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Abstract Let G be a graph and d; denote the degree of a vertex v; in G, and let f(z,y) be a real
symmetric function. Then one can get an edge-weighted graph in such a way that for each edge v;v; of
G, the weight of v;v; is assigned by the value f(d;,d;). Hence, we have a weighted adjacency matrix
Af(G) of G, in which the ij-entry is equal to f(d;,d;) if v;v; € E(G) and 0 otherwise. This paper
attempts to unify the study of spectral properties for the weighted adjacency matrix A¢(G) of graphs
with a degree-based edge-weight function f(z,y). Some lower and upper bounds of the largest weighted
adjacency eigenvalue \; are given, and the corresponding extremal graphs are characterized. Bounds of
the energy &£;(G) for the weighted adjacency matrix Ay(G) are also obtained. By virtue of the unified
method, this makes many earlier results become special cases of our results.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected. For notation and ter-
minology not defined here, we refer to [5]. Let G = (V(G), E(G)) be a graph with vertex-set
V(G) = {v1,v2,...,v,} and edge-set E(G). An edge e of G with end vertices v; and v; is
denoted by v;v;. Let d; be the degree of a vertex v; in G. The maximum degree and minimum
degree of G are denoted by A and ¢, respectively. If the vertex-set V(G) of G admits a partition
into two classes such that the two ends of its every edge are in different classes (or, vertices in
the same partition class must be nonadjacent), then G is called a bipartite graph. A bipartite
graph in which any two vertices from different partition classes are adjacent is called a complete
bipartite graph, denoted by K :, where s+t =n. A complete graph K, of order n is a graph
in which any two vertices are adjacent.

In chemical graph theory, graphical or topological indices in chemistry are used to represent
both the structural and chemical properties of molecular graphs. The general form of these
indices is

TIG) = Y, [fdidy),
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where f(x,y) is a real symmetric function, called the edge-weight function, and f(d;,d;) is the
edge-weight of an edge v;v; of G. Each index maps a molecular graph into a single number,
obtained by summing up the edge-weights in a molecular graph with edge-weights defined by
the function f(z,y).

In spectral graph theory, matrices associated with a graph G play an important role. Thus,
using a matrix to represent the structure of a molecular graph with edge-weights separately on
its pairs of adjacent vertices, it would much better keep the structural information of the graph.
In other words, a matrix keeps much more structural information than just a single number,
the value of an index. So, the algebraic properties of these structural matrices are worth
thoroughly studying. In 2015, this idea was first proposed by one of the authors Li in [21]. In
recent years, various studies on matrices defined by topological indices from algebraic viewpoint
were reported, such as the Sombor matrix [11], ABC matrix [4], first(second) Zagreb matrix
[30], inverse sum indeg matrix [1], arithmetic-geometric matrix [32] and geometric-arithmetic
matrix [33], because many interesting properties of graphs are reflected in the study of these
matrices.

In 2018, Das et al. [7] gave the following formal definition of the weighted adjacency matrix
for a graph with a degree-based edge-weight function. Let Af(G) denote the weighted adjacency
matriz of a graph G with edge-weight function f(x,y), whose ij-entry is defined as

f(dl,dj) if ViUj S E(G),
(Af(G))ij = {

0 otherwise.

That is, for any graphical or topological index, one can define a corresponding weighted adja-
cency matrix of an edge-weighted graph by the edge-weight function f(z,y) of the index. We
will simply call the eigenvalues of the n x n matrix A (G) as the weighted adjacency eigenvalues
of a graph G with edge-weight function f(x,y). Since f(z,y) is a real symmetric function and
G is an undirected graph. A;(G) is a real symmetric matrix, and therefore all its eigenvalues
are real numbers. We may adopt the convention that the weighted adjacency eigenvalues \;

are always arranged in a decreasing order, i.e.,
AWmac = A1 > AQ >z /\n—l > )\n = Amin- (11)

And vy, > 79 > .-+ > 7, are the absolute values of eigenvalues \;, i = 1,2,...,n, given in a

decreasing order. In [7] the energy of the weighted adjacency matrix A,(G) was defined as

E(G) =DM =D v
=1 =1

then they obtained some lower and upper bounds on £¢(G). For recent works on investigations
of the energy £7(G) of the weighted adjacency matrix A;(G), we refer to [10, 12, 13, 15, 16, 34].

In fact, although the matrix Af(G) was proposed in a general setting, it was studied still
one by one separately for a concrete graphical or topological index or function f(z,y), not
as a whole for a general function f(x,y). This lost the sense for us to introduce the general
weighted adjacency matrix Af(G). In 2021, Li and Wang [22] attempted to study the extremal
spectral radius of the weighted adjacency matrices in a general setting. They obtained that
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the tree with the largest spectral radius is star or a double star when f(z,y) is increasing
and convex in variable z. In 2023, Zheng et al. [38] added a restriction to f(z,y) and they
confirmed that star is the unique tree with the largest spectral radius among trees. In 2022, Li
and Yang [23] obtained uniform interlacing inequalities for the weighted adjacency eigenvalues
under edge deletion. They also established a uniform equivalent condition for a connected
graph G to have m distinct weighted adjacency eigenvalues. In 2023, Li and Yang [24] further
discussed interlacing inequalities for the weighted adjacency eigenvalues under some kinds of
graph operations including edge subdivision, vertex deletion and vertex contraction. In this
paper, we continue the study to consider some eigenvalues properties of the weighted adjacency
matrix Ay (G) and obtain some new upper and lower bounds on the energy £¢(G).

The structure of this paper is arranged as follows. In the next section, we introduce some
necessary notation and terminology and list some previous known results that will be used
in the subsequent sections. In Section 3, we first do some investigations on the weighted
adjacency matrix Ay (G). Then, we give some lower and upper bounds for the largest weighted
adjacency eigenvalue \; and characterize the corresponding graphs. In Section 4, we obtain
some bounds for the energy £¢(G) of the weighted adjacency matrix A¢(G). By means of the

present approach, many earlier established results can be viewed as special cases of our results.

2 Preliminaries

At the very beginning, we state some fundamental results on matrix theory, which will be used
in the sequel. An n x n real square matrix M is called symmetric if MT = M, where M7 is

the transpose of M. The eigenvalues of M are all real and arranged as
pr(M) = pa(M) = - = pu(M).

Lemma 2.1 ([3]) Let M be a symmetric matriz of order n. Then for any nonzero vector
r € R",

T Mz

Ty

3

p1(M) >

where equality holds if and only if x is an eigenvector of M corresponding to the largest eigen-
value py(M).

If we delete several rows and the corresponding columns from a real square matrix, the
remaining matrix is a principal submatriz of the original matrix. Then we have the following
result.

Lemma 2.2 ([19]) Suppose M is a symmetric matriz of order n, partitioned as

M= Brixm me(nfm)
(me(n—m))T D(n—m)x(n—m)
Let
p1(B) = p2(B) = -+ = pm(B) and p1(M) = pa(M) = -+ = pn(M)
be the eigenvalues of B and M, respectively. Then the inequalities

pi(M) > pi(B) > pnferi(M)’
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hold for eachi=1,2,...,m.

An n x n real matrix M is called nonnegative if its every entry is nonnegative. We say that
M is drreducible if it is not the 1 x 1 matrix [0] and if there does not exist a permutation matrix
N (a matrix with 1 in every row and column, and 0 for all other entries) such that

NMN-1 = [ My Mo }

0 M

where M7, and Mo are square matrices of size greater than zero. We now state the famous
Perron—Frobenius theorem.
Lemma 2.3 ([19]) Let M be a nonnegative irreducible square matriz of order n. Then the
largest eigenvalue py (M) is simple, there exists an eigenvector with all entries positive. More-
over, p1(M) > |pi(M)| for 2 < i <n.

The following two results are from our paper [23] for the weighted adjacency matrix A (G)
with few distinct eigenvalues.
Lemma 2.4 ([23]) Let f(x,y) be a real symmetric function, and let G be a connected graph
of order n > 2 with edge-weight f(d;,d;) > 0 for any edge v;v; € E(G). Then the weighted
adjacency matriz Ar(G) has two distinct eigenvalues if and only if G is the complete graph K.
Lemma 2.5 ([23]) Let f(z,y) be a real symmetric function, and let G be a bipartite graph
of order n > 3 with edge-weight f(d;,d;) > 0 for any edge vyv; € E(G). Then the weighted
adjacency matriz Ag(GQ) has three distinct eigenvalues if and only if G is the complete bipartite
graph K ;.

3 Spectral properties of the weighted adjacency matrix

In this section, we first present two equalities, which show the elementary properties of the
weighted adjacency matrix Af(G).

tr(Ap(G)) =M+ X+ + X, =0 (3.1)
and

tr(AHG) =M+ M+ + A= +n+ =2 > fdidy), (3.2)
v;v; EE(G)

where tr(Af(G)) and tr(A%(G)) are the traces of matrices Ay (G) and A%(G), respectively.

Theorem 3.1 Let G be a graph of order n and the edge-weight f(d;,d;) > 0 for any edge
vv; € E(GQ). Then the weighted adjacency matriz A;(G) has exactly one eigenvalue if and only
if G is an empty graph.
Proof Since A\; +Xa+---+ A, = 0 and As(G) has exactly one eigenvalue. We have A\; = Ay =
.-+ = A, = 0. Noting that A;(G) be a symmetric matrix and the edge-weight f(d;,d;) > 0 for
any edge v;v; € E(G). Thus Ay(G) =0, and so G is an empty graph.

Conversely, if G = K,,, then Af(G) = 0, which yields that all eigenvalues are zero. Hence
the proof is complete. O



Degree-based Adjacency Matrices of Graphs 5

Theorem 3.2 Let G be a graph of order n and the edge-weight f(d;,d;) > 0 for any edge
vv; € E(GQ). Then the eigenvalues of the weighted adjacency matriz Ay(G) are symmetric with
respect to the origin if and only if G is a bipartite graph.

Proof If G is a bipartite graph of order n, then the weighted adjacency matrix Ay (G) has the

following form:
0 B

Af(G) =
@=1

For an eigenvalue \; of A;(G), suppose = (z1,22)7 is its corresponding eigenvector. It is clear
that Af(G)z = \;z, or equivalently, (Bxa, BTz1) = \;(21,22). For the vector 2’ = (1, —z2)7,
one can easily see that Af(G)z’ = —\;jz’.

Conversely, if the eigenvalues of Ay(G) are symmetric with respect to origin, we have
tr(.A?ckH(G)) Z AZEHL — 0 for any k > 1. Since the edge-weight f(d;,d;) > 0 for any edge
vv; € E(G), thlb 1mphes that the number of closed walks of odd length 2k + 1 is 0 for any

integer k. Therefore, G does not contain any odd cycles, and so it is bipartite. Our proof is

thus complete. O
Next, we give two results for the bounds of the largest weighted adjacency eigenvalue ;.

Theorem 3.3 Let G be a graph of order n and A1 be the largest eigenvalue of the weighted

adjacency matriz Ag(G). Then
2TI(G)

b

A1

Y

n

where the equality holds if and only if A;(G) has a constant row sum.

Proof Let x = (x1,72,--,7,)T be any unit vector in R". Then
{ETAf(G)JJ =2 Z f(d“dj).’lﬁll'J
viv; €E(G)
faoy=20=---=2, = ﬁ,wecanget
2 Y fldi,dy)
2TAH (G vy eh(@) SV
Ty N n oo
By Lemma 2.1, we obtain \; > w, where the equality holds if and only if z =

n

(L, L .. LT is an eigenvector corresponding to the eigenvalue ;. In other words, the

Vo yn
equality holds if and only if A;(G) has a constant row sum. The result is thus obtained. O
Theorem 3.4 Let G be a nonempty graph of order n > 2 and the edge-weight f(d;,d;) > 0
for any edge v;v; € E(G). Let A\i be the largest eigenvalue of the weighted adjacency matric

Ar(G). Then

<A <
n n

9

tr(A2(@)) ¢ (n— D)tr(A2(@))

where the left equality holds if and only if G
G=K,.

5 Ko and the right equality holds if and only if
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Proof From equality (3.2), we have
A =tr(AF(G) — A3 — A3 — - = A2
By the Cauchy-Schwarz inequality and equality (3.1), we get

X< (@) ~ (;A) = (@) ~ 7N,

which implies that

- \/(n—l)tr(Af«G»'

n
Suppose that the equality on the right-hand side holds. It is not difficult to get Ao = A3 =
=M. If A =Xy = X3 =--- = \,, from Theorem 3.1, we have G = K,,, which cannot be
true. If Ay #£ Ay = A3 = --- = A, from equality (3.1) we obtain A\; > 0 and A\ < 0. Hence, G

is a graph with two distinct nonzero eigenvalues. Next, we claim that G is connected. If G is
disconnected, there are two vertices v; and v; such that v;v; ¢ E(G). Therefore, the weighted
adjacency matrix Ay(G) has a principal submatrix B of order 2 in which all the entries are
zero. By Lemma 2.2, we have As > p2(B) = 0, which is a contradiction. Since G is connected,
using Lemma 2.4, we thus get that G is the complete graph K.

Conversely, if G = K, the eigenvalues of the weighted adjacency matrix Ay (G) are f(n —
I,n—1)(n—1) and —f(n — 1,n — 1) with multiplicity n — 1. It is easy to check that

. ¢ - DrAO) _ fofn TP L=

- p =fn—1,n—1)(n—1).

Next, we prove the bound on the left-hand side. Since tr(A%(G)) < Af + A} + -+ + A},
which gives

tr(A3(@))

)

A1

Y]

n
where the equality holds if and only if |A;| = |Ae| =+ = |\l

Suppose that the equality on the left-hand side holds. Because G is a nonempty graph
of order n > 2 and the edge-weight f(d;,d;) > 0 for any edge v,v; € E(G), we have |\| =
[A2] = -+ = |An| # 0. Recall that Ay + A2 + -+ + A\, = 0, which means that n is an even
number. Furthermore, A\ = Ao =+ = )\% and A%H = >\%+2 = ... = )\,. This means that the
eigenvalues of the weighted adjacency matrix Ay (G) are symmetric with respect to the origin.
Using Theorem 3.2, we can get that G is a bipartite graph. If its maximum degree A = 1, then
G = %Kg. If its maximum degree A > 2, then G has an induced subgraph K; . Let B be a
principle submatrix of A;(G) corresponding to Ki 2. From Lemma 2.2, we can directly have
A2 > p2(B) = 0. Besides, G must contain a connected component H with at least 3 vertices.
By Lemma 2.3, we get A1 (H) > A2(H) > 0, which is a contradiction.

Conversely, if G = § K>, the eigenvalues of the weighted adjacency matrix Ay (G) are f(1,1)
with multiplicity n/2 and —f(1,1) with multiplicity n/2. It is easy to check that

A = tr(AF(G) _ [nf2(1,1) _ ).

This completes the proof. O
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4 Bounds for the energy of the weighted adjacency matrix

In this section, we establish some upper and lower bounds for the energy £;(G) of the weighted
adjacency matrix A (G).

Theorem 4.1 Let G be a graph of order n. For any real number k with the property v, >
k > vn, we have

E(G) <kt \/(n = 1)(tr(A3(G)) — ).

Proof Recall that v; > 9 > --- > =, are the absolute values of the weighted adjacency

eigenvalues \; for 1 < i < n, given in a decreasing order. Thus
Er(G) =Ml |+l =1 +72+ -+

By the Cauchy-Schwarz inequality, we have

Yottt < (0= 1)+ AB) = \/(n—l)(tr(A?(G))—vf)-

This means that

E(G) <+ (n = D)(tr(AHG)) - ).
Similarly, we can obtain

E4(G) € m + /(0 = 1)(tr(A3(G)) = 22).

Now, consider the function

f@) =+ /(0= 1) (A3(G)) - a2).

r 2
It is monotonously increasing in the interval [0, %) and decreasing in the interval
r 2
( w, v1). Hence, for any real number k such that y; > &k > =, we have
E4(G) <k+ \/(n —1)(tr(A2(@)) - k2).
Our proof is thus complete. O

Theorem 4.1 is consistent with the previous result in [7]. However, we present a different

method to prove it. The following result is an immediate consequence of Theorem 4.1.

Corollary 4.2 Let G be a graph of order n. Then

£(G) < mm{% /(0 = DU (A3(G)) = 2D),m + /(0 = D(Er(A3(G)) - v%)}.

tr(AZ(G))

n

For 0 < xg < 71, we know that f(zg) < f ) = \/n-tr(A3(G)). Hence, the

following result can be obtained from Theorem 4.1 directly.

Corollary 4.3 Let G be a graph of order n. Then

Er(G) <\ [n-tr(AF(G)).

Remark 4.4 Using Corollary 4.3, by appropriate choices of f(d;, d;) we arrive at the following
inequalities for some particular degree-based graph energies of a graph G. It is worth noting
that these inequalities are not listed in [7].
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If f(di,d;) = y/d; + d, then Af(G) is the Sombor matrix Agem (G) [11]. We have the

Sombor energy
gSom(G) < V 2nF(G)a (41)

where F(G) is the forgotten index of the graph G.

If f(di,d;) = \/d; +dj, then As(G) is the Nirmala matrix An;.(G) [14]. We have the

Nirmala energy
Enir(G) < +/2n - Zagl(Q), (4.2)

where Zagl(G) is the first Zagreb index of the graph G.

If f(d;,d;) = (ﬁiT‘Z'j, then Af(G) is the inverse sum indeg matrix A;;(G) [37]. We have

the inverse sum indeg energy

Eisi(G) <y /n-tr(A2 . (Q)). (4.3)

15T

2.,/d;
have the arithmetic-geometric energy

Eag(G) < J ZWJEZE@) (\/;T;Jr \/2)2' (4.4)

If f(di,d;) = g\(/d%), then A;(G) is the Randi¢ degree-based adjacency matrix Agq(G)

[40]. We have the Randi¢ degree-based energy

If f(d;,d;) = d\f'/'%, then A;(G) is the arithmetic-geometric matrix Aq,(G) [39]. We

Eran(G) <y /m - t?”(.A%db(G)). (4.5)

If f(di,d;) = g—; + Z—i, then A (G) is the symmetric division deg matrix Asqq(G) [29]. We

have the symmetric division deg energy

Esad(G) < V/2nP(G), (4.6)

where P(G) is one half of the second spectral moment of Asqq(G).

If f(d;,d;) = (&fféj);g, then A;(G) is the generalized inverse sum indeg matrix Ag;s;(G)

[18]. We have the generalized inverse sum indeg energy

Egisi(G) < V/2nQ(G), (4.7)

where Q(G) is one half of the second spectral moment of Ay, (G).

If f(di,dj) =+/did; + drgd", then A;(G) is the sum geometric arithmetic means matrix

Asgam (G) [27]. We have the sum geometric arithmetic means energy

Esgum(G) < [ 17( A2y, (G)). (4.8)

If f(d;,d;) = %(g—] + Z—Z), then Ay (G) is the extended adjacency matrix A (G) [36]. We
have the extended energy

Eeat(G) < - tr(AZ,4(G)). (4.9)
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o If f(d;,dj) = ((d;)" + (dj)p)%, then Af(G) is the p-Sombor matrix A,som(G) [26]. We

have the p-Sombor energy
Epsom(G) < /- Na(G), (4.10)

where Ny (G) is the second spectral moment of A,gom (G).

o If f(d;,d;) = \/ﬁ, then A;(G) is the product of Randi¢ and sum-connectivity
i e

adjacency matrix A,.s(G) [28]. We have the product of Randi¢ and sum-connectivity

energy

1
viv; EE(G) * J g

The inequality (4.1) was proved in [11], inequality (4.2) in [14], inequality (4.3) in [25] and
[17], inequality (4.4) in [39] and [32], inequality (4.5) in [40], inequality (4.6) in [29], inequality
(4.7) in [18], inequality (4.8) in [27], inequality (4.9) in [8], inequality (4.10) in [26] and inequality
(4.11) in [28].

Next, we obtain an upper bound for the energy £;(G) of the weighted adjacency matrix
A;(G) in terms of the order n, the topological index TI(G) of a graph G and the trace of
A?(G).

Theorem 4.5 Let G be a nonempty graph of order n > 2 and the edge-weight f(d;,d;) > 0
for any edge v;v; € E(G). If 2T'I(G) > nry,, then

&r(G) < 2NG) \/(n -1 (tT(A?(G)) -

n n2

ATHGR)

Moreover, the equality holds if and only if G is §Ka, or Ky, or a graph with three distinct

. I (A2(C))— ATIE))? I (A2(C))— ATIE))?
eigenvalues 2T;(G),\/ (A; (G 2T gpd —) AGD) n?

n—1 n—1

Proof From Theorem 3.3, we have

2T1(G)

A >

Since %(G) > “Vn, together with Theorem 4.1, the following inequality can be obtained

- 4TIGP)

n2

g, < 2G| \/ (n—1) (tr(A?(G))

n

Thus the bound follows.
Now, we consider what happens when the equality holds. If \; = %(G), then A;(G) has

a constant row sum. Because the equality must also hold in the Cauchy-Schwarz inequality, we

L \/tru;(c)) e

n—1

have

)

for 2 < i < n. Recall that G # K,, and f(d;,d;) > 0 for any edge v;v; € E(G), we have
~v1 # 0. Hence, we can reduce it into three possibilities: either G has two eigenvalues with equal

absolute values, in which case G' = 5 K»; or G has two eigenvalues with distinct absolute values,
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2
tr(AG(G)) - 2
n—1

in which case G = K,,; or graph G with three distinct eigenvalues QTZ(G), \/

tr(A3(G)) - 2LEN
- n—1 =
Conversely, if G consists of n/2 copies of Ky, or G = K,, or a graph with three distinct

. 2TI(G) tr(A2(Q))— 2TLEN? tr(A%(Q))— ATLEN?
eigenvalues , ! n — L n
n n—1 n—1

and

and , then the equality clearly

follows. This completes the proof. O

Remark 4.6 From the inequality in Theorem 4.5, by appropriate choices of f(d;,d;) we get

the following inequalities for some particular degree-based graph energies of a graph G.

o If f(d;,dj) = \/m, then A;(G) is the Sombor matrix Agem(G) [11]. We have

Esom(@) < 2229 \/ (n-1)(2r(6) - (22E)?), (1.12)

n n

where SO(G) is the Sombor index of the graph G.

o If f(di,d;) = \/d; + d;, then Af(G) is the Nirmala matrix Ay, (G) [14]. We have

Enin(@) < 29D \/ 2n —1) (Zagl(G) - (QN(G))z), (4.13)

n n

where N(G) is the Nirmala index of the graph G.

o If f(d;,d;) = \/% then Af(G) is the modified Sombor matrix Ap,som (G) [20]. We

dZ+d?’
have the modified Sombor energy
2(MSO(G 2(mSO(G
ngom(G) < % + \/(n - 1) (2B(G) - ((n()>)2>7 (414)

where B(G) is one half of the second spectral moment of A,,s0m(G) and ™SO(G) is the
modified Sombor index of the graph G.

o If f(di,d;) = ﬁ, then A¢(G) is the Randi¢ matrix Ag(G) [2]. We have the Randié

energy

ViV EE(G)

Er(G) < 1+\l(n—1)<2 > dildj —1>. (4.15)

o If f(di,dj) = ((di)? + (dj)p)%, then A¢(G) is the p-Sombor matrix Apsem(G) [26]. We
have

o(1+3) ) 9(1+3)
Epsom(©) < T 4 = ) (207 Dma - 22 ) o)

where n and m are the order and size of the graph G, respectively.

The inequality (4.12) was proved in [11], inequality (4.13) was proved in [14], inequality
(4.14) was proved in [41], inequality (4.15) was proved in [2] and [9] and inequality (4.16) was
proved in [26].

Now we consider the bipartite graph case of Theorem 4.1.
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Theorem 4.7 Let G be a bipartite graph of order n. Suppose the multiplicity of eigenvalue
0 of the weighted adjacency matriz Ar(G) is not equal to 1. Then, for any real number k with
the property v1 > k > v,, we have

£1(G) < 2k +/(n — 2)(tr(A3(G)) - 2?).

Proof If G is a bipartite graph, from Theorem 3.2, we know that the eigenvalues of the
weighted adjacency matrix A;(G) are symmetric with respect to the origin. Thus v = 7e.
Using the Cauchy-Schwarz inequality, we have

vs+v4+--~+vn§\/(n—2)('y§+%f+---+7%)~

Because 77 4+ 75 + -+ - + 75 = tr(A3(G)), it follows that

E(G) =M+ 72+ < 231+ /(0 = 2 (A3(G)) - 297).

Since the multiplicity of eigenvalue 0 of the weighted adjacency matrix A¢(G) is not equal
to 1, we have v, = v,—1. Similarly, we can obtain

E1(G) < 290+ /(0 = 2)(tr(A3(G)) - 292).

Now, consider the function
f(2) =20 +/(n = 2)(tr(A3(@)) — 202).

tr(A2(G))

It is easily seen that f(x) is increasing in the interval [0,

. 2 G
interval (4/ W, ~1). Therefore, for any real number k with the property v1 > k > 7, we
have

) and decreasing in the

£1(G) < 2k +/(n — 2 (tr(A3(G)) — 24?).
This proves the result. O

From the proof of Theorem 4.7, for a bipartite graph G we have in general

E(G) <231 +/(n = 2)(r(A3(G)) — 292).

In addition, by using Theorem 4.7 we can obtain the following two results.

Corollary 4.8 Let G be a bipartite graph of order n. If the multiplicity of eigenvalue 0O of the
weighted adjacency matriz Ap(G) is not equal to 1, then

£4(6) < min{ 2+ [l = 2)(0r (@) — 7). 230 + 0~ D (AFG) — 2D .

Theorem 4.9 Let G be a nonempty bipartite graph of order n > 2 and the edge-weight
f(di,d;) > 0 for any edge v;v; € E(G). Suppose the multiplicity of eigenvalue O of the weighted
adjacency matriz Af(G) is not equal to 1. If 2T'I(G) > nvyy,, then

g/(6) < 19 \/(n ~2) (tr(A?(G)) _ 8<TI(G))2>

- n n?

Moreover, the equality holds if and only if G = 5Kz, or G = Kz =, or a graph G with four

2

disti : Jues 271G 2TI(@) tr(A2(Q))— STLEN? p tr(A2(Q))— STLEN?
istinct eigenvalues — =, —=——*, po and — pr .
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Proof Firstly, by Theorem 3.3 we have
2TI1(G)
.

A >

If %(G) > Yn, then from Theorem 4.7 we have

&(e) < G | ¢ (n-2)(1r(3(6)) - S,

n

Hence, the bound follows.
Now, let us consider what happens when the equality holds. If A\ = 2TI(G), then the

n

weighted adjacency matrix Af(G) has a constant row sum. Since the equality must also hold

in the Cauchy-Schwarz inequality, we have

n—2 ’
for 3 < i < n. Noting that G # K,, and f(d;,d;) > 0 for any edge v;v; € E(G), we have v, # 0.
Thus, we can reduce it into three possibilities: either G has two eigenvalues with equal absolute
values, in which case G must be equal to §K»; or G has three distinct eigenvalues, that is,

v =0 for 3 <i < n, and so from Lemma 2.5, G = Kz =»; or G has four distinct eigenvalues

ATIG)  2THG) | [ tr(A%(G))— STIEN? d tr(A%(Q))— STLEN?
n T n : n—2 and — n—2 .
Conversely, it is not difficult to verify that the upper bound is achieved by 5 Kz, Kz » and
tr(A3(G)) - B \/ tr(A%(Q))— STLEN2 oy g

n—2 n—2 ’ n

a graph G with four distinct eigenvalues \/

and — LG  The proof is thus complete. O

n
Remark 4.10 Using the inequality in Theorem 4.9, by appropriate choices of f(d;,d;) we
obtain the following inequalities for some particular degree-based graph energies of a bipartite

graph G.

o If f(di,d;) = \/d} +d3, then Af(G) is the Sombor matrix Agem(G) [11]. We have

Esom(G) < 450(6) + \/(n -2) <2F(G) - 2(250(G))2> (4.17)

n n

o If f(di,d;) = \/d; + d;, then A;(G) is the Nirmala matrix Ay, (G) [14]. We have

Enir(G) < AN(G) + \/Q(n —2) (Zagl(G) - 2(2N(G) )2). (4.18)

n n

o If f(di,d;) = ﬁ, then A;(G) is the Randi¢ matrix Ag(G) [2]. We have

Er(G) <2+ |(n-2)(2 > 14—2). (4.19)

v;v; EE(G)

The inequality (4.17) was proved in [11], inequality (4.18) was proved in [14], and inequality
(4.19) was proved in [2].
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The next result gives a lower bound on the energy £¢(G) of the weighted adjacency matrix
A (G) in terms of the trace of Aft (G) and the least weighted adjacency eigenvalue \,,.
Theorem 4.11 Let G be a connected graph of order n > 2 and the edge-weight f(d;,d;) >0
for any edge viv; € E(G). Then

£4(G) > [An| + \/ztr(A‘;(G)) —3a2,

The lower bound is achieved by G = K ;.
Proof Recall that v; > 9 > -+ - > 7, are the absolute values of eigenvalues \;, 1 = 1,2,...,n,

given in a decreasing order. We assume that |A,| = 7;, for some iy with 2 <4y < n. Since the

trace of the weighted adjacency matrix Af(G) is zero, we have

n—1 2 n—1
Ai_ﬁo_(Z)\i> =D N+ D A
i=1 i=1

1<i,j<n—1
i#£j
Note that
n 2 n n
( )3 %-) = 2 Y = Y 2 Y
i=1,i#io i=1,iio 1<i,j<n i=1,i#io 1<i,j<n—1
i#j#io i

Now, we obtain

E@-=( 3 w) = X 2+ X

i=1,i#10 i=1,i#1i0 1<i,j<n—1
i#]
n
2
> Yvi + E )\Z)\J
i=1,i%#1%0 1<i,j<n—1
i#]
n—1

i=1,i7#10 i=1
n—1 n—1

— 2 2 2

=32 -3
i=1 i=1

Since G is a connected graph of order n > 2 and the edge-weight f(d;,d;) > 0 for any edge
n—1

vv; € E(G), from Lemma 2.3 we have A; > |\,|, that is, A2 < >~ A2. By view of this, we
i=1

have

(E(G) = ) 2 230 A7 = 332,
=1

Thus the bound follows.
If G = Ky, then £;(G) = 2v/stf(s,t). Since tr(A?(G)) = 2stf2(s,t) and |\, | = Vstf(s,t),
we have v/stf(s,t) + \/4stf2(s,t) — 3stf2(s,t) = 2¢/stf(s,t). This completes the proof. O

Remark 4.12 From the result in Theorem 4.11, by appropriate choices of f(d;, d;) we deduce
the following inequalities for some particular degree-based graph energies of a graph G.
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If f(di,dj;) =

have

\/ﬁ, then A¢(G) is the modified Sombor matrix A.,som(G) [20]. We

Emsom(G) > |An] + V4AB(G) — 3X2. (4.20)

If f(d;,dj) = di_lféj , then A;(G) is the inverse sum indeg matrix A;;(G) [37]. We have
Eisi(G) > | An| + /Mm% — 32, (4.21)

If f(di,d;) = d; + dj, then Af(G) is the first Zagreb matrix Azq41(G) [30]. We have the

first Zagreb energy
gZagl(G) > |)‘n‘ + \% 4HM(G) - 3/\%7 (422)

where HM(G) is one half of the second spectral moment of Azq41(G).

If f(di,d;) = didj, then A;(G) is the second Zagreb matrix Azq42(G) [30]. We have the

second Zagreb energy
gZag2(G) > |)‘n| + v 4R2<G) - 3)‘%7 (423)

where Ry(G) is one half of the second spectral moment of Az,g2(G).

If f(d;,d;) = %(% + Z—i), then Af(G) is the extended adjacency matrix Ac.+(G) [36]. We

have

di d;\?
gezt(G) Z |)\n| + Z < + dj) - 3)\% (424)
v;v; EE(G) J *

If f(d;,d;) = d;;fj, then Af(G) is the degree-based matrix Ag(G) [35]. We have the

degree based energy

di +d;\>
En(G) =Ml + |4 Y <d—-tilj> _3a2. (4.25)
v;v; EE(G) fa

The inequality (4.20) was proved in [41], inequality (4.21) was proved in [25], inequality

(4.22) was proved in [31], inequality (4.23) was proved in [31], inequality (4.24) was proved in

[6] and inequality (4.25) was proved in [35].

5 Concluding remark

In this paper, we investigate the weighted adjacency matrix Af(G) with degree-based edge-

weight function f(x,y), where f(z,y) is a real symmetric function. We do it not by one by one

concrete function, say Zagreb edge-weight functions x 4+ y and zy, Randi¢ edge-weight function
1 . . +y—2 . .

\/ 25> ABC edge-weight function |/*72==, etc. On the contrary, by looking at f(z,y) as an

arbitrary function we use a unified method to obtain spectral bounds and properties of Ay (G).

In doing so, we give a unified proof for many known spectral bounds and bounds for various

types of graph energies.
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