpartition of n as a partition of n in which the
first occurrence of a number may be overlined. Then the D-rank of an overpartition [9] is
introduced as its largest part () minus its number of parts n()). Let Ay be the partition
with non-overlined odd parts of an overpartition A. The Ms-rank of an overpartition given
by Lovejoy [10] is defined as

()

Ms-rank()\) := {2-‘ —n(A) +n(Xo) — x(A),
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where x(\) = 1 if £()) is odd and non-overlined and x(A\) = 0, otherwise. Let Na(m,n) be
the number of overpartitions of n with Ma-rank m, and let Na(s,m,n) be the number of
overpartitions of n with Ms-rank congruent to s modulo m. In [10], Lovejoy introduced the
generating function of No(m,n) given by

v 2J2 +1_n242/mln + — ¢*"
n n n m n
> Wama = 2 5704
Subsequently, Lovejoy and Osburn [11] prov1ded that

ZNgsmn —2J2Z

n=—oo

n q" +2n( 23n+q (m— s)n)
(e DR

where the prime means that we omit the term of n = 0. Notice that
Na(m,n) = No(—m,n),
Na(s,m,n) = Na(m — s,m,n).

Lovejoy and Osburn [11] considered the rank differences Na(s, m, mn+d) — Na(t,m, mn+d)
for m = 3 or 5. Recently, Zhang [15] considered the rank differences of overpartitions modulo
6 and 10.

The aim of this paper is to study the Ms-rank differences of overpartitions modulo 4 and
8. We establish some relations between the generating functions of the Ms-rank differences
modulo 4 and 8 and the second order mock theta functions. Furthermore, we obtain some
inequalities on the Ms-ranks of overpartitions modulo 4 and 8.

Ramanujan’s general theta function f(a,b) is given by

Z an(n+1)/2bn(n71)/2.

n=—oo

Then, we have the following two special cases:

0(q) == flg,q) = Zq

n=—oo

¥(q) = f(a,4°) anﬂ

Notice that

J3
pa) = j(~q:¢°) = Jfﬂ, (1.2)
. 1. JZ
V(@) =j(~aq") = 5i(-L0) = 7, (1.3)
2 J1
. _JE
p(-0)=ilGa) =7
Jid
b(-) = ilad") =
2
The second order mock theta functions A(q) and B(q) are defined as [13]
O nt+l/_ 2.2
A(q)zzq (=¢°:4°)n (1.4)

= (@)1
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= (44D
B(Q)_nzzzo (@:¢%)nt1 (15)

Then the main results of this paper are stated as follows.

Theorem 1.1. We have

© o 8
n=0 J2 J8
Theorem 1.2. Forn > 1,
N2(07 4, n) > N2(2, 4, n)
Theorem 1.3. We have
Z (N2(1a 87 n) - W2(37 87 TL)) qn = _Qq_lA(qg) - 2q4B(q8) =+ Mla (17)
n=0
> (NV2(0,8,n) — N2(4,8,n)) ¢" = 4¢" ' A(¢®) + 2¢* B(¢%) + Mo, (1.8)
n=0
Z (N2(27 87 n) - W2(47 87 TL)) qn = 2q_1A(q8) - qB(qg) + q4B(q8) + M37 (19)
n=0
> (V2(0,8,n) = N2(2,8,n)) ¢" = 247" A(¢®) + ¢B(¢%) + ¢*B(¢®) + Ma, (1.10)
n=0

where
L q_ljllé q_1J2J2J82 J2J8J?6 8q5J2J§’2

My = — —

VTR UE, T 2206z | JRIZIE, JRUsJ%
Mo — _q_ljllé q_IJQJZJBZ B JQJgJ?G 8q5J2J352 1

2T R J2J16] 2253 PR

832 171632 17432 17816

M e _q_lJllﬁ1 q_1J2J42J82 _ JQJngj6 4q5J2J§’2 _ Jf

3= 5 75 2 272 713 2 2 1730
My — q_lJllé q_1J2J42J82 _ JQJngG 4q5J2J§2 Jf 1

C2J5J5, T 202 eds  2J2J2J3, T JRJgJE  2JRJ3
Theorem 1.4. Forn > 1,
N2(0,8,n) + No(1,8,n) > N2(3,8,n) + No(4,8,n).

This paper is organized as follows. In Section 2, we state some lemmas which are used to
prove the main theorems. In Section 3, we prove Theorems 1.1-1.4.

2. PRELIMINARIES

The following identities are frequently used in this paper.
i@ q) = j(q/x;q),
j(@;q) = —xj(qz; ).

In order to prove the main results, the following lemmas are needed.
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Lemma 2.1. /3, Entry 25/ We have

v(q) + o(—q) = 2¢(q"), (2.1)
p(q) — o(—q) = 4q9(¢%), (2.2)
0(9)p(—q) = ¢*(=¢%), (2.3)
p(@)v(a®) = ¥*(0), (2.4)
¥*(q) — ( q) = 8q¥*(q"), (2.5)
¥ (q) + ¢*(—q) = 20%(d°), (2.6)
¥'(q) — ( q) = 16¢"(¢%). (2.7)
Notice that combining (2.1) and (2.2) yields
(@) = w(a") +2q0(a%), (2.8)
p(—q) = ¢(q") — 2q0(q%). (2.9)
Meanwhile, from (2.5) and (2.6), it can be shown that

¥ (a) = ¢*(¢%) + 4qv*(¢"), (2.10)
P (—a) = ¢* () — 4q¥*(¢"). (2.11)

Furthermore, we need the following identity [3, Equation (31.10)]
p(=a*)¥(—q) = o(—a)¥(q). (2.12)

Hickerson and Mortenson [6] defined Appell-Lerch sums as follows.

Definition 2.2. Let x,z € C* := C/{0} with neither z nor xz an integral power of q. Then

—Zz = (=) (m{l)zn
m(z,q,2) = HET) nz_:oo (1)_qqnm (2.13)
Proposition 2.3. [6] For generic x,z € C*,
m(z,q, z) = m(z,q,qz), (2.14)
m(z,q,2) =z 'm(z"", ¢, 27 ). (2.15)

Following [6], the term “generic” means that the parameters do not cause poles in the
Appell-Lerch sums or in the quotients of theta functions.

Lemma 2.4. [6, Theorem 3.3] For generic x, 2, z1 € C*,

20J3§(21/ 203 9)j (20215 q)
3(205 )7 (215 0)j (w205 q)j (w215 q)

m(m, q, Zl) - m<$7 q, ZO) -

Hickerson and Mortenson [6] deduced that
A(g) = —m(q, 4", ¢%), (2.16)
B(q) = —¢~'m(1,q". ¢"). (2.17)
Lemma 2.5. We have

io: (—1)nqn2+2n _ ﬁB( 2) n J%JE
i g 25T

n=—oo
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Proof. First, by splitting the sum into two sums according to the summation index n modulo
2, we have

& (_1)nqn2+2n e q4n2+4n & 4n2+8n+3

i _ q
Z 1+ q4n - 1+ q8n e 1+ q8n+4 :

n=—0oo n=—oo

Then by (1.2), (1.3), and (2.13), we obtain

et q4n2 +4n

1_|_q8n

= j(_l; qs)m(L q8’ _1) = 2¢(q8)m(17 q87 _1)7

n=-—oo
S 1 4,8 s 4 1 (4 8 _ 4
Tra =4 J(=¢%¢")m(1,q°,—¢") = ¢~ (g )m(L, ¢, =¢").
n=—oo

Hence,

i (_1)nqn2+2n

Tr g = 2@m ¢ —1) — ¢ el )m(1, ¢, —a).
n=-—oo

Furthermore, utilizing (2.1) and (2.2) yields

& (_l)n n2+2n

Z q

n=-—00 1+q4n
— i1, 1)<p(q) —290(—(1) 4 1m(1’q8’_q4)s0(q) +2<p(—q)
-1 -1
= q2 e(q) (m(1,¢% —1) —=m(1,¢%, —¢")) — q2 p(—q) (m(1,¢%, —1) + m(1,¢%, —¢"))
! J3i(d% ¢%)? g !
=) (S ) = ) ({1, )+ (1, )
173 204 -1
) = L) (m(1.a*, =)+ (L', ") + 20 B(aP)
+qo(—q)B(¢%), (2.18)

where the penultimate step follows from Lemma 2.4. Moreover, in view of (2.17), we have
(=) (1,6, =1) + ¢ B(¢*) + m(1, 4%, —¢") + ¢"B(¢"))

= 5e(=0) (m(1,¢% =1) = m(1,¢% ¢") + m(1,¢" — 4)—m(l,qg,qﬁ))
g I (—a75%6%)i(=% %) | ®IEi(—a%%)i(—¢" ¢®)
#l q)( 7(q%¢®)%5(—1; ¢%)? 3(q% Q)J(QQ) >
_ ). J§’¢2(q2) P*(q") +4¢°0°(¢%)
PA(—¢?)  4p*(g")Y3(d®)
_q! g 3¢2(q2) ©*(¢%)
V2 (—q?)  4t(gh)
o R )
8Y2(=¢?)Yr(qt) 7




6 N.S.S. GU AND C.-Y. SU
where we obtain the second equality by using Lemma 2.4 and the penultimate step follows
from (2.4) and (2.10). Substituting the above identity into (2.18), we derive
= (1)
)

:70—01J3 2(_ 4 _1J3 _ 20,2 20,2
B e s e R
-1 73 2.4 -1 73 _ 20,2 2(,.2
g I3 (@) (=) * (=) — e(—)* (¢P)2(4%))
8Y2(—q*)Yt(q*)
-1 73 2(_ 2 20,2\ o 2(.2 2(.2
_ 'R (p(@)e*( gw)Q%f_(§2;¢4(s:£) 0)¢*(*)V*(¢%)) Cao—B@)  (by (2.12))
q I3 () (e(—)¢*(q) — o(—9)¢*(¢?))
8Y2(—q*)v*(q?)
_ ' Be(-0)v(?) (#*(0) — £°(e?)
8¢ (—q*)v*(q?)
3 _ 2(,.2
— S aeBE) (by (210)
J2IS g2
i+ e
This completes the proof of the lemma. O

+ qp(—q)B(q%)

+ap(—q)B(¢*)  (by (2:3))

+ qp(—q)B(q%)

Lemma 2.6. We have
i (_l)nqn2+2n _ qil‘]le(QS) B q71J12J1161 qfljfjsz
1+ T 4JoJ3 T35 AdieJso

n=—oo

Proof. First, we split the sum into four sums in light of the summation index n modulo 4.
8
n=—00 1+ "

0 q16n2+8n 0 q16n2+16n+3 o0 q16n2+24n+8 oo q16n2+32n+15

1+ ¢32n 1+ ¢32n+8 + 1+ ¢32n+16 1+ g32n+24

oo oo oo oo
= *j(—q7 % ¢*)m(d, 6%, —¢7%) — i (=1, *)m(¢%, ¢*%, 1)
+3(=¢%**)m(q®, ¢, —¢%) — ¢ i (—¢"% **)m(q®, ¢, —¢")
= (¢ )m(q®, 4%, —q%) — 2¢°¢(¢**)m(¢®, ¢*%, —1)
+9(¢*)m(¢®, % —¢%) — ¢ " e(q")m(q®, ¢%, —¢")
=(q®) (m(®, % —¢7®) + m(¢®, ¢**, —¢%))
—q ' (24" (**)m(¢%, %, —1) + 0(¢")m(¢®, ¢*%, —4'7)) (2.19)
where the second equality follows from (2.13).
Let

X =9(¢®) (m(d®, ¢, —q7%) + m(¢®, ¢**, —¢%)) .
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Then from (2.16), it can be seen that
q°) (m(q® ) +m(d®, ¢ —¢%) + 24(¢%)) — 2(¢°) A(¢®)
®, 8) m(q®, 4%, ¢'%) + m(¢®, ¢*%, —¢*) — m(¢®,¢**,¢'°)) — 20(¢°) A(¢%)
16J32] —q 24,6_/32)]( q6;q32)
—q7%¢**)j(a% ¢*)j(-1;¢%*)
16J321<— %¢*%)i(=1;4%) )
+j(q16;q32)j(—q8;q32)j(q8;q32).7( q'%; ¢3?) 20(a) ()
(8 Ji(=4"% ¢%%) ¢® I35 (=1; %) >_ 8 A(
=¥e) <j(—1;q32)j(q8;q32)j(q16;q32) @ )@ )i (— % ) )AL
_ J§2 (q8) .902( 16)_’_4(181/}2( 32)
(=% (—¢®) 2¢(q'%)¥(q*?)
. Jg’zﬂ}(qS) ‘PQ( 8) . 8) A(sB
T o(—a")(—a®)  20(¢"%)1(¢%2) 2)A)
8
')

J3 2
B 2¢<q16>s5<2fq56>3p<( P ~ DAL, (2.20)

where we derive the third step by utilizing Lemma 2.4 and the penultimate step follows from
(2.10).

Set

(m

— 2¢(q*) A(¢®)

Y =q ' 2¢"(**)m(q®, ¢*%, 1) + o(q"%)m(¢®, ¢**, —¢'%)) .

Then in view of (2.1) and (2.2), we obtain
Y = T ((ola") — o(—a)mi(a®, a®, —1) + (o(a") + o(—a"))m(e*, 4%, —¢'%))
—1
(=

_ 4 9429(94) (m<q87q32’_1) +m(q8,q32’_q16)) + q " 94) ( ( 8 16) _m(q87q32’_1))

32
) m\qg,q9 ,—4q

4
- q’g(q) (m(q®,¢*, —1) + m(d®,q*, —¢'%) + 2A(¢%)) — ¢ " (a") Al¢®)
q

Cale(=d") J33(a% ¢%)i (@"% ¢*)
2 J(=1;¢32)7(—q% ¢*?)%j(—q'5; ¢*?)
—1 4
= 2D (o, 1)+ (g, 7, =) +24(0°)
_ q_lgo(q4)A(q8) _ q—lJ§2¢(_q4)¢(_q16)w(_q8) (2.21)

4p(¢") (¢ (¢®)
where the penultimate step follows from Lemma 2.4. According to (2.16), the first term on
the right-hand side of (2.21) becomes

—1 4
q(g@) (m(q8 ¢*%, —1) + m(¢®, ¢*%, —¢'%) + 2A(¢%))

= (m —m(q®, ¢*%, ¢'%) + m(¢®, ¢*, —¢'%) — m(d®, ¢*%, ¢'%))
_ ( ngj —4'%¢%) N @5 (=1:4%) )
—1;¢%2);(¢%; q32)( 16; ¢32) (q 7°%)j(q'% ¢%)j(—q'% ¢*?)
_1J3290 ') §(—q'% ¢ ) +¢%(-1;¢° )
2 (=1;6%2)5(% ¢%)5(¢'%; ¢32)§ (—q'5; ¢%2)
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g "IHheld!)  ©*(d"0) + 4% (¢*)
2 20(q")o(=q"%) v (=¢%)b(¢*?)
g ' THeldh) ¢*(¢%)
2 20(q"0)o(=q'%) 1 (=a®)(¢*?)
q ' Ihe(dh)e*(6*)
4p(q")p(=¢" ) (=a®)(q*?)’
where the second step follows from Lemma 2.4 and we derive the penultimate equality by
using (2.10). Substituting the above identity into (2.21) yields

Y S i A - QZ‘ »
Combining (2.19), (2.20) and (2.22), we arrive at
nim (—?iq;:?”
3 L2(8 V(g ! 1y,2( 8
- 290(q16)ﬁ(zfqgg)l);f(—qqg)w(q”) ~ 4p(¢'0) {32%31#)(@ c(zg)t)b(q?’ y PaDA)

g Ihe(—g") (") (—¢®)
)¥2(q%)(g3?)

_ 5% (e%) (209(e%) — (g
4p(q'0) (%) (—¢®)(g3?)
L e(—a)e(—a )P (=47
4p(q'%)2(¢®)¥(¢*?)
I 8y g Ihe(—q)e* (¢®) g Ihe(—q") (=" )Y (—¢®)
=0 DA ~ T @ T R e

Al - T TR0 (@) g The(—a)e(—a%)

a p(=0)A(q") 16— 82 16) 8Y02 (16
4o(=q"°)¥(=¢%)¥*(¢'°) 4 (q®)*(q*°)

T

415 J3 03 AJiedse

where the third equality follows from (2.9) and we derive the penultimate equality by using

(2.4) and (2.12). Thus, we complete the proof. O

=q "p(—q)A(®) -

Lemma 2.7. We have
o0 n 7L2 n
3 (=D)rgv q4J1QB( 5 4 Js s Aq° T3

Lt T e T R

n=—oo

Proof. First, we split the sum into four sums in light of the summation index n modulo 4.

8
n=—o00 1+ "

oo q16n2+16n 0 q16n2+24n+5 q16n2+32n+12 o0 q16n2+40n+21

1+¢g32n 1+ ¢32n+8 + 1+ g32n+16 1+ ¢32n+24

n=—0oo n=—oo n=—oo n=—0o0

= j(-L,¢*H)m(1,¢*, -1) — ¢ *j(—¢% ¢**)m(1, ¢**, —¢%)
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+q (=a"% ?m(1, 6%, —4'%) = (=% a?*)m(1, 47, —¢*)
=q " (20" (@®)m(1,¢%, =1) + o(¢")m(1, ¢, —¢'%))
— ¢ %9(¢%) (m(1,¢%, —¢%) + m(1, 6%, —¢*")) , (2:23)
where we obtain the second equality by utilizing (2.13).
Let
W =g %¢(¢%) (m(1, 4%, —¢*) + m(1,¢*, —¢*)) .
In view of (2.14) and (2.15), we derive
m(1, ¢, —¢**) = m(1,¢%, —¢%).
Then combining the above identity and (2.17) yields
W =2¢"%)(¢®)m(1,¢*, —¢°)
= 2q*¢(¢%) (m(1,¢%,
1,¢%

—¢%) + ¢°B(4)) — 24°¥(¢%) B(¢®)
=2¢7%9(¢") (m(1,¢%%, =¢%) = m(1,¢%%,¢*")) — 2¢°¥(¢*) B(¢®)
=2¢7%y(q") q8j?§z£§;312’)232()f ;;q;:;)fz) —24°9(¢*) B(¢")
P
i U Ui 2¢°¢(¢*) B(¢®), (2.24)

V(®*)v*(—¢®)
where the fourth equality follows from Lemma 2.4 and we obtain the last equality by utilizing
(2.4).

Set
Z =q7* (24"9(¢®)m(1, 4%, —1) + 9(¢'*)m(1, ¢, —¢'7)) .
Then according to (2.1) and (2.2), we have

—4
Z =T (o) — (=g ))m(1,¢°2,~1) + (2(g") + o(—¢))m(1, ¢, ~¢'))
_ q_4g;(q4) (m(l,q32, 1)+ m(1,¢%, 7q16)) n q_4<p§—q4) (m(1’q32’ —¢'%) —m(1, ¢, 71))
—4 4
= qgm (m(1,¢*,-1) + m(1,¢*,-¢'%) + 2¢* B(¢®))
_ q4g0(q4)B(q8) o q74J§290(_q4)902<_q16) (225)

8p2(¢'0)2(¢*?)
where the last step follows from Lemma 2.4. From (2.17), the first term on the right-hand
side of (2.25) becomes

—4 4
T2 (1,4, 1) 4 m(1,4”, ~0") + 2°B(")
—4 4
q “p\q
= TP (1,2, 1) — (L. %) + m(Lg, ~4"%) — m(L. ™. q*))

_q4s0(q4)< I35 (=5 ¢%2)? N ¢®J%i (=% ¢*)? )
2 7@ ¢3)%5(=1;¢%2)2  j(¢® ¢3%)25(—q'%;¢32)?
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(@)Y*(d®) ©*(¢") +46°¢*(¢*)
2¢2(—¢®) 40%(q'%)¥%(¢%?)
_ e () P
8% (—¢8) ©2(q'%)9%(¢3?)’

where we obtain the second equality by using Lemma 2.4 and the last equality follows from
(2.10).

Substituting the above identity into (2.25), we obtain

—4 73 A\ 2( 8\ 12 8 —4 73 4y, .2
7= T L) i) - TIRECOEETD iy o)
1 Ie(dh) e () (¢®) 4 4 8 _q74J32<P< 0")p*(—¢"9)v*(—¢®)
I A R S0
—4 73 8 —4 ¢ 2
q ‘]8312320(«] )ng (() )( ) —q4g0(q4)B(q8) . q J328fz)(2( q);;/}(ll( );D ( ) (by (212))
—4 73 8 8 A
_ vl >§w§() )(54)((]16)( )e"(=d) —q'0(¢")B(¢®)  (by (2.3))
3 o(g2(q®) (£2(¢°
_ Q(P(q 8)¢25 )() ((qqu;) ¥ ( )) _q4¢(q4)B(q8)
3 (A2 (8
where the last equality follows from (2.11).
Finally, combining (2.23), (2.24), and (2.26) yields
i (—1)nqn2+4n_ Ihe(dh)v*(¢®) — (g B(¢®) — 4g° T550° (¢! )_|_2 () B(¢®)

V(%) (—q®)
The(a)* (%) 4¢°J5H0%(¢")
202(—¢®)¥2(¢"%)  ¥(¢®)¥?*(—¢®)
JsJSs  AqP T3,

4 8
= — —q)B _
7 p(—q) (Q)+2J2J§,2 ol

L+ 202(—¢®)¥2(¢"9)

n=—oo

=—¢'o(—9)B(¢®) +

where we deduce the penultimate equality by utilizing (2.9). Therefore, we complete the
proof. O

3. MAIN RESULTS

In this section, we prove Theorems 1.1-1.4.

Proof of Theorem 1.1. First, based on (1.1), we deduce

o

3 (W2(0,4,n) — Na(2.4,1)) ¢"

n=0

. 2J5 >, (_1)nqn2+2n(1 + q8n) >, (_1)nqn2+6n

2 (-2 e )

=—0Q n=—
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_ 2 o (SR g2
- 1+ =)

1 n=—o0
2 o (—D)PgTHE(1 - ¢
= J12 L 1+q4n
_@ i (_1)nqn2+2n_£ i (_1)nqn2+4n+ i (_1)nqn2+4n
J12 = 1+q4n J12 = 1+q4n = 1—|—q4”
_LJ2 i (_1)nqn2+2n 7@ i (_1)nqn2+4n+ i (_1)nqn2
= J12 L 1+q4n J12 = 1_|_q4n = 1+q4n
2Jy (¢J?B(¢?)  JEJS B[
:22((1 : (q)+ 1543>_3 Z (_l)nqn2
2 Jo 27573) ~ T\ A
8
= 2¢B(¢*) + -1,

4
Ty J§
where we derive the fifth equality by replacing n by —n in the second sum inside the paren-

theses, and we deduce the penultimate equality by using Lemma 2.5. Thus, we complete the
proof. O

For two power series A1(q) :=>.,2 ___a1(n)q" and As(q) := > 2 az(n)q"™, we define
that if a1(n) > az(n) holds for any integer n, then A;(q) = Aa(q).

Proof of Theorem 1.2. In view of (1.6), we have

o] , )
n:) (N(0,4,m) = N2(2,4,n)) ¢" = 2¢B(¢”) + W —1.

From (1.5), it can be shown that

[e.9]

_9 Z pRiasy

29B(¢*) =

Furthermore, observe that

o@D e(d®)v(d?) 1 R
B S vrr e v DU

Therefore, we complete the proof. O

Proof of Theorem 1.3. Relying on (1.1), we deduce

00
Z (NQ(L 8, n) - NQ(?’? 8, n)) qn
n=0
2J2 00 , (_1)nqn2+2n (q2n _ qﬁn _ ql()n + q14n)
=N (1+¢*)(1 - ')
_ 222 Z g (1 — ¢*)(1 — ¢*")
1 e 1 + q2”)(1 — qu")
2J2 Z n 71 +47l(1 _ q2n)
1+ q8n

Ji e oo



12 N.S.S. GU AND C.-Y. SU

20§31 gy e
where we obtain the last equality by replacing n by —n in the latter sum. Then in view of
Lemmas 2.6 and 2.7, we derive

o0

Z (N2(17 87 n) - N2(378a n)) qn
n=0
— 20 LA — 26*B(®) & JoJs g _ 8¢°JaJ3y | q”'Jig B q '} I}
@A) =20 B+ gy e T oy T 9
17432 18916 832 171632

Hence, we finish the proof of (1.7).
According to (1.1), we have

[e.9]

Z (NQ(Oa 87 TL) - N2(47 87 TL)) qn
n=0
2J2 Z n n +2n(1 _ an)2
- 1 + q2n q16n)
2J2 Z n n +2n(1 _ q2n)(1 4 q4n>
1 n=—00 1+ q8n
21y [~ (C1)ngUHE SN (m1)ngtn
n n 216n n n2+8n
+ Z 1 + q8n o Z 1 + q8n
n=—o00
B 4J2 i (_1)nqn 242n 2J2 i (_1)nqn2+4n
CJE = L™ JP o= lg
- ﬁ i (_1)nqn2+8n N i (_1)nqn2+8n
J12 n=-—o00 1+ q8n n=-—o00 1+ q8n
B 4J2 i (_1)nqn2+2n 2J2 i (_1)nqn2+4n
= J2 = 1 —i—qS” J12 = 1 +q8n
B é i (_1)nqn2+8n N i (_1)nqn2
J? 1+ ¢8n 14 ¢8n
n=-—0o0 n=—oo
L G e s
I N Y LI I
n=—o00 n=—o00 n=—o00
= J12 e 1 _|_q8n J12 S 1 _|_q877, .

Then by means of Lemmas 2.6 and 2.7, we arrive at

o0

> (V2(0,8,n) — Na(4,8,1)) ¢

n=0
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— 4(]7114((]8) + 2q4B(q8) _ q_l‘]llﬁl q_l‘]QJZJS2 _ J2J8J166 8(]5J2J§2 -1
J§’J352 J12J16J32 J%JZJ:‘;’Z J12J8J126 ’
which implies (1.8).
From (1.1), it can be shown that
e — JE—
Z (N2<27 87 TL) - N2(47 87 n)) qn
n=0
2J2 nqn 246n (1 _ q4n)2
n_zoo 1+ q2n 1 — q16n)
_ 2J2 ’ (_1)nqn2+6n(1 _ q2n)
- JE = g1+ g
Z n n +6n(1 o q2n) N ﬁ o (71)nqn2+6n(1 o q2n)(1 o q4n)
Jf L 14 g% I e 14 ¢®"
n n 216n J2 e ( 1)n n +8n n n 216n
JIQnZ 1+q4n _712 ; 1+q4n Z 1+q8n
B ﬁ OO (_l)nqn 248n Z n q" +10n io: n q" 2412n
J12 e 1+ q8n J2 1 + an 1 + q8n
Jo > ( 1)n n2+6n e n n2+8n > n n2+2n
712 n_z_oo 1+ q4n Z 1 + q4n Z 1 _|_ q8n
B ﬁ i (_l)nqn 24+8n Z n n 24+10n é i (_1>nqn +12n (3 1)
JP = 14 J2 1 + q8” Ji £ L+ g% '

Notice that

ﬁ io: (_1)nqn2+6n B ﬁ i (_1)nqn2+2n(1 +q4n) B io: (_1)nqn2+2n
J2 4 1+ q4n J2 4 1+ q4n 4 1+ q4n
1 n=—oo 1 n——oo n=——oo
RS apgren B 3 CD
J2 J2 1 +q4n '
1 p=—co 1 p=—co
Similarly,
ﬁ 0o ( 1)nqn2+8n _ ﬁ i (—l)n n2+44n 1
']12 n=— 1+ q4n J12 n=—o00 2’
Jo © ( 1)nqn2+8n B 1
J12 = 1+ q8n Ty
ﬁ i ( 1)nqn2+10n _ ﬁ i ( l)n n2ion Z n q" 24+2n
72 Tiagm JE 2 J2 1 + e
é i ( 1)nqn2+12n _ é i ( 1)n n2idn Z n q" 2+4n
2D T DY J2 T + e
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Hence, substituting the above five identities into (3.1) yields

Z (N2(27 87 Tl) - N2(4787n)) qn
n=0
J2 i ( 1)nqn2+2n+% i (_1)nqn2+2n _é i (_1)nqn2+4n
SR = g e R o I £ 1+ g%
— B( 2) J4 +92 71A( 8) _ q_ljllé q_lJZJZ‘]SQ 4B( 8) _ ‘]2‘]8‘]166 4(]5‘]2‘]??2
- T Y - NANDY EY o 2J272J3 " T2 J2.
832 171632 17432 178916

where the last equality follows from Lemmas 2.5, 2.6 and 2.7.
Finally, we utilize (1.8) and (1.9) to obtain (1.10). O
Proof of Theorem 1.4. First, by means of (1.7) and (1.8), we have

o0

> (V2(0,8,n) + Na(1,8,n) — No(3,8,n) — Na(4,8,n)) ¢"

n=0
o108y q ' THe* () ¢ ' IHhe(—=qHe(=¢®)
=207 AW ~ e e
B —IJ 2 —IJ 4
=20 AW - 20(=¢"%) 3(# é()l )2( 1) * 3(2@(;1; quw) (Ez”’% -1
— o ~1 408\ _ q ' IHe* () 1J32<P( a)e(=a%)(p(g") + 291(¢%)) _
=207 A6 ~ g e 202 () (1?; )

where we deduce the second equality by using (2.3) and the last equality follows from (2.8).
Thus,

[e.9]

> (V2(0,8,2n) + N»(1,8,2n) — N»(3,8,2n) — No(4,8,2n)) ¢"
n=0

_ Jhe(=a)e(
P2 (—a)¥*(
_ J136(P2

_ Jisp(=a)(¥*(@®) + 4qv(*))
o 3 2\2/2 (8 -1, (33)
@ (=a*)*(¢®)
where we use (2.3) to obtain the second equality and the last equality follows from (2.10).
So,

[e.9]

> (NV2(0,8,4n) + N3(1,8,4n) — N»(3,8,4n) — N(4,8,4n)) ¢"
n=0

_ Je(=*)¢’(a)
e (—a)*(q*)

— J2
I3 s
A,
EN A

-1

-1

-1
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Notice that

V*(q) 1 ok
1= —1=Y 4"
RhJ3ls T 1-4q kz::q

Therefore, for n > 1,

N2(0,8,4n) + No(1,8,4n) > No(3,8,4n) + No(4,8,4n). (3.4)
Furthermore, according to (3.3), we obtain
> (V2(0,8,4n + 2) + N2(1,8,4n + 2) — N2(3,8,4n + 2) — Na(4,8,4n + 2)) ¢"
n=0
_ 4T3 (=)¥* ()
3 (—q)v*(q")
A3}
- JSJg
_ (Y’ (¢)
VNV
Observe that
4 3 3(,2 4 o
wjg}w (&) DY
1 4J8 —q k=0
Thus, for n > 0,
N2(0,8,4n + 2) + No(1,8,4n + 2) > No(3,8,4n + 2) + Ny(4,8,4n + 2). (3.5)
Next, in view of (2.3) and (3.2), we derive
Z (N2(0,8,2n +1) + N3(1,8,2n + 1) — N2(3,8,2n + 1) — N»(4,8,2n + 1)) ¢"
n=0
oyt A(gh 4 L i’ (= S B (U,
2902( DY(a)Y*(d®)  2p(—q ) (—a")v*(¢%)
-1 3 4 -1 20,4
_ qulA(qu) J16<P (¢ )‘f (2‘18) J16‘P iq )
290( ) (g*)*(¢®) 2@( ) (—q*)v?(¢®)
_ 2q—1A(q4) + 1690 ( 4)(<p2(q )+ 4q1/}2( )) _ q71J§6¢2(q4) (36)
' (=a*)v(g")*(¢®) 20(—=¢*)¥(—q*)v?(¢®)’
where the last equality follows from (2.10).
Therefore,
> (V2(0,8,4n + 1) + Na(1,8,4n + 1) — N2(3,8,4n + 1) — Na(4,8,4n + 1)) ¢"
n=0

_ 25803 (—a*)¥(d?)
P (—a)y*(q")

2J3J4

- JSs

_ 2¢°(9)¥(d?)
Ty
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Moreover, since

20°(@)¥(¢®) 2 :2iqk
Tiads T1-gq &=

we obtain that for n > 0,

N2(0,8,4n + 1) + No(1,8,4n + 1) > No(3,8,4n + 1) + No(4,8,4n + 1). (3.7)

From (3.6), it can be seen that

o0

Z (N2(0,8,4n +3) + N2(1,8,4n + 3) — N2(3,8,4n + 3) — N2(4,8,4n + 3)) ¢"
n=0

)¢ (—¢*) q ' J30* (%)

JW2ah)  20(=g")Y(—a*)*(q?)
=274+ gt (S~ S
=274+ gt (S~ D)
~27 A gy T e
=207 A+ g

Y W A SR ool C) ki )2 ()
2(q*)*(q") ©*(—a)e(—q)
where the second and the penultimate steps follow from (2.3), respectively, and we obtain
the third equality by using (2.12). Moreover, in light of (2.6), we have

o0

Z (N2(0,8,4n + 3) + Na(1,8,4n + 3) — N2(3,8,4n + 3) — N2(4,8,4n + 3)) ¢"
n=0
o142 ' 20Ya) = P*(=9)(¥*(9) + ¥*(—9))
2 A A 2 Q=)
o142 ' D@ (@) — ¢*(=9) + ¥ (a) — ¢! (=9)
2 A+ A (q?) P (q*) P2 (—q)p(—q*)
o 142 ¢ ' 8¢9 (9)v?(qh) + 169 (¢%)
=20 A e Ao~
6 —1 2 2J§"P2(Q) 4Jg¢3(q2)
=20 A o=@ T PP

2J31J3 4.J3
J8ap o JEI3 s
2 A(?) + 2@062(61)@!);((14) N 41/1(%)@@5((12)
JiJoJyJg J7 JuJg
where the third equality follows from (2.5) and (2.7). Based on (1.4), we obtain

. 2q =
27N Al) = 1= 5 = 2y ¢
k=0
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Meanwhile, observe that

205(@)v°(¢") . 2 _ Qiqk
J%JQJE’Jg “1—gq P ’

5(,2 o0
4¢(%)¢ (¢°) . 4 —4> ¢
JBdids T 1-q A

Hence, for n > 0,

N2(0,8,4n + 3) + No(1,8,4n + 3) > No(3,8,4n + 3) + No(4,8,4n + 3). (3.8)

Therefore, combining (3.4), (3.5) (3.7), and (3.8), we prove the theorem. O
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