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Abstract

Let G be an edge-colored graph on n vertices. The minimum color degree of
G, denoted by 6°(G), is defined as the minimum number of colors assigned to the
edges incident to a vertex in G. In 2013, H. Li proved that an edge-colored graph G
on n vertices contains a rainbow triangle if §¢(G) > "TH In this paper, we obtain
several estimates on the number of rainbow triangles through one given vertex in
G. As consequences, we prove counting results for rainbow triangles in edge-colored
graphs. One main theorem states that the number of rainbow triangles in G is
at least £0°(G)(26°(G) — n)n, which is best possible by considering the rainbow
k-partite Turan graph, where its order is divisible by k. This means that there
are Q(n?) rainbow triangles in G if 6(G) > ZE and Q(n?) rainbow triangles in
G if 6°(G) > cn when ¢ > 1. Both results are tight in sense of the order of the
magnitude. We also prove a counting version of a previous theorem on rainbow
triangles under a color neighborhood union condition due to Broersma et al., and
an asymptotically tight color degree condition forcing a colored friendship subgraph

F}, (i.e., k rainbow triangles sharing a common vertex).

1 Introduction

Throughout this paper, we only consider finite undirected simple graphs. Let G be
a graph. By an edge-coloring of GG, we mean a function C' : £ — N, where N is the
set of non-negative integers. If G has such an edge-coloring, we call G an edge-colored
graph and denote it by (G,C). For a vertex v € V(G), the color neighborhood C'Ng(v)
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is defined as the set {C(e) : e is incident with v}, and the color degree of v is denoted
by dZ(v) := |CNg(v)|. We denote by §°(G) := min{dZ(v) : v € V(G)}, and by ¢(G) the
number of colors appearing on E(G). Let 75(G) = min{d®(x) +d°(y) : zy € E(G)}. For a
vertex v € V(G), the monochromatic degree of v (in G), denoted by d*(v), is defined as
the maximum number of edges incident to v colored with a same color. A subgraph H of
G is called properly-colored if every two incident edges are assigned with different colors,
and is called rainbow if all of its edges have distinct colors. When there is no possibility
of confusion, we will drop the subscript G. For example, we use 6¢ instead of §¢(G). For
notation and terminology not defined here, we refer to Bondy and Murty [3].
Rainbow and properly-colored subgraph problems have received much attention from
ﬁ, IIE, H, IE] For surveys, see ﬂa, IE] In 2013, H. Li ﬂﬂ] proved a

minimum color degree condition for rainbow triangles, which was conjectured in [22].

graph theorists, see

Theorem 1 (ﬂﬂ]) Let (G, C) be an edge-colored graph onn > 3 vertices. If 6°(G) > "

then G contains a rainbow triangle.

A slightly stronger Dirac-type result was proved by B. Li, Ning, Xu, and Zhang in

f2d).

Theorem 2 (@]) Let (G,C) be an edge-colored graph on n > 5 vertices. If §°(G) > 4
then G contains a rainbow triangle unless G is a properly colored Kz .

Theorem [ motivated much attention on rainbow subgraphs. Czygrinow, Molla, Nagle,
and Oursler H] recently proved that the same condition in Theorem [I] ensures a rainbow
(-cycle Cp whenever n > 4320, which is sharp for a fixed odd integer ¢ > 3 when n is
sufficiently large. The authors in M] proposed a new type condition, i.e., every edge-
colored graph (G, C) on n vertices satisfying e(G) + ¢(G) > @ contains a rainbow
triangle, where e(G) is the number of edges in G and ¢(G) is the number of all colors
appearing on E(G). This motivated further studies on rainbow cliques [24] and properly-
colored Cy’s [25].

The original purpose of this article is to study the supersaturation problem of rainbow
triangles in edge-colored graphs. This problem is obviously motivated by the study of
supersaturation problem of triangles in graphs. It studies the following function: for

triangle C3 and for integers n,t > 1,
hey(n,t) = min{t(G) : |[V(G)| = n,|E(G)| = ex(n, Cs) + t},

where t(G) is the number of Cj5 in G and ex(n, C3) is the Turan function of C5. Improving
Mantel’s theorem, Rademacher (unpublished, see ﬂg]) proved that h¢,(n,1) > |5]. Erdés
ﬂﬂ, ] proved that h¢,(n,k) > k| %] where k < cn for some constant c. In fact, Erdds
conjectured that he,(n, k) > k%] for all k& < [%], which was finally resolved by Lovész
and Simonovits [23].



One can ask for a rainbow analog of the above FErdés’ conjecture. In this direction,
answering an open problem in @], Ehard and Mohr ﬂ§] proved there are at least & rainbow
triangles in an edge-colored graph (G, C) such that e(G) + ¢(G) > ("11) +k — 1. If we
consider e(G) + ¢(G) as a variant of Turdn function in edge-colored graphs, then the
theorem above tells us that the supersaturation phenomenon of rainbow triangles under
this type of condition is quite different from the original one. On the other hand, the
problem of finding a counting version of Theorem [ is still open.

We denote by G the family of edge-colored graphs on n vertices with the minimum
color degree at least "T“, by rt(G) the number of rainbow triangles in an edge-colored
graph G, and by rt(G;v) be the number of rainbow triangles through a vertex v in G.
Denote by

f(n) :=min{rt(G) : G € G }.
Proving a special case of a conjecture which states that every edge-colored graph on
n > 20 vertices contains two disjoint rainbow triangles if the minimum color degree is at
least ”T“, Hu, Li, and Yang developed a key lemma ﬂﬁ, Lemma 1], from which one can

easily obtain f(n) = Q(n). One may dare to guess that f(n) = Q(n?). Our first humble
contribution confirms this.

Remark 1. Throughout this paper, we sometimes assume that an edge-colored graph

(G, O) satisfies 5¢(G) > "L and subject to this, e(G) is minimal. Here the word “mini-

2
mal” means that deleting any edge e in G will result in the inequality (G — e) < "T“

It follows that G' contains no monochromatic Cs or P; (a path of order 4). Furthermore,
we can see that a spanning subgraph of G with a same color should be a star forest.

One of our main results is as follows.

Theorem 3. Let (G,C) be an edge-colored graph with vertex set V(G). Let n = |V(G)|.

If 6¢ > ™ and furthermore, e(G) is minimal, then we have,

rt(@) > = Y | (n—d(v) = D(d(v) = d°() + Y (d°(v) +d(a) —n)
veEV(G) a€Ng(v)
As a consequence of Theorem Bl we obtain a counting version of Theorem [l

Theorem 4. Let (G,C) be an edge-colored graph on n vertices. Then
1
rt(G) > ééc(G)(Q(SC(G) —n)n.

In particular, if 0°(G) > cn for ¢ > %, then

c(2c—1) 4
rt(G) > —



One may wonder the tightness of Theorem Al The following example shows that
Theorem Ml is best possible.

Example 1. Let G be a rainbow k-partite Turdn graph on n vertices where k|n and
k > 3. Then there are exactly ( ) )3 = = k=DE=2) )3 rainbow triangles. By Theorem [}

6k2
there are at least (3)(k) = (= égf ﬁn rainbow triangles.

Setting 0°(G) = ”TH in Theorem @], we obtain the right hand of the following.

Proposition 5. For even n > 4, we have "72 > f(n) > "QLGQ"; for odd n > 3, we have

2_
n81 Zf( )Z nlJan'

For Proposition[H, the leftmost of each inequality (for f(n)) of PropositionBlwas shown
by the following two examples. From Proposition B we infer f(n) = O(n?).

Example 2. Let (G,C) be a rainbow graph of order n where n is divisible by 4. Let
V(G) = X1 U Xy, |Xi] = |X3| = 5, and each of G[X,] and G[X;] consists of a perfect
matching of size 7. In addition, G — E(X;) — E(X>) is balanced and complete bipartite.
For each edge e € E(X}), it is contained in exactly § rainbow triangles. So does each

edge in G[X5]. Therefore, there are exactly %2 rainbow triangles in G.

Example 3. Let (G,C) be a rainbow graph of order n where n = 1 (mod 4). Let
V(G) = X1 UX,, |X;] = 22 and | Xo| = %51, and G[X] consists of a perfect matching

of size 1. In addition, G — E(X)) is complete bipartite. For each edge e € E(X}), it
n—1 n?—1
2 8

triangles in G.

In 2005, Broersma, X. Li, Woeginger, and Zhang M] proved that an edge-colored graph
(G,C) onn > 4 vertices contains a rainbow Cj5 or a rainbow Cj if |[CN(u)UCN (v)| > n—1
for every pair of vertices u,v € V(G). Define G to be a rainbow Kz » where n is even.
Then |CN(u)UCN (v)| = n—1 for each pair of vertices u and v, and G contains no rainbow
triangles. Thus, one need slightly increase the color degree condition when finding rainbow
triangles. Broersma et al.’s theorem was generalized by Fujita, Ning, Xu and Zhang ﬂﬁ]
to the one forcing rainbow triangles under the same condition.

In this paper, we extend both theorems mentioned above to a counting version as
follows.

Theorem 6. Let (G,C) be an edge-colored graph of order n > 4 such that |CN(u) U
CN(v)| > n for every pair of vertices u,v € V(G). Then G contains % rainbow

triangles.

We also prove some better estimate on the number of rainbow triangles through ver-
tices with high monochromatic degree.



Theorem 7. Let (G,C) be an edge-colored graph on n wvertices with §°(G) and further-
more, e(G) is minimal. Let V(G) = {v1,ve,...,v,} such that dE°"(v1) > d@E(ve) >
> dEo"(vy). Then for each 1 < k < §°(G) — 1,

i=1 i=1

> rt(Giv, z%(deon vi) + k(39(G) — ))( 2(G) —n)+ —

where
k 5°(G)

A(G) = [ 0°(G) Y dgm(vi) — k Z dme™ (v;)

i=1
The above theorem has the following simple but useful corollary.

Theorem 8. Let (G,C) be an edge-colored graph on n vertices with 6°(G) > 2. Let
V(G) = {v1,va,...,u,} such that dE°"(vy) > dE"(vy) > +-+ > dE°"(v,). Then for each
1<k<6(G) -1,

k k5°(G)
Zrt(G; v;) > 5

i=1

The friendship graph F} is a graph consisting of k triangles sharing a common vertex.

Finally, we obtain some color degree condition for the existence of some rainbow triangles

sharing one common vertex, i.e., the underlying graph is a friendship subgraph. This
extends Theorem 1 in another way.

Theorem 9. Let k > 2 and n > 50k?. Let (G, C) be an edge-colored graph on n vertices.
If 6°(G) > § +k — 1 then G contains k rainbow triangles sharing one common verter.

This paper is organised as follows. In Section 2l we prove one technical lemmas which
gives an estimate on the number of rainbow triangles through one given vertex. We also
prove another estimate on the number of rainbow triangles through vertices with high
monochromatic degree. In Section B, we prove Theorems Bl @, [ and [ In Section [, we
prove a theorem slightly stronger than Theorem We conclude this paper with some
open problems in the last section.

2 Rainbow triangles through a specified vertex

In this section, we first prove one key lemma, whose proof is partly inspired by ﬂﬁ,
Lemma 1].

Let G be an edge-colored graph. Without loss of generality, assume that C'Ng(v) =
{1,2,...,s}, where s = d°(v). Let N;j(v) := {u: C(uv) = j,u € Ng(v)} and d;(v) :=
|N;(v)|, where 1 < j < s. Furthermore, assume that d;(v) > do(v) > -+ > dg(v). So
d""(v) = dy(v).



Lemma 1. Let (G,C) be an edge-colored graph on n vertices with 6°(G) > = and
furthermore, e(G) is minimal. Then for each v € V(G),

((n—dv) = 1)(d) =d“@W)+ Y > (di(v) —d;(a))

1<j<d¢(v) a€N;(v)

rt(G;v) > E

\)

+ ) (d(v) +d(a) —n)).

a€N (v)

Proof. Since G is edge-minimal, there is no monochromatic path of length 3 and no
monochromatic triangle in G.

For the vertex v € V(G), define a digraph D, on N(v) as follows: ab € A(D,) if and
only if ab € E(G) and C(ab) # C(va), i.e., vab is a rainbow path of length 2. Therefore,
for any two vertices x,y € N;(v) (if |N;(v)| > 2), there is either a 2-cycle xyx or no arc
between x and y; since otherwise, there is a monochromatic Cj, a contradiction. (Recall
Remark [II)

For a € N(v), let S, € N(v)\{a} be maximal such that C(au),C(au’) and C(av) are
distinct for any two vertices u, u’ € S,. According to the definition of D,, every edge au,
u € S,, corresponds to an out-arc from a to v in D,. Notice that

dp,(a) = 18a| = [CNaw oy (@)] = 1 = d*(a) — 1= [V(G) \ (N (v) U{v})].
Thus, we have
df, (a) > d°(a) + dg(v) — n.

Therefore,

Z dp, (a) > de(v)(de + ) da

a€N (v a€N (v)

d(v)
= de(v) Z(dj )= 1) |+ > (d(a) +d°(v) —n).

a€EN (v)
(1)

Next, consider } dp (a). For 1 < j < s, let n; be the number of 2-cycles in
acNy

D,[N;(v)]. Let ng be the number of all 2-cycles zyz in D, such that C(zv) # C(yv).
That is, ng = rt(G;v).
Thus, we have

> dp,(a) < )—1 +2n0+2inj(v). (2)

a€N (v) 1<j<d¢(v),dj (v)=1 a€Nj; (v j=1

6



In fact, for any neighbor of v, say u, when we want to compute the value d, (u), there
are several different cases. First, for any other neighbor of v, say w, if uw ¢ E(G), then
there is no in-arc wov for A(D). Secondly, we know uvwu (if uw € E(G)) cannot give us
a monochromatic C3 (as G is edge-minimal).

We divide the corresponding terms into the following different types: (i) C(uw) =
C(uwv). For this case, we know de(uy)(v) = 1, since otherwise there is a monochromatic
P, or monochromtic C3. If wuvw is a triangle in G, then we know C(uw) = C(uv) and
C(vw) # C(uw), and so there is an in-arc wu in D, for the vertex u. By the definition of
the maximum monochromatic degree of G, we have at most dc(yy) (1) — 1 such in-arcs for
u. (i) C(uw) # C(uv) but C(uv) = C(wv). For this case, there are two arcs uw and wu
(which is a 2-cycle) in D,. Each such 2-cycle contributes 2 to the sum of all in-degrees
(one for u, one for w). In the inequality (2), this can explain where the term 2%, n;(v)
comes from. (iii) C(uw) # C(uv) and C(uv) # C(wv). For this case, uwvu gives us a
rainbow triangle. We also have a 2-cycle wwu in D,, and each such 2-cycle contributes
2 to the sum of all in-degrees. In the inequality (2]), this can explain why the term 2n,
comes from.

Now we have proved ().

Since

2n; < dj(v)(d;(v) = 1),

from (2), we can obtain that

> dp,(a) < > > (djla) —1 +2n0—|—2d d;j(v) —1). (3)

a€N, 1<j<de(v),dj (v)=1 a€N, (v) Jj=1

N dp ()= Y dp,(a)

aENv CLEN'U

combining ([Il) and (3], we have

As

2ng > > (d°(v) + d°(a —n)—l—d(v)(

acNy

- > > @@ =D+ Y dw)(diw) - D). (4)

1<j<s,d;(v)=1 aeN;(v) Jj=1

Set



and
R Y Y U RIS W
1<j<s,d;(v)=1 aeN;(v)

Then () is equivalent to the following

2ng > Y (d°(v) +d°(a) —n) + A+ B. (5)

G,GN'U

By simple algebra,

A= Z )= 24)GE) D= D () = 24,0)(d () - 1).

j=1,d;(v)>2
As
dy(v) <d(v) —d(v) + 1
and n+1
d°(v) >
()2 "=,
we have

d(v)—2d;(v) > d(v)—2d;(v) > d(v)—=2(d(v)—d°(v)+1) = 2d°(v) —d(v) =2 > n—d(v) —1,

and so
A Z n = d(v) = 1)(d;(v) = 1) = (n — d(v) = 1)(d(v) — d°(v)). (6)

Furthermore, we obtain

B=- Y} Z —gN+ S S (@) - dja))

1<j<s,d;(v)=1 a€N;( 1<j<s,d;(v)>2 a€Nj;(v)

Z Z J' U - j a))v (7>

1<j<d?(v) aeN;(v)

where d;j(a) = 1 when d;(v) > 2, since G contains no monochromatic path of length three.
Now, together with (H), (6l), and (), we infer

2y > <Z (d(v) + d(a) - n>> T (n - d(v) - 1)(d(v) — d°(v))

aENy

Y Y () —di(a),

1<j<d*(v) a€N; (v)

This proves Lemma Il O



We then obtain a better estimate of the number of rainbow triangles through a specified
vertex when the monochromatic degree of this vertex is large. Before the proof, we need
to introduce some additional notation.

For a vertex v € V(G), let X, be the maximal subset of Ng(v) such that ¢(va) = ¢(vb)
for any two distinct vertices a,b € X,. Then |X,| = d™"(v). In the following, X, is
called a maximum monochromatic neighborhood of v. Let Y, C Ng(v)\X, such that
c(va) # c(vb) for any two vertices a,b € Y,. Thus, we have |Y,| < d°(v) — 1. In the
following, set

f(v) :=min{d(u) + |Y,|+1:u € X, UY,}.

For a vertex v € V(G), define a digraph D, on X, UY, as follows: % € A(D,) if and

only if ab € E(G) and c(ab) # c(va). Let ni be the number of 2-cycles in D, [X]. Let ng

be the number of other 2-cycles in D,. Then, 7t(G;v) > ny.
We now prove the following lemma, whose proof is a variant of Lemma [

Lemma 2. Let (G,C) be an edge-colored graph on n vertices with 0°(G), and subject to
this, e(G) is minimal. For each v € V(G), fir a Y, defined above. Then, we have

rt(Giv) > ng >

((dE”O”(v) + Y )(f(0) = n) + ([Yoldg™(v) = D d&”””(@))) - (8)

a€Yy

N | —

Proof. For a € X, UY,, let S C (X, UY,)\{a} be maximal such that c(au), c(au’), c(av)
are pairwise different for two distinct vertices u,u’ € X, UY,. According to the definition
of D,, every edge au, u € S gives an out-arc of a in D,. Hence, we have

dp,(a) > d°(a) — 1~ |V(G) \ (X, UY, U {v})]
> f0) +d™"(0) —n - L.

Therefore,

Y dh(a) = (@™ () + Vo) (f(v) +d™"(v) —n = 1). (9)

acX,UYy,

Next, consider » .y . dp (a). By reasoning the proof of Lemma [ and a similar
analysis, we obtain

Y dp,(a) <D d""(a) = |Yy| +2(n] +nj). (10)

acX,UYy a€Yy

Yo dpla)= ) dp(a)

acX,UYy, aeX,UYy

Since

and
2n] < d™"(v)(d""(v) = 1),

9



by combining (@) and (I0), we have

2 > A" (0)(f(0) = ) + Vol (F(0) + 4" () —n) = 3 d™"(a)
= (@(0) + V) (f(0) — 1) + (Vald™™(0) = 3 a™(a))

Hence,

rt(G;v) > ng >

N | —

((dm‘m(’v) + Yo )(f(0) =) + (Yol d™ " (0) = D d""(a

CLEY'U

The proof is complete.

If Y, is maximal, then |Y,| = d°(v) — 1. Then
f(v) := min{d°(v) + d(u) : u € X, UY,} > 75(G),

and Lemma 2] has the following form:

Lemma 3. Let (G,C) be an edge-colored graph on n vertices with 6°(G) and furthermore,
e(G@) is minimal. Let V(G) = {v1,va,...,v,} such that d™"(vy) > d"™"(vg) > ---

d""(vy,). Then for each 1 < i < §°(G),

rt(G;v;) >

N | —

aEYvi

Next, we prove a technical proposition, which is helpful to the proof of Theorem 7.

Proposition 10. Let (G,C) be an edge-colored graph on n vertices with §¢(G) and fur-
Z dman(vz) Z
- > d""(vy,). Let Y, be defined as in Lemma[Q with |Y,,| = 0°(G) — 1. Then for each

thermore, e(G) is minimal. Let V(G) = {vy,v,...,v,} such that d""(v;)

1<k <6G) -1,
k
=1 aEYU

Proof. Note that for v; € V(G), v; ¢ Y; :=Y,,. Hence, for i < 6°(G),

i—1 o°¢

dod™Ma) <Y AT w) + Y A (vy).

acy; j=1 j=i+1

10

k o¢
Z(|}/m|dmon Uz Z dmon (502 dmon(vi) —k deon(vi)> > 0
=1 =1

)

(47" (v3) + d°(v;) = 1)(@5(G) —n) + (|Yy, [d™"(v) = Y d""(a))



Thus,

k k i—1 5¢ 5e i
0<> > dma) <) <Z dm(v) + > dmm(vj)> =k deon(vi) - Z 4™ (v;).

i=1 a€Y; i=1 \j=1 j=it+1

It follows that

k k o
- (dmm(vi)(éc 1=y dWO”(a)> > <6c DA () — kY dm"”(vi)> :

=1 acy;
The proof of Proposition [I0] is complete. O
3 Proofs

In this section, we prove Theorems [, @ [6] and [7.
By simple technique of counting in two ways, we have the following.

Proposition 11. El Let (G, C) be an edge-colored graph with vertez set V(G) and §¢(G) >
21 and furthermore, (@) is minimal. Fork € CNg(v), Ny(v) :== {u € N, : C(w) = k}
and dg(v) := |Ng(v)|. Then

> D (v (a)) = 0. (11)

vEV(G) keCNg (v) a€Ng(v)
Proof. By definition of Ni(v), we can see
Z Z dk Z dC(Ua dC(va) (a)
k€CNg(v) a€Ng(v) a€Ng(v)
By counting in two ways, we have

Yo D (opw(®) = dopa ()

vEV(G) a€Ng (v)

= Z (do(ay) (®) = dogay) (Y)) + (de@y) (Y) — dogy) (7)) = 0.

zyeE(G)

This proves Proposition [I1] O

Note that in the proof of Lemma [ without loss of generality, we assume that CNg(v) =
{1,2,...,d°(v)} for simplicity. In fact, for distinct vertices u,v € V(G), CNg(u) may be not equal
to CNg(v), and may be not a subset of [1, C(G)].

11



Now we can prove one main result in this paper.
Proof of Theorem [3l The theorem follows from Lemma [II, Proposition [[1], and the fact
that

3rt(G) = > rt(Giv).

veV(Q)

We deduce Theorem M] from Theorem
Proof of Theorem [ For any vertex v € V and a € Ng(v), we have

(n —d(v) = 1)(d(v) — d*(v)) = 0,

e(G) > 5(5)" > 56(5)", and d°(v) + d(a) — n > 20°(G)) — n. Thus, we derive that

rt(G) > %50(@)(250(@) — n)n.

If 6°(G) > cn for ¢ > %, then by the inequality above,

rt(G) > cd2e—1) 1)n3.
6
This proves Theorem [41 |
Finally, we give proofs of Theorem [0 and Theorem [Gl

Proof of Theorem [Tl This theorem directly follows from Lemma Bl and Proposition
|

Proof of Theorem [Gl. If §¢ > "TH, then by Proposition B, G contains "21;" rainbow
triangles. Thus, 6¢ < . Choose v € V(G) such that di(v) = 6° < 3. Set G' = G — .
n—1

2

First we furthermore suppose that d¢,(v) < . For a vertex u adjacent to v, |CN (u)U

CN(v)| > n. It follows that
dé(u) + dg(v) = |CN(u) UCN(v)| + |CN(u) N CN(v)| > n+ 1.
It follows that df,(u) > 2£2. For a vertex u non-adjacent to v, we also have

d%(u) + d&(v) = |ON(u) UCN (v)| 4+ |CN(u) N CN(v)| > n.

Thus, d§;(u) > . Tt follows that der(u) > 25 > ‘G;'H. Then by Theorem M, we have

1 1 1 -
rt(G’)zé.n+ (2”; _(n—1)>n2” .

2 6

So d°(v) = %, i.e., 6¢ = §. In this case, for an edge uv € E(G),
d°(u) + d°(v) = |CN(u) UCN (v)| + |CN(u) N CN(v)| > n+ 1.

12



By setting k& = ¢ — 1 in Theorem [1 recall §° = % for this case, we have

6°—1

1
rH(G) > ¢ ; rt(G; ;)
1 A

> £(0° =10 (n+ 1= n) + ’“éG)

n?—2n  AL(G)

24 o 6

where V(G) = {v1,v9,...,v,} such that d""(vy) > d""(vg) > -+ > d™"(v,). Further-
more, we have

5°(G)—1 5¢(G)
ALG) = 0(G) Y dgm(w) = ((G) 1) Y dg(w)
0°(G)—1 . .
= 3 ) - (0°(G) — g o)

=1
>0

as dg"(v;) > dio™(vse) for @ € [1,0°(G) — 1]. Thus, rt(G) > ”22_42”. This proves the

theorem. m

4 Edge-colored friendship subgraphs

In this section, we shall prove a result slightly stronger than Theorem [ For a graph
G, we denote by A™"(G) := max{dZ"(v) : v € V(G)}.

Theorem 12. Let k,n be positive integers, and G be an edge-colored graph on n vertices
with n > 50k* where k > 2, and 6°(G) > 2 +k —1. Let v € V(G) such that dz°"(v) =
A™M(G). Then G contains k rainbow triangles sharing only the vertex v as the center
(i.e., the underly graph is Fy, with v as its center).

The following result on Turan number of friendship graphs is well known.

Theorem 13 (]) For every k > 1 and every n > 50k, if a graph G of order n satisfies
e(G) > ex(n, Fy), then G contains a copy of a k-friendship graph, where ex(n, F}) =
L”{J +k? — k if k is odd; and ex(n, F},) = L”Tfj +k* — 2 if k is even.

The matching number of a graph G, denoted by o/(G), is defined to be the maximum
number of pairwise disjoint edges in G. Our proof of Theorem [I2] uses a famous result on
Turan number of a matching with given number of edges due to Erdés and Gallai ﬂﬁ]

13



Theorem 14 (ﬂﬁ]) Let G be a graph on n vertices. If o/(G) < k then e(G) <
max{(*,"), () = (";")}-

We also need a special case of the next lemma.

Lemma 4. Let (G,C') be an edge-colored graph on n vertices with 6°(G) such that e(G)
is minimal. Then for a vertex v € V(G) with dz°"(v) = A™"(G), we have

PHG:) > ng > 3 (A7 (G) + dv) — )((G) + dis(v) — ).

Proof. Let v be such that d""(v) = A™"(G), X, be the maximum monochromatic
neighborhood of v (in G), and Y, C N(v)\X, (such that for each u,u € Y, we have
C(uv) # C(u'v)) and |Y,| = d°(v) — 1 in Lemma 2l From the fact

|}/U|dm0n(v) . Z dmon(a) > 0’

a€Yy,
we obtain the lemma. O

Proof of Theorem Without loss of generality, assume that G is edge-minimal
subject to the condition ¢ > ¢ +k — 1. We prove the theorem by contradiction. Choose
v € V(G) such that d""(v) = A™"(G).

If A™"(G) =1, then G is properly-colored. Note that e(G) > 5;" %2 + ’“2—" — %, and

>
ex(n, Fy) < L”;J + k% — 3—2’“ when n > 50k% by Theorem When n > 50k?, we have

n2+k‘n n n? nr 3k
4 2 2 4 2

(recall k£ > 2), and so G contains a properly-colored Fj, and hence k rainbow triangles
sharing one common vertex. Next we assume that A" (G) > 2.
By Lemma [4]

(A7 () + d(v) = (5 + d°(v) = n)) > (k = 1)(d""(v) +d°(v) = 1).  (12)

DO —

ng >

Recall D, is the digraph defined on X, UY,, where X, is the maximum monochromatic
neighborhood of v and Y, C N(v)\X, such that for any u;,us € Y,, we have C(ujv) #
C(uqv) and |Y,| is maximal. Furthermore, n} is the number of 2-cycles in D, [X,], and ng is
the number of other 2-cycles in D,. Observe that the 2-cycle in D,[X,] do not correspond
to a rainbow triangles through v, but a 2-cycle contributing to ny can correspond to such
one.

Consider the subgraph of G' on vertex set X, UY,, denoted by G’, with edge set
consisting of ones which correspond to the 2-cycles in D, (of the number ng). Then

14



|G'| = d™"(v) +d°(v) — 1 > § + k. Notice that each edge in G’ corresponds to a rainbow
triangle through the vertex v. From (I2), we have that

e(G') > (k — 1)(d™" (v) + d°(v) — 1). (13)

Since GG contains no k rainbow triangles sharing one common vertex, GG’ contains no
matching of size k. That is, o/(G’) < k — 1. So by Theorem [I4],

(@) < max{(QkQ_ 1), (k ) 1) b= D(C] — k + 1)} | (14)

By simple algebra, we have (%; 1) < %2"*2’“) when n > 2k — 3. Furthermore,
mon c k—1 /
(k—1)(d™"(v) +d°(v) — 1) — 5 —(k=1D(G—-k+1)
kE—1
:—( 5 >+(k:—1)2>0

Thus, (I3) contradicts ([I4)) since n > 2k — 3. The proof is complete. [

5 Concluding remarks

In this paper, we give a tight color degree condition (up to a constant) for k& rainbow
triangles sharing one common vertex (when k is a fixed integer), and highly suspect the
tight one is 2+ for n = Q(k?) (by considering Theorem [I3).

Erdos et al. | conjectured Theorem holds for n > 4k. If the answer to this
conjecture is positive, then Theorem [0 can be improved to all graphs with order n > 4k.
On the other hand, maybe an answer to the following is positive.

Problem 1. Let n, k be two positive integers. Let (G, C') be an edge-colored graph on
n vertices with 0°(G) > ”TH Does there exist a constant ¢, such that if n > ck then G

contains a properly-colored F}7

Recall that f(n) := min{rt(G) : G € G!} (see Section [M). We conclude this paper

with the following more feasible problem.

Problem 2. Determine the value of lim LZ)

n—0o0
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