ON EDGE-PRIMITIVE 2-ARC-TRANSITIVE GRAPHS
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ABSTRACT. A graph is edge-primitive if its automorphism group acts primitively on
the edge set. In this short paper, we prove that a finite 2-arc-transitive edge-primitive
graph has almost simple automorphism group if it is neither a cycle nor a complete
bipartite graph. We also present two examples of such graphs, which are 3-arc-transitive
and have faithful vertex-stabilizers.
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1. INTRODUCTION

All graphs and groups considered in this paper are assumed to be finite.

A graph in this paper is a pair I' = (V, E) of a nonempty set V and a set E of 2-subsets
of V. The elements in V' and E are called the vertices and edges of I', respectively. The
number |V| of vertices is called the order of I'. For v € V, the set I'(v) = {u € V|
{u,v} € E} is called the neighborhood of v in I', while |I'(v)| is called the valency of
v. We say that ' has valency d or I' is d-regular if its vertices all have equal valency
d. For an integer s > 1, an s-arc in [ is an (s + 1)-tuple (vg, vy, ..., vs) of vertices such
that {v;,v;41} € E and v; # v; 49 for all possible i. A 1l-arc is also called an arc.

Let I' = (V, E) be a graph. A permutation g on V' is called an automorphism of I’
if {u9,v9} € E for all {u,v} € E. Let Autl" denote the set of all automorphisms of I".
Then Aut!" is a subgroup of the symmetric group Sym(V'), and called the automorphism
group of I'. Note that the group Autl” has a natural action on the edge set £ (and also
on the set of s-arcs). The graph I is called edge-transitive if E # ) and for each pair
of edges there exists some g € Aut/’ mapping one of these two edges to the other one.
(Similarly, we may define vertez-transitive, arc-transitive or s-arc-transitive graphs.) An
edge-transitive graph is called edge-primitive if some (and hence every) edge-stabilizer,
the subgroup of its automorphism group which fixes a given edge, is a maximal subgroup
of the automorphism group.

It is well-known that edge-transitive graphs and hence edge-primitive graphs are either
bipartite or vertex-transitive. As a subclass of the edge-transitive graphs, edge-primitive
graphs posses more restrictions on their symmetries and automorphism groups. For ex-
ample, a connected edge-primitive graph is necessarily arc-transitive provided that it
is not a star graph. In [9], appealing to the O’Nan-Scott Theorem for (quasi)primitive
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groups [22], Giudici and Li investigated the structural properties of edge-primitive graph-
s, particularly, on their automorphism groups. Let I' = (V| E) be an edge-primitive
graph which is neither a cycle nor a complete bipartite graph. If I' is bipartite then
let Aut™ I" be the subgroup of Autl” preserving the bipartition. By [9], as a primitive
group on F, only four of the eight O’Nan-Scott types for (quasi)primitive groups may
occur for Autl’, namely, SD, CD, PA and AS. For the first two types, I" is bipartite and
AuttI" is quasiprimitive of type CD on each bipartite half. For the last two types, with
one exceptional case, Autl’ or Aut™ I is quasiprimitive on V or on each bipartite half
respectively of the same type for Aut/” on E. In this paper, we will work on the types
of Aut/" on F and on V under the further assumption that I" is 2-arc-transitive.

The interest for edge-primitive graphs arises partially from the fact that many (al-
most) simple groups may be represented as the automorphism groups of edge-primitive
graphs. Consulting the Atlas [3], one may get first-hand such examples. For example,
the sporadic Higman-Sims group HS is a group of automorphisms of a rank 3 graph (i.e.,
HS acts on the vertex set as a transitive permutation group of rank 3) with order 100
and valency 22, which is in fact a 2-arc-transitive and edge-primitive graph with auto-
morphism group HS.2; the sporadic Rudvalis group Ru is the automorphism group of a
rank 3 graph with order 4060 and valency 2304, which is edge-primitive but not 2-arc-
transitive. Besides, the almost simple groups PSU(3,5).2, Mgs.2, J5.2 and McL.2 all have
representations on edge-primitive graphs. The reader may refer to [11, 12, 18, 21, 26| for
more examples of edge-primitive graphs which have almost simple automorphism group-
s. Of course, using the constructions given in [9], one can easily construct examples of
edge-primitive graphs with automorphism groups not almost simple.

From the known examples of edge-primitive graphs in the literature, we get the im-
pression that a 2-arc-transitive edge-primitive graph has almost simple automorphism
group unless it is a cycle or a complete bipartite graph. In Section 3, we shall prove the
following result.

Theorem 1.1. Let I' = (V, E) be an edge-primitive d-reqular graph for some d > 3.
If I' is 2-arc-transitive, then either I' is a complete bipartite graph, or Autl’ is almost
simple.

Remarks on Theorem 1.1. (1) Li and Zhang [18] proved that 4-arc-transitive and
edge-primitive graphs have almost simple automorphism groups. Further, as a con-
sequence of their classification on almost simple primitive groups with soluble point-
stabilizers, they give a complete list for 4-arc-transitive and edge-primitive graphs.

(2) By Theorem 1.1, appealing to the classification of almost simple groups with
soluble maximal subgroups, it might be feasible to classify 2-arc-transitive and edge-
primitive graphs with soluble edge-stabilizers.

2. PRELIMINARIES

For the subgroups of (almost) simple groups, we sometimes follow the notation used
in the Atlas [3], while we also use Z; and Z’; to denote respectively the cyclic group of

order [ and the elementary abelian group of order p*.
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2.1. Primitive groups. In this subsection, {2 is a nonempty finite set, and G is a
transitive subgroup of the symmetric group Sym(€2). Let soc(G) be the socle of G, that
is, soc(@) is generated by all minimal normal subgroups of G.

Consider the point-stabilizer G, := {g € G | a9 = a}, where a € Q. Then
(1) G is primitive if G,, is a maximal subgroup of G;
(2) G is 3-transitive if G, is 3-transitive on Q\ {a}, that is, all G4-orbits on Q\ {a}
have equal length > 1;

(3) G is a Frobenius group if G, is semiregular on Q \ {a};

(4) G is 2-transitive if G,, is transitive on 2\ {a}.
Note that a 2-transitive group is also primitive and %—transitive, and a %—transitive group
is either a primitive group or a Frobenius group (refer to [29, Theorem 10.4]).

Let 1 2 N<G. Then N is %—transitive, and N, = NNG, <G, and so G, is contained
in the normalizer Ng(N,) of N, in G. Thus, if G, is maximal then either N, < G or
N¢(N,) = Gy The former case yields N, = 1, while the latter case gives

Npy(Ny) = NN Ng(N,) = NNG, = N,.
Then we have following simple fact for primitive groups.

Lemma 2.1. Assume that G is primitive on Q and N is a normal subgroup of G with
N # 1. Then either N is regular on ) or N, is self-normalizing. If further G 1is
2-transitive then N s either regular or %-tmnsitive on 2.

For an almost simple 2-transitive group G, each non-trivial normal subgroup N of G
is primitive, and in fact 2-transitive except for the case where N = soc(G) = PSL(2, 8)
acting on 28 points, refer to [1, page 197, Table 7.4]. Next we consider the normal
subgroups of affine 2-transitive groups. Refer to [1, page 195, Table 7.3| for a complete
list of affine 2-transitive groups. We consider the affine 2-transitive groups in their
natural actions.

Lemma 2.2. Let G be an affine 2-transitive group and 1 # N JG. If N is imprimitive
on §, then N is a soluble Frobenius group, Ny is cyclic, and either Gy < T'L(1,q) or
No < Z(Gy), where q is not a prime.

Proof. Assume that N is imprimitive. Then N # G, and so Ny # Gy. Further, by
Lemma 2.1 and [29, Theorem 10.4], N is a Frobenius group. Let Q2| = p* for a prime p.
We may write Gy < GL(k,p), G = Z’;:Go and N = Z’;:No. Since N is imprimitive, Ny
is not maximal in N, and thus Ny is a normal reducible subgroup of Gy. Then, by [13,
Lemma 5.1], Ny is cyclic and | Nyl is a divisor of p' — 1, where [ < k and [ ‘ k. Finally,
the lemma follows from checking all affine 2-transitive groups one by one. 0

If every minimal normal subgroup of G is transitive on {2, then G is called a quasiprim-
itive group. Praeger [22, 24] generalized the O’Nan-Scott Theorem for primitive groups
to quasiprimitive groups, which says that a quasiprimitive group has one of the following
eight types: HA, HS, HC, TW, AS, SD, CD and PA. In particular, if G is quasiprimitive
then G has at most two minimal normal subgroups, and if two (for HS and HC) then
they are isomorphic and regular.

Suppose that G has a transitive insoluble minimal normal subgroup N. Then G =
NG, for a € Q. Write N =T} x --- x T} for isomorphic nonabelian simple groups 7;
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and integer k > 1. Then G, acts transitively on {7; | 1 <1i < k} by conjugation. Note
that, for g € G, and 1 <i <k,

(T3)a)! = (TiNGo)?! =T N GY, = (T;)?, = (1)) for some j.

[e%

Thus G, acts transitively on {(T;), | 1 <1i < k} by conjugation. Clearly, (77)y X - -+ X
(Tk)a < N,; however, the equality does not necessarily hold even if G is quasiprimitive.
A sufficient condition for this equality is that G is primitive and of type AS or PA, refer
to [4, Theorem 4.6] and its proof. In conclusion, we have the simple fact as follows.

Lemma 2.3. Assume that G has a transitive minimal normal subgroup N = Ty X+« - x Ty,
where T; are isomorphic nonabelian simple groups. Let o € 2. Then G, acts transitively
on {(T})a | 1 < i <k} by conjugation. If further G is primitive and of type AS or PA,
then Ny = (Th)a X + -+ X (Tk)a-

2.2. Locally-primitive graphs. In thissubsection, I' = (V| F) is a connected d-regular
graph for some d > 3, and G < Autl'. Assume further that the graph I' is G-locally
primitive, that is, G, acts primitively on I'(v) for all v € V.

Fix an edge {u,v} € E. Note that G, induces a primitive permutation group GY @)
(on I'(v)). Let G be the kernel of G, acting on I'(v). Then AR GU/G1[,1]. Set
G = G NGY. Then GY induces a normal subgroup of (Gf; (“))v with the kernel GLJ,
and so (G'[1 YI(w) o G[l]/G

Assume that G is transitive on V. Then GL} is a p-group for some prime p, refer
to [6]. Note that G is transitive on the arc set of F There is some element in G

interchanging u and v. This implies that (GH)"® < (GL )v ~ (GF™),. Suppose that
GI™ is soluble. Then (GF( ))u is soluble, and hence (G5 )o 18 soluble. Thus (GL”)F(“)

is soluble. Recalling that (GL1 YI'(w) = 1]/Gm and Gi ) =~ ¢ /GU , it follows that G,
is soluble. Thus we have the following lemma.

Lemma 2.4. Assume that G is transitive on V, and {u,v} € E. Then G s a p
group, and (G[ V'@ s isomorphic to a normal subgroup of a point-stabilizer in GL
In particular, G, is soluble if and only if GI®™) s soluble.

The graph I' = (V, E) is said to be (G, s)-arc-transitive if I" has an s-arc and G acts
transitively on the set of s-arcs of I', where s > 1. Note that I is (G, 2)-arc-transitive if

and only if G is transitive on V', and GI™ is a 2-transitive group for some (and hence
every) v € V. By [7, 27, 28], we have the following result.

Theorem 2.5. Assume that I' = (V, E) is (G, 2)-arc-transitive. Then I' is not (G, 8)-
arc-transitive. Further,
(1) if G =1 then I is not (G, 4)-arc-transitive.
(2) if Gl # 1 then Gl is a nontm’vial p group for some prime p, O,(Gy GL v) # 1,
PSL(n,q) DGy, and |I'(v)] = L=,
case, I' is (G, 4)-arc-transitive if and only zfn =2.

- in this
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3. THE PROOF OF THEOREM 1.1

In this section, we let I' = (V,E) be a connected graph of valency d > 3, and
G < Autl'. Assume that I" is G-edge-primitive, that is, G acts primitively on E. Then,
by [9, Lemma 3.4], G acts transitively on the arc set of I'. Thus, for an edge {u,v} € E,
d= |Gy : G| and |Gy 1 Guo| = 2.

Let 1 # N 9 G. Then N is transitive on E, and so either N is transitive on V' or
N has two orbits on V; for the latter case, N, is transitive on I'(v). This implies that
either G = NG, or |G : (NG,)| = 2 and Ny, = Niye}. Note that G = NG,y by the
maximality of Gy, ) or the transitivity of N on E. We have

|G| — |NHG{U,U}| — |NHG{U,U}| — 2|N||Guv| — 2|NHGU|
‘ng{u,vﬂ ‘N{u,v}‘ |N{u,vﬁ| d|N{u,v}|
N||Gy 2| Ny 2| Ny
— NG| | _2[Ne| _ ING,| |

‘NU| le{u,v}l - d‘N{u,v}‘ ’

Then the next lemma follows.

Lemma 3.1. Let 1 # N JG. If N is transitive on V' then 2|N,| = d|Npw|; if
N s intransitive on V' then |N,| = d|Nguw}| = d|Nu|. In particular, N, # 1 and
Nuv 7é Nv 7é N{u,v}-

Let Kyq and Kg41 be the complete bipartite graph and complete graph of valency d,
respectively.

Lemma 3.2. Let 1 # N QG. Then either I' = Kgq, or Ny, # 1 and Ny, 18 self-
normalizing in N, where {u,v} € E.

Proof.  Assume that I" 2 K;4. Then, by the O’Nan-Scott Theorem and [9, Lemmas
6.1, 6.2 and Propersition 6.13], G has no normal subgroup acting regularly on E. Thus
Niuwy # 1, and so Ny 3 is self-normalizing in N by Lemma 2.1.

Suppose that N, = 1. Then Ny, has order 2, and so Ny < Cn(Npey) <
NN(N{%U}) = N{u,v}~ This implies that CN(N{u,v}) = NN(N{U’U}), and then N{u,v} is a
Sylow 2-subgroup of N. By Burnside’s transfer theorem (refer to [14, IV.2.6]), N has
a normal Hall 2’-subgroup, say M. Then this M is normal in G and regular on F, a
contradiction. O

Suppose that I' 2 K, 4. By [9], as a primitive group on £, the O’Nan-Scott type of G
is one of SD, CD, AS and PA. Then G has a unique minimal normal subgroup, which
is insoluble, refer to [22, 24]. In particular, G is insoluble, and so Gy} is not abelian
by [14, IV.7.4]. For the case where the arc-stabilizer G, is abelian, the following result
says that I' is a complete graph.

Theorem 3.3. Assume that I' 2 Kyq. Let 1 # N < G.

(1) If N{uay has a normal Sylow subgroup P # 1 then P is also a Sylow subgroup of
N ; in particular, N, ts not abelian.

(2) If Ny, is abelian then N is transitive on the arc set of I'.

(3) If Ny ts an abelian 2-group then soc(G) = PSL(2,q) and I' = K 11, where q is
a power of some prime with ¢ — 1 a power of 2 greater than 8.

(4) If Gy is an abelian group then d = q and either soc(G) = PSL(2,q) and I' =
Kyt1, or soc(G) = Sz(q), Autl” = Aut(Sz(q)) and I' is (Sz(q), 2)-arc-transitive,
where q is a power of some prime.
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Proof. (1) Assume that P # 1 is a normal Sylow p-subgroup of Ny, ,3. Then P is
characteristic subgroup of Ny, .}, and so P <Gy as Nyywy < Gyyey. Thus Ng(P)
Giuwy, and then Ng(P) = Gy by the maximality of Gy,,). This gives Ny (P)
NNNg(P) = NN Gy = Ny Choose a Sylow p-subgroup @ of N with P < Q.
Then Ng(P) < @ N Ng(P) = Q N Nyypy = P. This yields P = @, so P is a Sylow
p-subgroup of N.

Suppose that Ny, is abelian. Let R # 1 be a Sylow subgroup of Ny,.;. Then R
is a Sylow subgroup of N, and Ny, ,} < Cn(Q) < Ny(R) = Ny}, yvielding Cy(R) =
Ny (R). By Burnside’s transfer theorem, R has a normal complement H in N, that is
N = RH with RN H =1 and H < N. Note that H is a Hall subgroup of N. It follows
that H is characteristic in NV, and hence H < G. Let R runs over the Sylow subgroups
of Niyay. Then the resulting normal complements intersect at a normal complement
of Ngu in N, which is normal in G and regular on . This contradicts Lemma 3.2.
Therefore, Ny, .y is nonabelian, and (1) of this theorem follows.

(2) Assume that Ny, is abelian. Then Ny, # Ny by (1), and thus (u,v) = (v, u)”
for some x € Ny, ,}. Since I' is N-edge-transitive, I" is N-arc-transitive.

iV o

(3) Assume that N, is an abelian 2-group. Recall that G has a unique minimal
normal subgroup, say M. Then M < N, and (1) and (2) hold for M. Then, since M,,
is an abelian 2-group, My, . is a Sylow 2-subgroup of M, and My, ,, is not abelian.

Write M =T X --- x T}, where T; are isomorphic nonabelian simple groups. Recall
that My, .y is a Sylow 2-subgroup of M. For each i, choose a Sylow 2-subgroup Q; of T;
with Q; < My, . Then My, .y = Q1 X x Q. Noting that (); are all isomorphic, every
(i is nonabelian; otherwise, My, .} is abelian, a contradiction. In particular, Q1 £ M,,.
Then My, ,y = M,,Q1, and so

QZ X X Qk = M{u,v}/Ql = Mqul/Ql = Muv/(Muv N Ql)

Since M, is abelian, the only possibility is k£ = 1. Thus M = soc(G) is simple.

By [10, Corollary 5], M.} has cyclic commutator subgroup. Since My, ,} is non-
abelian, by [2], M is isomorphic to one of the groups My1, PSL(2, q) (with ¢*>—1 divisible
by 16), PSL(3, ¢) (with ¢ odd) and PSU(3,q) (with ¢ odd). If M = My;, then G = M,
and so My, .} is maximal in M; however, by the Atlas [3], a Sylow 2-subgroup of My, is
not a maximal subgroup, a contradiction. Thus we next let M = PSL(2,q), PSL(3,q)
or PSU(3,q).

Since M is transitive on E, we know that |E| = |M : M,,.y| is odd. Thus G is
an almost simple primitive group (on E) of odd degree. Noting that M, ,; = M N
Gruwy, by [20], M,y is known. Noting the isomorphisms among simple groups (refer
to [15, Proposition 2.9.1 and Theorem 5.1.1]), since M, .} is a Sylow 2-subgroup of
M, the only possibility is that M = PSL(2,q), and My,,) is the stabilizer of some
orthogonal decomposition of a natural projective module associated with M into 1-
dimensional subspaces. It follows that My, ., = Dy or Dyyq, and so My, = Zg or

Z%l, respectively. Since M is transitive on the arc set of I', we have |M, : M;U| =
d > 3. Checking the subgroups of PSL(2,q) (refer to [14, I1.8.27]), we conclude that
M, = Zq%l, d=q,V =|M: M, =qg+1and M is 2-transitive on V. Thus I" = K 4.

(4) Assume that G, is abelian. Let M be the unique minimal normal subgroup of
G. If My, is a 2-group, then (4) of this theorem follows from (3).
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We next assume that |M,,| has an odd prime divisor p. By (1), the unique Sylow
p-subgroup of M, is also a Sylow p-subgroup of M. Write M =T} x - -- x T}, , where T;
are isomorphic nonabelian simple groups. By (1) of this theorem, My, .} is not abelian,
50 Myuvy & Guo, and then Gy, oy = My Gyp. Thus G = MGy, and hence G, acts
transitively on {77,...,T;} by conjugation. Choose, for each i, a Sylow p-subgroup P,
of T; such that P, x --- x Py is the unique Sylow subgroup of M,,. Since G, is abelian,
we have P, = P < T} for x € Gy,. It follows that P, <T; for all i. The only possibility
is that £ = 1, and so M is simple.

Note that G is an almost simple group with a soluble maximal subgroup G, ;. Then,
by [18], both M = soc(G) and M,y = M N Gy are known. Since M,y has an
abelian subgroup of index 2, it follows that either M = PSL(2, q) and My, ,; =D 2

or M = Sz(q) and M,y = Dyg-1). Recalling that G = MG, we know that M is
transitive on V. By Lemma 3.1, |M,| = %|M{,,;|. Check the subgroups of M, refer
to [25] for Sz(q). For M = PSL(2,q), we have M, = [q]:Z@q:ll), and then I' = K, 4.

Assume that M = Sz(q) and My, ) = Dyg-1). Then M, = [¢]:Z,—; and d = ¢; in this
case, I is (M, 2)-arc-transitive. By [5], we have that Autl” = Aut(Sz(¢)) and I is unique
up to isomorphism. Thus (4) of this theorem follows. O

Lemma 3.4. Assume that G has type PA on E. Let soc(G) = Ty X -+ x Tj,. Then
(T})uw # 1 for each i and {u,v} € E; in particular, every T; is neither semireqular on V
nor semireqular on E.

Proof. Let M = soc(G). By Lemma 2.3, M,y = (T1) {uw} X - X (Th) uw}> and (15) fu,0}
all have equal order. By Theorem 3.3, My, .} is nonabelian. Thus (7})y} is nonabelian
for all 7. Then the lemma follows. [

For the case where I' is a bipartite graph, we let G be the subgroup of G preserving
the bipartition of I'. Then |G : GT| = 2, and each bipartite half of I" is a G*-orbit on
V.

Lemma 3.5. Assume that the graph I' = (V, E) is (G, 2)-arc-transitive, and G has type
PA on E. Then either I' = Kgq4, or one of the following holds:

(1) G is quasiprimitive on V;
(2) I is bipartite, and G is faithful and quasiprimitive on each bipartite half of I.

Proof. Since G is primitive on E, every minimal normal subgroup of G is transitive on
E and so has at most two orbits on V. If I' is not bipartite then G is quasiprimitive on
V.

Now let I' be bipartite with bipartition, say, V = V; UV5. Note that G,, < G for each
v € V. Then G is locally-primitive on I'. Suppose that I" % K, 4. Then, by [23], G
is faithful on both V; and V3, and either (2) of this lemma holds, or the unique minimal
normal subgroup of G is a direct product M; x M,, where M; and M, are normal in G*
and conjugate in GG, and M; is intransitive on V; for ¢ = 1,2. For the latter case, if M;
is intransitive on V5 then M is semiregular on V' by [8, Lemma 5.1]; if M; is transitive
on V5 then Ms is semiregular on V5. These two cases all contradict Lemma 3.4. Thus
G™ is quasiprimitive on both V4 and V5. O
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As permutation groups on V and on E, the types of G (and GT) have been determined
in [9]. Then by Lemma 3.5 and combined with the reduction theorems for 2-arc-transitive
graphs given by Praeger [22, 23|, we get the following result.

Lemma 3.6. Assume that the graph I' = (V, E) is (G, 2)-arc-transitive. Suppose that
I' 2 Kaa. If G is not almost simple, then G' has type PA on E and either
(1) G is quasiprimitive and of type PA on V'; or
(2) I' is bipartite, G is faithful and quasiprimitive on each bipartite half of I' with
type PA.

Now we are ready to give a proof of Theorem 1.1.

Theorem 3.7. Let I' = (V, E) be a connected d-reqular graph for some d > 3, and
let G < Autl’. Assume that I' is both G-edge-primitive and (G, 2)-arc-transitive. Then
either I' = Kqq, or G is almost simple.

Proof. Assume that I" % Ky 4, and let {u,v} € E. By the 2-arc-transitivity of G on I,
we know that GL“) is a 2-transitive permutation group of degree d.

Let M = soc(G) =Ty X -+ x Ty, where T; are isomorphic nonabelian simple groups.
Then M, <G, and 1 # M, # M,, by Lemma 3.1; in particular, M, £ Gq[)u. Thus Mf(v)
is a transitive normal subgroup of e

Assume that M. is primitive on I'(v). Noting that G is transitive on V', we conclude

that MJ™ is primitive for every w € V. Thus I' is M-locally primitive. Then, by
Lemma 3.4 and [8, Lemma 5.1], we conclude that k£ = 1, and so G is almost simple.

Next assume that M, " is imprimitive on I'(v).

Note that every non-trivial normal subgroup of an almost simple 2-transitive group
is primitive. Then GI™ is an affine 2-transitive group, and by Lemma 2.2, ME® s a
soluble Frobenius group and (My ), is cyclic. Set (ML ™), & Z. and soc(G4™) = Zt
for a prime 7 and integer [ > 1 with d = 7. Then e is a divisor of 7/ — 1, and e < r! — 1.

Assume that e = 1. Then M, ) = soc(Gg(v)) >~ 7! and so My is regular on I'(v).
By [17, Lemma 2.3], M, is faithful and hence regular on I'(v), and thus M,, = 1, which
contradicts Lemma 3.2. Thus e # 1.

If | =1 then |[I'(v)| = d = r and MT™ is primitive on I'(v), a contradiction. Thus
[ > 1. Note that e is a proper divisor of d — 1 = 7! — 1. Then d — 1 is a not a prime. It
follows that d = r' > 9. Since G5 is an affine 2-transitive group of degree d, G5 has
no normal subgroup isomorphic to a projective special linear group of dimension > 2.
By Theorem 2.5, G% =1, and so nglv] = 1.

Let © € Gupy \ Guo. Then (u,v)” = (v,u), this implies that ME® and MI™ are
permutation isomorphic. In particular, (Mr ™), = (M{™), = Z.. Since M n M =
MY =1, we know that M,, is isomorphic to a subgroup of (Mm,/Mq[}]) X (MUU/MJ,H).
Note that Mm,/MIEI] = (M{(v))u and Mm,/MF = (Mup(u))v. Then M,, is isomorphic
to a subgroup of Z, X Z.. In particular, M, is abelian. Then, by Theorem 3.3, M is
transitive on the arc set of I', and so My, .y = My,.2.

If e is a power of 2 then, by Theorem 3.3, M = PSL(2,7!), I' & K,.,4; however, in
this case, M is locally primitive on I', a contradiction. Thus e has odd prime divisors.
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Let s be an odd prime divisor of e, and S be a Sylow s-subgroup of M,,. Then, noting
that My, .y = My,.2, we know that S is also a Sylow s-subgroup of M by Theorem 3.3.
Thus S = 57 X -+ X Sk, where S; is a Sylow s-subgroup of T; for 1 < i < k. Since M,,
is isomorphic to a subgroup of Z, X Z., we know that M,, has no subgroup isomorphic
to Z3. Tt follows that k < 2.

Now we deduce a contradiction by supposing that k£ = 2.
Let k = 2. Since G < (Aut(T7) x Aut(7})):2, we have

G{u’v}/M{u,v} = G{u,v}/(M N G{uﬂ,}) = MG{U’U}/M = G/M < (Out(Tl) X Out(Tl)):Z

It follows that Gy} /M{u,v} is soluble, and so G,y is soluble as My, . is soluble. Thus
(GE™),, is soluble, and G5 ) = soc(GL™):(GL™), is also soluble. Checking the soluble
affine 2-transitive groups, by Lemma 2.2, (G5™), < TL(1,#) or Z. = (M), <
Z((GF™),) = Z,. Note that (M. ™), is a reducible subgroup of (G4 )),. Recalling
that e is not a power of 2, the latter case does not occur.

Since |M{yy : Myy| = 2, we have My 3 € Gup, and s0 Gy # My} Guo < Gue}-
Then My, Guy = Guwy, and G = MGy, ) = MGy,. Recalling that M = Ty x T, it
follows that G, acts transitively on {T1,75} by conjugation. Let H be the kernel of
this action. Then |G, : H| = 2, and each T; is normalized by H. For h € H,

((Tz)v>h - (Tz N Gv)h - Tz‘h N (Gv)h =T,NG, = (Ti>va i=1,2.

This implies that H normalizes each (T}),. Then (1})s ) is normalized by H'®. Note
that (7;)s ) is a normal subgroup of My ) = soc(GL™):(ML ™), and e = |(Ms ),
is a proper divisor of 7' — 1. Let K; be the Sylow r-subgroup of (Ti)f;(v). Then Kj is
normalized by H'®, and K; < soc(Gf(v)) and K1 N Ky = 1.

Recalling that |Gy, : H| = 2, we have |(G+™), : H'®| < 2. Since GL™ is 2-
transitive, |(Gy ()),| is divisible by 7! — 1, and so |H"®)]| is divisible by Tl; L Note that
rl2—1 > %l —1>7"1 —1. Then |[H"™] is not a divisor of r’ — 1 for any 1 < b < I. Then,
by [13, Lemma 5.1], H'®) is irreducible on soc(GUF(v)). It implies that K3 = Ky = 1, and
thus (7)1 ™ < (MI™), for i = 1,2. Let u run over I'(v). It follows that (T,)- ™ =1,
and hence (T;), < ngl], i = 1,2. Since M is transitive on V, by [17, Lemma 2.3], we
have (T1), = (T»), = 1, which contradicts Lemma 3.4. This completes the proof. O

As a consequence of Theorems 3.3 and 3.7, an edge-primitive graph of prime valency
is 2-arc-transitive, and then it has almost simple automorphism group if it is not a
complete bipartite graph. See also [21].

Corollary 3.8. Assume that d is a prime and I' 22 Kgq. Then G is almost simple, and
either G = PSL(2,d) with d > 11 and I' = Kgy1 or G is transitive on the set of 2-arcs
of I'.

Proof. Note that G is transitive on the arc set of I'. Let {u,v} € E. By Theorem 3.7,

it suffices to deal with the case where G ) is not 2-transitive.

Suppose that GI™ is not 2-tramsitive. Then GL) = Zq:7; with | < d — 1 and
[ a divisor of d — 1. If [ = 1 then G, = Z4 by [17, Lemma 2.3], and so G, = 1,
which contradicts Lemma 3.2. Then [ > 1, and so d > 5. By Theorem 2.5, Gl = 1.
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Then G, is isomorphic to a subgroup of (Gg(“))v X (Gf;(v))u > 7y x Zy. Thus G,
is abelian. By Theorem 3.3, I' = K1, soc(G) = PSL(2,d), soc(G), = Zd:Z% and
50¢(G) quwy = Dg—1. If G = PGL(2,d) then G is transitive on the set of 2-arcs of I',
which is not the case. Thus G’ = PSL(2,d), and so d > 11 by the maximality of G, ). O

4. EXAMPLES

Let I' = (V,E) be a connected d-regular graph, where d > 3. Let v € V and
G < Aut!l'. Assume that I" is (G, 2)-arc-transitive. Choose an integer s > 2 such that I
is (G, s)-arc-transitive but not (G, s 4+ 1)-arc-transitive; in this case, we call I" a (G, s)-
transitive graph. Then s < 7 by [28]. If G, is faithful on I'(v) then s < 3 by Theorem
2.5, and s = 3 yields that d = 7 and G, = A7 or Sy, see [16, Proposition 2.6]. This leads
to the following interesting problem: Do there exist 3-arc-transitive graphs with faithful
stabilizers? We next answer this problem by giving several examples of edge-primitive
graphs which are 3-arc-transitive and have faithful stabilizers.

The first example is the Hoffman-Singleton graph, which has valency 7, order 50
and automorphism group G = 7.2, where T" = PSU(3,5). Let X = T or G. For an
edge {u,v} of this graph, X, = A7 or S; and Xy, = Mo or PI'L(2,9), which are
maximal subgroups of X. Thus the Hoffman-Singleton graph is both X-edge-primitive
and (X, 2)-arc-transitive. To see the 3-arc-transitivity, we fix an edge {u, v} and consider
the action of the arc-stabilizer X, (= Ag or S¢) on I'(u)UI'(v). By the 2-arc-transitivity
of X, we have two faithful transitive actions of X,, on I'(u) and I'(v), respectively. Let
vy € I'(v) \ {u} and = € Xpy ) \ Xuw. Then uy :=of € I'(u) \ {v}, and

(Xuv)m = (X{u,v})ul = (X{u,v}>v% = ((X{u,v})m)x = ((Xuv)m)x'

By the choice of x, we know that (X,),, and ((Xuv).,)* are not conjugate in X,,, and
so do for (Xy,)s, and (X, )y, This implies that the actions of X, on I'(u) and I'(v)
are not equivalent. Thus (X,,).,, acts on I'(u) \ {v} without fixed-points, this yields
that (Xyp)e, is transitive on I'(u) \ {v}. It follows that the Hoffman-Singleton graph is
(X, 3)-arc-transitive.

In general, combined with [16, Proposition 2.6], a similar argument as above yields
the following result.

Lemma 4.1. Let I' = (V, E) be a connected d-reqular graph for d > 3, {u,v} € E and
G < Autl'. If I" is (G, 2)-arc-transitive and G, is faithful on I'(v), then I is (G, 3)-arc-
transitive if and only if d = 7, soc(G,) = A7 and G0y Z Se, i.e. Gy = PGL(2,9),
M10 or AUt(AG)

We next give another example.

Example 4.2. By the information given in the Atlas [3] for the O’Nan simple group O'N,
there are exactly two conjugacy classes C; and Cy of (maximal) subgroups isomorphic to
A7, which are merged into one class in O’N.2. Further, there are H € C; and involutions
x1, 29 € O'N.2\ O'N such that (HNH"):(x;) both are maximal subgroups of O’'N.2 with
(HNH™):(x1) = PGL(2,9) and (H N H*):(x2) = PSL(2,7):2. Define two bipartite
graphs Iy = (V) Ey) and Iy = (V, Ey) with vertex set V' = C; UCy and edge sets
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Ey ={{H:,Hy} | H € C;,Hy € Co, H1 N Hy = Ag};

Es = {{Hl, HQ} | H, € Cl,HQ € Cz,Hl NHy & PSL(Q,?)}
Then I} and I'y are both O’N.2-edge-primitive and (O’N.2, 2)-arc-transitive, which have
valency 7 and 15 respectively. By Lemma 4.1, only I is (O'N.2, 3)-arc-transitive. [

Lemma 4.3. Let Iy be as in Example 4.2. Then Autly = O'N.2.

Proof. Let G = Autl}. Then G > O'N.2. By Theorem 1.1, G is almost simple, and
so O'N < soc(G). Let {u,v} be an edge of I'. Then G =~ A; or S;, and G} =

by Theorem 2.5. Thus, by the group extensions (®) in Section 2, we conclude that |G|
has no prime divisor other than 2, 3, 5 and 7. Since O’N.2 is transitive on the vertices
of I}, we have G = (O'N.2)G,. It follows that |O’N| and [soc(G)| have the same prime
divisors. Using [19, Corollary 5], we get soc(G) = O'N, and so G = O’'N.2. O
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