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Abstract

In this paper, we first reduce the problem of finding a minimum parity (g, f)-
factor of a graph G into the problem of finding a minimum perfect matching in a
weighted simple graph G∗. Using the structure of G∗, a necessary and sufficient
condition for the existence of an even factor is derived.
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1 Introduction

We follow [1] and [2] for terminologies not defined here.

Let G = (V (G), E(G)) be a finite simple graph. A subgraph H of G is a factor of G
if H is a spanning subgraph. If each vertex of H has an odd degree, then H is called an
odd factor. If each vertex of H has an even degree and H has no isolated vertices, then
H is called an even factor. In general, suppose g and f are two integer-valued functions
on V (G) such that 1 ≤ g(u) ≤ f(u) and g(u) ≡ f(u) (mod 2) for all u ∈ V (G). Then H
is called a parity (g, f)-factor of G, if g(u) ≤ dH(u) ≤ f(u) and dH(u) ≡ f(u) (mod 2)
for all u ∈ V (G). Furthermore, if for every vertex u ∈ V (G), f(u) is odd (resp. even),
then H is called a (g, f)-odd factor (resp. (g, f)-even factor).
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It is well-known that a graph G has a parity (g, f)-factor if and only if
∑

x∈S f(x) +∑
x∈T (dG(x)−g(x))−eG(S, T )−h(S, T ) ≥ 0 for all disjoint subsets S and T of V (G), where

eG(S, T ) is the number of edges with one end in S and the other end in T , and h(S, T )
denotes the number of components C of G−(S∪T ) such that

∑
x∈V (C) f(x)+eG(V (C), T )

is odd [6]. It is allowed that f(x) > dG(x) for some vertices x and g(y) < 0 for some
vertices y. Let N be a sufficiently large integer. By setting g(x) = 2 and f(x) = 2N for
all vertices x, it can be easily obtained that a graph G has an even factor if and only if∑

x∈T dG(x)− 2|T | − c(G− T ) ≥ 0 for all T ⊆ V (G), where c(G− T ) denotes the number
of components C of G− T with eG(V (C), T ) being odd.

In this paper, we reduce the problem of finding a minimum parity (g, f)-factor (i.e.
a parity (g, f)-factor with the minimum number of edges) into the problem of finding
a minimum perfect matching in a weighted simple graph G∗. By using the structure of
G∗, a necessary and sufficient condition for the existence of even factors is derived. As a
consequence, the classic sufficient condition for the existence of even factors saying that
a 2-edge-connected graph with minimum degree at least 3 has an even factor (Lovász, [7]
exercise 7.42(b)) follows readily.

2 Finding a minimum parity (g, f )-factor

In this section, we will prove that finding a minimum parity (g, f)-factor can be polyno-
mially transformed into the problem of finding a minimum perfect matching in a weighted
simple graph G∗. First, G∗ is constructed as follows. We use G[U ] to denote the subgraph
of G induced by a vertex set U .

Construction of G∗. Replace each vertex u ∈ V (G) with a graph Gu: V (Gu) =
V (1)

u ∪ V (2)
u ∪ V (3)

u , where Gu[V
(1)
u ] is a complete subgraph of order f(u) − g(u), Gu[V

(2)
u ]

and Gu[V
(3)
u ] are empty subgraphs of order dG(u) − g(u) and dG(u) respectively. Each

vertex in V (2)
u is joined to every vertex in V (1)

u ∪ V (3)
u . For each edge uv ∈ E(G), join a

vertex in V (3)
u to a vertex in V (3)

v such that each vertex of V (3)
u participates in exactly one

such edge. The weights on edges corresponding to those in E(G) are 1’s, and the weights
on all other edges are 0’s.

Proof of the equivalence.

Claim 1 A parity (g, f)-factor H of G corresponds to a perfect matching M of G∗.

If e = uv ∈ E(H), let the edge in G∗ corresponding to e belong to M . For u ∈ V (G),
suppose dH(u) = x. Match the remaining dG(u)−x vertices in V (3)

u with dG(u)−x vertices
in V (2)

u . Note that since x ≥ g(u), this is always possible. Then match the remaining
x − g(u) vertices in V (2)

u with x − g(u) vertices in V (1)
u . Note that since x ≤ f(u), this

is also possible. At last, since x has the same parity with f(u) and Gu[V
(1)
u ] is complete,

the remaining f(u)− x vertices in V (1)
u can be perfectly matched among themselves.

Claim 2 A perfect matching M of G∗ corresponds to a parity (g, f)-factor H of G.
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For a vertex u ∈ V (G), suppose there exist yu edges of M belonging to Gu[V
(1)
u ].

Then, M matches f(u) − g(u) − 2yu pairs of vertices between V (1)
u and V (2)

u , and hence
dG(u) − f(u) + 2yu pairs of vertices between V (2)

u and V (3)
u . So, f(u) − 2yu vertices in

V (3)
u are matched with some other vertices outside of V (Gu). Let H be the subgraph of

G with V (H) = V (G) and E(H) the set of edges corresponding to those in M which lie
between different V (3)

u and V (3)
v . Then for any u ∈ V (H), we have dH(u) = f(u)− 2yu ≡

f(u) (mod 2). Furthermore, since 0 ≤ 2yu ≤ f(u)− g(u), we have g(u) ≤ dH(u) ≤ f(u).

Hence, we have established a one-to-one correspondence between the set of perfect
matchings of G∗ and the set of parity (g, f)-factors of G. It is easy to see that the weight
of a perfect matching of G∗ equals to the number of edges of the parity (g, f)-factor
constructed above. So, the equivalence is proved.

3 The existence of even factor

The following theorem gives a necessary and sufficient condition for the existence of even
factors, which has the taste of characterizing ’barriers’ in matching theory [8].

Theorem 1. Let G be a connected graph. If G has no even factor, then there exists a
subset S ⊆ V (G) such that

(i) S is independent;

(ii) c(G− S) =
∑

u∈S
dG(u)− 2|S|+ 2, where c(G− S) is the number of components of

G− S; and

(iii) For every component C of G− S, the number of edges joining C to S is odd.

Proof. We may assume that δ(G) ≥ 2. In fact, if there exists a vertex u ∈ V (G) with
dG(u) = 1, then S = {v} is the vertex set as required, where v is the only vertex adjacent
to u in G.

Construct G∗ as in section 2, by taking g(u) = 2 and f(u) ∈ {dG(u) − 1, dG(u)} an
even number.

Suppose G has no even factor. Then G∗ has no 1-factor, and thus there exists a vertex
set X ⊆ V (G∗) with

o(G∗ −X) > |X| (1)

(hence ≥ |X|+ 2). Choose X to be minimum. Set S = {u|V (Gu) ∩X 6= ∅}.
Claim 1. If V (i)

u ∩X 6= ∅, then V (i)
u ⊆ X for each i = 1, 2, 3.

First, consider the case when i = 1 or 2. Suppose v ∈ V (i)
u ∩X 6= ∅ and V (i)

u \X 6= ∅.
Then

o(G∗ − (X \ {v}) ≥ o(G∗ −X)− 1 > |X| > |X \ {v}|,
which contradicts the minimality of X.
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Next, suppose v ∈ V (3)
u ∩X and V (3)

u \X 6= ∅. By the structure of G∗, v is adjacent
to at most two components of G∗ −X. So,

o(G∗ − (X \ {v})) ≥ o(G∗ −X)− 2 ≥ |X| > |X \ {v}|,
again a contradiction.

Claim 2. For any u ∈ S, V (2)
u ⊆ X and (V (1)

u ∪ V (3)
u ) ∩ S = ∅.

We will show that for any other cases, there will be a set X ′ smaller than X satisfying
inequality (1).

In the case V (1)
u ⊆ X, set X ′ = X\V (1)

u . If furthermore V (3)
u ∩X = ∅ or V (2)

u ∪V (3)
u ⊆ X,

by noting that |V (1)
u | is even, we have o(G∗ −X ′) = o(G∗ −X) > |X ′|. While V (3)

u ⊆ X
and V (2)

u ∩X = ∅, since f(u) ≥ dG(u)− 1, we have

o(G∗−X ′) ≥ o(G∗−X)−dG(u)+2 ≥ |X|+2−dG(u)+2 = |X ′|+f(u)−2−dG(u)+4 > |X ′|.
In the case V (1)

u ∩X = ∅, set X ′ = X \ V (3)
u . Then

o(G∗ −X ′) ≥ o(G∗ −X)− dG(u)− 1 > |X ′|.
All the above cases contradicts the minimality of X.

Let u ∈ S. Set X ′ = X \ V (2)
u . By the minimality of |X|, we have

|X ′| ≥ o(G∗ −X ′) ≥ o(G∗ −X)− dG(u) ≥ |X|+ 2− dG(u) = |X ′|.
Hence,

(a) o(G∗ −X) = |X|+ 2, and

(b) o(G∗ − X ′) = o(G∗ − X) − dG(u). This implies that every vertex in V (3)
u is

contained in an odd component of G∗ −X, and no two vertices in V (3)
u are contained in

a same component of G∗ −X.

Condition (b) implies that S is an independent set of G. In fact, if u1, u2 ∈ S are
adjacent in G, then there exist two adjacent vertices v1 ∈ V (3)

u1
and v2 ∈ V (3)

u2
in G∗. But

then, by the Claim and the structure of G∗, we see that G∗[{v1, v2}] is an even component
of G∗ −X.

Let H be a component of G∗ −X. Then, either H = G∗[V (1)
u ] for some u ∈ S (called

a component of type I), or H is an induced subgraph of G∗ with V (H) = V ′
H ∪V ′′

H , where
V ′

H =
⋃

some u 6∈S
V (Gu), V ′′

H = {v : v is a vertex in V (3)
u for some u ∈ S}, |V ′′

H ∩ V (3)
u | ≤ 1

for any u ∈ S, and both V ′
H and V ′′

H are non-empty (called a component of type II). Since
each |V (1)

u |(= f(u)− 2) is even, a component of type I has an even order. Since V ′′
H 6= ∅,

it follows from (b) that a component of type II has an odd order.

Each component of G−S corresponds to a component H of G∗−X with type II, and
since V ′

H 6= ∅, the correspondence is one to one. So, o(G∗ − X) = c(G − S). Then, (ii)
follows from condition (a) and the fact |X| = ∑

u∈S
(dG(u)− 2) =

∑
u∈S

dG(u)− 2|S|.
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For a component C of G−S, let H be the component of G∗−X corresponding to C.
Since each |V (Gu)| = f(u) + 2dG(u)− 4 is an even number, we see that |V ′

H | is even, and
thus |V ′′

H | is odd. Hence, the number of edges between S and C, which is equal to |V ′′
H |

by condition (b), is odd.

Let H be a component of G−S. It can be seen from (b) in the above proof that each
vertex in S has at most one neighbor in H. So, every vertex u in S is the center of an
induced star K1,dG(u).

Corollary 1. Let G be a graph in which no vertex u ∈ V (G) is the center of an induced
star K1,dG(u). Then G has an even factor.

As a consequence of Theorem 1, we have the following:

Corollary 2. Let G be a 2-edge-connected graph which has at most two vertices of degree
2, and all other vertices are of degree at least 3. Then G has an even factor.

Proof. Suppose G has no even factor. Let S be a vertex set as in Theorem 1. For each
component C of G− S, since G is 2-edge connected, there exist at least 2 edges between
S and C. In fact, there are at least 3 such edges by condition (ii). So,

3c(G− S) ≤ ∑

u∈S

dG(u).

Then, it follows from condition (ii) and the degree assumption that

6|S| − 4 ≤ 2
∑

u∈S

dG(u) ≤ 6|S| − 6,

a contradiction.

Obviously, Lovász’s result is an easy consequence of Corollary 2.

Remark. For a (1, f)-odd factor, Cui and Kano discovered a necessary and sufficient
condition which resembles Tutte’s 1-Factor Theorem: G has a (1, f)-odd factor if and
only if

o(G− S) ≤ ∑

u∈S

f(u), for all S ⊆ V (G). (2)

This result can also be obtained by a similar argument as in Theorem 1.
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