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Abstract

A distance graph is a graph G (R, D) with the set of all points of the real line as vertex set and two vertices u, v € R are adjacent
if and only if |u — v| € D where the distance set D is a subset of the positive real numbers. Here, the vertex linear arboricity of
G (R, D) is determined when D is an interval between 1 and ¢. In particular, the vertex linear arboricity of integer distance graphs
G (D) is discussed, too.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, R, Z, P denote the set of all real numbers, all integers, all prime numbers, respectively.

A k-coloring of a graph G is a mapping f from V(G) to {1, 2, ..., k}. With respect to a given k-coloring, V; denotes
the set of all vertices of G colored with i, and (V;) denotes the subgraph induced by V; in G. If V; is an independent
set for every 1 <i <k, then fis called a proper k-coloring. The chromatic number y(G) of a graph G is the minimum
number k of colors for which G has a proper k-coloring. If V; induces a subgraph whose connected components are
paths, then fis called a path k-coloring. The vertex linear arboricity of a graph G, denoted by vla(G), is the minimum
number k for which G has a path k-coloring. In other words, the vertex linear arboricity vla(G) of a nonempty graph
G is the minimum number of subsets into which the vertex set V (G) can be partitioned so that each subset induces a
subgraph whose connected components are paths.

Matsumoto [14] proved that for a finite graph G, vla(G) < [(4(G) + 1) /27; moreover, if 4(G) is even, then vla(G) =
[(4(G)+1)/27 if and only if G is a complete graph of order A(G) + 1 or a cycle. Goddard [9] and Poh [15] proved that
vla(G) < 3 for a planar graph G. Akiyama et al. [1] proved that vla(G) <2 if G is an outerplanar graph. Fang joined Wu
[8] and determined the vertex linear arboricity of complete multiple graphs and obtained an upper bound of Cartesian
product of graphs.

Given any set D of positive real numbers, let G(R, D) denote the graph whose vertices are all the points of the real
line R, such that any two points x, y are adjacent if and only if |[x — y| € D. This graph is called a distance graph and
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the set D is called the distance set of the graph. If D is a positive integer set, then the subgraph induced by Z is called an
integer distance graph and denoted by G (D). The distance graph was introduced by Eggleton et al. [6] in 1985. They
proved that y(G(R, D)) =n + 1 where D denotes an interval between 1 and d for 1 <n — 1 <d<n and y(G(P)) =4.
If D C P and |D|=3then y(G(D))=4if and only if D = {2, 3, 5}. They also obtained some results on the chromatic
number of G (D, ) where Dy, p ={1,2, ..., m}—{k}. Recently, Chang et al. [3] determined completely the chromatic
numbers of G (D, r). Many people discussed the chromatic number of integer distance graph G (D). In particular, the
chromatic numbers of many cases of G(D) are determined where D is a 3- or a 4-element prime distance sets. More
results on the chromatic number of integer distance graphs, see [6,7,10,17,16].

In Section 2 we shall treat the problem of determining the vertex linear arboricity of distance graph G(R, D) for D
an interval between 1 and d(> 1). It is obtained that the vertex linear arboricity and the chromatic number of G (R, D)
are equal. When D € {[1, d], (1, J], [1, 9), (1, 8)}, a path chromatic subgraph of G(R, D), a finite subgraph whose
vertex linear arboricity equals vla(G (R, D)), is found. In Section 3, we will discuss the distance graph with the vertex
set Z of all integers and the distance set D of some positive integers (this graph is denoted by G(D)). Some upper
bounds on vla(G (D)) with a special distance set are obtained. It is proved that vla(G (D)) = 1 for any 1-element set
D, and vla(G (D)) = 2 if |D| = 2, or D contains at most one even number and |D|>2. In the last, the vertex linear
arboricity of a special class of integer distance graphs is determined.

In [18], it is studied that the vertex linear arboricity of G(Dy, x) where Dy, = {1, ..., m}\{k}. It is obtained that
vla(G(Dy,1)) = [m/41 + 1form 23, [m + 1/4] + 1<vIa(G (D 2)) < [m /4] + 2 for m > 6, vla(G (D, 1)) = [k/2]
form<k+ |k/2] — 1and [(m + k + 1)/4]1 <VIa(G (D 1)) <k([m/4k] + 1) for m > 3k.

2. Interval of distances

If G, Hy, Hy, ..., Hy,, are vertex-disjoint graphs, where V(G) = {v1, va, ..., vy}, then the composition of these
graphs, denoted by G[H|, Ha, ..., Hy], is the graph consisting of U;": | H; and all edges between every vertex of H;
and every vertex of H; for any v;v; € E(G).If H = H = Hy =--- = Hy,, denote G[Hy, H>, ..., H,] = G[H]. The

complete n-partite graph K is K,[K ,,] where K,, is the complete graph of order n and K ,, is the complement of K.
It is clear that for each m >3, vla(K]) = n since the induced subgraph of any m -+ 1 vertices in K] would contains a
cycleor a Ky .

In this section, the first case to be considered is when the distance set D is an interval between 1 and 6 for some
0>1.1f 6 = 1, then vla(G (R, D)) = 1. For ¢ > 1, we have the following theorem.

Theorem 2.1. Ifn — 1 <o<nandn > 1, then vla(G(R, D)) = n + 1 for an interval D between 1 and o.

Proof. In [6], it was proved that y(G(R, D)) = n + 1. Since vla(G(R, D)) <y(G(R, D)), vla(G(R, D))<n + 1.
So it suffices to prove that vla(G(R, D)) >n + 1.

Consider a path coloring fof G(R, D). For any ¢ > 0, we can choose a real number a and six vertices vg1, vo2, Vo3,
V11, V12, V13 such that a <vg; < vg2 < Vg3 < V11 < V12 < V13 <a + &, and such that the first three vertices receive the
same color and the other three vertices receive another color. In particular, choose ¢ = (6 — n + 1)/n. Define

j+3nG—1)
———€&

viji=a+i—1+ ™

for2<i<nand 1< j<3.Set X; ={v;1, vi2, v;3} for 0<i <n. Then for any two vertices v;;, vy (i <s), apart from the
case i = 0 and s = 1, the distance between them is greater than 1 but less than d, so they must be adjacent. Therefore
(XoUXoU---UX,)=(X1UXaU---UX,)=Kj3. Since a path coloring of K7 uses each color at most three times,
the coloring of f must have at least n 4+ 1 colors, which implies that vla(G(R, D)) >n + 1. U

What subgraphs of G(R, D) are “responsible” for its vertex linear arboricity for D € {[1, d], (1, 9), (1, J], [1, 0)}?
We define a critical path chromatic subgraph of a graph G to be a minimal subgraph of G with the same vertex linear
arboricity as G. If a subgraph of G has vertex linear arboricity vla(G), it is called a path chromatic subgraph of G. It
is clear that if there is a finite path chromatic subgraph of G, there would be a critical path chromatic subgraph (it can
be obtained from the path chromatic subgraph by deleting some vertices and edges).
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By the definition of composition of graphs, let L(m,n) = Capni1[K3, K%, ... K3, Kg,f3], that is, Hj+1 =
K3(0<i<m), Hyj = Kg‘ (1<i<m) and G is an odd cycle Cy,+1. It is clear that L(m, 1) is Cop41 [K3]and L(1, n)
is a complete (n + 2)-partite graph Ké’*z.

Lemma 2.2. For any positive integers m, n, vla(L(m, n)) =n + 2.

Proof. Let U; = V(Hyi41) (0<i<m), W; =V (H2;) (1<i<m). Firstly, we give a path (n 4 2)-coloring of L(m, n):
Let U; be colored 0 for 0<<i < m, the n parts of W; be colored 1, 2, ..., n respectively for 1 <i <m and U,, be colored
n + 1. It is clear that this is a path coloring of L(m, n), so vla(L(m, n))<n + 2.

Assume that f'is a path coloring of L(m, n) used the number of colors as small as possible. If the vertices of some
U; (0<i <m) are colored by at least two colors, then in the complete n + 1-partite subgraph G; 1 = (Wit1, Uit1),
there are at most five vertices colored by these two colors (three vertices in U;4; with one color and two vertices in
one part of W, with another color, in other cases there would be less than five vertices), and other vertices in G
would not be colored by these two colors. So there are at least 3n — 2 other vertices in G4 need at least n colors. So
there are at least n 4 2 colors in f.

Suppose for every U; (0<i <m), all vertices in U; receive the same color. Then the colors of U; and U;4; would
not appear in W, . But the number of colors in W;4 is at least n, so the subgraph (U;, W41, U;11) would need at
least n + 1 colors in the case of the U;, U; are same color for all 0<i <m — 1. But U, and U induce a complete
bipartite subgraph, the colors of them would not be identical. So U,,, need additional color and the number of colors in
fwould be at least n + 2.

Therefore vla(L(m,n))>n + 2. [

Now we prove that there is a path chromatic subgraph in G(R, D) for D an interval.

Theorem 2.3. Forany integersm>2,n>21,ifn+1/m <o<n+1/(m—1) then L(m, n) is a path chromatic subgraph
of G(R, D) for D € {[1, 0], (1, 6), (1, 0], [1, )}

Proof. Lete = (0 — (n+1/m))/(n 4 2). Then 0 < e <1/(n 4 2)m(m — 1). Define vertices u;;, w;;r of G(R, D) by
e

upj =j, for0<;j<2,

w

i &
Ujj =—+e+j§, for I<i<m,0<j<2,
m
w,'ijk(]—‘rS)—i-uij, for 1<i<m,0<j<2, 1<k<n.

LetU; ={u;o, u;1, ujp} fori=0, 1, ..., mandlet W; :UZZI {wiok, witk, wiox} fori=1, 2, ..., m.Inthe next we prove
fori=1,2,...,m:(a) (W;) 2 K%, (b) (W; UU;) 2 K5, (¢) (Ui—1 UW;) 2 K5+ and finally d) (U,, U Up) 2 K3.
Then U; (0<i <m) and W; (1 <i <m) form L(m, n) and it follows from Theorem 2.3 that L (m, n) is a path chromatic
subgraph of G(R, D) for open interval D and consequently for half-opened and closed interval.

Firstly u;o < uj1 < ujp for 0<i <m and wior < wix < wiok for 1 <i <m, 1 <k<n.

(a) We have wiop+1) —wik =k + DA +&)+((/m)+e—k(1+¢e)—(i/m)—e—2(e/3) =14 (¢/3) > 1 for
k=1,2,....,n—1;i=1,2,...,m,and wijo, —wijo1 =n(l+¢e)+ G/ m)+e+2(/3)—(1+e&)—(i/m)—¢ec=
=D+ m—-1/3)e<n+{1/m)+n+2)e=0fori=1,2,..., m.Therefore (W;) 2 K5 fori=1,2,...,m.

(b) Inthiscase wjo —ujp=04+¢e)+ @G/ m)+e—(G/m)—e—2(/3)=1+(¢/3) > 1and wjr, —ujo=n(l+¢)+
i/m)+e+2e/3)—(i/m)—e=n+n+2/3)e<n+ (1/m)+ n+2)e=0dfori =1,2,..., m. Therefore
(W; UU;) 2 Kt fori=1,2,...,m.

(¢) Similarly wio1 —ui—np=0+e)+ @/ m)+e—(G—1/m)—e—2(/3)=1+¢/3+(A/m)>1fori=2,..., m;
wior —uoz = (1 + &) + (I/m) +& —2(e/3) = 1 + e + (1/m) > 15 wizy — ui—1y0 =n(l + &) + (i/m) +
e+2€/3))—(G—-—1)/m—e=n+ (1/m)+ (n + %)8<n + (A/m)+ m+2)e =0 fori =2,...,m and
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wiop —ugp=n(l4+¢e)+{A/m)+e+2/3)—0=n+(1/m)+ (n+ %)8<n+(1/m)+(n+2)8=5.Then
(Uit UW;) D Ky fori=1,2,...,m.

(d) Since uyg —upp=m/m—+¢e—2(/3)=14+(/3)>1and u;;p —ugp=m/m+e+2/3)—0=1+(5/3)e <n+
(1/m) + (n+2)e =6, (U, UUp) 2 K2. O

Clearly, y(L(m,n)) =n + 2 and then L(m, n) is also a chromatic subgraph of G(R, D). Therefore, Theorem 4 of
[6] can be viewed as a special case of this theorem.

3. Integer distance graphs

For any D € N with the set N of all positive integers, let G (D) denote the graph with the set Z of integers as vertex
set and with an edge joining two vertices u and v if and only if |u — v| € D. Such a graph G (D) is called an integer
distance graph.

If |D| <1 then vla(G (D)) = 1 since the graph consists of paths only. Suppose that | D| =2 and let D = {a, b} with
a<b.Define fO)=f()=---=fG-D)=1,fb)=fb+1)=---=f2b—1)=2,and f(n+2b) = f(n) for
all n € Z. Then fis a path coloring and vla(G (D)) <2. Since there is a cycle 0, a, 2a, ..., ba, (a — 1)b,...,2b,b,0
in this graph, vla(G (D)) = 2. If D is a finite set, then G(D) is a 2| D|-regular graph and it is not difficult to prove that
vla(G (D)) <|D|. We will discuss the distance graph with some special distance set in the following.

Theorem 3.1. (1) For any nonnegative integer mand k > 1,let D={m + 1,m +2,...,m + k}. Then vla(G(D)) =
[(k+1)/2] form =0 and vla(G (D))< [(m + k)/(m +3)] + 1 form>1.
(2) If k € D and there is no other multiple of k in it, then vla(G (D)) <k.

Proof. () Ifm=0,letl=[(k+1)/2], fO)=fD)=1,f2)=fB)=2,...,fQRl—-2)=fQ2l —1)=1and
f @2l +n)= f(n) foreachn € Z, then f1is a path coloring and vla(G (D)) <! = [(k + 1)/2]. On the other hand, since
vertices 0, 1, ..., k induce a k 4+ 1-complete graph K1, vla(G(D)) > [(k+ 1)/2]. Hence, vla(G (D)) =[(k+ 1)/2].
Iftm>1,leth=[(m+k)/(m+3)], fE(m+3)+i)=tfor0<r<hand0<i <m+2,and f((h+1)(m+3)+n)=f(n)
for all n € Z, then fis a path coloring. Therefore vla(G(D))<h+ 1 =[(m + k)/(m +3)] + 1.
(2) Suppose k € D and there is no other multiple of k in it. Let f(n) = n(mod k) for each n € Z. It is clear that fis
a path coloring, so vla(G (D)) <k.

If all the elements of the distance set D have a common factor, then the vertex linear arboricity of G(D) has the
following properties.

Theorem 3.2. Let D = {dy, d», ...} and n|d; fori = 1,2, .... Then VIa(G{dy, d», .. .}) = Vla(G{d; /n, da/n, .. .}).

Proof. Define Vi={v € Z: v =i(modn)},i=0,1,2,...,n—1.Ifuand v are adjacent vertices of G(D) then |u —v| €
D, and therefore |u—v| is divisible by n which implies that u and v belong to the same residue class V;. Therefore, there do
not exist edges of G (D) between vertices of different residue classes which implies that G (D) consists of the n induced
subgraphs (Vp), (V1), ..., (V,—1) which are mutually isomorphic. Since (Vj) is isomorphic to G{d/n, da2/n, ...}, we
have vla((Vy)) = vla(G{di/n, d>/n, ...}). Because of the isomorphism of the subgraphs(Vp), (V1), ..., (V,—1) and
the fact that there are no edges between any two of them we obtain vla(G (D)) = vla(G{d/n, d>/n, .. .}).

By Theorem 3.2, it is clear that vla(G(D)) = [(n + 1)/2] where D = {x, 2x, ..., nx}. It is sufficient to discuss
vla(G(D)) where D = {dy, d», ...} with gcd(dy, d>, ...) = 1.
Next an upper bound is obtained on the vertex linear arboricity of G(D) when D can be infinite.

Theorem 3.3. For any distance set D, we have vla(G (D)) < min{n vla(G(D")) : n € N} where D" ={d € D : n|d}.

Proof. Partition the vertices of G(D) into residue classes V; ={v € V(G)=7; v =i(modn)},i =0,1,...,n —1
with respect to an arbitrary positive integer n. If #; and w; are vertices of V; then u; is adjacent to w; if and only if
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|u; —w;| € D". Since the induced subgraphs (Vy), (V1), ..., (V,—1) are pairwise isomorphic and therefore isomorphic
to G((1/n)D™) which has distance set {d/n : d € D"}. We obtain vla(G((1/n)D")) = vla(G(D")). Therefore,
vla(G (D)) <min,cynvla(G(D™)). O

In fact, this result is significant for D with |[D"| < 4 oo for some n € N.
It follows from Theorem 3.1 and Theorem 3.3, if D contains at most one even number and | D| > 1, then vla(G (D))=2.
We also have that if D is the set of all odd positive integers, or all prime numbers, then vla(G (D)) = 2.

Corollary 34. (1) If D1 ={3}U{3k+i,i =1,2,k>0}, then vla(G(Dy)) = 3.
(2) Let Dy ={x,y,x +y,y — x},x <y, gcd(x, y) = 1. If x and y have distinct parity, then vla(G(D»)) = 2. If x
and y are odd both, then vla(G (D7) = 3.

Proof. (1) It is clear that vla(G (D)) <3 by Theorem 3.1. The conclusion follows immediately from the fact that
vertices 0, 1, 2, 3, 4, 5 induce a complete graph K¢ in G(D>).

(2) Since {0, x, y, x +y} € V(G) form a complete subgraph K4, vla(G(D3)) >vla(K4) =2. If x and y have distinct
parity, then D3 contains only one even number and vla(G(D3)) <min,cy n vla(G(D5)) <2 x 1 =2 by Theorem 3.3.

If x and y are odd both, then x 4+ y and y — x are even both. Moreover, if x is a multiple of 3, thenyand y +x, y — x
are all not multiples of 3. That is, |D§| < 1. Hence, vla(G(D3)) <3 by Theorem 3.3. If vla(G(D3)) <2, then we have
1(G(D3)) <4 (we can obtain a proper 4-coloring by coloring vertices on any path alternatively with two colors). It
contradicts y(G(D3)) =5 [11, Theorem 1]. Therefore vla(G(D3)) = 3.

In the last, we determine the vertex linear arboricity of a special class of integer distance graphs.
Theorem 3.5. If D ={x,2x,...,nx,y},x>1,n>3, gcd(x, y) =1, then vla(G(D)) = [|D|/2].

Proof. Since {x,2x,...,nx} C D and vla(G{x, 2x,...,nx}) =[(n + 1)/2], vla(G(D)) > [(n + 1)/2] = [|D|/2].

We assume that n is an odd number in the following, and the result can be proved similarly when # is even. A
coloring fof G(D) is called t-admissible if f(v) # f(v+¢t)forall v € Z, and T-admissible if it is t-admissible for all
t € T. A coloring fis called p-periodic if f(v) = f(v + p) for all v € Z. We prove vla(D) < [|D|/2] by constructing
(n + 1)x-periodic path coloring. Since, by assumption, y # 0(mod (r + 1)x) we can assume without loss of generality
that 0 < y < (n + 1)x. The periodic coloring defined by unlimited repetition of the following coloring section of length
(n+ Dx

2y 2¢ n—3\>*/n—-1\*
St = 0) (D - T .

=(---0) (1...1)...(2...”—1)

2x times 2x times
2xtimes

is d-admissible for d with 2x <d <nx, since vertices of same color are of distance less than 2x or greater than nx.
Therefore, this coloring is {2x, ..., nx}-admissible as well as y-admissible if 2x <y <nx.

Hence, we yet have to consider the cases that 0 <y <2x and nx <y < (n + 1)x. Since any (n + 1)x-periodic y-
admissible coloring with 0 < y < 2x is also admissible for y' = (n 4+ 1)x — y with nx <y’ < (n + 1)x it only remains to
consider the case that 0 <y <2x.Let2x =qy +7r,q € N,r € No and 0<r < y. Defining coloring sections of length
2x by

ST () = { O+ (O +27(H", if g is even,
2 T4 (F D (f 42, if g is odd.

We construct a periodic coloring of G(D) by fitting together (n + 1)/2 of such sections as follows,

0,2 s 2 —-3)/2,0 —-1)/2,1
Stiye = SOP(y) - ST () STV () LD ()
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This coloring is {2x, 3x, ..., nx}-admissible since vertices v, v 4 2x, ..., v+ nx are colored differently for all v € Z.
The periodic coloring is also y-admissible since vertices of same color in a section Sg:’f +2) (y) are of distance unequal
to y and vertices of same color in different sections are of distance greater than y since n > 2. In this coloring of G (D),
if vy, vy are assigned same color, then vy and v, are not adjacent or |v; — va| = x. So the neighbors of vy are at most
two vertices vy — x, v + x with the same color of vy, but v; — x, v; + x can not be the same color with v; at the same
time. Therefore this coloring is a path coloring of G(D) and vla(G(D))<[|D|/2]. O

Remark. Since G(D) is a subgraph of G(R, D), all results in this section hold in G(R, D) by coloring x with the
color of |[x].

Acknowledgements

The authors thank the referees for their valuable comments and suggestions. Specially, Theorem 3.1 and the proof
of Theorem 2.3 have been improved suggested by the referees.

References

[1] J. Akiyama, H. Era, S.V. Gerracio, M. Watanabe, Path chromatic numbers of graphs, J. Graph Theory 13 (1989) 569-579.
[3] G.J. Chang, D.D.-F. Liu, X.D. Zhu, Distance graphs and T-coloring, J. Combin. Theory Ser. B 75 (1999) 259-269.
[6] R.B. Eggleton, P. Erdos, D.K. Skilton, Colouring the real line, J. Combin. Theory Ser. B 39 (1985) 86—100.
[7] R.B. Eggleton, P. Erdés, D.K. Skilton, Colouring prime distance graphs, Graphs Combin. 6 (1990) 17-32.
[8] Y. Fang, J.L. Wu, The vertex linear arboricity of complete multiple graphs and Cartesian product graphs, J. Shandong Institute Mining Technol.
18 (3) (1999) 59-61.
[9] W. Goddard, Acyclic coloring of planar graphs, Discrete Math. 91 (1991) 91-94.
[10] A. Kemnitz, H. Kolbery, Coloring of integer distance graphs, Discrete Math. 191 (1998) 113-123.
[11] A. Kemnitz, M. Marangio, Chromatic numbers of integer distance graphs, Discrete Math. 233 (2001) 239-246.
[14] M. Matsumoto, Bounds for the vertex linear arboricity, J. Graph Theory 14 (1990) 117-126.
[15] K. Poh, On the linear vertex-arboricity of a planar graph, J. Graph Theory 14 (1990) 73-75.
[16] M. Voigt, Colouring of distaince graphs, Ars Combin. 52 (1999) 3—12.
[17] M. Voigt, H. Walther, Chromatic number of prime distance graphs, Discrete Appl. Math. 51 (1994) 197-209.
[18] L.C. Zuo, J.L. Wu, J.Z. Liu, The vertex linear arboricity of an integer distance graph with a special distance set, Ars Combin. 79 (2) (2006),
preprint.



	The vertex linear arboricity of distance graphs
	Introduction
	Interval of distances
	Integer distance graphs
	Acknowledgements
	References


