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1. Introduction

For a given graph G = (V, E) and a sign function 7 : E — {1}, we denote by ¢, ())
the characteristic polynomial of the signed adjacency matrix of a signed graph G, on
G. Let II denote the set of all sign functions on E. Godsil and Gutman [18] proved the
remarkable result that the arithmetic mean of the characteristic polynomials of all signed
graphs with underlying graph G equals the matching polynomial a(X) of G, i.e.,

a(A) =271 "6, (N).

mell

The result of Godsil and Gutman was used by Marcus, Spielman, and Srivastava [25]
to show the existence of an infinite family of d-regular bipartite Ramanujan graphs, for
any d > 3.

The k-power hypergraph G*) is the k-uniform hypergraph that is obtained by adding
k — 2 new vertices to each edge of a graph G, for k > 3 [22]. A parity-closed walk in G
is a closed walk that uses each edge an even number of times. In an earlier paper [5],
we determined all eigenvalues of the adjacency tensor of G(*) using the eigenvalues of
signed subgraphs of G.

Here, we will extend combinatorial methods that are common for ordinary graphs
to power hypergraphs in the sense that we will find a relation between the spectral
moments of G*) and counts of parity-closed walks in G. In order to determine these
spectral moments, we will mainly exploit the so-called trace formula for tensors by Shao,
Qi, and Hu [27].

In particular, we will determine the entire spectrum (and the characteristic polyno-
mial) of G*) by determining expressions for the multiplicities of the eigenvalues in terms
of parity-closed walks of G. Moreover, we give an explicit expression for the multiplicity
of the spectral radius p(G*).

Note that from the Perron-Frobenius Theorem (for matrices), it is known that the
spectral radius of a connected graph is an eigenvalue of the graph with multiplicity 1,
and the number of eigenvalues whose modulus is equal to the spectral radius is 2 (or 1)
if and only if the spectrum is symmetric (or asymmetric). Part of the Perron-Frobenius
Theorem has been generalized to tensors and it is known that the spectral radius of a
uniform hypergraph is an eigenvalue [2]. Additionally, the number of distinct eigenvalues
whose modulus is equal to the spectral radius (called the cyclic index) is [ if and only if
the spectrum of the hypergraph is I-symmetric [3,15,16]. However, the multiplicity of the
spectral radius of a hypergraph is unknown. The cyclic index of a power hypergraph G*)
has been proven to be k [21], which implies that the spectrum of the power hypergraph
is k-symmetric. We consider the total multiplicity of eigenvalues of G*) whose modulus
is equal to the spectral radius p(G*)) and thus obtain the multiplicity of p(G*)).

As a side result (that has nothing to do with hypergraphs), we show that the number
of parity-closed walks of given length in a graph G is the corresponding spectral mo-
ment averaged over all signed graphs with underlying graph G. We also extrapolate the



L. Chen et al. / Journal of Combinatorial Theory, Series A 207 (2024) 105909 3

characteristic polynomial of G*) to k = 2, thereby introducing a pseudo-characteristic
function. Among other results, we show that this function is the geometric mean of
the characteristic polynomials of all signed graphs on G and characterize when it is a
polynomial. This supplements the result by Godsil and Gutman [18] that the arithmetic
mean of the characteristic polynomials of all signed graphs on G equals the matching
polynomial of G.

1.1. Organization of the paper

The rest of this paper is organized as follows: In Section 2, we introduce some notation
and give some lemmas about the trace of tensors (Section 2.1), the spectral moments of
hypergraphs (Section 2.2), and the spectral radius of signed graphs (Section 2.3).

In Section 3, we show that the number of parity-closed walks of given length in a
graph G is the arithmetic mean of spectral moments of all signed graphs on G. This is
not a result about hypergraphs, nor eigenvalues, but it will be used later in the paper.

Section 4 is the main part that relates concepts in the power hypergraph G*) to
concepts in G. The section is divided into a part on Eulerian walks in related digraphs
(Section 4.1), a part on the number of spanning trees (Section 4.2), and a final part
(Section 4.3), where we ultimately express the spectral moments of the power hypergraph
in terms of counts of parity-closed walks in G in Proposition 4.8.

Our main results are obtained in Sections 5-7. Specifically, these results are presented
in Theorems 5.1, 6.2, and 7.2.

In Section 5, eigenvalues and their multiplicities come into play. In Theorem 5.1, we
determine expressions for the multiplicities and the characteristic polynomial of a power
hypergraph G®), all in terms of k, counts of parity-closed walks in G, and eigenvalues
of signed subgraphs of G.

In Section 6, we extend the expressions for the characteristic polynomial of G*) to
the (hypothetical) case k = 2 and study the obtained pseudo-characteristic function. In
particular, in Theorem 6.2 we show that it is the geometric mean of the characteristic
polynomials of all signed graphs on G.

In Section 7, we finish the paper by determining the multiplicity of the spectral radius
of a power hypergraph.

2. Preliminaries

In this section, we introduce some basic notation and give auxiliary lemmas on the
trace of tensors, the spectral moments of hypergraphs, and the spectral radius of signed
graphs.

2.1. The trace of tensors

For a positive integer n, let [n] = {1,...,n}. A k-order n-dimensional complex tensor
A = (ti,...;,,) is a multidimensional array with n* entries in C, wherei; € [n], 7 =1,..., k.
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-
For z = (z1,... ,xn)T e C”, we let zlF-1 = (m’ffl, .. .,wﬁ_l) . The i-th component of
the vector Az*~! € C™ is defined as

n

(A$k71)i = Z aiiZ.‘.ikxva e :Eik-

in,eein=1

If there exists a nonzero vector x = (1, z2,. .. ,xn)T € C™ such that Azk—1 = \glk—1),
then A is called an eigenvalue of A and x is an eigenvector of A corresponding to A [24,26].
The characteristic polynomial of A is defined as the resultant of the polynomial system
(AzlF=1 — Az*=1) [26]. The (algebraic) multiplicity of an eigenvalue is the multiplicity
as a root of the characteristic polynomial.

Also the trace of a tensor can be defined such that it generalizes the trace of a matrix.
Shao, Qi, and Hu [27] obtained a useful expression for the trace of general tensors. Using
this, we will give an expression for the spectral moments of a hypergraph H in terms of
the number of connected subhypergraphs of H in Section 2.2.

In order to describe the tensor trace formula of Shao et al. [27], we introduce some
related notation. Let Fy = {(f1a1,...,4q0q) : 1 < i3 < -+ < ig < njaq,...,0q4 €

[n)*~1}. Let f = (i1a1,...,iq0q) € Fa, where i;a; € [n]*, j = 1,...,d. For a k-order
n-dimensional tensor A = (aj,...;, ), let w(f) = H;l:l ai;0,;- We will now construct a
multi-digraph Dy, in which we let (v1,v2) denote an arc from vertex v1 to vertex vs.
For ijo; = ijvy...v,_1, we let the set of arcs from i; to vy, ve,...,v5—1 be 0(ija;) =
{(ij,v1),...,(i5,v-1)}. Let O(f) be the multi-set szl 0(i ). Let b(f) be the product
of the factorials of the multiplicities of the arcs in ©(f). Let ¢(f) be the product of the
factorials of the outdegrees of all vertices in ©(f). Denote the set of all closed walks

using all arcs in ©(f) by W(f).
Lemma 2.1. /27, (8.5)] Let A be a k-order n-dimensional tensor. Then

Tra(d) = (k- 1" 3 %wwww.
feFa

2.2. The spectral moments of hypergraphs

A hypergraph H = (Vg, Eg) is called k-uniform if each edge of H contains exactly
k vertices. Similar to the relation between graphs and matrices, there is a natural cor-
respondence between uniform hypergraphs and tensors. For a k-uniform hypergraph H
with n vertices, its adjacency tensor Ag = (aii,..i,) is a k-order n-dimensional tensor,
where

1 if {4,114 )
a . = DD if {i1,42,.... ik} € B,
i1da...0k 0, otherwise.
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When k = 2, Ay is the usual adjacency matrix of the graph H. The characteristic poly-
nomial of the adjacency tensor Ay is called the characteristic polynomial of hypergraph
H. We note that expressions for the coeflicients of the characteristic polynomial of uni-
form hypergraphs have been obtained, by Clark and Cooper [6], but we will not use
these.

It is known that the d-th order spectral moment of a graph G is equal to the d-th
order trace of the adjacency matrix Ag [9]. Similar to the case of graphs, the d-th order
spectral moment S;(H) of a hypergraph H (i.e., the sum of d-th powers of all eigenvalues
of H) is equal to the d-th order trace Trqy(Ap) of the adjacency tensor Ag [20].

From Lemma 2.1, we have

Sa(H) = Trq(Ag) = (k — 1)U Z AW (2.1)
FEFu

Without loss of generality, we only consider f = (i1a1,...,iqaq) € Fq for which
(AW ()| # 0. Let ija; = ijof 0 o) for all j € [d]. Since mp(Ag) =
H}i:l(AH)ijaj, we know that e; = {zj,vy),vQ ),.. v,(cj)l} is a hyperedge of H. We
interpret 7;a; as the hyperedge e; with i; as the root. It implies that f consists of d
rooted hyperedges. We construct a k-uniform hypergraph H such that V(Hy) = U?Zl e;

and E(Hy) = szl {e;}. Obviously, Hy is a subhypergraph of H. Consider next a set of
representatives of isomorphic such subhypergraphs (so-called motifs)

Hg={H:Hf =~ H and 7;(A)|W(f)| # 0 for some f € Fy}.

For H € ’Hd, let Fq(H ) = {f: f consists of d rooted hyperedges of H and Hy = H} We
use Ny (H ) to denote the number of subhypergraphs of H which are isomorphic to H.
By (2.1), we have

Su(H) = (k — DV (k)4 S Ng(E) Y &me.

HeHgy feEFL(H)

We call the coefficient

FeF(H)

the d-th order spectral moment coefficient of H. We note that for a graph G, the co-
efficient ¢4(G) equals the number of covering closed walks of length d, that is, closed
walks that use each edge at least once. We thus give the following subgraph structure
interpretation of the spectral moments of hypergraphs:

Sa(H) = (k= )IVEI=1 N ) (H)Ny (H). (2:3)

ﬁE'Hd
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~

How to reduce and calculate the d-th order spectral moment coefficient cq(H) is the key
question in Section 4. Here we make a first few steps in this direction. For f € }'d(ﬁ ), we
constructed in Section 2.1 a multi-digraph Dy = (V(Dy), E(Dy)) with V(Dy) = V(PAI)
and E(Dy) = O(f). Since W(f) is the set of all closed walks with all arcs in ©(f), we
know that |W(f)| # 0 if and only if D; is Eulerian.

Because isomorphic graphs D¢ contribute the same to the spectral moment coefficient
in (2.2), we consider the set of representatives of isomorphic Eulerian multi-digraphs

D4(H)={D: Dy = D is Eulerian for some f € Fa(H)}.

Then

ca(H) = ((k=1))"" > [{f:f€Fa(H)and Dy = DHMlVV(f)\- (2.4)

DeD4(H) ()

In (2.4), W(f)] is the number of the Eulerian walks in D. An expression for the number
of the Eulerian walks in a multi-digraph was given by the so-called “BEST Theorem”
[17].

Lemma 2.2. [17, Theorem 6] Let D = (V(D), E(D)) be a Eulerian multi-digraph. Let
b(D) denote the product of the factorials of the multiplicities of the arcs in E(D). Then
the number of Eulerian walks in D is

|E(D)|
b(D) t<D) vel‘:](:D) (dngDr(’U) - 1)')

where degh (v) is the outdegree of vertex v and t(D) is the number of spanning trees of
D.

In (2.4), we have b(f) = b(D) and c(f) = [[,cv(p) degh,(v)!. From Lemma 2.2, we
get the following expression for the d-th order spectral moment coefficient of a fixed
hypergraph H.

Lemma 2.3. The d-th order spectral moment coefficient of a k-uniform hypergraph H is

’{f . f € Fa(H) and Dy = D}| (D)

ca(H) =d(k—1)((k—1))~" Y

+
DeD4(H) HvEV(D) deg7,(v)

We will use this result to further reduce the spectral moment coefficients of power
hypergraphs in Section 4.

The spectrum of a hypergraph is said to be k-symmetric if it is invariant under a
rotation of an angle 27 /k in the complex plane [7]. The spectrum of a k-power hypergraph
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is indeed k-symmetric [21], and hence S4(G*)) = 0 for k { d. Note that Lemma 2.4
below shows k-symmetry of the eigenvalues, but it does not say anything about the
corresponding multiplicities.

From (2.3), we then have

_IvE®) -1~ A0\ N
sd<G<k>>:{ (=1 Soea, ul@ONe@ k1

where Gg = {@ G is a non-empty subgraph of G and @d(é(k)) # 0}.
2.8. Signed graphs and the spectral radius

All the distinct eigenvalues of the power hypergraph G®) are given by eigenvalues of
signed subgraphs as follows [5].

Lemma 2.4. [5] The complex number X is an eigenvalue of G**) if and only if

(a) some signed induced subgraph of G has an eigenvalue o such that 0®> = \*, when
k=3;

b) some signed subgraph of G has an eigenvalue o such that 0% = \*, when k > 4.
(

We call signed graphs G and G,/ switching equivalent if there is a diagonal matrix D
with diagonal entries £1 such that A(G,/) = DY A(G)D. Clearly, switching equivalent
signed graphs have the same spectrum. The signed graphs G4 and G_ are the ones with
all signs +1 and all signs —1, respectively. If G is switching equivalent to G, then G,
is called a balanced signed graph. Note that G, and G_ are switching equivalent if and
only if G is bipartite.

Lemma 2.5. [28, Theorem 3.1] A signed graph G, contains a balanced spanning subgraph,
say Hz, which satisfies Amax(Gr) < Amax(Hz) = p(H).

We obtain the following result from Lemma 2.5.

Lemma 2.6. Let G be a connected graph and w € II. Then p(G,) < p(G), with equality
if and only if G is switching equivalent to G4 or G_. Moreover, G, has an eigenvalue
p(G) if and only if it is switching equivalent to G, and it has an eigenvalue —p(G) if
and only if it is switching equivalent to G_.

Proof. Note that p(Gr) = max{Amax(Gxr), Amax(G—=)}. It is clear that if G is switching
equivalent to G4, then it has an eigenvalue p(G), and if it is switching equivalent to G _,
then it has an eigenvalue —p(G), hence in both cases p(G,) = p(G).



8 L. Chen et al. / Journal of Combinatorial Theory, Series A 207 (2024) 105909

From Lemma 2.5, we have that p(Gr) = Amax(Gar) < p(H) < p(G). If equality holds,
then H = G, and hence G, = Hz, which is balanced, i.e., G is switching equivalent
to G4 or G_.

If G, has an eigenvalue p(G), and it would not be switching equivalent to G, then by
the above it must be switching equivalent to G_, in which case it also has an eigenvalue
—p(G). But then G is bipartite, in which case G4 is switching equivalent to G_, and
hence to G after all. Similarly it follows that if G has an eigenvalue —p(G), then it is
switching equivalent to G_. O

3. The number of parity-closed walks via spectral moments of signed graphs

Our first goal is to show that the number of parity-closed walks P, of length d in a
graph G is the arithmetic mean of spectral moments of all signed graphs with underlying
graph G. Although this result does not concern hypergraphs, it will become relevant when
we apply the results on hypergraphs in Section 6.

Recall that II denotes the set of all sign functions on the edge set E of G.

Theorem 3.1. Let G be a graph. Then

P, =27 1Fl Z Sa(Gr).

mell
Proof. We denote the edges of G by ej,ea,... €, where m = |E|. Let A =
A(ay,asg,...,an) denote the variable adjacency matrix of G with entries

A ) if {u,v} =e;,
“ 0, otherwise,

where a; is a variable for each i € [m]. Let Wy be the set of all closed walks of length d
in G. For w € Wy, let t;(w) be the number of times edge ¢; is used in the closed walk w.
The d-th order trace of the variable adjacency matrix A is a homogeneous polynomial
of degree d with respect to a1, aq,...,an, ie.,

trace(A?) = Z H az"(w).

wEWy e; EE(w)

If ¢;(w) is even for every a; € E(w), then the closed walk w is a parity-closed walk in G.
In order to account for parity-closed walks only, we will remove all monomials containing
variables of odd degree from trace(A%). We then obtain the number of such walks by
substituting a; = a2 = -+ = a,,, = 1.

Let f,, be an operation on a polynomial p such that

1
fa, op(a1,a9,...,am) = §p(a1,...,ai,...,am)—|—ip(al,...7—ai,...,am).
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It follows that f,, op is a polynomial obtained by removing all terms for which the degree
of a; is odd in the polynomial p. We therefore have to use m such operations, and observe
that

fa,, © fan, 0 0 fa, oplar,ag, ... am)=2""T Z p(m(er)ar, w(ez)as, ..., m(em)am)
well

Thus, the number of parity-closed walks of length d equals

Pd = (fam © fam,71 ©:--0 fal © trace(Ad)) |a1:a2:"‘:am:1

= 2715l Z trace(A(Gr)?) = 2717 Z S«(Gr). O

mell mell

4. The spectral moments of power hypergraphs via the number of parity-closed walks

Let G(m) be the set of all connected non-empty unlabeled subgraphs (so-called motifs)
of G with at most m edges. For G € G(m), let Ng(G) denote the number of subgraphs
of G isomorphic to G. A closed walk in G is called covering if it uses each edge at least

once. We use pg(G) to denote the number of covering parity-closed walks of length d in
G. Define a function

2 B(G)|=IV(Q)| LI B(G)|(k=3)+IV(G)]

(k — DIVIHEIG=2-1 KB 9
Sd(k) _ ey (k—1)IV(OIHIE@) | (h=2)-1
0, k1d,

2 () Na(B), k|d,
p2a (G)Na(G) \ (4.1)

that depends on G, d, k and involves parity-closed walks. By substituting k£ = 2 in (4.1),
it follows that

Sa2) = Y pa(G)Na(G) = Py, (4.2)
Geg(d)

so the definition Sy(k) extends a natural decomposition of counting parity-closed walks
in G to larger k.

The goal of this section is to show that Sg(k) is an expression for the spectral moments
of the power hypergraph G*) for k > 3. In order to accomplish this, we first need to
look closer at the Eulerian digraphs D¢ and their numbers of spanning trees.

4.1. Eulerian digraphs

A vertex v € V(G®)\ V(G) is called a core vertex of G®). For {i, j} € B(G), we use
{i,7}™) to denote the hyperedge of G*) formed by adding k — 2 core vertices to {i,5}.
We denote the set of core vertices in {i,j}*) by Nj;.

We provide the following lemma to give the multiplicity of every arc of the multi-
digraph D in @d(é(k)). This will allow us to find all multi-digraphs D € @d(é(k)) to
compute the spectral moment coefficient cd(@(k)) from Lemma 2.3.
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Lemma 4.1. Let k > 3. For D € ©4(G®), let mp(v,u) denote the multiplicity of the
arc (v,u) in E(D). Let {i,j} € E(a) Then mp(v,u) = mp(v,u’) for any three distinct
vertices v,u,u’ in {i,7}*) and mp(i,j) + mp(j,i) = 2mp(v,i) = 2mp(v,j) for every
core vertex v of {i, j}*).

Proof. From the construction of Dy = D, it follows that mp(v,u) = mp(v,u") for any
three distinct vertices v,u,u in {i,7}®).

Because a core vertex v € N;; occurs in only one hyperedge, it follows that degg(v) =
> ueli ooy Mo (v, u) = (k= 1)mp(v, i) and

degp(v) = Z mp(u,v)
u€{i,j 3\ {v}

:mD(iﬂv) +mD(jvv) + Z mD(uav)
uEMj\{v}

=mp(i,j) + mp(j,i) + Z mp(u,i).
ueNi;\{v}

Since D € D4(G™) is Eulerian, we have degp(v) = deg},(v). It yields that

kmp(v,i) = mp(i,j) + mp(G,i) + > mp(u,i) (4.3)
u€EN;;

for all v € NV;;. It follows that mp(v,i) = mp(u,i) for any v, u € N;;. By (4.3), we have
mp(i,j) +mp(j,i) =2mp(v,i) = 2mp(v, j) for all v € Njj. O

For D € ’Dd(@(k)), let D* be the multi-digraph obtained by removing all core vertices
from D and let ®* = C‘D;(é(k)) = {D* : D € D4(G™)}. Tt follows from Lemma 4.1
that there is a one-one correspondence between @d(é(k)) and @2(@(}‘3)), i.e., D can be
reconstructed from D* using the derived equations in the statement of Lemma 4.1.

Lemma 4.2. Let k>3 and D € ’Dd(@(k)). Then D* is Eulerian.

Proof. From Lemma 4.1, we have that

degh(i)= > (k—=1Lmp(i,j)

3 {i,iYeB(G)

and

degp (i) = Z mp(j,4) + Z mp(v,1)

j{i,j}€E(G) vEN;
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> (mDm'mk2>mD<i’f>+mD<j,z'>>

~ 2
i{i.5}€E(G)
for any ¢ € V(@) Since D is Eulerian, we have deg}, (i) = degp, (i), which implies that
Z mD(Zvj): Z mD(j,i)a
i{i.d}eB(G) i{i.j}eB(G)
i.e., degf. (i) = degp. (i) for i € V(@) = V(D*). Thus, D* is Eulerian. O

Using Lemma 4.1, we can now give an intuitive description of the set G4 from (2.5).
Recall that G(m) is the set of all connected non-empty unlabeled subgraphs (motifs) of
G = (V, E) with at most m edges.

Lemma 4.3. Let k > 3. Then Gq = G(%) and |E(D*)| = 2¢ for D € @d(@k)).

Proof. We will first prove that Gy C g(%).
For any G € Gy and D € D4(G®), first note that |E(D)| = d(k — 1). On the other
hand, using Lemma 4.1, we have that

BED)| = Y Y mp(uv)

{i,J}YEB(G) wvefi,j}®
uFv

= Z ( Z mp(i,v) + Z mp(j,v) + Z Z mD(U,?}))

{i,3}€E(G) \ve{i,j}F\{i} ve{i, i1\ {4} weNij ve{i,j} B\ {u}

= > ((k—1)mD(i,j)—|—(k—1)mD(j,i)+ > > mD(u,v)).

{i,j}€E(G) u€Nij ve i} R\ {u}

Because mp(u,v) = w for any u € N;; and any v € {i,j}(® \ {u}, it now
readily follows that

ED)| =k(k—1) > mp (i, j) + mp(j, i)
N 2 ’
{i,j}€E(G)

Since |E(D)| = d(k — 1), we thus have that

Z mp(i,j) ;mD(jJ) _ % (4.4)

{i.5}€B(G)

From Lemma 4.1, we know that w is a positive integer for any {7,j} €

E(G). Hence we obtain that |E(G)| < 4 e, Ge Gg(4).
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From (4.4), it also follows that

B = Y degp-()= 3 S molig)

ieV (@) ieV (@) j:{i,j}eE(G)

. . 2d

= Z mp(i,j) +mp(j, i) = 7
{i,j}€E(G)

Finally, we will show that G4 2 Q( ). For any Geg (%), there exists a closed walk w
in G with length such that all edges of G are used an even number of times. We first
construct the multl digraph D,, = (V(CAJ), E(w)) without core vertices from the closed
walk w. Then D, is clearly Eulerian. Recall that mp, (i,j) denotes the multiplicity of
the arc (4, ) in E(w), and note that 72w (i’j);mD“’ U jg 5 positive integer. Next, we will

add core vertices and their incident arcs to D,, in order to obtain a multi-digraph D. For

any {i,j} € E(G) and any core vertex v € Nij;, we construct D such that mp(v,u) =
me(Z’J);me(J ) for any u € {i, 7} \ {v} and mp(i,v) = mp(i,§) = mp, (i,5). It is
easy to see that D is Eulerian and D € ’Dd(G( ), ie., Dg(G®) is not empty, since D,
is Eulerian. Thus, Ge Gy. O

An additional consequence of the above proof is that every covering parity-closed walk
w gives rise to a Eulerian walk in some D* = D,, € CD;(G(’“)) = ©*. This leads to the
following result.

Lemma 4.4. Let k > 3 and G € g(%). Then

paae@ =32 OO T (aemh. ()~ (D),

D*eD* ( )UGV(D*)

Proof. As remarked, every covering parity-closed walk w gives rise to a Eulerian walk
in some D*. On the other hand, consider a Eulerian walk in some D* € ©*. First, note
that the walk gives rise to a covering closed walk in the underlying graph G. Next, let
D be the corresponding multi-digraph in ’Dd(G )). Then mp(i,j) = mp-(i,j) for any
two non-core vertices 4, j. By Lemma 4.1, we have mp(i,j) + mp(j,i) = 2mp(v,d) for
every core vertex v of {i, j}(*), and hence mp- (i, j) +mp-(j, i) is even. This implies that
every edge in the corresponding walk is covered an even number of times, and hence
the (covering) walk is parity-closed. The result now follows by Lemma 2.2 (the “BEST
theorem”). O

4.2. The number of spanning trees
In order to obtain the spectral moments of G*) from (2.5), we need to further reduce

the spectral moment coeflicients cd(@(k)), and hence we have to reduce the number of
spanning trees ¢(D) from Lemma 2.3. By the Matrix-Tree theorem [11] and an expression
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for the determinant involving the Schur complement [1], the number of spanning trees
of a larger graph can be reduced to the number of spanning trees of a smaller weighted
graph [8,13,19,29]. Using a similar trick, we reduce the number of spanning trees ¢(D)
of the digraph D to t(D*) as follows.

Lemma 4.5. Let k > 3 and D € Dq(G™®). Then

.. .. k—2
A _ AY| — N V(G *\1, —‘r?’TLD*(],Z)
HD) — (D K E@I(=3)+1V (@) ~19| E(E) |-V (G)+1 mp- (i, j) .
(D)= (D" )k g :
{ii}€E(8)

(4.5)
Proof. We write the Laplacian matrix of D as a block matrix

o= [4 ],

The matrix M is a |V(G)| x |V(G)| matrix, with M;; = degh (i) and M;; = —mp(i,j)
for i € V(Q).

Denote the edges of G by eq,eq, ... VOB The matrix @ is a block diagonal matrix
with diagonal blocks @, = w(ld —J), where {i,j} = e, I is an identity
matrix and J is an all-ones matrix of size (k —2) x (k — 2).

The matrix N is a block matrix with [V (G)|x |E(G)| blocks as follows. Let 1 be the all-
ones column vector of size (k —2). Then Nj, = —mp(i,7)1" if e,, = {i,j} and N, = 0
if i ¢ e,,. Similarly, the matrix P is a block matrix with blocks P,; = — ™2(bIdmoi) g
if ey ={i,7} and Py = 01if i & ey,.

Let I/Jl\) denote the submatrix of Lp obtained by deleting the first row and column.
Then we can write it as block matrix

o)
il

From the Matrix-tree Theorem [11], we have t(D) = det(L/B). Note that the matrix
Q is invertible and (Q™Y)mm = (Qumm) ! = k=Y (mp(i,5) + mp(j,i)) "1 (2] + J), where
{i,7} = em. From the determinant formula involving the Schur complement [1], we have

LAD:[

o <)

t(D) = det(Lp) = det(Q)det(M — NQ~'P). (4.6)

Furthermore,

(ﬁ— NQ—lﬁ) — My — Nim (@71

(x5
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=degh(i)— Y, (2k) 'mp(i, )17 21+ )1
j{ij}eB(@)
L k=2 .
= deg}, (i) — 5 Z ) mp(i,j)
7{i,3}eE(G)
k—2
2

Nk .
degh. (i) = —degph. (1)

— (k — 1)deg. (i) - =

and

. k=2 . k .
= —mpli, )~ "o mn(i, ) = ~amp- (i)
Thus, for the Schur complement, we have M — NQ_lﬁ = §f1;7 where I//; is obtained
from the Laplacian matrix of D* by removing the same row and column as in M. Hence
det(M — NQ7'P) = det(gLD*) = (g)W(G)‘*lt(D*).
Note also that if e,, = {4, 5}, then

mp= (7’7]) + mp-~ (]72)
2

det(Qmm) = ( >k2det(kf —J)

.o . . k—
= Qkk—s(mD*(ZJ) +mD*(JJ)> ?
2 .

By (4.6), we thus have that

i |E(G)

1D) = (IO (D*)der(@) = (574D T det(@unn)
m=1

— (DB (=8) V(@) 19l B(@) | -V(G) +1

I (mD*(i,j)+mD*(j,z'>>“. .

_ 2
{i,i}€E(G)
4.8. The number of covering closed walks

In a related paper [4], the spectral moment coefficients of power hypertrees were
reduced to the spectral moment coefficients of trees as follows.
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Lemma 4.6. [/] Let k > 3 and let T be a tree. Then

EIE(D)|(k—=2)+1 -

Fk)y —
el T) = S T ywamemiez-1 2@

Note that CQe(f) is the number of covering closed walks of length 2¢ in 7. We recall
that a closed walk in which every edge is used an even number of times is called a
parity-closed walk and that we denote the number of covering parity-closed walks of
length 20in G by pgg(G) It is clear that for trees, every closed walk is parity-closed, so
c20(T) = pae(T).

Lemma 4.6 does not hold in the case of general graphs, but using the earlier results
in this section, it can be generalized as follows.

Lemma 4.7. Let k > 3 and let G € G(¢). Then

Q@) IV@ILE@|(k-3)+ V(@)

Alk)y
e (GVY) = (h DV@HE@I—21 p2e(G). (4.7)

Proof. From the spectral moment coefficient in Lemma 2.3, we have

‘{f :fe fek(@(k)) and Dy = D}|t(D)
HvGV(D) deg(v)

(@) = (k= (k- 1) 3
DED (G
(4.8)

First recall how D; = D is constructed from ¢k rooted hyperedges of G®) . In order
to count the number of f that give rise to a given D, note that we can permute the
k — 1 non-roots of each hyperedge (without changing D). We can also permute the
hyperedges with the same root. If this root is a core vertex, then this however leads to
the same f because the permuted hyperedges are the same. If the root, ¢ say, is not a
core vertex, then it occurs degzg*(i) times, but again, permuting the same hyperedges
(with hyperedge {i, j}(*) with root i occurring mp- (i, j) times) leads to the same f. This
implies that

(ger(ns) Mo+ (6 )Y

{f:f € Fu(G®) and Dy = D}| = (k- 1)1) (4.9)

From Lemma 4.1, it follows that if v € N,
which implies that

[I deghw)= ][I deeh(v) [  deghiv)

veV (D) veV (D*) vEV(D)\V(D*)

;j» then degE(v) = (k- 1)—mD(i’j)—2’_mD(j’i),
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II (&=1degh.(v) ] ((k - l)mD*(i»j) + mD*(j,i)>k2

2
veV (D*) {i,j}eE(G)
_ V(&)|+(h-2)| B + mp- (i, j) + mp- (,) )"
=(k—-1) H degp- (v) H 5 .
veVv (@) {i.1}€E(G)
(4.10)
Next, recall that there is a one-one correspondence between ©* = @2(6(’“)) and

D4(G®). After substituting (4.5), (4.9) and (4.10) into (4.8), eliminating and collecting
terms, we then obtain that

_ K E(@)|(k=3)+V(Q) |9l E(G) |~ V(@) +1 ey (p-)(degh- (v) — D)(D*)

cop(GR)) = ¢ = . —
w(G) (k= DIV@HE@Ik=2-1 e = ] cpom) mo- (i, )

9l B(@) |~V (@) LIE@)|(k-3)+V (@)

i 2 |]§(1l))*)| II (degp-(v) - 1)it(D"),

(k= DVOHIB@I(k-2-1 £ b(D*) | L

where in the second equality, we used that |E(D*)| = 2¢ by Lemma 4.3 and b(D*) equals
the product of the factorials of the multiplicities of the edges. By Lemma 4.4, (4.7) now
follows. O

From (2.5), (4.1), Lemmas 4.3 and 4.7, we finally obtain our claimed expression for
the spectral moment of k-power hypergraphs.

Proposition 4.8. Let k > 3. Then
Sa(GF)) = S,(k).
5. The characteristic polynomial of power hypergraphs

So far, we have used the “trace formula” for tensors to derive the spectral moments of
the power hypergraph G*). From Lemma 2.4, we can find the eigenvalues of G(*) from
the eigenvalues of the signed graphs on G. In this section, we will discuss how to derive
the multiplicities of the eigenvalues using these eigenvalues, numbers of parity-closed
walks in GG, and spectral moments. The derived expressions will depend explicitly on k.

Let ¥ denote the set of squares of the nonzero eigenvalues of all signed subgraphs of
G, let ¢ = |X|, and denote the elements of ¥ by 0%,0%,...,02.

By Lemma 2.4 and the fact that the spectrum of G*) is k-symmetric [21] (see also
[27, Theorem 3.1]), we can write the characteristic polynomial ¢y (\) of G(*) as

S

Or(A) = MO TR = oy, (5.1)

=1
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where 1;(k) is the multiplicity of the corresponding eigenvalues A. Note that o7 € X does
not necessarily give rise to an eigenvalue of G if £|o;| is not an eigenvalue of a signed
induced subgraph. In this case, we have p;(3) = 0. Let

0'% o'% ... O'?
4 4 4
0'1 0'2 ... O’g
M =
2¢ 26 . 2¢
o] g5 o

be a matrix of coefficients. Then M is invertible (cf. Vandermonde). Let the multiplicity
vector be p(k) = (u1(k), po(k), . .. (k)" and the spectral moments vector be S(k) =
(SK(G®), 82(GP), ..., Sx(GH)) "

From (5.1), the spectral moments can be written as Sgp(GW®) = 375 kpi(k)o2* for
all positive integers ¢, which leads to the (nonsingular) system of equations

KMu(k) = S(k)

for the multiplicities.

Next, we will rewrite S(k) using the subgraph structural interpretation (4.1) of the
spectral moments (Proposition 4.8). Let x = |G(s)|, denote the (non-isomorphic) sub-
graphs of G with at most ¢ edges by CA}’L CA¥27 ceey CAT'X and let the parity-closed walk matrix
be

p2(Gh)  p2(Ga) p2(Gy)
P_ pa(G1)  pa(Ga2) -+ pa(Gy)
p2(@) pou(@) - pacl@)

. . AT
Moreover, consider the subgraph number vector N = (NG(Gl), Ng(Ga), ... ,NG(GX))
and the diagonal y x x matrix D(k) with

2l B(G) =V (Gi)| || B(G) | (k=3)+]V(Gy)]
(D(k))si =

(k — 1)IV(@)I+IEG)I(h—2)-1

—

for i € [x]. From Proposition 4.8 and (4.1), with the additional remark that pe(G;) =0
when |E(G;)| > ¢ (i.e., Py; = 0 when G; ¢ G({)), we then have

X
Sek(GW)) = (k — 1)VIH =Bl ZD(k)iiPZiNi7
i=1

and hence
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(k — 1)IVI+(-2)]E|-1
k

(k) =k "M1S(k) = M~'PD(k)N.

Thus, we have expressions for the multiplicities in (k). The remaining multiplicity
1o (k) clearly follows from these, and we may conclude the following result.

Theorem 5.1. Let k > 3. Then the characteristic polynomial of G*) is

N
dr(\) = AHo (k) H(/\k _ af)“i(k),

=1

(h—1)|VI+(E=2)|B -1

where p;(k) = - (M~PD(k)N); fori € [] and

po(k) = (IV] + (k = 2)| E|)(k — 1)/VIFE=2IEL - ki#i(k)-

i=1

For example, for G = Cs, it is easy to get ¥ = {0%,03,0%} = {1,2,4}, which implies

1 2 4
that M = [ 1 4 16 |. Note that G(3) = {P»,P3,C3} and N = (3,3,1)7. From
1 8 64
2 0 0
Lemma 4.4, we get P= |2 4 0 |.From Theorem 5.1, the following result from
2 12 24

[10] can be obtained as a consequence.

Corollary 5.2. [10, Theorem 4.2] For k > 3, the characteristic polynomial of Cék) ]
Pr(A) = X1 (AF = 1)P (A" = 2)°(A* — 4)7,

where

a = 3(k _ 1)3k—3 _ 3kk_l(k‘ _ 1)2k—3 + 3k2k_3(ki _ 1)k—2 _ 3k3k—6
b= 3kk—2(k _ 1)2k—3 _ 6k2k—4(k _ 1)k—2 + 8k3k_7

c= 3k2k74(k _ 1)1@72 _ 6k3k77

d= k3T,

6. The geometric mean of the characteristic polynomials of all signed graphs with the
same underlying graph

Using the expression in Theorem 5.1, we can extend the characteristic polynomial
¢r(A) of a power hypergraph to k = 2. We thus define the pseudo-characteristic function
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BN = da(N) = — )\Mo(2) H Y (2

where p;(2) = 2(M™'PN); for i € [¢] (note that D(2) = I) and po(2) = |V| —
25, wi(2). Note that B()) is not a polynomial, in general, because the p;(2) are
not necessarily integer for i =0,1,...,5.

It is important to note that also for k = 2, the “spectral moments” (of 3(\)) are
determined by the equation 2Mu(2) = S(2). On the other hand, we defined p(2) =
%M_lPN, which implies by (4.2) that

S(2) =PN = (52(2),84(2), ..., S82(2)) .

Thus, it follows that Proposition 4.8 extends to £ = 2 in the sense that the spectral
moment Sq(8) = Y_;_; 2ui(2)od of the pseudo-characteristic function equals S4(2), for
d even and d < 2¢ (and note that both equal 0 for d odd).

Proposition 6.1. Let G be a graph and d be even with d < 2¢. Then the number of
parity-closed walks in G equals Py =Y ;_, 2ui(2)od.

Because Py = 2717 > ren Sa(Gr) by Theorem 3.1, we will next show that the multi-
plicity 1;(2) is the average multiplicity of £|o;| over all signed graphs on G, and obtain
the following theorem.

Theorem 6.2. The pseudo-characteristic function B(X) is the geometric mean of the char-
acteristic polynomials of all signed graphs with underlying graph G, i.e.,

N =T e

well

Moreover, B(X) is the characteristic polynomial of G if and only if G is a forest.

Proof. Note first that |o;] and —|o;| have the same average multiplicity over all signed
graphs as sign functions 7 and —7 give opposite eigenvalues. Let [, then be the average
multiplicity of +|o;| over all signed graphs on G and let &z be the corresponding vector.
Because Py = 271 > e Sd(Gr) by Theorem 3.1, it is clear that PN = 2Mfi. Because
2Mu(2) = S(2) = PN and M is invertible, it follows that i = p(2).

Now it follows that B(A)z‘El is a monic polynomial with the same spectral moments
as [[rem @« (A). From Newton’s identities, also known as the Girard-Newton formulae, it
is known that a monic polynomial is determined by its spectral moments [12,23], which
finishes the proof of the main statement.

We are left to determine when 3(\) is the characteristic polynomial ¢(G) of G.
Note first that if G is a forest, then ¢,(A) = &(G) for all # € II, and hence

B = yen o=(N? = 6(G).
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On the other hand, if 5(\) = ¢(G), then their spectral moments are the same, hence
P; = S4(Q) for every d, which implies that every closed walk is a parity-closed walk.
But then G cannot have cycles, so it is a forest.

Thus, S(A\) = ¢(G) if and only if G is a forest. O

Corollary 6.3. Let G be a cycle. Then B(\) = p(A\2 —2)=.

Proof. A signed cycle (C,,7) is called positive (resp. negative) if the product of signs
of all edges of (C,, ) is positive (resp. negative). Note that all positive (resp. negative)
cycles are switching equivalent. We use ¢ (A) and ¢_(A) to denote the characteristic
polynomial of a positive and negative cycle, respectively. It is known that ¢ (\) =
[T (A — 2cos 27) [9, p. 72] and ¢_(A) = [/, (A — 2cos @) [14, Lemma 2.3].
From Theorem 6.2, we have

B =0+ N6 =TT~ 2c08 ) = [TV — 4cos® 27)

= 1_[(/\2 —2—2cos ZT) = ¢(N\* — 2),
i=1

where we have used the well-known identities cos = —cos(§ — 7) and 2cos? = 1 +
cos20. O

For example, B(A\) = (A2 — 1)(A2 — 4)2 for G = Cs, and note that this is not a
polynomial. In fact, when G is connected, but not a tree, then 5(\) is not a polynomial
because the multiplicity of the spectral radius is not an integer. Indeed, note that if G
is connected, then its spectral radius has multiplicity 1, and hence G, has at most one
eigenvalue p(@G) for all sign functions 7. If G is not a tree, then there is a sign function
7 such that G, is not switching equivalent to G4 and hence, by Lemma 2.6, G, does
not have eigenvalue p(G). Thus, the average multiplicity of eigenvalue p(G) over all sign
functions is less than 1, and hence 5(\) is not a polynomial. In the next section, we will
make this more precise and determine the multiplicity of p(G) as a root of .

From the arithmetic-geometric mean inequality, we can get an inequality between the
matching polynomial «(A) and the pseudo-characteristic function 5(\) of G.

Corollary 6.4. Let Mg be a real number such that ¢(Ng) > 0 for all w € II. Then a(Xg) >
B(Xo), with equality if and only if ¢r(Xo) is constant over all w € II.

Godsil and Gutman [18] showed that the matching polynomials « of some standard
graphs can be expressed in terms of some classical orthogonal polynomials. For example
ac, (N) = 2T,(N\/2), where T, is a Chebyshev polynomial of the first kind. For the
complete graphs K, they obtained that ak, (A) = He,(\), where He, denotes the
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probabilist’s Hermite polynomial. Thus, Corollary 6.4 implies that Sx. (Ag) < He,(Ao),
for example.

7. The multiplicity of the spectral radius of a power hypergraph
Let n,(G™) be the total multiplicity of eigenvalues of the power hypergraph G(*)
whose modulus is equal to the spectral radius p(G(®)). We note that it follows from

Theorem 5.1 that this number is k times the multiplicity of the spectral radius.

Lemma 7.1. Let k > 3 and let G be a connected graph. Then

E|l—|V P
(%) = ‘2' |=|V]1|E|(k=3)+|V] li 20 .
nP(G ) g £—>1 00 P(G)ZZ

Proof. It is known that the spectral radius of a power hypergraph G*) is a positive
number and p(G*))k = p(G)? [30] (this follows also from Lemmas 2.4 and 2.6). Since the
(k-th order spectral moment Sy, (G(®)) is the sum of the ¢k-th powers of all eigenvalues
of a power hypergraph G it follows that

. Su(GHR) . Su(GW)
o0 p(GK))tk Heo p(GY2

By Proposition 4.8, we then have

n,(G*) = lim Laegw 'o(SplC) (7.1)
g oo p(G) ’ '
where 1(@) = 2E@I-IV@I( — 1)VED-IVEDILE@IR-31+VE) Ny(F). We

claim that in the summation over G(¢), only G itself contributes to the limit in (7.1).
Indeed, for any graph H € G(¢) with H # G, let H(¢) be the set of connected subgraphs
(motifs) of the graph H with at most ¢ edges. By (7.1), we have

n,(H®) = lim Z@EH(Z) lH(G)pze(G)7
p L—o00 p(H)Qe

which implies that

. Zéen(z) ZH((A;)PM(@)
lim
£—00 p(G)2Z

:0,

because p(H) < p(G).
Note that {7 (G)p2(G) > 0 and ly(G) > 0 for any G € H({) and any H € G({)
(H # @G), hence it follows that
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lim D2e (G)

{— 00 p(G)2 =0

~

for any G € G(¢) with G # G. By (7.1), we thus have

k)Y _ ol BV L El(h-3)+ V] 1. P2¢(G)
np(G) =2 k éliglop(G)%

— 9lBI=|VILIEI(k=3)+IV] 1i, 2 gegn P2t(G)NG(G)
et p(G)2

Py
BV BI-3)+V] | 20
o0 (G2

From Theorem 3.1, we have that Py = 27| > rmen S2¢(Gr). Using Lemma 2.6 about

the spectral radius of signed graphs, we obtain lim,_, p(lg?)‘u and determine the multi-

plicity of the spectral radius of G(*).

Theorem 7.2. For a connected graph G and k > 3, the multiplicity of the spectral radius
of GF) g EIEI(=3)+|V|-1

Proof. From Theorem 3.1 and Lemma 7.1, we have that

Sa(Gr)
(®9)) — g IVIgIBIk-3)41V] i 2omen Si(Gr)
= =
24
_ o VILIBIG=3)+V] Jip, 2mell 2un,€0(Gy) M (7.2)
B 00 p(G)2¢ ) :

where (G ) is the spectrum of G.

Let D be the set of all |V| x |V| diagonal matrices with diagonal entries +1. Let T1
and I1_ denote the sets of sign functions 7 € II such that A(G,) = D 'A(G)D and
I, = D7} (—A(G)) D for some D € D, respectively. By Lemma 2.6, I1; contains the
sign functions for which G has an eigenvalue p(G), and I1_ contains the sign functions
for which G, has an eigenvalue —p(G).

We observe that since G is connected, D"'A(G)D = A(G) implies that D = I or
D = —I. This implies that there is a two-one correspondence between D and II; and
similarly between D and II_. Thus,

D
M = = 2o i)

From Lemma 2.6, we now have that

lim Zwen ZA,ea(GW) )‘gre ~ lm ZﬂeHJr P(Gﬂ)% + Zwen, (*P(Gw))%
{— 00 p(G)ZZ - £—00 /)(C";)2Z
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= I + 11| = 2

(note that it is not relevant whether G is bipartite, in which case II; = II_, or not). By
(7.2), we thus have np(G(k)) = EIEI(k=3)+VI "and hence the multiplicity of the spectral
radius of the power hypergraph G*) is kIPI(k=3)+VI-1 4

As a corollary of the proof, we can also extend the above result to the case k = 2.
Indeed, as I contains all sign functions 7 such that G, has an eigenvalue p(G), each
with multiplicity 1, and the multiplicity of the spectral radius p(G) as a root of 3 is
the average multiplicity over all sign functions, it follows that this multiplicity equals
2~ 1T, |.

Proposition 7.3. For a connected graph G, the multiplicity of the spectral radius p(G) as
a root of B is 2~ |EIHIVI-1,

Consequently, we confirm our earlier observation that for a connected graph, (3 is a
polynomial only for a tree.
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