EDGE-TRANSITIVE CUBIC GRAPHS
OF TWICE SQUARE-FREE ORDER
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ABSTRACT. A graph is edge-transitive if its automorphism group acts transitively on
the edge set. This paper presents a complete classification for connected edge-transitive
cubic graphs of order 2n, where n is even and square-free. In particular, it is shown
that such a graph is either symmetric or isomorphic to one of the following graphs:
a semisymmetric graph of order 420, a semisymmetric graph of order 29260 and five
families of semisymmetric graphs constructed from the simple group PSLa(p).

KEYWORDS. Edge-transitive graph, symmetric graph, semisymmetric graph, coset
graph, bi-coset graph.

1. INTRODUCTION

All graphs in this paper are finite, simple and undirected, and have no isolated vertex.

Let I' = (V, E) be a graph with vertex set V' and edge set E, and denote by Autl’
the automorphism group of I'. Let G' be a subgroup of Autl', written as G < Autl.
Then I' is said to be G-vertex-transitive or G-edge-transitive if G' acts transitively on
V or E, respectively. If ' is G-edge-transitive but not G-vertex-transitive then I' is a
bipartite graph with a bipartition given by the G-orbits on V; in this case, I' is called G-
semisymmetric if further it is a regular graph. Recall that an arc in I" is an ordered pair
of adjacent vertices. Then I' is said to be G-symmetric if G acts transitively on the set of
arcs. For a vertex v € V, set ['(v) = {v' € V | {v,v'} € E} and G, = {g € G | v? = v},
called the neighborhood and stabilizer of v in I" and G, respectively. Clearly, if T' is
either G-symmetric or G-semisymmetric then G, acts transitively on I'(v) for all v € V.

A graph I' is called vertex-transitive, edge-transitive, symmetric and semisymmet-
ric if it is Autl-vertex-transitive, Autl'-edge-transitive, Autl’-symmetric and Autl-
semisymmetric, respectively. Clearly, symmetric graphs are both edge-transitive and
vertex-transitive, and by [31, p.55, 7.31], the converse is also true for regular graphs of
odd valency. In particular, edge-transitive cubic graphs (regular graphs of valency 3)
are either symmetric or semisymmetric.

In this paper, we focus on connected edge-transitive cubic graphs. Interest in edge-
transitive cubic graphs stems from the classical result on symmetric cubic graphs due to
Tutte. In [29, 30], Tutte considered the automorphism groups of connected symmetric
cubic graphs, and proved that the order of a vertex-stabilizer is a divisor of 24-3. Tutte’s
result was generalized by Goldschmidt in [16] where it is proved that the stabilizers of
two adjacent vertices in a connected edge-transitive cubic graph are isomorphic to one of
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fifteen pairs of groups; in particular, the order of a vertex-stabilizer is a divisor of 27 - 3.
Following these two classical results, edge-transitive cubic graphs have been extensively
studied from different perspectives over the decades, see [5, 6, 7, 8,9, 12, 18, 24, 26, 27, 28]
for example. In recent papers [21] and [23], connedcted edge-transitive cubic graphs of
square-free order were classified. This motivates us to classify connected edge-transitive
cubic graphs of order 2n, where n is even and square-free.

Let I' be an arbitrary connected edge-transitive cubic graph of order 2n with n even
and square-free. The group-theoretic structure of I' is investigated in Section 2, where
it is proved that, with four exceptions for I', an edge-transitive group of I' has a unique
insolvable minimal normal subgroup say T', which is isomorphic to J; or PSLy(p). In
Section 3, we collect two group-theoretic constructions for edge-transitive graphs, and
present some improvements on the automorphisms or isomorphisms of coset graphs and
bi-coset graphs. Then I' is determined in Section 4 for the case where T' = J;, followed
by the classifications for PSLy(p)-symmetric I' and PSLs(p)-semisymmetric I" in Sections
5 and 6, respectively. Finally, the case where I' is not PSLy(p)-edge-transitive is settled
in Section 7, and then our main result stated as follows is proved.

Theorem 1.1. Assume that I' = (V| E) is a connected edge-transitive cubic graph of
order 2n, where n is even and square-free. Let p be the largest prime divisor of n, and
choose e,n € {1,—1} for those odd p with p+¢ and p+n divisible by 3 and 4, respectively.
Let 6 =1 if p= +£1 (mod 10), or 6 = 0 otherwise.

(1) IfT is not bipartite then T' is isomorphic to either the complete graph Ky of order
4 or one of the graphs described as Table 1, where v € V, T = PSLay(p) and w is
the number of non-isomorphic graphs with isomorphic automorphism groups.

(2) If T is bipartite then T is isomorphic to one of the graphs described as Table 2,
where {u,w} € E, T = PSLy(p) and v is the number of non-isomorphic graphs
with isomorphic automorphism groups.

2. ON THE AUTOMORPHISM GROUPS

In this and the following sections, G is a finite group. Denote by Aut(G) the au-
tomorphism group of G. If « is a subset or an element of G, then we write ¢ lag
to denote the conjugation of o under some g € G. For subsets X, Y C G, we write
Cx(V)={re X |z lyz=yforally e Y} and Nx(YV)={r € X | 27 'Yz =Y},

called the centralizer and normalizer of Y in X, respectively.

In the following, I' = (V| E) is assumed to be a connected G-edge-transitive cubic
graph. Note that [ is either G-symmetric or G-semisymmetric. Let {u,w} € E. If [ is
G-semisymmetric then [ is bipartite, and G = (G, G,). Suppose that I is G-symmetric.
Then I is (G, Gy)-edge-transitive, and |G : (G, G,)| < 2, where the equality holds if
and only if I" is bipartite, refer to [32, Exercise 3.8]. Clearly, if |G : (G,,G,)| = 2 then
s (Gy, Gy)-semisymmetric. Thus, replacing G by (G,,G,) if necessary, we assume
further that

(C1) T' is either G-semisymmetric, or non-bipartite and G-symmetric, where G <
Autl'; and
(C2) |V| = 2n, where n is even and square-free.
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G = Autl’ G, w Comments
1 A S, 1 F60, cf. [6]
2 PSL2(8) 83 1 F84, cf. [6]
3 J. S, 10 Example 3.5
p—1—6 Theorem 5.7
4 PGL2 (p) S3 4 p=+3 (mod &)
ptn—2le+n| Theorem 5.7
5 PSLs(p) X Zsy S3 1 20 p==+3 (mod 8)
el Theorem 5.12
6 PGL2(p) D1y 1 2 p==£7 (mod 16)
Theorem 5.12
7 PSL2<p) X ZQ D12 |€ + nl p==47 (mod 16)
pn—dletn| 14 Theorem 5.12
8 PSLs(p) Ss 3 1-9 p==£7 (mod 16)
Theorem 5.13
9 PSLs(p) D12 1 p=-=+47 (mod 96)
Theorem 5.14
10 PSLy(p) S4 1 p==+31 (mod 64)
P—ﬂ_ﬁ TZPSLQ(p)7Tv:1
11| (PSLa(p) x Z3):Zs | Ss 4 p=+3 (mod 8)
ptn—2le+n| T=PSLa(p), Tv=1
12 PSLs(p) x Ss Ss T4 20 p==+3 (mod 8)

TABLE 1. Non-bipartite symmetric cubic graphs.

2.1. Preliminaries. Let {u,w} € E. If I' is G-symmetric then G, and G,, are conjugate
in G and, by [2, p.147, 18f], G, = Zs, S3, D12, Sy or Zg X Sy; in particular, |G, | is a divisor
of 48. Suppose that I' is G-semisymmetric. Then G has exactly two orbits on V, G =
(Gy, Gy), and G, is a Sylow 2-subgroup of G, (and G,,). The triple (G, Gy, G) was
determined by Goldschmidt in [16] where it is shown that (G, Gyw, Gy) is isomorphic
to one of fifteen triples, see also [28, Table 3]. Then we have the following lemma.

Lemma 2.1. Let {u,w} € E. Then one of the following holds:

(1) Gu = Gy = Z3,S3, D12, Sy or Zy X Sy;

(2) T is G-semisymmetric, G, ¥ G, and either |G,| = |Gy| = 2° -3 with i €
{5,6,7} or (G, Gy) is isomorphic to one of (Sz, Zg), (D12, Ag), (Day,S4), ((Z3 x
Z3).Zg, S4), (ZQ X D12,ZQ X A4) and (Dg X Sg,ZQ X S4)

In particular,

(i) if |Gy > 3 then G contains at least two involutions; if |G,| > 12 then either
(Gu,Gw) = (Zg X D19,7Z5 x Ay), or G contains nonabelian Sylow 2-subgroups;

(i) if T is G-symmetric then |G| is a divisor of 2°-3n; if T is G-semisymmetric then
|G| is a divisor of 28 - 3n.

Let N be a normal subgroup of G, written as N < G. Suppose that N is intransitive
on V. For v € V, denote by © the N-orbit containing v. Put V = {v [ v € V}.
The normal quotient graph I'y of I' relative to G and N is defined on V' with edge set
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G = Autl Gu, Gy v Symmetric? Comments
1 S7 X Zy SyXZsa, S3*xDs 1 No 5420, cf. 8]
9 Jl D12, D12 1 No Example 3.11
le+7| Theorem 6.5

3 | PSLy(p) x Z, Dia, D12 5 No p==+3 (mod 8)
Theorem 6.5

4 PGLQ(p) X Lo Dia, D12 1 Yes p==%3 (mod 8)
P-4 Theorem 6.5

5 PGL, (p) S37 S3 8 Yes p==%3 (mod 8)
pn—4 Theorem 6.5

6 PSLQ(p) X ZQ 837 S3 8 0 Yes p=+43(mod 8)
Theorem 6.7

7| PSLa(p) X Zs Doy, Sy 1 No p=-+23 (mod 48)
Theorem 6.7

8 | PSLy(p) X Zs D12, Dio 1 Yes p==+23 (mod 48)
Theorem 6.8

9 PSLs(p) Doy, Sy 1 No p=%47 (mod 96)
Theorem 6.8

10 PSL2<p) X Lo S47 S4 1 Yes p==+15 (mod 32)

T=PSLs(p), Tu==Ss, Tw>Zs
11 | PSLa(p) x S3 D12, D1o 1 No p=+11 (mod 24)
T=PSLa(p), Tu=D12, Top =73
12 | PSLa(p) x S3 Doy, S4 1 No p=+23 (mod 48)

TABLE 2. Bipartite edge-transitive cubic graphs.

E = {{u,w} | {u,w} € E}. Denote by GV (by G for short) the permutation group
induced by G on V. Recall that N is said to be semiregular (on V) if all its orbits have
length |N|, i.e., N, = 1 for all v € V. We have the following lemma, see [22, Lemma
2.6] for example.

Lemma 2.2. LezZN <1 G. Assume that N is intransitive on eagh G-orbit on V. Then
Ly is cubic and G-edge-transitive, N is semireqular on 'V, and G = G /N.

Lemma 2.3. Let N I G. Assume that N is not semireqular on V. Then either ' is
N-edge-transitive, or I' is bipartite and the following hold:

(1) N acts transitively on one part say U of I' and has three orbits on the other part;
(2) |G : N| is divisible by 3, |N| is indivisible by 9 and, for w € U, the stabilizer N,
is a 2-group and acts trivially on I'(u).

Proof. Assume first that N is transitive on each G-orbit on V. Then |N : N,| = |N :
Ny| = 2n or n, in particular, |N,| = |N,|, where u,w € V. Suppose that N, acts
trivially on I'(u). Then, letting w € I'(u), we have N, = N,,. Since N, <G, and G,
acts transitively on I'(w), we deduce that N,, acts trivially on I'(w). It follows from the
connectedness of I' that N, fixes V' point-wise, and so N, = 1, a contradiction. Thus
N, acts transitively on I'(u) for all u € V| and hence I" is N-edge-transitive.
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Assume now that I' is bipartite, and N is not transitive on one part of I', say W.
Since N is not semiregular, by Lemma 2.2, N is transitive on U := V \ W. By [15,
Lemma 5.5], N has three orbits on W and, for v € U, the stabilizer N, is contained
in the kernel of G, acting on I'(u). It follows that NV, is a 2-group, and |G, : N,| is
divisible by 3. Noting that |G : G| = n = |N : N,|, we have that |G : N| = |G, : N,|,
and |N| is indivisible by 9. Then the lemma follows. O

2.2. The solvable case. For a prime divisor p, denote by O,(G) the maximal normal
p-subgroup of G.

Lemma 2.4. Either I' = Ky, or |O,(G)| € {1,p} for every prime divisor p of |G]|.

Proof. Assume first that p is an odd prime. Since each G-orbit on V' has even length n
or 2n, we know that O,(G) is intransitive on each G-orbit on V. By Lemma 2.2, O,(G)
has order a divisor of 2n, yielding |0,(G)| € {1, p}.

Now consider the case where p = 2. Assume that Oy(G) is not transitive on each
G-orbit. By Lemma 2.2, Oy(G) is semiregular on V| and so |Oy(G)| € {1,2,4}. If
|02(G)| = 4 then we get a cubic graph I'g,(s) of odd order, which is impossible. Thus
|02(G)] € {1,2}. Assume that Oo(G) is transitive on one of G-orbits, say U. Then |U]|
is a divisor of |O2(G)|, which forces that either |U| =n =2 or |V| = |U| = 4. It follows
that I' = K,. This completes the proof. 0]

Theorem 2.5. Assume that G is solvable. Then I' = K.

Proof. Let F be the Fitting subgroup of G, i.e., the direct product of all O,(G), where p
runs over the prime divisors of |G|. Since G is solvable, every minimal normal subgroup
of G has prime power order, and so F' # 1.

Suppose that I' 22 K. Then 2n = |V| > 4 and, by Lemma 2.4, F' is cyclic and has
order a divisor of n. In particular, F' is intransitive on V' as |V| = 2n. Let B be an
arbitrary F-orbit on V', and let K be the kernel of F' acting on B. Since F'is cyclic, K
is characteristic in G, and so K JG. If G is transitive on V' then, since all K-orbits have
equal length, K acts trivially on V', and so K = 1. Assume that G is intransitive on
V. Then G has exactly two orbits on V', say U and W. Without loss of generality, let
B C U. Then K acts trivially on U. If K # 1 then it is easily shown that I" is isomorphic
to the complete bipartite graph Ks 3, and so 2n = 6, which is not the case. Therefore, F
is faithful and hence regular on each of its orbits; in particular, F' is semiregular on V.

Assume that F' has two orbits on V. Then I' is bipartite and |F| = n. Let L be the
2'-Hall subgroup of F. Then L is a normal subgroup of G. Clearly, L is intransitive on
both the F-orbits. By Lemma 2.2, the quotient graph I';, has valency 3. However, ', is
a bipartite graph of order 4, a contradiction.

Assume that F' has at least three orbits on V. In this case, it is easy to see that F is
intransitive on each G-orbit on V. Then, by Lemma 2.2, the quotient graph I'r is cubic,
and G induces an edge-transitive subgroup of AutI'x, which is isomorphic to G/F'. Since
G is solvable, Cq(F) < F, refer to [1, p.158, (31.10)]. Thus Cs(F') = F. Noting that G
induces a subgroup Aut(F') by conjugation, we have G/F = Ng(F)/Cq(F) < Aut(F).
Since F' is cyclic, Aut(F) is abelian, and so does G/F. It follows that Autl's has
an abelian edge-transitive subgroup. Then the only possibility is that I'r = Ks 3 and
G/F = 7Z2. In particular, n = 3|F|, and T is bipartite. Let L be the 2’-Hall subgroup
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of F. Then L is normal in G and intransitive on each of F-orbits. By Lemma 2.2, G
induces an edge-transitive subgroup of Autl'y, which is isomorphic to G/L. Noting that
F/L is a normal subgroup of G/L of order 2, we have G/L = ZyxZ2. Tt follows that
AutI'y, has an abelian edge-transitive subgroup, and thus I';, = Kjs 3, which is impossible
as 'y, has order divisible by 4. Therefore, I' = Ky, and the result follows. 0

2.3. The insolvable case. In this subsection, the group G is assumed to be insolvable.
Denote by rad(G) the maximal solvable normal subgroup of G. Then rad(G) is a charac-
teristic subgroup G. If rad(G) is transitive on one of G-orbits on V', then G = rad(G)G,
for some v € V, which implies that G is solvable, a contradiction. Then Lemma 2.2 is
available for the triple (I', G, rad(G)). For v € V, denote by v the rad(G)-orbit containing
v. Put V={0|v eV} and G = GV. We have the following lemma.

Lemma 2.6. Assume that G is insolvable. Then I'nq(q) is a connected G-edge-transitive

cubic graph, |rad(GQ)| is a divisor of n, |V| = Id—n and G = G /rad(G).

Lemma 2.7. Assume that G is insolvable. Then G has a unique minimal normal
subgroup say N, T'nq(q) s N-edge-transitive, and N is isomorphic to one of the following
simple groups: Ag, Ay, J1, PSLs(8) and PSLs(p), where p > 5 is a prime.

Proof. Let N be a minimal normal subgroup of G. Then N is insolvable, and |N]| is
a divisor of 2% - 3n. Note that N is a direct product of isomorphic nonabelian simple
groups. If N is not simple then |N| has a divisor r? for some prime r > 3, and so n
is divisible by 72, which contradicts the assumption that n is square-free. Thus N is
simple. If [rad(G)| is even then, noting that I'aq(e) has square-free order |V|, our lemma
follows from [21, Lemma 6.3] and [23, Lemma 4.3]; in this case, N = Ag, A7 or PSLy(p).
Thus, we assume next that |rad(G)| is an odd divisor of n.

If N is intransitive on each G-orbit on V then, by Lemma 2.2, the quotient graph of
[ad(c) with respect to N is cubic and of order |V| /IN|; however |N| is divisible by 4,
and so |V| /IN | is odd, a contradiction. Thus N is transitive on at least one of G-orbits,
say U. Then G = NG for some 4 € U. Let C = Cg(N). We have N N C = 1, and so
C = NC/N < G/N = Gz/Ny. It follows that C'is solvable, and so C' = 1 as rad(G) 1
and C' < G. This says that NN is the unique minimal normal subgroup of G.

Note that || is not divisible by 2!°, 3% or 72, where r is an arbitrary prime with
r > 5. Inspecting the orders of finite simple groups (refer to [19, Tables 5.1.A-C]), we
deduce that N is isomorphic to one of the following groups: Ag, A7, Ag, My, Mg, Mas,
J1, PSL3(4), PSLy(2/) and PSLy(p), where 3 < f < 8, and p > 5 is a prime.

Suppose that NN is isomorphic to one of Ag, A7, PSLy(8), Ag, M11, May, Mas, PSL3(4)
and PSLy(2%). Then |]\_/ | is divisible by 9. It follows from Lemma 2.3 that I'nq(q) is
N-edge-transitive. If N 22 PSL,(2%) then |N;| is divisible by 2* - 3, by Lemma 2.1 (i),
N has nonabelian Sylow 2-subgroups, which is impossible. Assume that N = My, or
Maz. Then |Ng| is divisible by 2° - 3. By Lemma 2.1, I'aq(g) is N-semisymmetric, and
then |Ng| = 2°-3. Since [aq(c) is connected, N = (L, R), where R and L are the
stabilizers of two adjacent vertices. For such a pair (L, R), noting that |L| = |R| = 2°-3
and |L N R| = 64, computation with GAP [14] shows that either |(L, R)| = 1344, or
N = Mys and |(L, R}\ € {576,1920, 40320}, and so N # (L, R), a contradiction. Assurne

that N = PSL3(4), Ag or My;. Then |V]| = 2zdiay = 420, 420 or 660, respectively.
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By [6, 8], up to graph isomorphisms, there exist one connected edge-transitive cubic
graph of order 420, and two connected edge-transitive cubic graphs of order 660, which
have automorphism groups of order 10080, 3960 and 3960 respectively. Then |N| >
|Autl’ rad(g)\, a contradiction. Thus, in this case, I'i.q(q) is N-edge-transitive, and N is
one of Ag, A7 and PSLy(8).

Finally, suppose that N 22 J;, PSLy(2%), PSLy(2°), PSLy(27), PSLy(2®) or PSLy(p).
Recalling that Cs(IN) = 1, we know that G is almost simple, and G = N.O, where O is a
subgroup of the outer automorphism group of N. Checking [19, Tables 5.1.A and 5.1.C],
we conclude that |O] is a divisor of 1, 4, 5, 7, 8 or 2, respectively. Then |G : N| = |O|
is indivisible by 3. Noting that |Gy : Ny| = [NGy : N|, it follows that |Ny| is divisible
by 3 for all ¥ € V. By Lemma 2.3, [rag(a) is N-edge-transitive. If N = PSLy(2%) then
|V| = 340; however, by [6, 8], there exists no connected edge-transitive cubic graph of
order 340. Suppose that N = PSLy(2/), where f € {5,7,8}. Then f—2 > 3, and | Ny| is
divisible by 2/72-3. Noting that PSLy(2/) has abelian Sylow 2-subgroups, by Lemma 2.1
(i), we conclude that f =5, Ny & Zy x D15 or Zy x Ay. This contradicts that PSLy(2°)
has no subgroup isomorphic to Zy x Dyy or Zy x Ay, see Lemma 5.1. Therefore, I'.q(q)
is N-edge-transitive, and N 2 J; or PSLy(p). This completes the proof. O

Denote by G(*) the intersection of all terms appearing in the derived series of G.

Lemma 2.8. Assume that G is insolvable. Let T = G, Then T = Aq, A7, J1,
PSLy(8) or PSLa(p), rad(G) = Co(T) and T is rad(G)T -edge-transitive.

Proof. By Lemma 2.7, G has a unique minimal normal subgroup N = Ag, A7, Ji,
PSLy(8) or PSLy(p), and I'aqq) is N-edge-transitive. By the edge-transitivity of N, we
conclude that N is transitive on each of G-orbits on V. Then G = NGy for © € V. Since
Gy is solvable, we have N = G(*). Noting that rad(G)T/rad(G) = (G/rad(G))>) =
G = N, it follows that rad(G)T is the primage of N in G. Then, considering I'raq(c)
as a normal quotient of I' with respect rad(G)T and rad(G), it is easily shown that I' is

rad(G)T-edge-transitive.

Note that T/(rad(G) N T) = rad(G)T/rad(G) = N. Suppose that rad(G) NT = 1.
Then T'= N = Ag, A;, Ji, PSLy(8) or PSLy(p). In addition, rad(G) < Cg(T). Since
(Ca(T))>®) < G =T and Cg(T)NT = 1, we have (Cg(T))™ = 1, and so Cg(T)
is a solvable normal subgroup of G. It follows that rad(G) = C¢(T'). Thus, to complete
the proof, it suffices to show that rad(G) N7T = 1.

Clearly, |rad(G) NT| is square-free, and so Aut(rad(G) NT) is solvable. Note that T
induces a subgroup of Aut(rad(G)NT) by conjugation with kernel equal to Cr(rad(G)N
T). Since T is simple, Cr(rad(G)NT) = 1or T. If Cr(rad(G)NT') = 1 then Aut(rad(G)N
T') has a subgroup isomorphic to 7, and so Aut(rad(G)NT) is insolvable, a contradiction.
We have T' = Cr(rad(G) N'T), and thus T is a covering group of the simple group N
with center rad(G)NT. Then rad(G)NT is a homomorphic image of the Schur multiplier
of N, refer to [1, p.168, (33.8)]. If N = PSLy(8) or J; then N has Schur multiplier 1
(see [19, p. 173, Theorem 5.14]), and so rad(G) NT = 1.

Next we suppose that rad(G) N'T" # 1, and produce a contradiction. By the above
argument, we have that N = Ag, A; or PSLy(p), and N has Schur multiplier Zg, Zg or
Zsy respectively, refer to [19, p.173, Theorem 5.14]. For N = Ag or Ay, recalling that
|G| is indivisible by 33, we have rad(G) N'T = Z,; in this case, computation with GAP
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shows that T contains a unique involution. If N 2 PSLy(p) then rad(G) N'T = Zy and
T = SLs(p); in this case, T also contains a unique involution.

Let N = rad(G)T, the primage of N in G. Recall that I' is N-edge-transitive. Since
[rad(G)| is square-free, rad(G) has a unique Hall 2’-subgroup say L. Then L I N, and L
is not transitive on each of N-orbits on V. Then, by Lemma 2.2, I'; is a cubic graph,
and N induces an edge-transitive subgroup say X of Autl'; with kernel equal to L. By
the choice of L, we have rad(G) = L x (rad(G) NT), and so X = N/L =TL/L =T.
In particular, |X| is divisible by 8, and so X, has order divisible by 6, where « is an
L-orbit. By Lemma 2.1 (i), X contains at least two involutions, and hence so does T', a
contradiction. Therefore, rad(G) NT = 1. This completes the proof. O

Assume that G is insolvable. Let M = rad(G) and T = G(*). For v € V, denote by
v the M-orbit containing v. Put V ={v |v € V},and T =T". Then MT = M x T
and T = MT/M = T. Considering the set-wise stabilizers Ty and (MT); of ¥ in T and
MT respectively, we have M(MT), = (MT); = MT;, and so

(2.1) Ty = (MT), = (MT)y/M =T

Choose a G-orbit on V, say W, such that T is transitive on W. For w € W, it is easily
shown that Ty is transitive on w. Noting that M is regular on w and centralizes T}, it
follows from [11, p.109, Theorem 4.2A] that

(2.2) T, < Ty, M 2Ty /T
In particular, since |M]| is square-free and |Tz| = 2° - 3 for some integer s, we have
(2.3) M| € {1,2,3,6}.

Lemma 2.9. Assume that G is insolvable. Let M = rad(G) and T = G, Then T is
MT-edge-transitive, and either I' is T-edge-transitive, or |M| € {3,6} and one of the
following holds:

(1) T is bipartite, T € {J1,PSLa(p)}, and T is transitive on one part of I' and has

three orbits on the other part;
(2) T = PSLa(p) is regular on V, and p = +3 (mod 8).

Proof. By Lemma 2.8, I' is MT-edge-transitive. Note that |MT : T'| = |M|. If T is not
semiregular on V' then, applying Lemmas 2.3 and 2.8 to the triple (I', MT, T, either T
is T-edge-transitive, or |M| € {3,6} and (1) occurs.

Assume that T is semiregular on V. Then 7" has an odd number of orbits on V. Since
there exists no cubic graph of odd order, by Lemma 2.2, we conclude that T is transitive
on V, and so T is regular on V. In particular, |T'| is not divisible by 8 or 9, and so
T = PSLy(p) with p = £3 (mod 8), desired as in (2). O

Theorem 2.10. Let A = Autl', and T = G, Assume that G is insolvable. Then

(1) either T' € {J1,PSLa(p)} or one of the following holds:
(i) ' 2 F60 and Autl’ = Ag;
(i) I' = S420 and Autl’ = Zg x S7;
(iii) I' = F84 and Autl’ = PSLy(8);
(2) A =T, and either [rad(G)| = 2 or rad(G) < A.
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Proof. By Lemma 2.8, T' = Ag, A7, PSLy(8), J; or PSLy(p), where p > 5 is a prime.
Suppose that 7" = Ag, A; or PSLy(8). Then |T'| has a divisor 9, and so I' is T-edge-
transitive by Lemma 2.3. We have |V| = 60, 420 or 84, respectively. Employing [6, 8],
we conclude that I" is desired as in (i), (ii) or (iii), and part (1) follows.

Let X = (A,, A,) for an edge {u,w} € E. Then |A : X| < 2, where the equality
holds if and only if T" is bipartite, refer to [32, Exercise 3.8]. In partlcular, Al) = X (),
Clearly, G < X, and I' is either non-bipartite or X-semisymmetric. Then, by Lemma
2.8, A®) = X() = Ag A; PSLy(8), J; or PSLy(p). By Lemma 2.3, we may choose a
G-orbit U such that T acts transitively on it. Noting that 7' = G(*) < A we know
that U is also a A®)-orbit. In particular, [T : T,| = |U] = |A™) : (A), |, where
u € U. Then |T| and |A©)| have the same prime divisors no less than 5. It follows that
A = T desired as in (2).

Finally, by (2.3), |rad(X)] is a divisor of 6. Noting that rad(G) = C¢(T) < Cx(T) =
rad(X), if |rad(G)| # 2 then |rad(G)| = 1, 3 or 6, and so rad(G) is a characteristic
subgroup of rad(X), yielding rad(G) < A. This completes the proof. O

3. COSET GRAPHS AND BI-COSET GRAPHS

Let G be a finite group. If G is normal in some group A then each a € A induces an
automorphism conj(a) of G by conjugation:

2@ = ¢ pa, Vr € G.
For Xi,...,X,, C G, we write
Nea(Xq, ..o, Xm) = N Na(X;),

Ne({{X1,.... Xn})={9€G|{g Xlg,...,glemg}:{Xl,...,Xm}},
Aut(G, Xy, ..., Xp) ={0 € Aut(G) | X7 = X;,1 <i<m},
Aut(G,{X1,...,Xn}) = {0 € Aut(G) | {Xl,...,X;;}:{Xl,...,Xm}}.

3.1. Coset actions. Assume that H is a core-free subgroup of GG, that is, H contains
no nontrivial normal subgroup of G. Then G acts faithfully and transitively on [G :
H]:={Hz | x € G} by right multiplication:

(3.1) (Hx)? := Hzxg, Vz,g9 € G.

The resulting transitive subgroup of Sym([G : H]) is still denoted by G in the following.
Note that the group Aut(G, H) has a natural action on [G : H] by

(Hx)? :== H2?, v € G,0 € Aut(G, H).
For o € Aut(G, H), we denote by oy the permutation induced by o on [G : H]. Clearly,
(3.2) conj(h)y = h, Vh € H.
The next lemma says that ¢ — op is an embedding from Aut(G, H) into Sym([G : H]).
Lemma 3.1. Aut(G, H) acts faithfully on |G : H].
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Proof. Clearly, if H = 1 then the action of Aut(G, H) is faithful. Thus let H # 1. Pick
o € Aut(G, H) such that Hx° = Hz, i.e., x°27' € H, for all z € G. For z, y € G,

Hyxr = H(yz)° = Hy’2° = Hyz” = ya®z 'y~ € H.

Then, for each x € G, the subgroup H contains a normal subgroup (yz°z~'y~1 |y € G)
of G. Since H is core-free, we have 2°27! =1, i.e.,, 2° = x for all z € G. Thus o = 1,
and the lemma follows. 0

If g € Ng(H), then g induces a permutation § on [G : H] by
(3.3) (Hz)? := Hg 'z, Vx € G.
In fact, gg = conj(g)g = gg, where g acts on [G : H]| by the way described as in (3.1).

Lemma 3.2. Ng(H)/H = CSym([G:H])(G) = {g ‘ g c Ng<H)}, and NSym([G:H})<G) =
G{on | 0 € Aut(G, H)}.

Proof. The first part of this lemma follows directly from [11, p.108, Lemma 4.2A].

Let N = Ngym(jc:a)(G), and K be the point-stabilizer of H in N. Then G < N and,
since G is transitive on [G : H]|, we have N = GK. Clearly, Aut(G,H) = {oy | 0 €
Aut(G,H)} < K. For t € K, considering the point-stabilizers of H' and H in G, we
have t'Ht = H, and so conj(t) € Aut(G, H). Thus we have a group homomorphism:
K — Aut(G, H), t — conj(t), and the kernel equals to Cx(G). Noting that Ck(G) is
semiregular on [G : H|, we have Cg(G) = 1. Thus K is isomorphic to a subgroup of
Aut(G, H), and so |K| < |Aut(G, H)|. We have K = {oy | 0 € Aut(G, H)}, and the

lemma follows. O

3.2. Coset graphs. Let G # 1 be a finite group, and let H be a core-free subgroup of
G. Suppose that H has a subgroup K with index k& > 1, and

(I) there exists 0 € Ng(K) \ H such that o> € K and HNo 'Ho= K.

The coset graph Cos(G, H, K, 0) is defined on [G : H| such that Hx and Hy are adjacent
if and only if yr=' € HoH. Then Cos(G, H, K, 0) is a well-defined G-symmetric graph
of valency k. It is well-known that every connected symmetric graph of valency k is
isomorphic to a coset graph defined as above. The following facts are easily shown, see
also [20] for example.

(IT) Cos(G, H, K, 0) is connected if and only if G = (H, o).

(III) If 0 € Aut(G) then Hx — H?z7 defines an isomorphism from Cos(G, H, K, 0) to
Cos(G,H?,K?,07). In particular, if o € Aut(G, H) then oy is an automorphism
of Cos(G, H, K,o) if and only if Ho”H = HoH. (Note, for h € H, we have
Cos(G, H, K,0) = Cos(G, H,h " Kh,h™toh).)

In view of (III), up to isomorphism of graphs, H, K and o may be chosen up to the

conjugacy under Aut(G), Aut(G, H) and Aut(G, H, K), respectively.

Lemma 3.3. Let I' = Cos(G, H,K,0) and ¥ = Cos(G,H, K,0"). Suppose that both
Autl’ and AutX have a unique subgroup isomorphic to G. Then I' = ¥ if and only if
Ho°H = Ho'H for some o € Aut(G, H, K).

Proof. The sufficiency of I' = ¥ is immediate from the above (III). Now let A be an
isomorphism from Cos(G, H, K,0) to Cos(G,H, K,0'). Then Aut¥ = A 'AutlCA. It
follows that G = A"'G\. Since G is transitive on the arc sets of I' and ¥, without



CUBIC GRAPHS 11

loss of generality, we choose A with (H, Ho)* = (H,Ho'). Considering the stabilizers
of H, (H,Ho) and (H,H¢') in G, we have H = A"'H)X and K = A"'KA. Then
o = conj(A\) € Aut(G, H, K). For Hx € [G : H], since A fixes the vertex H, we have

(Hz)* = H™ = H* '™ = H(\'2)\) = Ha”.
Considering the neighborhoods of H in I' and X, we have
{Hoh|he H}Y ={Hoh|he€ H}*={HXN oh\ |h € H} = {Ho"h°\ | h € H}.
This implies that Ho'H = Ho” H, and the lemma follows. [l

Using Lemma 3.2, the following lemma is easily shown.

Lemma 3.4. Let I' = Cos(G, H, K,0), and view G as a subgroup of Autl'. Then
Caur(G) ={§| g € Ng(H, HoH)}, and Nayr(G) = G{og | 0 € Aut(G, H, HoH)}.

Example 3.5. Let T = Jy, the first Janko group. Computation with GAP [14] shows
that, up to conjugacy, J; has two subgroup isomorphic to Sz, and only one of them say H
has a subgroup K which has order 2 and satisfies the condition that N¢(K)\ K contains
elements o with 0* € K and (H, 0) = T. Fix such a pair (H, K). Then N7 (K) = ZyxAs;,
and thus every desired o should be an involution. Further computation shows that there
exist exactly 20 desired involutions, which are conjugate in pairs under Ny (H, K) and
produce 10 distinct double cosets HoH. Thus we get ten connected T-symmetric cubic
graphs of order 4 -5-7-11-19. It is shown in Section 4 that these graphs are not
isomorphic to each other. O

3.3. Bi-coset graphs. Let G be a finite group, and L, R < G with L # R, |L| = |R|
and L N R core-free in G. The bi-coset graph BC(G, L, R) is defined with bipartition
(|G : L],|G : R]) such that Lz and Ry are adjacent if and only if yz=' € RL, i.e.,
zy~' € LR. Then BC(G, L, R) is a well-defined regular graph of valency |L : (L N R)],
and BC(G, L, R) = BC(G, R, L). View G as a subgroup of AutBC(G, L, R), where G
acts on [G : L] and [G : R] by right multiplications:

(3.4) (Lx)? := Lxg, (Ry)? :== Ryg, Yg,z,y € G.

Then BC(G, L, R) is G-semisymmetric. It is easily shown that BC(G, L, R) is connected
if and only if G = (L, R). The reader is referred to [13, 25] for more information about
bi-coset graphs.

Each o € Aut(G) defines an isomorphism from BC(G, L, R) to BC(G, L?, R?) by
(3.5) Lx— L°2°, Ry~ R°y°, Va,y € G.

Thus, up to isomorphism of graphs, the subgroups L and R may be chosen under Aut(G)-
conjugacy and Aut(G, L)-conjugacy, respectively.

Lemma 3.6. Assume that G = (L1, R1) = (Lo, Rs), and I'; = BC(G, L;, R;) fori =1, 2.

(1) If {LY, R7} = {La, Ra} for some o € Aut(G) then I'y = I'y.

(2) Suppose that both Autl'y and Autl's have a unique subgroup isomorphic to G. If
'y =2 Ty then {L], R7} = {L2, Ro} for some o € Aut(G), and o is chosen from
Aut(G, Ly) for the case where Ly = Ly and either I'y is symmetric or Ly and Ry
are not conjugate under Aut(G).
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Proof. Part (1) of the lemma is pretty obvious. Suppose that both Autl’; and Autl’y
have a unique subgroup isomorphic to G, and let A be an isomorphism from I'; to ['s.
Then Autl'y = A~tAutl )\, and G = A\"!G\. Since G acts transitively on the edge sets,
we choose A such that {L;, Ri}* = {L, Ry}. Let o be the automorphism of G induced
by A. Considering the vertex-stabilizers of L, Ly, Ry and Rs in G, we deduce that

{LQ, RQ} == {)\_lLl)\, )\_1R1)\} = {L({, R?}

Assume further that Ly = Lo, and either I'y is symmetric or L; and R; are not conjugate
under Aut(G). It is easily shown that A\ may be chosen such that (Li, B;)* = (L, Rs).
This implies that LY = Ly and Ry = RY, and so part (2) of the lemma follows. O

Note that Aut(G,{L, R}) induces a subgroup of AutBC(G, L, R), see (3.5). Denote
oyr,ry the graph automorphism induced by o € Aut(G, {L, R}). Clearly,

conj(h)(z.r) = h, Yh € LOR.
Lemma 3.7. Aut(G,{L, R}) acts faithfully on [G : L]U[G : R].

Proof. Let K be the kernel of Aut(G,{L,R}) acting on [G : L] U [G : R|. Then K <
Aut(G, L, R). Let 0 € K and = € G. It is easily shown that both L and R contains a
normal subgroup (yzz~'y~! | y € G) of G, see the proof of Lemma 3.1. Since L N R is
core-free in G, we have 2°27' = 1. Thus 2° =z forallz € G and ¢ € K. Then K =1,
and the lemma follows. O

Lemma 3.8. Let I' = BC(G,L,R) and N = Npwr(G). Then N = G{oqry | 0 €
Aut(G, {L, R})}.

Proof. Let H be the edge-stabilizer of {L,R} in N. We have H > {oqLp | 0 €
Aut(G,{L,R})} = Aut(G,{L,R}) and, since I' is G-edge-transitive, N = GH. Con-
sidering the conjugation of H on G, we have a homomorphism p : H — Aut(G) with
kernel equal to Cy(G). Note that I' has valency |L : (LN R)| > 1. It follows that N
acts faithfully on the edge set of I'. Then Cp(G) is faithful and semiregular on the edge
set of I'. Thus Cy(G) = 1, and p is injective. In particular, |H| = |p(H)|.

Let t € H. Then either L! = L and R®* = R, or L' = R and R* = L. Now
consider the vertex-stabilizers of L, R, L' and R' in G. If L' = L and R' = R, then
Lr® = 7't = L and RP® = t"'Rt = R; if L' = R and R* = L then L*®) =
t7'Lt = R and RP® = t"'Rt = L. For both cases, p(t) € Aut(G,{L,R}). Thus
|H| = |p(H)| < |Aut(G,{L,R})| = {ory | 0 € Aut(G,{L,R})}|. Recalling that
{o,ry | 0 € Aut(G,{L,R})} < H, it follows that {0z r) | 0 € Aut(G,{L,R})} = H.
Then the lemma follows. ([l

For ¢; € Ng(L) and gy € Ng(R), define
Gi: [G:LJU[G:R] — Lx v+ Lg;'x, Ry — Ry;
G2 [G:LU[G:R]— Lx — Lx, Ry — Rg;'y.

Then
Csym((c:1)xsym((c:r) (G) = {g192 | ;1 € Ng(L), g2 € Ng(R)}.
Further, we have the following lemma.

Lemma 3.9. Let I' = BC(G,L,R). If g1 € Ng(L) and g2 € Ng(R), then Gigo €
Cawr(Q) if and only if Rgy'g1L = RL, and §1g> = 1 if and only if g1 € L and g5 € R.
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Lemma 3.10. Let I' = (V, E) be a connected G-semisymmetric graph of valency k > 1.
Then I' = BC(G, L, R) for some L,R < G with |L| = |R|, k=|L: (LNR)|, G=(L,R)
and L N R core-free in G.

Proof. Clearly, for v € V| the stabilizer G, acts transitively I'(v), and so k = |G, :
(Gy,NGy)| for v' € T'(v). Let U and W be the G-orbits on V', and fix an edge {u,w} € E
with u € U and w € W. Since I' is regular, we have |G : G,| = |U| = |[W| = |G : G,|,
and so |G| = |Gy|. Since I' is connected, G = (G, G,,). Since I' has valency k > 1, it
is easily shown that G acts faithfully on E. If G, N G, contains a normal subgroup N
of G then N fixes E point-wise, and so N = 1. Thus G, N G, is core-free in G. Put
L =G, and R = G,. Noting that U = {u* | z € G} and W = {w? | y € G}, define

p:UUW — [G: LJU|G : R], u* — Lz, w’ — Ry.
Then p is a bijection and, for u* € U and w¥ € W,
(v, 0’} € Es uw'  el(u) &y ' € GG, = RL.
Thus p is an isomorphism from I' to BC(G, L, R), and the lemma follows. U

Example 3.11. Let 7' = J;. Computation with GAP [14] shows that

(i) T has a unique conjugacy class of subgroups isomorphic to D12, and each sub-
group Dy is self-normalized in T'; and
(ii) fixing a subgroup L = Dy, there exist exactly 6 subgroups R = Do with |LNR| =
4 and (L, R) = G, which form two classes under the conjugation of L.
Thus, up to isomorphism of graphs, we get two connected T-semisymmetric cubic graphs,
say I'1 = BC(T, L, Ry) and I'y = BC(T), L, Ry) with the stabilizers of two adjacent vertices
isomorphic to Di5. We next show that I'y = I's.

Since Np(L) = L, there is a unique o € G with By = o"'Lo. Set R = oLo™'.
Then (L,R) = T and |L N R| = 4. Suppose that R = x~'Ryx for some z € L. We
have oLo™! = 271071 Lox, yielding o' = oz, and so 0> = 27! € L. Then there exists
a connected T-symmetric cubic graph Cos(T, L, L N L°, 0), which is impossible by [21,
Lemma 6.3]. Therefore, R and R; are not conjugate under L, and so we may choose
Ry = oLo™'. Noting that {L, Ry}°"(® = {[ R}, we have I'; 2 'y by Lemma 3.6. [

4. THE GRAPHS ARISING FROM J;

In this section, we assume that [' = (V| F) is a connected edge-transitive cubic graph
of order 2n with n even and square-free. Assume further that J; < Autl'.

Lemma 4.1. Suppose that ' is J,-edge-transitive. Then Autl’ = J1, and either

(1) T is isomorphic to one of ten non-isomorphic graphs in Ezample 3.5; or
(2) T is semisymmetric and isomorphic to the graph constructed in Example 3.11.

Proof. Let T = J;. We discuss in two cases according whether I' is bipartite or not.

Case 1. Assume that I' is not bipartite. Then I' is T-symmetric, and 2n = |[V| =
T : T,| for w € V. We have |T,| = 6, and so T,, = S3 by Lemma 2.1. Then I' is
isomorphic one of the ten coset graphs Cos(7T, H, K,0) given as in Example 3.5. Let
A = AutCos(T, H, K,0). Then T = A®) by Theorem 2.10. In particular, N4(T) =
AutCos(T, H, K, 0). Note that every automorphism of 7" is induced by the conjugation
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of some element in 7. Computation with GAP shows that Aut(7, H) = Djs, and if
o € Aut(T, H) such that Ho”H = HoH then ¢ = conj(h) for some h € H. We deduce
from Lemma 3.4 that AutCos(T, H, K,0) = T. Thus every graph in Example 3.5 has
automorphism group 7. By Lemma 3.3, these coset graphs are not isomorphic to each
other, and part (1) if the lemma follows.

Case 2. Assume that I' is bipartite. Then T is intransitive on V'; otherwise, T has a
subgroup of index 2, and so T is not simple, a contradiction. Thus I' is T-semisymmetric,
andn = |T : T,| foru € V. We have |T,,| = 12. By Lemma 2.1, we assume that 7;, = D5
and T, = D1p or Ay, where w € T'(u). If T, 2 T,, then computation with GAP shows
that [(Ty,T,)| = 660 # |T'|, which contradicts the fact that I' is connected. We have
T, = T, = Dy3. By Lemma 3.10, T is isomorphic to the bi-coset graph BC(T, L, Ry)
given in Example 3.11. By Theorem 2.10, we have 7' < AutBC(7T', L, R;). Computation
with GAP shows that Aut(T,{L, R }) = {conj(h) | h € LN R;}. It follows from Lemma
3.8 that AutBC(7, L, R;) = T. Then I' is semisymmetric, and part (2) of the lemma
follows. 0J

Theorem 4.2. Let A = Auwtl. Assume that A = J;. Then T is J1-edge-transitive,
and I' is described as in Lemma 4.1.

Proof. By Lemma 4.1, it suffices to show that I' is J;-edge-transitive. We next suppose
that I' is not J;-edge-transitive, and produce a contradiction. By Lemma 2.9, I' is
bipartite, and T := J; is transitive on one part of I" say W and has three orbits on
the other part U. Let {u,w} € F with u € U and w € W. Then n = |T" : T}, and
n=3|T:T,|. It follows that |T,,| =4 and |T,| = 12.

Let G = (A4, Ay) and M = rad(G). By Lemma 2.9, [M| = 3 or 6. Clearly, the
quotient graph I'j; is bipartite. Then, by Lemma 2.7, I'y; is T-semisymmetric. In
addition, |1 : T;| = \_1\r2| is square-free, where v € V. By Lemma 2.1 and inspecting the
subgroups of J;, we conclude that T; and T} are isomorphic to Dyp or Ay. In particular,
— is even, and so |M| is odd. We have |M| = 3. Recall that Ty = Tz and M = Ty /T,
[M]
see (2.1) and (2.2). This implies that Ty = Ay, and so Ty = Dy by Lemma 2.1. However,
since |1': Ty| is even and square-free, (2) of Lemma 4.1 is available for the pair (7', I'y),

which leads to Tz = T; = D1s, a contradiction. This completes the proof. O

5. PSLs(p)-SYMMETRIC GRAPHS

In this section, I' = (V, E) is a connected T-symmetric cubic graph of order 2n, where
T = PSLy(p) for some prime p > 5, and n is even and square-free. Choose e, € {1, —1}
with p 4+ ¢ and p + n divisible by 3 and 4, respectively. Our discussion is based on the
subgroup structure of PSLy(p) and PGLy(p). The reader is referred to [17, I1.8.27] and
[3, Theorem 3] for the subgroups of PSLy(p), and to [4, Theorem 2] for the subgroups
of PGLy(p). For convenience, we list the subgroups of PSLy(p) and PGLy(p) in the
following two lemmas.

Lemma 5.1. Let p > 5 be a prime. Then the subgroups of PSLa(p) are listed as follows.

)

(1) One conjugacy class of p(pTw cyclic subgroups Zs.

(2) One conjugacy class of @ cyclic subgroups Zg, where d‘ % and d > 2.
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elementary abelian subgroups 7.

p( ) dihedral subgroups Dsog, where d| PEL ynd d > 2.

(3)
(4)
(5) One conjugacy class of p+ 1 subgroups Z :Lq, where d| ;%1 and d > 1.
(6)
(7)

p(p*—1)
2

Two conjugacy classes of subgroups Sy, each consists of
p = =£1(mod 8).

(8) Two conjugacy classes of subgroups As, each consists of
p = %1 (mod 10).

Moreover, isomorphic subgroups of PSLa(p) are conjugate in PGLay(p).

subgroups Ay.

P (pig ) subgroups, where

p(p?
120

subgmups, where

Lemma 5.2. Let p > 5 be a prime. Then the subgroups of PGLy(p) are listed as follows.
(1) The subgroup PSLy(p).
(2) Two conjugacy classes of cyclic subgroup Z, one class consists ofp subgroups
which lie in PSLy(p), and the other one consists of “E-L p+n) subgmups.

(3) One conjugacy class of pT cyclic subgroups Zq, where d ’ pEt1andd> 2.

(4) Two conjugacy classes of subgroups Z3, one class eonsists of b 2_1) subgroups
which lie in PSLy(p), and the other one consists of BE— pp 1) subgroups

5) Two conjugacy classes of subgroups Doy, one class conszsts of 222U cubaroups

(5) jugacy groups Dag, group
which lie in PSLa(p), and the other one consists ofp subgroups where d pil
and d > 2. ,

(6) One conjugacy class of p(p{ ) subgroups Doy, where d > 2 and ’% is an odd
integer.

One conjugacy class of p —I— 1 subgroups ZLip:lq, where d{ ) and d >

p(p

One conjugacy class of subgmups Ay

=~~~
oo

)
)

9) One conjugacy class of B5— e 1) 1 subgroups Sy.
) One conjugacy classes of pT subgroups As, where p = £1 (mod 10).

By Lemma 2.1 and inspecting the subgroups of PSLy(p), we have T, = Z3, Sz, D13 or
S4, where v € V. Then

(5.1) p=2"2+1(mod 2'"3) and |T},| =2 -3 for 0 < i < 3.

We deduce from Lemmas 5.1 and 5.2 that T" contains at most two conjugacy classes of
subgroups isomorphic to T, and these subgroups are all conjugate in PGLy(p). Thus
up to isomorphism of graphs, we fix two subgroups K, H of T', and write

I' = Cos(T, H, K,0),

where K < H=T,, |H: K| =3 and 0 € Np(K) with 0> € K and (o, H) = T.
By Theorem 2.10, T Autl'. Noting that Aut(7") = {conj(g) | ¢ € PGLa(p)}, we have

(5.2) AutCos(T', H, K, 0) = T{conj(g)u | 9 € Npgr,)(H, HoH)},

by Lemma 3.4. Recall that conj(g)y = gg for g € Np(H).
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5.1. |H| = 3. Assume that H = Zz. Then p = 4+3(mod 8) by (5.1), K = 1, and o
is an involution. Let S and O be the sets of involutions x € T with (z, H) # T and
(x,H) =T, respectively. Then |S|+ |O] = p 2 see Lemma 5.1 (1).

Lemma 5.3.

Sptdetletnl i p 2 +1 (mod 10), & +n # —2,
si= 4 B ifp#EElmod 10)e=y=-1,
TtTetletnlyf ) = 41 (mod 10), & + 1 # —2,

(

1159 o
== if p==£1(mod 10),e = n = —1.

Proof. For an arbitrary x € S, inspecting the subgroups of PSLy(p), we deduce that
(x,H) =2 S3, Zg (it e =), ZpyZe (if e =n=—1), Ay, or A5 (if p = £1 (mod 10)). Let
Al = {X < PSLQ(})) | H<X= 83}, AQ = {X < PSLQ(p) ‘ H<X=™ ZG} when ¢ = n,

={X <PSLs(p) | H < X =2 Z,Zs} when e =n=—1, Ay = {X < PSLy(p) | H <
X = A4}, and A; = {X < PSLy(p) | H < X = Az} when p = £1(mod 10). Then
x € S if and only if z is an involution contained in one member of A; for some 1.

p(p e) p(p*—1)
2

subgroups Zg, p — ¢ subgroups Z,:Zg, © T subgroups Ay, and 2 " —1) 0 subgroups
A5 Note that S3, Zg, Z,:Z¢, A4 and A5 contain exactly 1, 1, p, 4 and 10 subgroups Zs,
respectively. Enumerating the pairs (Y, X) with Z3 =Y < X = Ss, Zg, Z,:Zg, Ay Or
As, we have

By Lemma 5.1, PSLy(p) contains exactly subgroups Zs, 2 subgroups S3,

p(p €)

( p(p*-1)
p(P13€) 7 92
9 1= 4,E=1];
e 2
%Mﬂ -y

pp—e), i=3,e=n=-1
(®*-1) Y.
o
| 10=%5—, 1=5.
It follows that [A] = 225, |Ay| =1 if e = 1, \A3| =2ife =n=—1, |Ay] = 2=, and
|As| == if p=+£1 (mod 10).

Let Si be the set of involutions contained in the members of A;, where 1 < i < 5.
Then z € S if and only if x € S; for some i. Note that none of S35, A, and A5 contains
elements of order 6, and A4 has no subgroup isomorphic to S3. It is easily shown that
the following hold: [S)| = 255; S| = 1 and (S; U Sy U S5) N Sy = 0 when e = #;
(S1US;US5)NS; =0 when e =n = —1; |Sy] = p+e and S; NSy, = 0. Moreover, for
e =n = —1, putting Ay = {X} and A3z = {X;, X}, it is easily shown that X; N X, = X,
this implies that Sy C S5 and [S5| = 2p — 1.

Assume first that p Z £1(mod 10). If e = n = 1 then S = S; U S, U Sy, and so
S| = 7%1—1—1%—]9—1—1 = w. If e #n,ie,e+n=0then S =5 US, and
so |S| = I%—I—p—i—s = w. Ife=n=—1then § =5 US;3UJS,, and so
S| =5t +2p—1+p—1="25

Assume next that p = +1 (mod 10). In this case, each subgroup of PSLy(p) which is
isomorphic to Sz or Ay is contained in a subgroup isomorphic to As. It follows that each
member of Ay U Ay is a subgroup of some member of As. Then one of the following
holds: S = S5ife #mn; S = SoUSs5ife=n=1,9 =95US;ife =n=—1
For a given subgroup of order 3 in Aj, it is easily checked that As contains exactly
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one subgroup which is isomorphic to S3 and contains the subgroup of order 3, and two
subgroups which are isomorphic to A4 and contain the subgroup of order 3. From this
observation, we deduce that each member of A5 contributes 15—3—2-3 = 6 involutions
to S5\ (S1 U Sy). Thus [S5\ (S1U Sy)| = 6= =2(p+e). If ¢ # 7 then e + 7 =0, and
|S] = 1S5 =S5\ (S1U Sy +[Si] + [Sa] = 2(p+ ) + = + p+ e = fTe = ATt
If ¢ =5 =1 then |[S| = |So| + |S5| = 1 + &% = TeATelletnl qf o — p — 1 then
S| = |S3] + |S5| = 2p — 1 + 2= = H2=2 This completes the proof. O

It is easy to see that |S| < ’@. We have |O] = @ — |S| > 0. Clearly, O is
invariant under the conjugation of Npgr, ) (H). Noting that Npgr, ) (H) = Dapie), we
write

NPGLQ(p) (H) - <(l, b>7
where a has order p 4+ € and b is an involution not contained in 7. Then

H < {a®) < (a), Np(H) = (a?, ab).

Lemma 5.4. (1) If o € O then Cpgr,p)(0) N (a) = 1.
(2) If HoyH = HosH for 01,09 € O, then o1 and oy are conjugate under {(a).

Proof. Assume that o € O and y € Cpqr,p)(0) N (a). Then PSLy(p) = (0, H) <
CraL,(p) (y), forcing that y = 1. Thus (1) of the lemma follows.

Assume that HoiH = Ho,H for some 01,09 € O. Then 0y = xoyy for some z,y € H.
If zy = 1 then z = y~!, and (2) follows. Suppose that yx # 1, and so H = (yz). Since
0y is an involution, we have ro;yro;y = 03 = 1, yielding ojyro; = z7ly™! = (yz)~'.
Then T = (o1, H) = (01, yx) = S3, a contradiction. This completes the proof. O

By (1) of Lemma 5.4, if o € O then either Npgr, ) (H) N Cpar,y(0) = 1 or o €
Crar,(p) (a'd) for some integer . For the latter case, o € Cr(a'd) as o € T. Define

O, ={0€0|3ist. o€ Cp(a**b)},
Oy ={0€ O] 3ist. oc Cr(a*b)}.
Clearly, O; N Oy = 0.

Lemma 5.5.

o (p+e)(p+n—2le+n]) if p#£ £1 (mod 10)
o= { ( ’

4
pte)ptn 2etnl=8) it p = 41 (mod 10).

Proof. Let x € Crp(a*b) \ {a*b} be an involution. Then z € O; if and only if
(v, H) =T, or equivalently, (x, H,a?1b) = T. Note that (H,a**1b) = S;. Suppose that
(x, H,a**1b) # T. Inspecting the subgroups of T', we deduce that either (z, H, a* 1) <
Nr(H), or p = +1 (mod 10) and (x, H,a*'b) = As. The former case implies that x
lies in the center of Np(H), and then € =, = "2 or a2 a2*b. Assume that the
latter case occurs. Enumerating the subgroups As which contain a given subgroup Ss,
we deduce that (H,a?*'b) is contained exactly in two subgroups As. It follows that

there exist exactly four choices of z with (z, H, a**1b) = A5. Thus

pEn2etnlif 2 41 (mod 10),

Cr(a®*'0) N 04| =
|Cr(a ) 1l {W if p = +1 (mod 10).
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Assume that o € Cp(a®'b) N Cp(a®*1b) N O;. Then o € Cp(a?=9)). If a?0) #£ 1
then o € Cr(a?"7)) = Ny (H), which is impossible as (0, H) = T. Thus a7 = 1, and
so a?*1h = a®T1b. This says that every o € O; centralizes exactly one of 2= involutions
a®**1h. Then |Oy] is desired as in the lemma. O

Lemma 5.6. |Oy] = w'

Proof. Let * € Cp(a?b) be an involution. Then x € O, if and only if (z, H) = T,
or equivalently, (x, H,a*b) = PGLy(p). Note that (H,a?b) = Ss;. Suppose that
(x, H,a*b) # PGLy(p). Inspecting the subgroups of PGLy(p), either (x, H,a%*b) <
Npcr,p) (H), or (z, H, a2ib> = S4 The former case implies that either ¢ = n and

v =a"",ore #nand x = a"* a¥b. For (x, H,a*b) = S,, enumerating the sub-

groups Sy which contain a given subgroup Ss, we deduce that (H,a?b) is contained
exactly in two subgroups S;. Noting that (x, H,a*b) N'T = Ay, it follows that there
exist exactly two choices of & with (z, H,a*b) = S,. Since Cr(a®b) = D,_,, we have
|Cr(a?b) N O] = E==°. Similarly as in the proof of Lemma 5.5, it is easily shown that
every o € Oy centrahzes exactly one of 2= involutions a*b. Then |Os| is desired as in
the lemma. U

It is easy to check that [O;| 4 |0y = 222 —|S| = |0}, and so O = O; U O,. Clearly,
O; and O, are invariant under the conJugatlon of (a), and so each of them is the union of
some (a)-conjugacy classes. Selecting a representative o from each (a)-conjugacy class in
O such that Npgr,p) (H) N Cpar,p) (0) = (ab) or (b), we have a set Oy of w involutions,
where

" _{ % if p # £1 (mod 10),
O =T if p = 41 (mod 10).
p—z—ﬁ

Then Op consists of wy — 2=2=5 involutions from O, and involutions from Os.

4

Theorem 5.7. Assume that H = Zs. Then 1" is isomorphic to one of wy non-isomorphic
symmetric cubic graphs, B 276 of them have automorphism group T {conj(b)y) = PGLy(p),

and the others have automorphism group (c{b> x T.
Proof. By the foregoing argument, I' = Cos(T, H, 1, 0) for some o € O.

Let 0 € Op. Then AutCos(T, H,1,0) > (ab) x T or T{conj(b)y) depending on o € O,
or o € Oy, respectively. Pick an arbitrary element z € Npgr, () (H)\ H with Hz"'ozH =
HoH. We have 2z 'oz = xoy for some x,y € H, and so zoyxoy = 1, yielding oyzo =
(yx)_l. If yr # 1 then T = (0, H) = (0,yz) = S3, a contradiction. Then yz = 1, i.e,
y = a7t Thus 27 oz = zoy = woxr™!, and so (zx) tozx = o. By the choice of Oy, we
have (2x) = Npgr,p) (H)NCpar,(p) (0) = (ab) or (b). It follows that Npgr, ) (H, HoH) =

H({ab) or H(b). Thus, by (5.2), AutCos(T, H,1,0) = (ab) x T or T{(conj(b)).

By Lemma 5.4 and the choice of O, distinct elements in Oy produce distinct coset
graphs Cos(T, H,1,0). Then, by Lemma 3.3, we have wy non-isomorphic symmetric
cubic graphs Cos(T, H,1,0). This completes the proof. O

5.2. |H| = 6. Assume that H = S3. Then p = £7(mod 16) by (5.1), K = Z,, and
0 € Np(K) = Cr(K) = D,y,y. Since 0* € K, either o is an involution or o has order 4.
Let

O={0€Cr(K)|o* €K, {o,H)=T}.
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Lemma 5.8. O contains two inverse elements of order 4 and |O| — 2 involutions, and

0l = pho=2letl 9 4f p # +1 (mod 10),
S Bl 6 f p = 41 (mod 10).

Proof. Let S = {x € Cr(K)\ K | 2> € K, {0, H) # T}. Then |S|+ |0O| = 2 and
S'U O consists of two inverse elements of order 4 and 2% involutions in Cr(K) \ K.

Let z € S. Then (z,H) = D,,, S4, or A5 (if p = +1(mod 10)), where m > 6 is a
divisor of p+ ¢ and divisible by 6. By the choice of  and inspecting the elements of D,,,
S, and Ay, we deduce that x is an involution. By Lemma 5.1, all subgroups S3 of T" are
conjugate in PGLy(p). Enumerating the maximal subgroups of 7' which contain H, we
deduce that H is contained exactly in one subgroup D,,., two subgroups S, and two
subgroups As if p = £1 (mod 10). Let L be a maximal subgroup of T with (x, H) < L.
If L =D, then |[SNL|=|e+mn|. If L=S8,o0r A; then |SNL| =2. We deduce that
|S| = e +n| + 8 if p = £1 (mod 10), or |S| = |e + n| + 4 otherwise. Then |O] is given
as in this lemma. Clearly, S consists of involutions. Then the lemma follows. U

Note that Ko C O for o € O. It follows that O is the union of @ cosets of K.
Lemma 5.9. Let o, o' € O. Then Ho'H = HoH if and only of Ko = Ko .

Proof. Clearly, if Ko’ = Kothen Ho'H = HoH. Conversely, suppose that Ho'H = HoH
for distinct 0,0’ € O. If 0 and o' are of order 4 then K = (0?) and o' € {0,07'}, we have
Ko = Ko. Thus, without loss of generality, we assume that o is an involution. Write
0 = zo'y for some x,y € H. Then zo'yxo'y = 0® = 1, yielding o'yxo’ = (yz)~'.

If yx has order 3, then o' € Nr({yx)) = Np(H), which contradicts that (o', H) = T.
Assume that yr = 1. Then 1 # y € K, and 0o = y o'y € Cp(K) N Cr(y *Ky). This
implies that o centralizes (K,y 'Ky) = H. We have (0, H) # T, a contradiction. Thus
yr # 1. It follows that yz is an involution, and so o’ € Cr(yz). In addition, yz € K
since, otherwise, o’ centralizes (K, yx) = H, which will give a contradiction.

Now we have K = (yz). Then o = xo'y = y~(yx)o'y € Cr(K) N Cr(y~'Ky), and
so o centralizes (K,y 'Ky). If y ¢ K then (K,y 'Ky) = H, and so o centralizes
T = (o, H), a contradiction. Then y € K, and z € K. Thus 0 = xd'y = yxo € K0,
yielding Ko = Ko'. This completes the proof. O

Note that Npgr, ) (H) = D1a, which has center of order 2. Let ¢ be the involution in
the center of Npgr,(p)(H). Clearly, 0 € Cpgr,p) (). Then Npgr,p) (H, K) = (¢) x K,
and ¢ € T if and only if € = n. Consider the conjugation of (c¢) on 2 := {Ko | o € O}.

Lemma 5.10. The action of {c¢) on Q produces w orbits of size 1, and w
orbits of size 2.

Proof. Pick an element oy € O of order 4. Then cogc = 051, ¢ fixes Kop, and (0g, ¢) = Dsg.
It is easily shown that {0y, ¢)NO = {09, 05", 00c, 05 'c} or {0g, 05"} depending on whether
e = n or not. Note that Koy = Ko,' and Kogc = Koy 'c. It follows (o, c) contributes
w fixed-points of (¢) on €.

Now assume that Ko is fixed by (c), where 0 € O. Then Kcoc = Ko = Ko !,
yielding coco € K, and so co has order 2 or 4. Recall that ¢, 0 € Cpar,p)(K) \ K and
CpaLy(p) (K) = Doy If co has order 4 then co € {09, 05"}, and so 0 € (¢, 0p). Assume
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that co is an involution. Then either co or o = cco is contained in the cyclic subgroup of
CpaL,(p) (K) of index 2. This implies that either co or o lies in (0g), and hence o € (c, 0p).

Therefore, (c) has exactly w fixed-points on Q. Since (¢) = Zy, every (c)-orbit on
) has length 1 or 2. Then the lemma follows. 0

Choosing a coset Ko from each (c)-orbit on  and a representative from Ko, we have

a set Oy of size
B B if p # 1 (mod 10),
YL { 21 if p = +1 (mod 10).
By the foregoing argument, the following statements hold:
(i) I' = Cos(T, H, K, 0) for some o € Oy, and HoH # Ho' H for distinct o, o’ € Ox;
(ii) Oy contains a unique element of order 4, say op, and Npgr,) (H, HogH) >
(c) x K = NpaL,p)(H, K);
(iii) if 0 € Oy is an involution then Npqr, ) (H, K, HoH) = K, except that ¢ = 7,
Ko = Kogc, and Npgr,p)(H, HooH) > (c) x K = Npgr,p)(H, K).

Lemma 5.11. Let o € Oy. Then Npgr,p)(H, HoH) = K, except that
(1) 0 =0, in this case, Npgr,p) (H, HoH) = K x (c); and
(2) n=-¢€ and Ko = Koyc, in this case, Npgr, ) (H, HoH) = K x (c).

Proof. Let g be an arbitrary element in Npgy,, () (H, HoH)\ H. Noting that Hg 'ogH =
HoH, by Lemma 5.9, Ko = Kg 'og. Then (K¢ 'og) = (Ko) = (0) x K. This implies
that g~'og € Cr(K), and so 0 € Cr(gKg™'). Then o centralizes (K,gKg™'). Since
(o,H) =T and (K,gKg™ ') < H, we have K = gKg ', i.e., g € Npgr,()(K). Thus
g € Npgr,p (H, K, HoH). Then the lemma follows from (ii) and (iii) listed as above. [

Theorem 5.12. Assume that H = S3. Then I is isomorphic to one of wy non-isomorphic
symmetric cubic graphs, and Autl’ = PSLy(p) except that
(1) ' = Cos(T,H, K,o0), and Autl' = Zy x PSLa(p) or PGLa(p) depending on
whether n = ¢ or not; and
(2) n=¢, I' =2 Cos(T, H, K,00c), and Autl' = Zy x PSLy(p).

Proof. Recall that I' = Cos(7, H, K, 0) for some o € O;. By (5.2) and Lemma 5.11,
we deduce that Autl’ is described as in this lemma. Then it suffices to show that if
Cos(T, H, K,0) = Cos(T, H, K, d) for o, o € Oy then 0 = 0.

Suppose that Cos(T, H, K,0) = Cos(T, H, K, ') for some o0, o' € O;. By Lemma 5.11,
we deduce from (5.2) that A := AutCos(7, H, K,0) = AutCos(T, H, K, ). It follows
from Lemma 3.3 that Hg 'ogH = Ho' H for some g € Npgp, ) (H). By Lemma 5.9,
Kg~log = Ko, which forces that g~'og centralizes K. Then o centralizes (K, gKg™1).
Noting that (K,gKg™') < H and (0o,H) = T, we have K = gKg !, and so g €
Npar,p) (H, K). By the choice of Oy, we have 0 = ¢/, and the result follows. O

5.3. |H| = 12. Assume that H = Dyy. Then p = £15 (mod 32) by (5.1), and € = 7.
This implies that p = +47 (mod 96). Since K = Z2, by [17, 11.8.16], N (K) = S,, and
thus o is either an involution or of order 4. Clearly, o lies in some Sylow 2-subgroup of
N (K).

Theorem 5.13. Assume that H = Dqs. Then I' is isomorphic to a unique symmetric
cubic graph, which has automorphism group PSLa(p).
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Proof. By the choice of 1, we know that p+ 1 is divisible by 4, and so p —n is indivisible
by 4. Noting that (p +n)(p —n) = p* — 1 = 0(mod 32), we have p = —n (mod 16).
Thus p + ¢ = p + n is divisible by 16. We have Np(H) = Doy and Np(H, K) = Ds. Let
P :=Ny(H, K), Pyand P, be the three Sylow 2-subgroups of Np(K). It is easily shown
that there exists an involution € P\ K such that 2Pz = P;. Pick an involution
0o € Py \ K. Suppose that (09, H) # T. Inspecting the subgroups of PSLy(p), we
deduce that (09, H) < Np(H). Then oy € Np(H,K) = P, and so Py = {0y, K) < P,
a contradiction. Thus (0g, H) = T. Recalling that o € P U Py U Py, since (0, H) = T,
we have o € PyU P;. Then HoH = HoyH or HxoopxH. Since x € Np(H), we have
Cos(T, H, K, 09) = Cos(T, H, K, zopz), and so I' =2 ¥ := Cos(T', H, K, o).

Choose a maximal subgroup L of PGLy(p) with Npgr,p(H) < L. Then L =
Do@pey, and Npgr,p)(H) = Ni(H) = Dyy. Recalling that Np(H) = Dyy, we have
Npar,p)(H) = Np(H). Then Npgr,p) (H) = HP = H(x). By (5.2), we deduce that
Autd = T'(conj(z)) or T depending on whether HxogzH = HogH or not.

Suppose that Aut¥ = T'(conj(x)). Then Aut¥ = T'x(z), where Z is defined as in (3.3).
Let M = (%), and consider the quotient graph X,;. Let T be the subgroup of AutX,,
induced by 7. Then X,; is a T-symmetric cubic graph of square-free order n. Let @ be
the M-orbit on [T : H] containing v := H. We have n = |T : Ty|. Since T = PSLy(p)
has order divisible by 16, it follows that |Ty| is divisible by 8. By Lemma 2.1, T & Sy,
and so T; = Sy by (2.1). By (2.2), T, has index 2 in Ty, forcing T,, = Ay, which is
impossible as ¥ is T-symmetric. Therefore, Aut>X =T, and our result follows. [l

5.4. |H| = 24. Assume that H = S;. Then p = +31 (mod 64) by (5.1). In this case, H is
maximal in 7', K = Dg and Ng(K) = Dyg. Fix an involution oy € Ng(K) \ K. We have
(H,00) =T, and HNg(K)H = HU HogH. Then I' = Cos(T, H, K, 0y). Checking the
subgroups of PGLy(p), we deduce that Npgr, ) (H) = H, and so Npgr, ) (H, HooH) =
Ny (H,HooH) = H. Then we have the following result.

Theorem 5.14. Assume that H = Sy. Then U is isomorphic to a unique symmetric
cubic graph, which has automorphism group PSLy(p).

6. PSLy(p)-SEMISYMMETRIC GRAPHS

In this section, I' = (V, E) is a connected T-semisymmetric cubic graph of order 2n,
where T = PSLy(p) for some prime p > 5, and n is even and square-free. Choose
e,n € {1,—1} with p+ ¢ and p + 7 divisible by 3 and 4, respectively.

Let {u,w} € E. By Lemma 2.1 and inspecting the subgroups of PSLy(p), we may
assuine that (Tu7Tw> = <S37S3)’ (D127D12)a (S4,S4), (Sg,ZG), <D127A4) or (S47D24)- By
Lemma 3.10, I' = BC(T, L, R), where L = T,, and R = T,,. Note that |T": L| = n is even
and square-free. We have
(6.1) p=2""41(mod 2"?) and |L| =2"-3 for 1 <i < 3.

In addition, n = € if L or R has a subgroup isomorphic to Zg.

It follows from Lemma 5.2 that 7" contains at most two conjugacy classes of subgroup
isomorphic to L, and these subgroups are conjugate in PGLa(p). Then, up to isomor-
phism of graphs, we may fix a subgroup L. Note that L N R is a Sylow 2-subgroup of
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L, and BC(T, L, R) = BC(T, L, h ' Rh) for h € L. Thus, fixing a Sylow 2-subgroup P of
L, one of our main tasks is to determine those subgroups R with |R| = |L|, LN R =P
and (L, R) =T. Put

R={R<T||Rl=|L|,LNR= P}

Lemma 6.1. Let L = R < T. Then R € R if and only if R = 27'Lz for some
2 € NpgLy(n) (P) \ Near, ) (L, P).

Proof. The sufficiency is trivial. Now assume that L. = R € R. By Lemma 5.2, L
and R are conjugate in PGLy(p). Then R = x~ 'Lz for some z € PGLy(p). We have
P, xPz~' < L, and so Pz~! = y ' Py for some y € L. Then yx € Npgr, () (P), and so
x =y 'z for some z € Npgr,(p)(P). Thus R =2"'Le = z'Lz. Since LNR=P # L,
we know that L is not normalized by z, and so 2 € Npgr, ) (P) \ Near,p) (L, P). Then
the lemma follows. O

6.1. |L| = 6. Assume that L = S3. Then p = %3 (mod 8) by (6.1), Npgr,p) (L) = D1,
P = Zy and Npgr,p)(P) = Cparyp)(P) = Dogy). Clearly, the center of Npgr, ) (L)
has order 2 and is contained in Cpgr, ) (P). Write

CraL,p) (P) = (a, ),
where a has order p + 7 and ¢ generates the center of Npgp,(y)(L). Then

pt

ptn ptn
P={az), Npgrp(L,P)=(c,az)=Z3.
In addition, ¢ € T' if and only if e = n

Lemma 6.2. Ifc # 7 then R = {a™'La’ | 1 <i < 1}, ife =1 then R = {{a"s")} U
{a7La’ | 1 <i < B}

Proof. Recalling that P = (a"2"), we have P < a~'La’ for an arbitrary integer i. If
i = j (mod %) then it is easily shown that a*La’ = a7 La?. Conversely, suppose that
a 'La’ = a7 La’ for some integers ¢ and j. Then a7 € Npgr,() (L) N Npgr, ) (P) =
Npcr, ) (L, P) = (¢, P). This implies that ¢"7 € P, and so i = j (mod 257). By Lemma
6.1, all members Sz of R are contained in {a~*La’ | 1 <i < B!}

Assume that R € R and R % S3. Then R = Zg, and so R < Cpgr,p)(P) = (a,¢c) =
Do(ptr). In particular, p + 7 is divisible by 3, and so € = 7. Note that Dy, has a
unique subgroup Zg, which is generated by a"s". Then the lemma follows. 0

Lemma 6.3. Let R; = a 'La’ for 1 <i< 21 and Ry = (aHTn> if further e =n. Then

(1) Near,p({L, Ro}) = Negry ) (L, Ro) = (a Ea ,c) < T, in this case, € = n;

(2) Npgryp) (L, R;) = P and Npar,py({L, Ri}) = (a¥,aic>, where i # P and
1 < i< P+77

(3) NPGL2 p)({L Rp+n }) < L,C>, (l,’ﬂd NPGL2 (L Rp+7]) = <CL¥,C>.

Proof. Clearly, |Npar,y({L, R}) : Npar, (L, R)| < 2, and if the equality holds then
R = S;. In particular, since L 2 Ry, we have Npgr,p) ({L, Ro}) = Npar,p) (L, Ro)-
Recall that Npgr,p) (L) = L x (c). If e =nthence T and noting that NPGLQ( ) (Ro) =

CraL,(p) (P), we have Npar, ) ({L, Ro}) = Near,p) (L, Ry) = <ap§",c), desired as in (1).
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Now let R = R;, where 1 < i < ZZ2. Note that P < Npgr,p) (L, R) < Npgry) (L, P) =

p+71 p+71 ptn p+tn ptn

(ap;", c) = 73. IfR:Rp+nthencRc:ca U Lo e = " La” T = o T La"T" =

R, and so Npgr,) (L, R) = (a 2" ¢). Suppose that Npgr,p (L, R) = (a 2" ¢). Then

a”'La® = R = cRc = ca”'La‘c = a'La™", and so a QZLazz = L. This implies that
2i = 0(mod 1), yielding i = p+’7. Thus Npcr,p)(L, R) = (a"%",c) if and only if
R = Ryer. Noting that Npgr, () ({L R}) = Npgr, ) (L, R){a’c), we obtain (2) or (3).

Then the lemma follows. U
Lemma 6.4. Let R € R. Then either (L,R) =T, orp = £1 (mod 10) and (L, R) = As.

For the latter case, R = a~La’ or a="3"=9La"3"~ for a unique i with 1 < i < e,
1 ’%q and a‘c € T'; in particular, i is odd or even depending on whether e = n or not.

Proof. Assume that (L, R) # T. Inspecting the subgroups of PSLy(p), we deduce that
either (L, R) is isomorphic to a subgroup of D,., or p = %1 (mod 10) and (L, R) = As;.
For the former case, noting that D, . has a unique subgroup of order 3, we have |[LNR| >
3, a contradiction. Then the latter case occurs; in particular, L and R are conjugate in
T. It is easily shown that for each subgroup of Aj that isomorphic to Sz, there exists
a unique subgroup isomorphic to Sz such that their intersection is a subgroup of order
2. Then R is uniquely determined by L in (L, R). Enumerating the subgroups As of T’
which contain L, it follows that L is contained exactly in two subgroups As. Then R
has exactly two choices.

Fixan R € R with (L, R) = As. Then cRe € R and (L, cRc) = As. Write R = a™*La’,
where 1 < i < B, Then cRc = a """ La"2" 1. By (2) and (3) of Lemma 6.3,
the involution a’c normalizes (L, R). Noting that PGLy(p) has no proper subgroup
isomorphic to S5 or Zs x As, it follows that a’c € (L, R) < T. Suppose that i = 21,

Noting that a s ¢ T, we have ¢ ¢ T. By (3) of Lemma 6.3, ¢ normalizes (L, R). Then
(L, R, c) = S5 or Zs x Ay, which is impossible. Thus i # ’%”, and the lemma follows. [J

Define

p+n+2|e+n| ;
nw={ " +‘§\5+ | %fp # £1 (mod 10),
P — 1 if p = £1 (mod 10).

Theorem 6.5. Assume that L = S3. Then I' is isomorphic to one of vy non-isomorphic
connected edge-transitive cubic bipartite graphs described as follows:

(1) @ semisymmetric graphs with automorphism group isomorphic to Ze X T';

(2) a unique symmetric graph with automorphism graph isomorphic to Zo x PGLo(p);

3) vy —1— @ non-isomorphic symmetric graphs, IM of these graphs have
automorphism group isomorphic to PGLa(p), and the others have automorphism
group isomorphic to Zo x T.

Proof. Let Ry, Ry, ..., R¥71 be defined as in Lemma 6.3. Put I = {0,1,2... p*" —1},

and choose an ig € I with (L, R;;) = As. For each i € I, by Lemma 6.4, <L,RZ> T

if and only if ¢ € Iy := I\ {ig, 5% — io}. Then |[o] = 21y — 1 — et and we get |Io]

2
distinct connected T-semisymmetric cubic graphs I'; := BC(T), L, R;), where ¢ runs over

Iy. Moreover, I' =2 T'; for some ¢ € I,.

By Theorem 2.10, since I'; is T-semisymmetric, 7" is the unique insolvable minimal
normal subgroup of Autl';. In particular, by Lemma 3.8, Autl'; = T{conj(¢)z,m | g €
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Npecr,)({L, Ri})}. Let ¢; = a’c. It follows from Lemmas 3.9 and 6.3 that

T x (66) 2 T x Zy if e =n,i=0;
T{conj(c)(r,r;y) % (Gi¢;) = PGLla(p) X Zy ife #n, i = p?

Autl’; = ¢ T(conj(c;)(r,r,}) X (¢C) = PGLy(p) X Zy if e =n, i = &7,
T % (¢6) =T X Zsg if 4 £ 2X1 4 4 40 g odd;
T'(conj(¢i)¢r,riy) = PGLa(p) if 1 # 25 phy, i+ “%7’ is even.

Clearly, I'g 2 Fp%n, and if i € I := Iy \ {0, %} then I'; 22 'y or F%. Thus, it remains
to consider the isomorphisms among 21y — 2 — |e + 1| graphs I';, where i € I;.

Let Iy = {i € I | Autl'; = PGLy(p)} and I3 = I; \ Is. Then I'; 2 T'; for all ¢ € I,
and j € I3. It is easily shown that |I5| = ’% — 1. Let 4,5 € Iy or I3 with ¢ # j. Recall
that Npgr, ) (L, P) = (c, a"z"). Tt follows from Lemma 3.6 that I'; = I'; if and only if
cRic = Rj, ie., ca™'La'c = a™/La’. Noting that ca™ La'c = a'La™, it is easily shown
that ca™*La‘c = a7 La’ if and only if j = p+n — i (mod 237), see the proof of Lemma
6.2. Since 1 < 1,j < p”’, if j =p+n—i(mod p+’7) then i + j = p” Thus I'; = T if
and only if i+j = X, On the other hand, it is easy to check that Ig (B —ilie b}
and [y = {E51 — | i € I3}. Then we have \122| or % non-isomorphic graphs I'; when i
runs over I or I3, respectively. This completes the proof. 0

6.2. |L| = 12. Assume that L = Dyy. Then p = £7 (mod 16) and ¢ = 7, see (6.1). In
addition, R = D1y or Ay, and P = Z3. Tt is easily shown that Npgr,, () (P) = Np(P) =
84, NPGLQ(p)(L) = NT(L) = [)247 and NPGLQ(p) (L, R) < NT(L, P) = Dg. Write NT(P) =
P:(a,b), where a has order 3 and b is an involution such that Ny (L, P) = P : (b).

Lemma 6.6. Assume that L =2 Dyy. Then R = {P:{a),a ' La,aLa™'}.

Proof. Let R € R. If R =2 A, then R < Npgr,p)(P) = P:(a,b), yielding R = P:(a).
Suppose that R = Dyy. Then R = 7! Lz for some x € PGLy(p). We have P, xPx~! <
L, and so zPx~! = y ' Py for some y € L. Then yz € Npgr, ) (P) = P:(a,b). It follows
that R = 1:’1Lx = 27! Lz for some z € {a,b). Noting that bLb = L, we have R = P:(a),
a 'La or aLa™!. Clearly, P:{a) # a~'La or aLa™'. If a™'La = aLa=" then a € Nr(L),
yielding Ay = P (a) < Np(L) = Dy, a contradlctlon Then the lemma follows. O

Theorem 6.7. Assume that L = Dis. Then ' is isomorphic to one of two edge-
transitive cubic graphs with automorphism group isomorphic to T X Zo, one of them is
semisymmetric and the other one is symmetric.

Proof. Inspecting the subgroups of 7', we deduce that (L, R) =T for all R € R. Up to
isomorphism of graphs, write I' = BC(T', L, R) for some R € R. By Theorem 2.10 and
Lemma 3.8, we have Autl’ = T'{conj(9)(r,r} | 9 € Necr,)({L, R})}.

Assume that R = P:(a). Then L 2 R, and so Npgr,)({L, R}) = Npgr,p) (L, R).
We have P:(b) < Npgr,p({L,R}) = NPGLQ(p)(AI:7R) < Nyp(L, P) = P:(b), yleldlng
Npgr,p (L, R) = P:(b) < T. Then Autl’ = T" x (bb), and T" is semisymmetric.

Assume that R # P:(a). Noting that ba='Lab = aLa™"', we have BC(T, L,a ' La) =
BC(T, L,aLa™"). Thus, we may choose R = a™'La. Note that P < Npgp,p)({L, R}) <
Npgr,p)(P) = Np(P) = P:(a,b). Calculation shows that Npgr,) (L, R) = P and
Npar,p({L, R}) = P x (ba). We get Autl’ = T'(conj(ba)¢z,ry) =T x (baconj(ba)¢r,ry)-
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Noting that conj(ba)¢z, g interchanges two parts of I', it follows that I' is symmetric.
Then the result follows. U

6.3. |L| = 24. Assume that L =2 S;. Then p = +15(mod 32) by (6.1). In addition,
NPGLg(p)<L) = L, P = Dg, and NPGLQ(]))(P) = NT(P) = D16. For each R € R we have
R = S, or Dgy, and it is easily shown that T = (L, R). Note, if R = Dy, then ¢ = n.
Write Np(P) = P:(b), where b is an involution in 7.

Let R € R. Since L is self-normalized in PGLy(p), we have Ry := bLb # L. If
R =2 S; then R = R; by Lemma 6.1. Assume that R = Dyy. Then ¢ = 7, and
Npar,p) (R) = Np(R) = Dss. We deduce from Lemma 5.2 that 7' has two classes of
subgroups Dg and two classes subgroups Doy. Note that all subgroups Dg in Doy are

conjugate. It follows that, for the given pair (L, P), there exists a unique subgroup
Ry < T with Ry = Doy and RyN L = P. Thus R = {Ro, Rl}

Note that NPGLQ( )(L) = L and ‘NPGLQ p)<{L R }) NPGL2 p)(L,Rl)‘ < 2. We have
NPGLg(p)({LaRO}) NPGL2 (L Ro) P and NPGL2 ({L Rl}) = <b> Then, by
Theorem 2.10 and Lemma 3. 8 we have the following result

Theorem 6.8. Assume that L. = S,. Then I" is isomorphic to one of two edge-transitive
cubic graphs, one of them is semisymmetric with automorphism group PSLs(p), and the
other one is symmetric with automorphism group PSLa(p) X Zs.

7. PROOF OF THEOREM 1.1

Let I' = (V, E) be a connected edge-transitive cubic graph of order 2n with n even and
square-free, and let A = Autl’. If A is solvable then I' 2 K4 by Theorem 2.5. Assume
that A is insolvable, and let T = A©). By Theorem 2.10, either T is one of J; and
PSLy(p), or I' is described as in Lines 1, 2 of Table 1 and Line 1 of Table 2. If T' = J;
then Line 3 of Table 1 and Line 2 of Table 2 follow from Theorem 4.2. If T' = PSLy(p)
and ' is T-edge-transitive then we get Lines 4-10 of Table 1 by Theorems 5.7, 5.12-5.14,
and Lines 3-10 of Table 2 by Theorems 6.5, 6.7 and 6.8.

In the following, we assume that 7" = PSLy(p), and I' is not T-edge-transitive. Fix
an edge {u,w} € E, and let A* = (4,,A,). By Lemma 2.9, |rad(4*)| € {3,6}, ' is
rad(A*)T-edge-transitive, and one of the following holds:

(i) T is transitive on one part say W of I and has three orbits on the other part U;
(ii) T is regular on V', and p = 3 (mod 8).

Let M = (z) be the unique Sylow 3-subgroup of rad(A*), and put G = MT. For each
g € PGLy(p), extend conj(g) to an automorphism of G by setting y=) =y for y € M.
Let Aut(M) = (1), and extend 7 to an automorphism of G by setting 2™ = x for x € T..
Then

Aut(G) = () x {conj(g) | g € PGLa(p)}.

Clearly, G acts transitively on each A*-orbit. This implies that I' is G-edge-transitive.
Let T be the subgroup of Autl'y; induced by T. For v € V, let v be the M-orbit
containing v. Then T; = G, = T}, see (2.1). We next discuss in two cases.

Case 1. Assume that (i) occurs, u € U and w € W. Then n = 3|T": T,,| = |T : T,|,
and so |T,| = 3|T|. Recall that Ty = Ty, Ty, < Ty and M = T /T, see (2.2). Since
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M =2 Z, it follows from Lemma 2.1 that either G, = Ty = Zg and G, = T = Ss, or
Gow =Ty = Ay and G, = Ty = Dy, and so T, = Zy or 73, respectively. In particular,
G,NT=G,NG,, =T,. Since |T,| = 3|T,|, we have |T,| = |T;|. Then T,, = T; = G,,
yielding G, = Ty < T. It is easy to see that those subgroups of T isomorphic to T} are
all conjugate under Aut(G). Up to isomorphism of graphs, we fix a subgroup L < T

and Sylow 2-subgroup P of L, and write I' = BC(G, L, R), where L = T, R = Ty,
RNT =P, and (L, R) = G.

Noting that P is the unique Sylow 2-subgroup of R, we write R = P:(yz), where
y € M and xz € T with (yx) = Zs. Since (L, R) = G, we deduce that M = (y), and so
R = P:(zx) or P:(z27'x). Clearly, 7 € Aut(G, L, P), and (P:(z2x))” = P:(z"'z). Thus,
up to isomorphism of graphs, we further choose R = P:(zx), and then T' is determined
completely by Ry := P:(x).

Again by (L,R) = G, we have that (L,x) = T and x has order 3. Then I'y :=
BC(T, L, Ry) is a connected T-semisymmetric cubic graph, and Ry = R = G,,. Con-
versely, if 'y is connected then it is easily shown that BC(G, L, R) is also connected.

Let A = AutBC(G, L, R). Then T, G 9 A by Theorem 2.10. Noting that the normal
subgroup T is transitive on one part of BC(G, L, R) but not transitive on the other one,
it follows that BC(G, L, R) is semisymmetric. Further, by Lemma 3.8, we deduce that
A=G{owr | 0 € Aut(G, L, R)}. Clearly, Aut(G, L, R) < (1) x Aut(T, L, Ry).

Suppose that L = S3 and R = Zg. By Lemma 6.2, ¢ = 7, and Ry is uniquely de-
termined by L. By Lemma 6.3, we have Aut(G, L, Ry) = {conj(g) | g € P x (¢},
where ¢ generates the center of Np(L) and (Ry,¢) = Djy. Calculation shows that
Aut(G, L, R) = {conj(g),Tconj(cg) | g € P}. Noting that Tconj(c) inverses z and cen-
tralizes T', we have A = G{o(p) | 0 € Aut(G, L, R)} = S3 x T, and then I' is described
as in Line 11 of Table 2.

Suppose that L = Dy and R =2 A,. Using Lemma 6.6 and Theorem 6.7, by a similar
argument as above, we deduce that Ry is uniquely determined by L, and A = S3 x T.
Then I' is described as in Line 12 of Table 2.

Case 2. Assume that (ii) occurs. Then G, = Z3, and I' = Cos(G, H, 1,0), where
o0 is an involution, H = Zs and (H,0) = G. Clearly, o € T. Write H = (yx), where
y € M and z € T. Since (yz,0) = (H,0) = G, we deduce that M = (y), and (z,0) =T
In particular, Cos(T, (x),1,0) is a connect T-symmetric cubic graph. Conversely, for a
connect T-symmetric cubic graph Cos(T, (z),1,0'), since G = M x T = (y) x T, it is
easily shown that (yz, o) has a homomorphic image (z,0’) = T. Then |G : (yx,0')| is
a divisor of |G : T| = |M| = 3, and hence either G = (yz,0’) or |G : (yz,0)| = 3. The
latter case implies that (yz,0) = T is simple, since (yx,0’) £ T and T is normal in G,
we have (yz,0') NT = 1, and hence 3|T| = |G| > |T(yz,d')| = |T|?, yielding |T| < 3, a
contradiction. Thus G = (yz, 0'), and so Cos(G, H, 1, 0) is connected.

Recalling that (y) = M = (z), we have y = z or 2!, By the definition of 7, we

have y™ = y~ !, (yx)” = y~ 'z, and 0" = 0. Then Cos(G, H, 1,0) = Cos(G, H™,1,0), see
(IIT) in Subsection 3.2. Thus, up to isomorphism of graphs, we may choose H = (zz).
Moreover, all elements of T" with order 3 are all conjugate, this allows we fix an element
x € T of order 3. Noting that Cos(T, (z),1,0) is a connect T-symmetric cubic graph,
the argument in Subsection 5.1 is available for Cos(7T', (x), 1, 0). In particular, we assume
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that Cos(T), (x), 1, 0) is one of wy non-isomorphic symmetric cubic graphs, ’%76 of them
have automorphism group 7'(conj(b),)) = PGLy(p), and the others have automorphism
group (ab) x T, where wy, 0 € Op, a and b are defined as in Subsection 5.1.

Let A = AutCos(G, H,1,0). By Theorem 2.10, we have T,G < A. It follows from
Lemma 3.4 that A = G{oy | 0 € Aut(G,H,HoH)}. Recall that Aut(G) = (1) X
{conj(g) | g € PGLy(p)}. It is easily shown that Aut(G, H, HoH) < (1) xAut(T, (z), (x)o(z)) =
(1) x{conj(g) | g € Npgr,p ((x), (x)o(x))}. By calculation, see the proof of Theorem 5.7,
we have Npgr, ) ((2), (x)o(x)) = (z)(b) or (x)(ab) when AutCos(T’, (z),1,0) = PGLy(p)
or Zg x PSLay(p), respectively. It follows that Aut(G, H, HoH) = {rconj(g) | g € (z)(b)}
or {rconj(g) | g € (x)(ab)}, respectively. Since ab € T and gg = conj(g)y for
g € Ng(H), we have A = G{oy | 0 € Aut(G, H, HoH)} = G(rconj(b)y) or G(rab),
which is isomorphic to (PSLa(p) x Z3):Zy or PSLa(p) x S3, respectively.

Finally, suppose that Cos(G, H,1,01) = Cos(G, H,1,0,) for 01,05 € Oy. Then, by
Lemma 3.3, there is ¢ € Aut(G, H) such that HoJH = HoosH. This implies that
()09 () = (2)0y(x) for some g € PGLy(p). Then Cos(T, (z),1,01) = Cos(T, (x),1, 02).
By Theorem 5.7, we have 0, = 0,. Thus distinct involutions o in Oy produce non-
isomorphic symmetric graphs Cos(G, H,1,0). Therefore, I' is described as in Lines 11
or 12 of Table 1. This completes the proof of Theorem 1.1.
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