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26 Abstract

28 For a graph G and a vertex v of G, let G,(ny,ns,...,ny) be the graph
obtained from G by linking the paths on ny, no,...,ng vertices to the
31 vertex v of G, respectively. We denote by dg(v;) (or d; for short) the
32 degree of the vertex v; in G. Let f(x,y) > 0 be a real symmetric func-
33 tion in 2 and y. The function-weighted adjacency matrix A/(G) of a
35 graph G is a square matrix, where the (i, j)-entry is equal to f(d;,d;) if
36 the vertices v; and v; are adjacent and 0 otherwise, in which d; is the
37 degree of the vertex v;. In [Discrete Math. 347 (2024) 113772.], Shan
and Liu showed that the A,-spectral radius of G, (n1,na,...,ng) will
40 increase according to the shortlex ordering of (ny,ns,...,ny). However,
41 we find some mistakes in their proof. In this paper, we will correct their
42 proof, and moreover, extend their results from the A,-spectral radius
to the (Af),-spectral radius. In addition, let G¢(ny,na,...,nq) be the
45 graph obtained from G by identifying a vertex from each of the cycles
46 on ni,na,...,ng vertices and the vertex v of G, respectively. We will
47 show that the (Af),-spectral radius of G (ny,ny,...,ng) will decrease
49 according to the majorization ordering of (ny,ns,...,ng).
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1. Introduction

Let G = (V(G), E(G)) be a finite, undirected, and simple connected
graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). We
denote by |G| = |V(G)] the order of G. An edge e € E(G) with end
vertices v; and v; is usually denoted by v;v;. For @ = 1,2,...,n, we
denote by dg(v;) (or d; for short) the degree of the vertex v; in G. A
vertex of degree 1 is called a pendent vertex.

For a weighted graph G = (V, E,w) of order n, where w : VxV — Rsq
is the edge weight function such that w(v;, v;) = w(v;, v;) > 0 if and only
if v;jv; € E(G), the matrix AY(G) = (ai;),,,,, with a;; = w(v;,v;) if
v;v; € E(G) and 0 otherwise is called the weighted adjacency matrix of
G. Since G is a connected graph and w(v;,v;) > 0, then A¥(G) is an
n X n nonnegative and irreducible matrix. By Perron-Frobenius theorem,
its spectral radius is the largest eigenvalue of A*(G), denote by p,(G).
As a special case, AY(G) is equal to the adjacency matrix A(G) when
w(v;,v;) = 1 for each edge v,v; € E(G).

In molecular graph theory, the topological indices of molecular graphs
are used to reflect chemical properties of chemical molecules. There are
many topological indices and among them there is a family of degree-
based indices. The degree-based index T'I;(G) of G with positive sym-
metric function f(z,y) is defined as

TI{G) = Y f(didy).

viv; €E(G)

Gutman [7] collected many important and well-studied chemical or topo-
logical indices; see them in Table [I In order to study the discrimina-
tion property, Rada [20] introduced the exponentials of the best known
degree-based chemical or topological indices; see them in Table 2]

Each index maps a molecular graph into a single number. One of the
authors [14] proposed that if we use a matrix to represent the structure
of a molecular graph with weights separately on its pairs of adjacent ver-
tices, it will keep more structural information of the graph. For example,
the Randi¢ matrix [21), 22], the Atom-Bond-Connectivity matrix [6], the
Arithmetic-Geometric matrix [25] and the Sombor matrix [12] were con-
sidered separately. Many different function-weighted adjacency matrixes
which correspond to the indexes have been studied one by one, but with-
out using unified approaches. In this paper, our main purpose is to use
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Function f(x,y)

H

The corresponding index

|

T+y first Zagreb index
xy second Zagreb index
(r + y)? first hyper-Zagreb index
(zy)? second hyper-Zagreb index
T34y modified first Zagreb index
|z — y Albertson index
(x/y+y/x)/2 extended index
(x —y)? sigma index

1/ /75

Randié index

N

reciprocal Randi¢ index

Vity

sum-connectivity index

VEF

reciprocal sum-connectivity
index

2/(z +y)

harmonic index

Vi@ +y—2)/(zy)

atom-bond-connectivity (ABC)
index

(zy/(x +y —2))°

augmented Zagreb index

x2+y2

forgotten index

% 4 y*2

inverse degree

2y/ry/(z +y)

geometric-arithmetic (GA) index

(z +y)/(2y/7y)

arithmetic-geometric (AG) index

zy/(x +y) inverse sum index
r+y+zy first Gourava index
(x +y)xy second Gourava index
(x+y+xy)? first hyper-Gourava index
(z + y)zy)? second hyper-Gourava index
1/\Vr+y+ay sum-connectivity Gourava index
CESIED product-connectivity Gourava
index
Va2 +y? Sombor index

Table 1: Some well-studied chemical or topological indices
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Function f(x,y) H The corresponding index \
ety exponential first Zagreb index
e exponential second Zagreb index
el/VTy exponential Randi¢ index
eV (@ty=2)/(zy) exponential ABC index
e2Vry/(@+y) exponential GA index
e2/(#+y) exponential harmonic index
L/VEFY exponential 'sum—connectivity
index
oy @y—2))° exponential gugmented Zagreb
index

Table 2: Some well-known exponential chemical or topological indices

unified approaches to consider the spectral properties of these matrices.
Based on these examples, the function-weighted adjacency matrix which
is denoted by A7(G) in this paper first appeared in Das et al. [5], and it
is defined as

A (G, ) = {f(diadj)v vivj € E(G);
0, otherwise.

For i = 1,2,...,n, we denote by dé(vi) the sum of the weight of all
the edges incident with the vertex v; in G. Let D'(G) = (dy), ., be
the function-weighted diagonal matrix with dy; = d5(v;). If f(z,y) = 1,
then D/(G) is exactly the degree diagonal matrix of G, which is denoted
by D(G). Q(G) = D(G) + A(G) is called the signless Laplacian matrix
of G. As usual, denote by p(G) and pu(G) the spectral radius, signless
Laplacian spectral radius of G, respectively. To unify the study of A(G)
and Q(G), Nikiforov [16] put forward the concept of the A,-matrix of a
graph G, denote by A, (G), where

Aa(G) = aD(G) + (1 — a)A(G)

and 0 < a < 1. The spectral radius of A,(G) is denoted by p,(G) and
called A,-spectral radius of G. From the definition, we have p(G) =
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po(G) and 2po5(G) = p(G).

Here we should point out that in literature Ay is usually used for
the function-weighted adjacency matrix A/. However, we also have the
matrix A,. In order to avoid confusion, we adopt A/ for A;.

In this paper, we consider the A,-spectral radius of the function-
weighted adjacency matrix A/(G). We define it as

(A1)a(G) = aD!(G) + (1 — ) AT(G)

where 0 < a < 1. Throughout this paper, the spectral radius of (Af),(G)
is denoted by p/ (G) and called (A'),-spectral radius of the graph G. For
a =0, (A")4(G) is the function-weighted adjacency matrix A/(G), the
spectral radius of A7(G) is denoted by p/(G) and called the function-
weighted adjacency spectral radius of graph . By Perron-Frobenius
theorem, there exist positive real vectors x = (xy, z9,...,z,)T such that
Al (G)x = pl(G)x. Throughout this paper, we choose x such that ||x||y =
1 and x; corresponds to vertex v;, and we call the unique unit positive
vector x the principal eigenvector of G.

Let P(k) denote the set of all vectors whose elements are nonde-
creasing sequences of positive integers with sums all equal to k. Let
P(k,p) be the subset of P(k) such that each vector of which contains
exactly p elements, where p < k. Throughout this paper, we will use
a = [a,as,...,a,| to indicate a vector belonging to P(k,p). The short-
lex ordering of vectors in P(k) is defined as follows:

Definition 1.1. For two vectorsa = [ay, aa, . .., a,] andb = [by, ba, ..., by
in P(k), we write a <., b if either p < q or, when p = q,a; < b; holds
for the smallest index i at which the two vectors differ, and we say that
a <., b satisfies the shortlex ordering.

Let X = (21,...,z) and Y = (y1,..., k), where x; > -+ > 1z, and
y1 > --- >y are real. We say X majorizes Y and let X »=,, Y, if for
every j,1 < j <k, Zle T > 25:1 y;, with equality if j = k. The name
majorization appeared first in 1959 by Hardy, Littlewood and Polya. The
theory of majorization is very useful in so many diverse fields. For more
details on this concept we refer to Arnold [I]. In this paper, we consider
the majorization ordering of vectors in P(k), in which the elements are
with nondecreasing sequences, then we have the following definition:
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Definition 1.2. For two vectorsa = [a1, ay, . .., ap] andb = [by, by, ..., b,)
in P(k,p), we write a =y b if for every j,1 < j<p, > a; <> b,
withe equality if 7 = p, and we say that a majorizes b.

Clearly, for any two vectors a # b in P(k,p), if a =, b, then for
every j,1 < j <p, ZZ a; < ZZ 1 bi. Thus a; < b; holds for the smallest
index ¢ at which the two vectors differ. We have a <.« b. These two
orderings are contrary relationship.

Let a+b denote the concatenation of two vectors a and b and axs de-
note the concatenation of s copies of vector a. For example, if a = [1, 2, 4]
and b = [3,2], thena+b =[1,2,4,3,2] and ax3 = [1,2,4,1,2,4, 1,2, 4].
Here, we agree that a = [a1,as,...,a,] = [a1,0a2,...,a,,0,... ,O], and
a+ 0] =

Let G be a connected graph and v be a vertex of G (V(G) = {v} is
allowed). Let G,(a) with a = [ny,ns, ..., ng) be the graph obtained from
G by linking the paths on ni,ns, .. nd vertices to the vertex v of G,

respectively. Then |G,(a)] = |G| + Z n; and G,(a) is called the graph

with starlike branch tree. In what follows if Gy (a) is a starlike tree, then
we always simplify rewrite G, (a) as S,(a )

The graph operation that decreases or increases its spectral radius
plays an important role in the study of spectral graph theory. For 1 <
a<b, leta=/ab,b=]a—1,b+1]. If a > 2, then a and b belong to
P(k,2) and b <jx a, Li and Feng firstly showed that:

Theorem 1.3. [13] Let G be a connected graph with v € V(G).Then

p(Gy(b)) < p(Gu(a)).

The theorem is also well-known as the Li-Feng Grafting Theorem.
Later, Cvetkovi¢ and Simi¢ [4] showed that the Li-Feng Grafting Theorem
also holds for the signless Laplacian spectral radius, that is,

Theorem 1.4. [J] Let G be a connected graph with v € V(G). Then

p(Gu(b)) < p(Gy(a)) .

By employing the A,-spectral radius, Nikiforov and Rojo [17] con-
sidered the unified result of Theorems and [I.4. They conjectured
that
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Conjecture 1.5. [17] Let G be a connected graph with v € V(G) and
0<a<1l. Then

Pa (Gu(b)) < pa (Gu(a)).
In the same paper [17], Nikiforov and Rojo mentioned that they can
9
show Conjecture for pa (Gy(a)) > 1 In the sequel, Lin, Huang

and Xue [II] completely proved Conjecture (independently, Guo and
Zhou in [8]). Recently, in [9], we considered the property of the function-
weighted adjacency spectral radius and obtained

Theorem 1.6. [9] Assume that f(x,y) > 0 is increasing in variable x.
If5<a+2<0b, then

p'(Gu(b)) < p!(Gu(a)).

Oboudi [19] considered the problem for the adjacency spectral radius
of starlike trees, which are obtained by appending at least three paths
or varying number of paths and the order of this paths satisfies the ma-
jorization ordering. They obtained the following theorem with a contrary
relationship.

Theorem 1.7. [19] Suppose that a,b € P(k,p) and S,(a) Z S,(b).
Assume that a <y b. Then p(S,(a)) > p(S,(b)).

In [I§], Oliveira, Stevanovi¢ and Trevisan considered the problem for
the starlike trees such that the order of the paths satisfies the shortlex
ordering and they obtained the following theorem.

Theorem 1.8. [1§] Suppose that a,b € P(k) and S,(a) 2 S,(b). Then,
p(Su(a)) < p(Sy(b)) if and only if a <ie; b.

Recently, Li and Guo [15] considered the problem for the adjacency
spectral radius of the general graph G,(a) and got

Theorem 1.9. [15] Let G be a connected graph with vertex v. Then

p(Gy(a)) < p(Gy(b))
if and only if a <, b.

In [23], Shan and Liu extended Theorem from the spectral radius
to A,-spectral radius for a € [0,1) and proved

7
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Theorem 1.10. [23/ Let G be a connected graph with vertex v. If a €
[0,1) and a <, b, then

Pa (Gu(a)) < po (Gy(b))
where the equality holds if and only if G,(a) = G,(b) is a path graph.
The proof of Theorem depends on the following theorem.
Theorem 1.11. 23] Let e = [a] x s + [b] and £ = [c] * s + [d], where
a,b,c,d and s are five integers such that a +b = c+ d,a > max{c,d} >

min{c,d} > b >0 and s > 0. If v is a vertex of the connected graph G
and a € [0,1), then

pa (Gu(e)) < pa (Gu(f))
where the equality holds if and only if « =0 and G is a trivial graph.

From this result, we obtain that if « = 0 and G is a trivial graph,
then p, (G,(€)) = pa (G(f)). However, if we take
e=[5*2+[2] and f = [4] %2+ [3],
by calculation, we get
po (Sy(e)) = 2.084 < po (S,(f)) ~ 2.0928,
that is to say the result dose not hold. In Section 3, we will correct it
and get the following theorem.

Theorem 1.12. Let e = [a]*s+[b] and f = [c|*s+[d], where a,b, c,d and
s are five integers such that a +b = ¢+ d,a > max{c,d} > min{c,d} >
b>0ands > 0. Ifv is a vertex of the connected graph G and o € [0, 1),
then

Pa (Go(e)) < po (Gu(f))

where the equality holds if and only if G is a trivial graph, o = 0 and
s=1o0rs>1withc=b+1.

In addition, we will extend Theorem for the (A7),-spectral radius
and obtain the following result.

Theorem 1.13. Let G be a connected graph with verter v and a €
[0,1). Assume that the weight function f(x,y) > 0 satisfies that f(1,z) <

8
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f(1,2) = f(2,z) for any x. For two vectors a = [ay,as,...,a, and
b = [by,b,...,by] € P(k,p) with a# b, if a <, b, then

Pl (Gy(a)) < pf (Gu(b)).
where the equality holds if and only if G,(a) = G,(b) is a path graph.

Let G¢(a) with a = [n1,ng, ..., n4), n; > 3 be the graph obtained from
G by identifying the vertex v of G and a vertex from each of the cycles on
ni,Ng, . ..,ng vertices, respectively. From the definition, if V(G) = {v}
(that is, G is a trivial graph with vertex v), then G¢(a) is isomorphic to
a bouquet graph. Xue et al. [24] considered the cycle version of Li-Feng
transformation of the spectral radius and they obtained the following
result.

Theorem 1.14. [2]] Let a = [a,b] and b= [a — 1,0+ 1]. If4 <a <,
then p(Gi(a)) < p(G5(b)).

In [9], the authors considered the property of the function-weighted
adjacency spectral radius and obtained

Theorem 1.15. [9] Let a = [a,b] and b =]a— 1,04+ 1]. If4 <a <b
and 2£(2,2) < (G (), then p? (G5 (a)) < o/ (G5(b)).

For the vectors belonging to P(k,p), in section 4 we will consider
the relationship between the majorization ordering of vectors and the
(A7) ,-spectral radii of graphs G¢(a), and we obtain the following result.

Theorem 1.16. Let G be a connected graph and v € V(G). Assume
that the weight function f(x,y) > 0 satisfies that f(2,2) < f(2,z) for
any x > 2. For two vectors a = [a1, ag, ..., a,] and b = [by, by, ... b, in
P(k,p) with 3 < ay and 3 < by, if « € [0,1) and a <y, b, then

Pt (Gi(a)) < pl (G5(D))
where the equality holds if and only if a =b.

The rest of this paper is organized as follows. We will introduce some
preliminary results in Section 2. Based on this, in Section 3 we will
correct Theorem and give it a more detailed proof, and then extend
the result from the A,-spectral radius to (A/),-spectral radius, as well

9
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as give the proof of Theorem [1.13| In section 4, we firstly consider the
cycle version of the Li-Feng transformation of (Af),-spectral radius and
prove Theorem [I.16]

2. Some preliminary results

In this section, we provide some knowledge on matrix theory for non-
negative matrices, the characteristic polynomial of weighted graphs and
the majorization ordering of two vectors, which will be used in the sequel.

Theorem 2.1. [10] Let A and B be n x n nonnegative symmetric ma-
trices. Then p(A+ B) > p(A). Furthermore, if A is irreducible and B
is not null, then p(A+ B) > p(A).

Theorem 2.2. [2] Let A be an n x n real symmetric matriz and B be a
principal submatriz of A. Then p(A) > p(B).

Let G; and G5 be two disjoint weighted graphs with v; € V (G;) and
vy € V (G3). The coalescence of Gy and Go, denoted by G (v1) - G (v2)
(or G -Gy for short), is obtained from G; and G5 by identifying v; and vy
to form a new vertex u and the edge weight function w of Gy (vy) - Ga (ve)
will be defined as

wa,(e), if e € B (Gy)\ {(vi,v:)} fori=1,2
w<€) = wa, (vl, 'U1) + wa, (UQ, ’UQ) if e = (u, u)
0, otherwise

Assume that the weighted characteristic polynomial of a weighted graph
G is defined by ¢(G) = det(zf — A¥(G)). Recently, Shan et al. [23]
proved

Theorem 2.3. Let G, H be two nontrivial connected weighted graphs
with w € V(G) and vi,vo € V(H) Take G; = G(u) - H (v;) fori=1, 2.
If o (H —wvy) > ¢ (H —vy) for x> py, (H —v1), then p, (G2) > py (G1).
For j,k e {1,...,n} with j >k, let e; = (0,...,0,1,0,...,0) and
- n—j
ejr=¢e;j—e,=(0,...,0,—1,0,...,0,1,0,...,0).
~—— —_— =

k—1 j—1—k n—j

10
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For any

a=ay,ag,...,0k...,a45...,a4 € P(k,q) withq>j >k
denote

a+tej,=lar,a0,...,ap—1,...;a;+1,...,a, € P(k,q).

In [19], Oliveira considered the majorization ordering of two vectors and
obtained the following theorem.

Theorem 2.4. Let a,b € P(k,q) and a # b. Assume that a =<y b.
Then there exists a sequence a = ag <y a1 < - =u a; = b such that
for every i € {1,...,t},a;, = a;_1 + ej, , for some j; > k;.

3. Proof of Theorem [1.13

Firstly, we will give some lemmas which can be proven by using the
same ideas as Proposition 10, Lemma 11 and the analysis in Section 3 in
[23] and so we omit their proofs here.

Suppose that n > 2 and u is an end vertex of the path P,,; on
n + 1 vertices. Let B, be the principal submatrix of A (P,,;) obtained
by deleting the row and column corresponding to the vertex u. Let
hn(x) (for short h,) be the characteristic polynomial of B, and 6,, be the
maximum eigenvalue of B,,. We have the following result.

Lemma 3.1. Let p,q,l be three positive integers with ¢ = p + | and
the weight function f(x,y) satisfy f(1,2) = f(2,2). Assume that hy =
1,hy =2 — f(2,2)a. Then for a € [0,1), when x > 6, it holds that

he_thy > hehy_1.

Let a = [a] s + [b]. For the graph G,(a), suppose that D{(G) is the
diagonal matrix obtained from DY(G) by replacing the diagonal entry
corresponding to vertex v with d%(v) + (s — 1)f(2,2). Take Q'(G) =
aD!(G) + (1 — a)A/(G) and denote the weighted graph associated with
Q'(G) by G. Notice that G is trivial if and only if & = 0 and G is trivial.

Let Ps(a,b) be the weighted path on the vertex set {ug, w1, ..., Uqsp}
whose edge weights are f(2,2) except for w(u,_1,u,) = +/sf(2,2). Take
Q'(Ps(a,b)) = aD’ (P,(a,b))+(1—a)AS (P,(a, b)) and denote the weighted

11
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graph associated with Q'(Py(a,b)) by P,(a,b). Let Gy(via,b) be the
weighted graph obtained from G and ﬁs(a, b) by coalescing vertices v
and u,.

If the weight function f(z,y) > 0 satisfies that f(1,z) < f(1,2) =
f(2,z) for any x, then we get

Lemma 3.2. For the graph G,(a) with a = [a] * s + [b], we have
ph (Go(a) < pf (Gy(via,b))

where the equality holds if and only if a and b are greater than or equal
to 2, or f(1,z) = f(1,2) for any x, or G,(a) is a path graph.

In the proof of Theorem in [23], if & = 0 and G is a trivial graph
but s # 1, the weighted graphs G4(v;a,b) and Gs(v;e,d) are not both
isomorphic to Ps(a,b). Moreover, by the proof we can only get

p(Gs(via,b)) < p(Gs(vib+1,a—1))

rather than
p(Gs(v;a, b)) < p(Gs(via—1,b+1)).

In the following, we will give a detailed proof of Theorem and
extend the result from the A,-spectral radius to the (Af),-spectral ra-
dius. As well, we will extend Theorem from the A,-spectral radius
to the (A/),-spectral radius for the vectors belonging to P(k,p).

3.1. The proof of Theorem[1.13

From Lemma |3.2, we have

pa (Gule) = p(Gulvia,h))  and  pa (Gu(E)) = p (Glvie,d)).

If G is a trivial graph, @ = 0 and s = 1. The weighted graphs
Gs(v; a,b) and G(v; ¢, d) are both isomorphic to Ps(a,b). It follows that
Pa (Gu(€)) = pa (Gu(f)).

Next, we will distinguish the cases that G is a trivial graph, a = 0
with s > 1, or G is a nontrivial graph, or o > 0.

Case 1. G is a trivial graph, a = 0 with s > 1.
Subcase 1.1 a = b+ 2.

12
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Since a =b+ 2, we havec=d=a—-1=0+1. By
Gs(v;a,b) 2 Gg(v;b+1,a— 1) =2 Gy(v; ¢, d),

we have
Pa (Gs(v;a,0)) = pa (Gs(v;c, d))

ie., po (Gy(€)) = pa (Gu(F)).
Subcase 1.2 a > b+ 2 and max{c,d} = a — 1.
Ifc=b+1<a—1=d, then

Gs(v;a,b) = Gy(v;b+1,a — 1) = Gy(v; ¢, d).

We have pq (Gy(€)) = pa (Gu(f)).
Ifc=a—-1>b+1=d, then

Pa (Gs(v;a,b)) = po (Gs(v; 0+ 1,a — 1))
< pa (Gs(via—1,0+1))
= pa (Gs(v;c,d)).

Thus we obtain p, (Gy(€)) < pa (Gy(f)).
Subcase 1.3 a > b+ 2 and max{c,d} <a — 1.
Similarly, if a — 1 > ¢ > d > b+ 1, then, by

Pa (Gs(v;a,b)) = po (Gs(v;0+ 1,a — 1))
< po (Gs(v;a—1,0+1)),

we have

Pa (Gs(v;a— 1,04+ 1)) < po (Gs(v;¢,d)) .

Thus, po (Gu(€)) < pa (Gu(f)).
Analogously, if a — 1 >d > ¢ > b+ 1, we have

Pa (Gs(vie,d)) > pa (Gs(v;d+ 1,¢— 1))
> pa (Gs(v;a—1,0+1))
> pa (Gs(via,b)).

Hence, o (Gy(e)) < pa (Gy(£)):

13
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Case 2. G is a nontrivial graph or a > 0.
Let H = Ps(a,b) and rewrite vertices ug, u,—1 as vy, va, respectively.
Then

Gy(v;a,b) = G(v) - H (vy) and Gy(v;b+1,a — 1) = G(v) - H (va) .

Since

¢ (H —v1) = hohy and ¢ (H — v2) = ha—1hyy1,
when z > p, (G4(v;a,b)) > 6,, by Lemma [3.1] we have

hahb < ha—lhb—H .

Hence,
QS(H—IH) < gb(H—UQ)
According to Theorem it follows that

Pa (Gs(v50,b)) < pa (Gs(v;b+1,a—1)). (1)
by equation Because a > b, by theorems and [2.2] we get

e (Ga(v:0,8)) < po (Gulvsa— 1,6+ 1)).
If ¢ > d, it is easy to see that

Pa (Gu(e)) < pa (Gu(f)) -

Otherwise, ¢ < d. Then ¢ — 1 < d + 1. By equation (], we have

Pa (Gs(v;d+1,c—1)) < po (Gs(v;e,d)) .
Because a > d+ 1> c—1 > b, we obtain

Pa (Gs(v5a,0)) < pa (Gs(v;d+1,c—1)).

Thus, we have p, (Gy(€)) < pa (Gy(f)).
Next we extend the result from the A,-spectral radius to the (A7),-
spectral radius with b > 1.

Lemma 3.3. Let e = [a]xs+[b] and £ = [c]xs+[d], where a,b,c,d and s
are five integers such that a+b = c+d,a > max{c,d} > min{c,d} > b >

14
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1 and s > 0. Let the weight function f(z,y) > 0 satisfy that f(1,z) <
f(1,2) = f(2,z) for any x. If v is a vertex of the connected graph G and
a €[0,1), then

Pl (Gu(e)) < pl (Gu(f))
where the equality holds if and only if one of the following conditions
hold:

(i) G is a trivial graph, « =0 and s = 1;

(i) G is a trivial graph, « = 0, s > 1, ¢ = b+ 1 and b > 2 or
(L da(v) + s+ 1) = F(2,dav) + 5+ 1)

Proof. 1If G is a trivial graph, a = 0 and s = 1, then G,(e) = G,(f) is a
path graph. We have p/ (G,(e)) = pl (G, (f)).

Iftb>2or f(1,dg(v)+s+1) = f(2,da(v)+s+1), the proof is similar
to that of Theorem [[.121

Next, we consider the case that b = 1 and f(1,dg(v) +s+ 1) <

f(2,dg(v) + s +1) = f(1,2). By Theorems [2.1] and [2.2] we have
Pl (Gu(e)) < pl (Ga(v;a,b)).

From
Pl (Ga(v;a,b)) < pl, (Gy(F)),

the proof follows immediately. O

3.2. The proof of Theorem
For two vectors a = [ay,as,...,a,] and b = [by, by, ..., b)) € P(k,p)

with a # b, since (P(k), <jex) is linearly ordered set, by the property of
shortlex ordering, there exists some 1 < ¢ < p—1 such that a; = b; for any
J<ibi=byi=-=by1=a+L And, b, =a,+ > " (a; — a; — 1)
such that b, +1 > a,.

Take ¢ = [a1, a9, ..., a;-1,a;] + [b, + 1] * (p — 7).

IfCLH_l = Qjyo = " :ap:bp+1; then

Pl (Go(a)) = pl (Gu(c)).

Assume that p —¢ > 2. Then b, = a;, which contradicts the fact that
the elements of b are nondecreasing. Thus p — ¢+ 1 = 2. We have that
a=l[a,a,...,0,-1,0;0;41] and b = [ay, ag, ..., a;-1,0; + 1, a;41 — 1].

15
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By Lemma [3.3] if G,(a) = G,(b) is a path graph, then we have

P4 (Go(@)) = pl (Gu(b))

Otherwise, we obtain

If a;4+1 = ajp2 = - -+ = a, = b, +1 dose not hold, then since the weight
function f(z,y) > 0 satisfies that f(1,z) < f(1,2) = f(2,z) for any =z,
by Theorems [2.1] and [2.2| we get that

P4 (Gu(@) < ph (Gu(c)).

Similarly, by Lemma [3.3]it is easy to see that

pi (Go(c)) < pl(Gu(b)).

Thus we obtain

P4 (Gu(a)) < ph (Gu(D)).

Remark 3.4. This result works for the weighted adjacency matrices de-
fined by the augmented Zagreb index and exponential augmented Zagreb
index listed in Tables[]] and [ It is interesting to consider the weighted
adjacency matrices correspond to other indices.

Remark 3.5. We not only use unified approaches to consider the spectral
properties of these matrices, but also obtain Theorem[1.9 by taking o = 0,

f(z,y) =1 and Theorem[1.1( by taking f(x,y) =1 directly.
4. Proof of Theorem [L.16]

Recall that a path P = vgv; ... vy in G is an internal path if dg (v;) =
2 for every 1 < ¢ < k — 1. Suppose that the spectral radius of G is
pl (G) > 2f(2,2). Let x be a principal eigenvector of G, and x,, be the
entry of x corresponding to v;. Note that z,, satisfies that

f(27 2)(1 - a)xvifl - [p(])cz (G) - 2f(27 Q)Q]xvi + f(2, 2)(1 - &)$Ui+l =0

16
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for 2 <i <k — 2, that is

PL(G) = 2/(2,2)a] B
T TG 1 ) T e =0

Clearly, this is a recurrence relation, and the characteristic equation is

o h(©) —2£220a], | _

f(2,2)(1 = )

Suppose that t, > t; are roots of the above equation. Since pf (G) >
2f(2,2), we have t, > 1 >t; > 0 and t,t, = 1. Let x,, and x,, , be the

initial conditions. By solving this recurrence relation, we have

1 ; o\ i
= s (s — )+ (2, — ) 6]
2 1

for1<i:<k-1 Ifz, =2, ,, then

Loy

_ k—i 1—2 % k—i—2
%i—m(tz — Tty — )
2 1

Ly,

fe—i— k—i—1 | 4i—1 i—1
=g (T T T R )
t2 _tl

Firstly, we prove the following proposition.

Proposition 4.1. Fortys > 1>t >0, tite=1and 2 <1< k — 2,

Loy

Ty, (5t =y e

i T k2 E—2
t2 - tl

is strictly decreasing in k for fived x,, > 0.

Proof. Let

k—i—1 k—i—1 i—1 i—1
gy =t

th=2 _ ¢h=2
Due to t1ty = 1, we have

2k—i—3 k+i—3 k—i—1 i—1
t2 + t2 — t2 — t2

21

g(k) =
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We obtain
ok = (26352 52 — 5 ) (631 = 1)] Inty
1
- [( k=i | ghti=s _ ph—i-1_ téfl)thkfﬂ In t,
G

= (t%’“*‘* 1y < 0.

Thus we get
_ Loy phi=l _ pk—icl | gicl il
wvi—wb —t Tty 1)
2 1

is strictly decreasing in k for fixed x,, > 0. [

Next, we will use Proposition to prove the cycle version of Li-Feng
Grafting Theorem for (A/),-spectral radius. The proofs of Theorem 1.14]
and Theorem [1.15[ are divided into four cases. Here, we firstly prove the
property of principal eigenvector. Then we only need to consider two
cases.

Lemma 4.2. Leta = [a,b] andb =[a—1,b+1]. Ifa € [0,1),4<a <)
and the weight function f(x,y) > 0 satisfies that f(2,2) < f(2,z) fo

any x > 2, then pl(G5(a)) < pl(G5(b)).

3

> (0 satisfies

Proof. Let H = G¢(a). Since the weight function f(z,y)
(2,2). Then by

that f(2,2) < f(2,) for any x > 2, we have p/(H) > 2
taking equation

_ Ly k—i—1 k—i—1 i1 i1
T = g (B T A )
2 1

in mind, it is easy to see that x,, is monotonically decreasing for 1 <1 <

[ =1%]. That is
2
Lyq > Tyy > 20 2> Ty > Ty

Similarly, we have

Ty > Loy > 000 > Ty | > Ty

18
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Suppose that the pendant cycle of length a is C' = vujus ... u,_1v and
the pendant cycle of length b is C' = vvjvs ... vy_10.
Firstly, we show z, > z,, by negation. If z, < x,,, then

(1= 0) [2£(2. dp(v)), + 2(2,dpy(v)),
< [l H)—2f (2, di(v))a] 2,

{PL(H) = a [£(2.du(v)) + 12,2)] }a.
{PL(H) = a[f(2,du(v) + £(2,2)] }o,
= (1-a)[f2 dH< D+ F(2,2)2,).

A\

A

By z,, > x,,, we have z, > xz,,, which contradicts z, < z,,. Hence
Ty 2 Ly,

In addition, we prove z,, > z,,. Since for the pendant cycle C', we
have

{PA(H) = alF(2,du(v) + £(2,2)] }a,
= f(2,dg(v))(1 — a)x, + f(2,2)(1 — @)z,

— £(2,du(0))(1 — @)z + f(2,2)(1 = o) (tia_ ’ —: 23 ity =) T,

Hence, we obtain

f2,2)(1—a) (1572 —t§ P+t — ty)

{Pi(H) —a[f(2,dy(v)) + f(2,2)] —
= f(2,dg(v))(1 — a)z,.

By an argument similar to the proof in Proposition it is easy to
see that z,, > z,, for a <b.

Then we consider the following two cases.

Case 1. a is even.

Then a = 2l. By Proposition and z,, > x,,, we have z,, >
Zy,. If 2, > x,,, then there exists an integer 1 < ¢ < [ — 1 such that
Ty, > Ty, > Ty,,,. Let H' be a graph obtained from H by deleting
edges wju;_1, wu1,v;v;41 and adding edges wu;_qupy1, uv;, wv;1. Then

a—2 a—2
t2 _>h

19
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H' = G¢(b). We have

<A£ (H') x, x> — (A (H)x, x)
2f(2,2)(1 — «)

= Ty Ty + Loy Loy, + LuyToipr = TPy = TuyLuyy = To; Loy
2

= Ty, + Loy Lo, + Loy Loy — 2$ul$ul71 — Ly To; g

= (x“lfl - xul)2 + (xvi - xul) (xuz - 'T’Ui+1)
>0

and so,
pl (H') > (AL (H') x,x) > (AL (H)x,x) = pl(H).
That is,

pa(G(a)) < pl(G(b)).

Otherwise, =, > z,, > x,,. Let H' be a graph obtained from H
by deleting edges w;u;_1, wu;q,vv; and adding edges w;_ju;yq, wv, wvy.
Then H' = G¢(b). We have

<A£ (H') %, x> — (AT (H)x, x)

= [2f(27 2)(1 - a)] [quxulﬂ T Ty Loy — Loy Ty — xul$“l+1}
+ 2f(2> dH(U))(l - a) (xuzxv - xvxm)
+alf(2,du(v) = f(2,2)] [25, — 3 ]

> 2£(2,2)(1 = ) [ (20, = 2)" + (20 = 20) (20— 20,)|
+alf2,du(v)) = f(2,2)] [z, — 23]

> 0.

We obtain
pL(Gi(a)) < pl(G5 (D).
Case 2. a is odd.
Then a = 20 + 1. Similarly, if z,, > z,,, then there exists an integer
1 <i < 1-1such that z,, > z, > x,,,. Let H' be a graph ob-
tained from H by deleting edges wu;_1, wuyy1, v;v;41 and adding edges

20
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U1 U1, WU, WUip1. Then H' = G¢(b). And we obtain

<A£ (H') x, x> — (AL (H)x, x)
2f(2,2)(1 — «)

= Ty Ty + Loy Loy, + LuyToipr = TPy = TuyLuyy = To; Loy

— 2
= Ty Ty, + Loy Loy — Ty = ToLoiyy

- (x'vi - xw) (xw - xvz‘+1)
> 0.

If (Al (H")x,x) — (Al(H)x,x) = 0, then either z,, = z,, or z,, =
Ty,,, (suppose that z,, = x,), which implies that x is not a principal
eigenvector of H’'. Thus

pa (H') > (AL (H')x,x) > (AL (H)x,x) = pl,(H).

Otherwise, z, > z,, > x,,. Let H' be a graph obtained from H by delet-
ing edges wu;_1, wu;11,vv; and adding edges w;_1upy1, wv, wv;. Then
H' = G¢(b). Similarly, we have

(Al (H") x,x) — (AL(H)x,x) > 0.
Consequently, we get pf (G¢(a)) < pl(G¢(b)). O

According to Theorem and Lemma [4.2] it is easy to obtain The-
orem L. 16l

Remark 4.3. This result works for the weighted adjacency matrices de-
fined by almost half of the indices listed in Tables[1] and[g. Such as mod-
ified first Zagreb index, extended index, Randié index, sum-connectivity
index, harmonic index, atom-bond-connectivity (ABC) indez, augmented
Zagreb index, arithmetic-geometric (AG) index, inverse sum index, sum-
connectiwity Gourava index, exponential Randié index, exponential ABC
index, exponential harmonic index, exponential sum-connectivity index
and exponential augmented Zagreb index. It is interesting to consider the
weighted adjacency matrices correspond to other indices.
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5. Concluding remarks

In [23], Shan and Liu showed that the A,-spectral radius of G,, (n1, na, . ..

will increase according to the shortlex ordering of (ny, ng, ..., ng). In this
paper, we improve their result and extend it from A,-spectral radius to
the (A7),-spectral radius. In addition, we consider the cycle version
of Li-Feng Grafting Theorem of (A'),-spectral radius and obtain the
relationship between majorization ordering of (ni,ns,...,ny) and the
(A7) -spectral radii of G (ny, ny, ..., ng).

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgements

We are very grateful to the anonymous referees for valuable sugges-
tions and corrections which lead to a great improvement to the presen-
tation of the paper. This work is supported by NSFC No0.12131013 and
12161141006.

References

[1] B. Arnold, Majorization and the Lorenz order: a brief introduction.
Lecture notes in statistics, Springer, New York, 1980.

[2] A. Brouwer, W. Haemers, Spectra of Graphs, Springer, New York,
2011.

[3] F. Belardo, E. Marzi, S. Simi¢, Combinatorial approach for comput-
ing the characteristic polynomial of a matrix, Linear Algebra Appl.
433 (2010) 1513-1523.

[4] D. Cvetkovi¢, S. Simi¢, Towards a spectral theory of graphs based on
the signless Laplacian I, Publ. Inst. Math. (Belgr.) 85 (2009) 19-33.

[5] K. Das, I. Gutman, I. Milovanovi¢, E. Milovanovi¢, B. Furtula,
Degree-based energies of graphs, Linear Algebra Appl. 554 (2018)
185-204.

22

7nd)



O©CO~NOOOTA~AWNPE

[6] E. Estrada, The ABC matrix, J. Math. Chem. 55 (2017) 1021-1033.

[7] I. Gutman, Geometric approach to degree-based topological in-
dices: Sombor indices, MATCH Commun. Math. Comput. Chem.
86 (2021) 11-16.

[8] H. Guo, B. Zhou, On the a-spectral radius of graphs, Appl. Anal.
Discrete Math. 14 (2020) 431-458.

[9] J. Gao, X. Li, N. Yang, R, Zheng, The Li-Feng transformation
of weighted adjacency matrices for graphs with degree-based edge-
weights, Discrete Math. 348 (2025) 114520.

[10] R. Horn, C. Johnson, Matrix Analysis. Cambridge University Press,
Cambridge (1985)

[11] H. Lin, X. Huang, J. Xue, A note on the a-spectral radius of graphs,
Linear Algebra Appl. 557 (2018) 430-437.

[12] H. Liu, L. You, Y. Huang, X. Fang, Spectral properties of p-Sombor
matrices and beyond, MATCH Commun. Math. Comput. Chem. 87
(2022) 59-87.

[13] Q. Li, K. Feng, On the largest eigenvalue of a graph, Acta Math.
Appl. Sin. 2 (1979) 167-175.

[14] X. Li, Indices, polynomials and matrices-a unified viewpoint. Invited
talk at the 8th Slovenian Conf, Graph Theory, Kranjska Gora June
21-27, 2015.

[15] X. Li, J. Guo, The effect on the spectral radius by attaching a pen-
dant starlike tree, J. Appl. Math. Comput. 477 (2024) 128818.

[16] V. Nikiforov, Merging the A- and Q- spectral theories, Appl. Anal.
Discrete Math. 11 (2017) 81-107.

[17] V. Nikiforov, O. Rojo, On the a-index of graphs with pendent paths,
Linear Algebra Appl. 550 (2018) 87-104.

[18] E. Oliveira, D. Stevanovi¢, V. Trevisan, Spectral radius ordering of
starlike trees, Linear Multilinear Algebra 68 (5) (2018) 991-1000.

23



O©CO~NOOOTA~AWNPE

[19] E. Oliveira, Majorization and the spectral radius of starlike trees, J.
Comb. Optim. 36 (2018) 121-129.

[20] J. Rada, Exponential vertex-degree-based topological indices and
discrimination, MATCH Commun. Math. Comput. Chem. 82 (2019)
29-41.

[21] J. Rodriguez, A spectral approach to the Randi¢ index, Linear Al-
gebra Appl. 400 (2005) 339-344.

[22] J. Rodriguez, J. Sigarreta, On the Randi¢ index and conditional
parameters of a graph, MATCH Commun. Math. Comput. Chem.
54 (2005) 403-416.

[23] H. Shan, M. Liu, On the relationship between shortlex ordering and
A,-spectral radii of graphs with starlike branch tree, Discrete Math.
347 (2024) 113772.

[24] J. Xue, R. Liu, J. Shu, Unimodality of principal eigenvector and its
applications, Graph Combin. 36 (2020) 1177-1188.

[25] L. Zheng, G. Tian, S. Cui, On spectral radius and energy of
arithmetic-geometric matrix of graphs, MATCH Commun. Math.
Comput. Chem. 83 (2020) 635-650.

24



