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Abstract

A distance graph is a graph G(R, D) with the set of all points of the real line as vertex set and two vertices u, v ∈ R are adjacent
if and only if |u − v| ∈ D where the distance set D is a subset of the positive real numbers. Here, the vertex linear arboricity of
G(R, D) is determined when D is an interval between 1 and �. In particular, the vertex linear arboricity of integer distance graphs
G(D) is discussed, too.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, R, Z, P denote the set of all real numbers, all integers, all prime numbers, respectively.
A k-coloring of a graph G is a mapping f from V (G) to {1, 2, . . . , k}. With respect to a given k-coloring, Vi denotes

the set of all vertices of G colored with i, and 〈Vi〉 denotes the subgraph induced by Vi in G. If Vi is an independent
set for every 1� i�k, then f is called a proper k-coloring. The chromatic number �(G) of a graph G is the minimum
number k of colors for which G has a proper k-coloring. If Vi induces a subgraph whose connected components are
paths, then f is called a path k-coloring. The vertex linear arboricity of a graph G, denoted by vla(G), is the minimum
number k for which G has a path k-coloring. In other words, the vertex linear arboricity vla(G) of a nonempty graph
G is the minimum number of subsets into which the vertex set V (G) can be partitioned so that each subset induces a
subgraph whose connected components are paths.

Matsumoto [14] proved that for a finite graph G, vla(G)��(�(G)+1)/2�; moreover, if �(G) is even, then vla(G)=
�(�(G)+1)/2� if and only if G is a complete graph of order �(G)+1 or a cycle. Goddard [9] and Poh [15] proved that
vla(G)�3 for a planar graph G. Akiyama et al. [1] proved that vla(G)�2 if G is an outerplanar graph. Fang joined Wu
[8] and determined the vertex linear arboricity of complete multiple graphs and obtained an upper bound of Cartesian
product of graphs.

Given any set D of positive real numbers, let G(R, D) denote the graph whose vertices are all the points of the real
line R, such that any two points x, y are adjacent if and only if |x − y| ∈ D. This graph is called a distance graph and
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the set D is called the distance set of the graph. If D is a positive integer set, then the subgraph induced by Z is called an
integer distance graph and denoted by G(D). The distance graph was introduced by Eggleton et al. [6] in 1985. They
proved that �(G(R, D)) = n + 1 where D denotes an interval between 1 and � for 1�n − 1 < ��n and �(G(P )) = 4.
If D ⊂ P and |D| = 3 then �(G(D))= 4 if and only if D ={2, 3, 5}. They also obtained some results on the chromatic
number of G(Dm,k) where Dm,k ={1, 2, . . . , m}−{k}. Recently, Chang et al. [3] determined completely the chromatic
numbers of G(Dm,k). Many people discussed the chromatic number of integer distance graph G(D). In particular, the
chromatic numbers of many cases of G(D) are determined where D is a 3- or a 4-element prime distance sets. More
results on the chromatic number of integer distance graphs, see [6,7,10,17,16].

In Section 2 we shall treat the problem of determining the vertex linear arboricity of distance graph G(R, D) for D
an interval between 1 and �(�1). It is obtained that the vertex linear arboricity and the chromatic number of G(R, D)

are equal. When D ∈ {[1, �], (1, �], [1, �), (1, �)}, a path chromatic subgraph of G(R, D), a finite subgraph whose
vertex linear arboricity equals vla(G(R, D)), is found. In Section 3, we will discuss the distance graph with the vertex
set Z of all integers and the distance set D of some positive integers (this graph is denoted by G(D)). Some upper
bounds on vla(G(D)) with a special distance set are obtained. It is proved that vla(G(D)) = 1 for any 1-element set
D, and vla(G(D)) = 2 if |D| = 2, or D contains at most one even number and |D|�2. In the last, the vertex linear
arboricity of a special class of integer distance graphs is determined.

In [18], it is studied that the vertex linear arboricity of G(Dm,k) where Dm,k = {1, . . . , m}\{k}. It is obtained that
vla(G(Dm,1)) = �m/4� + 1 for m�3, �m + 1/4� + 1�vla(G(Dm,2))��m/4� + 2 for m�6, vla(G(Dm,k)) = �k/2�
for m�k + �k/2	 − 1 and �(m + k + 1)/4��vla(G(Dm,k))�k(�m/4k� + 1) for m�3k.

2. Interval of distances

If G, H1, H2, . . . , Hm are vertex-disjoint graphs, where V (G) = {v1, v2, . . . , vm}, then the composition of these
graphs, denoted by G[H1, H2, . . . , Hm], is the graph consisting of

⋃m
i=1 Hi and all edges between every vertex of Hi

and every vertex of Hj for any vivj ∈ E(G). If H = H1 = H2 = · · · = Hm, denote G[H1, H2, . . . , Hm] = G[H ]. The
complete n-partite graph Kn

m is Kn[Km] where Kn is the complete graph of order n and Km is the complement of Km.
It is clear that for each m�3, vla(Kn

m) = n since the induced subgraph of any m + 1 vertices in Kn
m would contains a

cycle or a K1,m.
In this section, the first case to be considered is when the distance set D is an interval between 1 and � for some

��1. If � = 1, then vla(G(R, D)) = 1. For � > 1, we have the following theorem.

Theorem 2.1. If n − 1 < ��n and n > 1, then vla(G(R, D)) = n + 1 for an interval D between 1 and �.

Proof. In [6], it was proved that �(G(R, D)) = n + 1. Since vla(G(R, D))��(G(R, D)), vla(G(R, D))�n + 1.
So it suffices to prove that vla(G(R, D))�n + 1.

Consider a path coloring f of G(R, D). For any ε > 0, we can choose a real number a and six vertices v01, v02, v03,

v11, v12, v13 such that a�v01 < v02 < v03 < v11 < v12 < v13 < a + ε, and such that the first three vertices receive the
same color and the other three vertices receive another color. In particular, choose ε = (� − n + 1)/n. Define

vij := a + i − 1 + j + 3n(i − 1)

3n
ε

for 2� i�n and 1�j �3. Set Xi ={vi1, vi2, vi3} for 0� i�n. Then for any two vertices vij , vst (i < s), apart from the
case i = 0 and s = 1, the distance between them is greater than 1 but less than �, so they must be adjacent. Therefore
〈X0 ∪ X2 ∪ · · · ∪ Xn〉�〈X1 ∪ X2 ∪ · · · ∪ Xn〉�Kn

3 . Since a path coloring of Kn
3 uses each color at most three times,

the coloring of f must have at least n + 1 colors, which implies that vla(G(R, D))�n + 1. �

What subgraphs of G(R, D) are “responsible” for its vertex linear arboricity for D ∈ {[1, �], (1, �), (1, �], [1, �)}?
We define a critical path chromatic subgraph of a graph G to be a minimal subgraph of G with the same vertex linear
arboricity as G. If a subgraph of G has vertex linear arboricity vla(G), it is called a path chromatic subgraph of G. It
is clear that if there is a finite path chromatic subgraph of G, there would be a critical path chromatic subgraph (it can
be obtained from the path chromatic subgraph by deleting some vertices and edges).
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By the definition of composition of graphs, let L(m, n) = C2m+1[K3, K
n
3 , . . . , K3, K

n
3 , K3], that is, H2i+1 =

K3(0� i�m), H2i = Kn
3 (1� i�m) and G is an odd cycle C2m+1. It is clear that L(m, 1) is C2m+1[K3] and L(1, n)

is a complete (n + 2)-partite graph Kn+2
3 .

Lemma 2.2. For any positive integers m, n, vla(L(m, n)) = n + 2.

Proof. Let Ui = V (H2i+1) (0� i�m), Wi = V (H2i ) (1� i�m). Firstly, we give a path (n + 2)-coloring of L(m, n):
Let Ui be colored 0 for 0� i < m, the n parts of Wi be colored 1, 2, . . . , n respectively for 1� i�m and Um be colored
n + 1. It is clear that this is a path coloring of L(m, n), so vla(L(m, n))�n + 2.

Assume that f is a path coloring of L(m, n) used the number of colors as small as possible. If the vertices of some
Ui (0� i < m) are colored by at least two colors, then in the complete n + 1-partite subgraph Gi+1 = 〈Wi+1, Ui+1〉,
there are at most five vertices colored by these two colors (three vertices in Ui+1 with one color and two vertices in
one part of Wi+1 with another color, in other cases there would be less than five vertices), and other vertices in Gi+1
would not be colored by these two colors. So there are at least 3n − 2 other vertices in Gi+1 need at least n colors. So
there are at least n + 2 colors in f.

Suppose for every Ui (0� i < m), all vertices in Ui receive the same color. Then the colors of Ui and Ui+1 would
not appear in Wi+1. But the number of colors in Wi+1 is at least n, so the subgraph 〈Ui, Wi+1, Ui+1〉 would need at
least n + 1 colors in the case of the Ui, Ui+1 are same color for all 0� i < m − 1. But Um and U0 induce a complete
bipartite subgraph, the colors of them would not be identical. So Um need additional color and the number of colors in
f would be at least n + 2.

Therefore vla(L(m, n))�n + 2. �

Now we prove that there is a path chromatic subgraph in G(R, D) for D an interval.

Theorem 2.3. For any integers m�2, n�1, if n+1/m < ��n+1/(m−1) then L(m, n) is a path chromatic subgraph
of G(R, D) for D ∈ {[1, �], (1, �), (1, �], [1, �)}.

Proof. Let ε = (� − (n + 1/m))/(n + 2). Then 0 < ε�1/(n + 2)m(m − 1). Define vertices uij , wijk of G(R, D) by

u0j = j
ε

3
, for 0�j �2,

uij = i

m
+ ε + j

ε

3
, for 1� i�m, 0�j �2,

wijk = k(1 + ε) + uij , for 1� i�m, 0�j �2, 1�k�n.

Let Ui ={ui0, ui1, ui2} for i=0, 1, . . . , m and let Wi =⋃n
k=1 {wi0k, wi1k, wi2k} for i=1, 2, . . . , m. In the next we prove

for i = 1, 2, . . . , m: (a) 〈Wi〉 ⊇ Kn
3 , (b) 〈Wi ∪ Ui〉 ⊇ Kn+1

3 , (c) 〈Ui−1 ∪ Wi〉 ⊇ Kn+1
3 and finally d) 〈Um ∪ U0〉 ⊇ K2

3 .
Then Ui(0� i�m) and Wi(1� i�m) form L(m, n) and it follows from Theorem 2.3 that L(m, n) is a path chromatic
subgraph of G(R, D) for open interval D and consequently for half-opened and closed interval.

Firstly ui0 < ui1 < ui2 for 0� i�m and wi0k < wi1k < wi2k for 1� i�m, 1�k�n.

(a) We have wi0(k+1) − wi2k = (k + 1)(1 + ε) + (i/m) + ε − k(1 + ε) − (i/m) − ε − 2 (ε/3) = 1 + (ε/3) > 1 for
k = 1, 2, . . . , n − 1; i = 1, 2, . . . , m, and wi2n − wi01 = n(1 + ε) + (i/m) + ε + 2 (ε/3) − (1 + ε) − (i/m) − ε =
(n − 1) + (n − 1/3)ε < n + (1/m) + (n + 2)ε = � for i = 1, 2, . . . , m. Therefore 〈Wi〉 ⊇ Kn

3 for i = 1, 2, . . . , m.
(b) In this case wi01 − ui2 = (1 + ε) + (i/m) + ε − (i/m) − ε − 2(ε/3) = 1 + (ε/3) > 1 and wi2n − ui0 = n(1 + ε) +

(i/m) + ε + 2(ε/3) − (i/m) − ε = n + (n + 2/3)ε < n + (1/m) + (n + 2)ε = � for i = 1, 2, . . . , m. Therefore
〈Wi ∪ Ui〉 ⊇ Kn+1

3 for i = 1, 2, . . . , m.
(c) Similarly wi01 −u(i−1)/2 = (1+ε)+ (i/m)+ε− (i −1/m)−ε−2(ε/3)=1+ε/3+ (1/m) > 1 for i =2, . . . , m;

w101 − u02 = (1 + ε) + (1/m) + ε − 2(ε/3) = 1 + 4
3ε + (1/m) > 1; wi2n − u(i−1)0 = n(1 + ε) + (i/m) +

ε + 2(ε/3) − (i − 1)/m − ε = n + (1/m) + (n + 2
3 )ε < n + (1/m) + (n + 2)ε = � for i = 2, . . . , m and
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w12n − u00 = n(1 + ε) + (1/m) + ε + 2(ε/3) − 0 = n + (1/m) + (n + 5
3 )ε < n + (1/m) + (n + 2)ε = �. Then

〈Ui−1 ∪ Wi〉 ⊇ Kn+1
3 for i = 1, 2, . . . , m.

(d) Since um0 −u02 =m/m+ ε −2(ε/3)=1+ (ε/3) > 1 and um2 −u00 =m/m+ ε +2(ε/3)−0 =1+ (5/3)ε < n+
(1/m) + (n + 2)ε = �, 〈Um ∪ U0〉 ⊇ K2

3 . �

Clearly, �(L(m, n)) = n + 2 and then L(m, n) is also a chromatic subgraph of G(R, D). Therefore, Theorem 4 of
[6] can be viewed as a special case of this theorem.

3. Integer distance graphs

For any D ⊆ N with the set N of all positive integers, let G(D) denote the graph with the set Z of integers as vertex
set and with an edge joining two vertices u and v if and only if |u − v| ∈ D. Such a graph G(D) is called an integer
distance graph.

If |D|�1 then vla(G(D)) = 1 since the graph consists of paths only. Suppose that |D| = 2 and let D = {a, b} with
a < b. Define f (0) = f (1) = · · · = f (b − 1) = 1, f (b) = f (b + 1) = · · · = f (2b − 1) = 2, and f (n + 2b) = f (n) for
all n ∈ Z. Then f is a path coloring and vla(G(D))�2. Since there is a cycle 0, a, 2a, . . . , ba, (a − 1)b, . . . , 2b, b, 0
in this graph, vla(G(D)) = 2. If D is a finite set, then G(D) is a 2|D|-regular graph and it is not difficult to prove that
vla(G(D))� |D|. We will discuss the distance graph with some special distance set in the following.

Theorem 3.1. (1) For any nonnegative integer m and k > 1, let D = {m + 1, m + 2, . . . , m + k}. Then vla(G(D)) =
�(k + 1)/2� for m = 0 and vla(G(D))��(m + k)/(m + 3)� + 1 for m�1.

(2) If k ∈ D and there is no other multiple of k in it, then vla(G(D))�k.

Proof. (1) If m = 0, let l = �(k + 1)/2�, f (0) = f (1) = 1, f (2) = f (3) = 2, . . . , f (2l − 2) = f (2l − 1) = l and
f (2l + n) = f (n) for each n ∈ Z, then f is a path coloring and vla(G(D))� l = �(k + 1)/2�. On the other hand, since
vertices 0, 1, . . . , k induce a k + 1-complete graph Kk+1, vla(G(D))��(k + 1)/2�. Hence, vla(G(D))=�(k + 1)/2�.

If m�1, let h=�(m+k)/(m+3)�, f (t (m+3)+i)=t for 0� t �h and 0� i�m+2, and f ((h+1)(m+3)+n)=f (n)

for all n ∈ Z, then f is a path coloring. Therefore vla(G(D))�h + 1 = �(m + k)/(m + 3)� + 1.
(2) Suppose k ∈ D and there is no other multiple of k in it. Let f (n) ≡ n(mod k) for each n ∈ Z. It is clear that f is

a path coloring, so vla(G(D))�k.

If all the elements of the distance set D have a common factor, then the vertex linear arboricity of G(D) has the
following properties.

Theorem 3.2. Let D = {d1, d2, . . .} and n|di for i = 1, 2, . . .. Then vla(G{d1, d2, . . .}) = vla(G{d1/n, d2/n, . . .}).

Proof. Define Vi={v ∈ Z : v ≡ i(mod n)}, i=0, 1, 2, . . . , n−1. If u and v are adjacent vertices of G(D) then |u−v| ∈
D, and therefore |u−v| is divisible by n which implies that u and v belong to the same residue class Vi . Therefore, there do
not exist edges of G(D) between vertices of different residue classes which implies that G(D) consists of the n induced
subgraphs 〈V0〉, 〈V1〉, . . . , 〈Vn−1〉 which are mutually isomorphic. Since 〈V0〉 is isomorphic to G{d1/n, d2/n, . . .}, we
have vla(〈V0〉) = vla(G{d1/n, d2/n, . . .}). Because of the isomorphism of the subgraphs〈V0〉, 〈V1〉, . . . , 〈Vn−1〉 and
the fact that there are no edges between any two of them we obtain vla(G(D)) = vla(G{d1/n, d2/n, . . .}).

By Theorem 3.2, it is clear that vla(G(D)) = �(n + 1)/2� where D = {x, 2x, . . . , nx}. It is sufficient to discuss
vla(G(D)) where D = {d1, d2, . . .} with gcd(d1, d2, . . .) = 1.

Next an upper bound is obtained on the vertex linear arboricity of G(D) when D can be infinite.

Theorem 3.3. For any distance set D, we have vla(G(D))� min{n vla(G(Dn)) : n ∈ N} where Dn = {d ∈ D : n|d}.

Proof. Partition the vertices of G(D) into residue classes Vi = {v ∈ V (G) = Z; v ≡ i(mod n)}, i = 0, 1, . . . , n − 1
with respect to an arbitrary positive integer n. If ui and wi are vertices of Vi then ui is adjacent to wi if and only if
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|ui −wi | ∈ Dn. Since the induced subgraphs 〈V0〉, 〈V1〉, . . . , 〈Vn−1〉 are pairwise isomorphic and therefore isomorphic
to G((1/n)Dn) which has distance set {d/n : d ∈ Dn}. We obtain vla(G((1/n)Dn)) = vla(G(Dn)). Therefore,
vla(G(D))�minn∈Nn vla(G(Dn)). �

In fact, this result is significant for D with |Dn| < + ∞ for some n ∈ N .
It follows from Theorem 3.1 and Theorem 3.3, if D contains at most one even number and |D| > 1, then vla(G(D))=2.

We also have that if D is the set of all odd positive integers, or all prime numbers, then vla(G(D)) = 2.

Corollary 3.4. (1) If D1 = {3} ∪ {3k ± i, i = 1, 2, k�0}, then vla(G(D1)) = 3.
(2) Let D2 = {x, y, x + y, y − x}, x < y, gcd(x, y) = 1. If x and y have distinct parity, then vla(G(D2)) = 2. If x

and y are odd both, then vla(G(D2) = 3.

Proof. (1) It is clear that vla(G(D1))�3 by Theorem 3.1. The conclusion follows immediately from the fact that
vertices 0, 1, 2, 3, 4, 5 induce a complete graph K6 in G(D2).

(2) Since {0, x, y, x + y} ⊆ V (G) form a complete subgraph K4, vla(G(D3))�vla(K4)= 2. If x and y have distinct
parity, then D3 contains only one even number and vla(G(D3))�minn∈N n vla(G(Dn

3 ))�2 × 1 = 2 by Theorem 3.3.
If x and y are odd both, then x + y and y − x are even both. Moreover, if x is a multiple of 3, then y and y + x, y − x

are all not multiples of 3. That is, |D3
3 |�1. Hence, vla(G(D3))�3 by Theorem 3.3. If vla(G(D3))�2, then we have

�(G(D3))�4 (we can obtain a proper 4-coloring by coloring vertices on any path alternatively with two colors). It
contradicts �(G(D3)) = 5 [11, Theorem 1]. Therefore vla(G(D3)) = 3.

In the last, we determine the vertex linear arboricity of a special class of integer distance graphs.

Theorem 3.5. If D = {x, 2x, . . . , nx, y}, x > 1, n > 3, gcd(x, y) = 1, then vla(G(D)) = �|D|/2�.

Proof. Since {x, 2x, . . . , nx} ⊂ D and vla(G{x, 2x, . . . , nx}) = �(n + 1)/2�, vla(G(D))��(n + 1)/2� = �|D|/2�.
We assume that n is an odd number in the following, and the result can be proved similarly when n is even. A

coloring f of G(D) is called t-admissible if f (v) �= f (v + t) for all v ∈ Z, and T -admissible if it is t-admissible for all
t ∈ T . A coloring f is called p-periodic if f (v) = f (v + p) for all v ∈ Z. We prove vla(D)��|D|/2� by constructing
(n+ 1)x-periodic path coloring. Since, by assumption, y �= 0(mod (n+ 1)x) we can assume without loss of generality
that 0 < y < (n+ 1)x. The periodic coloring defined by unlimited repetition of the following coloring section of length
(n + 1)x

S(n+1)x = (0)2x(1)2x · · ·
(

n − 3

2

)2x(
n − 1

2

)2x

= (0 · · · 0)︸ ︷︷ ︸
2x times

(1 · · · 1)︸ ︷︷ ︸
2x times

· · ·
(

n − 1

2
· · · n − 1

2

)
︸ ︷︷ ︸

2xtimes

is d-admissible for d with 2x�d �nx, since vertices of same color are of distance less than 2x or greater than nx.
Therefore, this coloring is {2x, . . . , nx}-admissible as well as y-admissible if 2x�y�nx.

Hence, we yet have to consider the cases that 0 < y < 2x and nx < y < (n + 1)x. Since any (n + 1)x-periodic y-
admissible coloring with 0 < y < 2x is also admissible for y′ = (n+1)x −y with nx < y′ < (n+1)x it only remains to
consider the case that 0 < y < 2x. Let 2x = qy + r, q ∈ N, r ∈ N0 and 0�r < y. Defining coloring sections of length
2x by

S
(f,f +2)
2x (y) =

{
(f )y(f + 2)y . . . (f )y(f + 2)y(f )r , if q is even,

(f )y(f + 2)y . . . (f + 2)y(f )y(f + 2)r , if q is odd.

We construct a periodic coloring of G(D) by fitting together (n + 1)/2 of such sections as follows,

S(n+1)x = S
(0,2)
2x (y) · · · S(f,f +2)

2x (y) · · · S((n−3)/2,0)
2x (y)S

((n−1)/2,1)
2x (y).
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This coloring is {2x, 3x, . . . , nx}-admissible since vertices v, v + 2x, . . . , v +nx are colored differently for all v ∈ Z.
The periodic coloring is also y-admissible since vertices of same color in a section S

(f,f +2)
2x (y) are of distance unequal

to y and vertices of same color in different sections are of distance greater than y since n�2. In this coloring of G(D),
if v1, v2 are assigned same color, then v1 and v2 are not adjacent or |v1 − v2| = x. So the neighbors of v1 are at most
two vertices v1 − x, v1 + x with the same color of v1, but v1 − x, v1 + x can not be the same color with v1 at the same
time. Therefore this coloring is a path coloring of G(D) and vla(G(D))��|D|/2�. �

Remark. Since G(D) is a subgraph of G(R, D), all results in this section hold in G(R, D) by coloring x with the
color of �x	.
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