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Abstract

For a graph G, let d, be the degree of a vertex v. Given a symmetric
real function f(x,y), the weight of edge uv in graph G is equal to the value
f(dy,dy). The degree-based weighted adjacency matrix is defined as A¢(G),
in which the (u,v)-entry is equal to f(d,,d,) if uv is an edge of G and 0 oth-
erwise. In this paper, we consider the Li-Feng transformation and show that
if a graph G contains two pendant paths on a common vertex, the uniform
distribution of pendant paths increases the largest eigenvalue of A¢(G), when
f(x,y) is increasing in x and the length of two pendant paths should be at
least 2. We also consider the cycle version of Li-Feng transformation and show
that if a graph G contains two pendant cycles on a common vertex, the uni-
form distribution of pendant cycles decreases the largest eigenvalue of A;(G),
when A1 (A¢(G)) > 2f(2,2). The purpose of this paper is to unify the study
of the graph operation on the largest eigenvalue for the degree-based weighted

adjacency matrix.
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1 Introduction

Let G = (V(G), E(GQ)) be a finite, undirected, simple and connected graph with
vertex set V(G) and edge set E(G). We denote by d, the degree of the vertex v in
G, Ng(v) the set of neighbours of vertex v in G. An edge e € E(G) with end vertices

uw and v is usually denoted by uv.

In molecular graph theory, the topological indices of molecular graphs are used
to reflect chemical properties of chemical molecules. The degree-based index T'1;(G)

of G with positive symmetric function f(z,y) is defined as

TG = Y [(dudy).

uweE(G)

Gutman [11] collected many important and well-studied topological indices; see them
in Table 1. Based on one concrete index, a molecular graph has a single number,
obtained by summing up the edge-weights in a molecular graph with edge-weights
defined by the function f(z,y).

In algebraic graph theory, the study of matrices associated with a graph G is an
important topic. One of the authors Li in [17] proposed that if we use a matrix to
represent the structure of a molecular graph with weights separately on its pairs of
adjacent vertices, it will keep more structural information of the graph than an index.
For example, the Randi¢ matrix [31, 32], the ABC matrix [5], the AG matrix [40] and
the Sombor matrix [12] were considered separately. The weighted adjacency matrix
A¢(G) first appeared in [4], and it is defined as

f(dy,dy), uve E(G);

0, otherwise.

The largest eigenvalue of the weighted adjacency matrix A;(G) is A (Af(G)). If for
w € E(G), f(dy,d,) =1 and 0 otherwise, then A;(G) is the adjacency matrix A(G),

we omit the writing of f.

As one can see that from each index in Table 1, one can get a weighted matrix
defined by that index. There have been a lot of publications studying these indices
and matrices one by one separately. However, the methods used in these publications
are the same or similar. So in recent years, it is a trend to develop unified methods
to deal with such degree-based indices and function-weighted adjacency matrices, see
2, 6, 7, 8, 14, 15, 19, 20, 21, 23, 24, 25, 26] and a survey paper [22]. About the
weighted adjacency matrix, Li and Wang [23] first tried to find unified methods to
study the extremal eigenvalues of A¢(G). They obtained the trees with the largest



Edge-weight function f(x,y)

The corresponding index

T+y first Zagreb index
Ty second Zagreb index
(4 y)? first hyper-Zagreb index
(zy)? second hyper-Zagreb index
3 y3 modified first Zagreb index
|z — y Albertson index
(x/y+y/x)/2 extended index
(x —y)? sigma index

1T

Randié¢ index

JTY

reciprocal Randi¢ index

/v +y

sum-connectivity index

ity

reciprocal sum-connectivity index

2/(x+y)

harmonic index

V@ +y—2)/(zy)

atom-bond-connectivity (ABC) index

(zy/(z +y—2))°

augmented Zagreb index

x2+y2

forgotten index

72 4 y_2

inverse degree

2y/ry/(x +y)

geometric-arithmetic (GA) index

( +y)/(2y/7Y)

arithmetic-geometric (AG) index

xy/(x +y) inverse sum index
r+y+zy first Gourava index
(x +y)xy second Gourava index
(x+y+ay)? first hyper-Gourava index
((z + y)zy)? second hyper-Gourava index
1/\r+y+uzy sum-connectivity Gourava index
(x 4+ y)zy product-connectivity Gourava index

Sombor index

Table 1: Some well-studied topological indices




eigenvalue of A;(G) is star S, or double star Sy,_4, with the smallest eigenvalue of
A¢(G) is P,, when f(z,y) has some functional properties. Zheng et al. [39] added
a property P* to f(z,y) and studied the trees and unicyclic graphs with the largest
and smallest weighted adjacency eigenvalues. Li and Yang [26] gave some lower
and upper bounds of the largest weighted adjacency eigenvalue A\;(Af(G)). In [§],
Gao and Yang got the gap between two largest eigenvalues: \i(A;(G)), \(Af(H)),
where H is obtained from G by some kinds of graph operations, including deleting
vertices, deleting an edge and subdividing an edge. They also obtained some bounds
for the largest weighted adjacency eigenvalue of irregular weighted graphs. Gao et
al. [7] considered the unimodality of the eigenvector x on an induced path of G,
and investigated how the largest weighted adjacency eigenvalue A\(A;(G)) changes
when G is perturbed by vertex contraction or edge subdivision. In this paper, we
are interested in the effects on the largest weighted adjacency eigenvalue \(A;(G))

under two kinds of graph transformation.

Let vy be a vertex of a connected graph G. Attaching two new paths: vov1v2 ...,
and vouius . . . u4 of length p and g, respectively, at vy, we obtain the connected graph
G (p,q). It is clear that graph G,,(p,q) contains two pendent paths. Li and Feng
[18] introduced a transformation by changing the lengths of these two pendant paths

and obtained the following result.

Theorem 1.1 (Li-Feng transformation [18]) If p > g+ 2 > 2 in graph Gy (p,q),
then

M(A(Gy(p— 1, + 1)) > M(A(Goy (P 0)))-

Since then, Theorem 1.1 has been extensively studied in spectral graph theory.
Because this is a powerful tool to investigate the graph with maximum or minimum
spectral radius among a given class of graphs, see [1, 9, 16, 27, 29, 30, 33, 34, 35, 36,
38]. Using Theorem 1.1, Berman and Zhang [1] studied the spectral radius of graphs
with n vertices and k cut vertices and described the graph that has the maximal
spectral radius in this class; Simi¢ et al. [33] considered the set of caterpillars with
a fixed order and diameter, or with a fixed degree sequence, whose spectral radius
is maximal; Guo [9] determined graphs with the largest spectral radius among all
the unicyclic and all the bicyclic graphs with n vertices and k£ pendant vertices,
respectively; Stevanovi¢ and Hansen [35] obtained the minimum spectral radius of
graphs with a given clique number. Furthermore, researchers considered the Li-Feng
transformation for the largest eigenvalues of the Laplacian matrix [10], the signless
Laplacian matrix [3], the A,-matrix [28]. These results have been extensively proved

to be efficient in ordering graphs by the largest eigenvalue, and will be very important
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for our future research. Here, we consider the Li-Feng transformation for the largest

eigenvalues of the weighted adjacency matrix.

Moreover, in [37], Xue et al. considered the cycle version of Li-Feng transfor-
mation. Let vy be a vertex of a connected graph G. Attaching two new cycles:
VoU1Vs . . . V109 and vouius . .. u;_1vy of length k and [, respectively, at vy, we obtain
the connected graph G¢, (k,[). It is clear that graph G (k,[) contains two pendent
cycles. They obtained the following theorem.

Theorem 1.2 [37] If k > 1 > 4 in graph G5, (k,1), then

M(A(GG (R + L1 = 1)) > M(A(G, (K, 1))

The cycle version of Li-Feng transformation tells us that the uniform distribution
of pendant cycles decreases the spectral radius. Hence, this result provides us a
direction for future research on the extremal spectral radius of graphs containing
cycles. This is an important graph operation in our study. Next, we also consider
the cycle version of Li-Feng transformation for the largest eigenvalues of the weighted

adjacency matrix.

2 Some preliminary results

In this section, we provide some preliminary results of matrix theory and weighted

adjacency matrix that will be used in the subsequent sections.

Lemma 2.1 [13] Let M be an n x n nonnegative and symmetric matriz. Then
M (M) > yT"My for any unit vector'y, and the equality holds if and only if My =

Lemma 2.2 (Perron—Frobenius [13]) Let M be a nonnegative irreducible square ma-
triz. Then the largest eigenvalue A1 (M) is simple, with a corresponding eigenvector

whose entries are all positive.

We call such a positive unit eigenvector x corresponding to the largest eigenvalue
of M is a principal eigenvector. In this paper, for a principal eigenvector x of A;(G),
we use z, to denote the entry of x corresponding to this vertex v. Note that in the
remainder of this paper, we always assume that the edge-weight f(d,,d,) > 0 for any
edge uv € E(G).



Lemma 2.3 [7] Let vivy...vp—1 be an induced path of G such that d,, = 2 for
1 <i<k—1, andx be a principal eigenvector of \(Af(G)). If M(Ar(G)) > 2f(2,2),
then the following statements hold.

(1) If xy, = xy,_,, then
Ty > Ty > 00 > Ty,
151
and x,, = Ty, _, for2 <i <k —2.
(2) If x,, < y,_,, then there is an integer 1 < j < L%J such that

Tyy > Ly > =00 > Ty, vajH < < Ty < Ty,

or

Ty, > Tyy > 0 >xvj <x@j+1 Lo < Ty, < Ty, -

Moreover, x,, < x,, ., for2 <i< [SW - L

Theorem 2.4 [7] Let G # C,, be a connected graph of order n. If f(x,y) > 0 is
increasing in variable x and G contains a cycle, then \(Af(G)) > 2f(2,2).

3 Main results

In this section, we first consider the cycle version of Li-Feng transformation with
respect to the largest eigenvalue of A;(G), and then consider the Li-Feng transfor-
mation with respect to the largest eigenvalue of A;(G). Before proving Theorem 3.2,
we first compare two entries z,,, x,, of a principal eigenvector x on two cycles in

graph G¢ (k,1).

Lemma 3.1 If k> 1> 4 in graph G5 (k,1) and A\ (Ay (G5, (K, 1)) > 2f(2,2), then
Ty, < Ty

In particular, x,, < ., if k>1>4.

Proof. Let x be a principal eigenvector of Ay(G¢ (k,1)). First, we consider the
induced path vyvy...v5_1, where d,, =2 for 1 <7 <k — 1. We have

A1 (Af(Gf)O(k, l)))l.vz = f(27 2)37%71 + f(27 2)xv¢+17



for 2 <1 < k — 2. Hence,

M(Af (G, (R, 1))
f2,2)

for 2 <i < k — 2. This is a recurrence relation and the characteristic equation is

o MGy (k1)
72.2)

Because A1 (A (G5 (k1)) > 2f(2,2), the equation above has two unequal real roots

t; and ty such that
{ bty = )\I(Af(Gvo(k»l)))’

Ty, = Ty + Loy

t+1=0.

f(2,2)
t1 -ty =1.

Without loss of generality, we assume that ¢t > 1 > ¢; > 0. Let z,, and z,, , be
the initial conditions. We obtain the solution of this linear homogeneous recurrence

relation with constant coefficients is

Ly, = W((l‘mtlg - ka—ﬁ%)til + (ka—1 - xv1t]f_2)té)'
2 U

Since
A1 (Af(Gf)O(/{Z, l)))xvl = f(dvov 2)‘7:110 + f(27 2)1’@2,
we have
£y = mwAAGsO(k, D))o, — £(2,2)00,)
- m«tl 1) (2.2, — f(2,2)1,,)
1
- P+ ), = s (th — o B + (= 2t )E)

f(2,2) ( th —h2 1—12 )

Toy + 33 Tu
fldog,2) \tg™h =575 7 7 ==
Recall that z,, = z,, ,. It follows that

V0 f(dvm 2) tIZcfl o tllc—S (O .

If we consider the induced path wujus ... u;_1, with the same method, then we obtain

[2.2) H-te1-g
f(dvm 2) tl{l - tlli3 "

(3.2)

Loy =

Now, let
—2
-t "+ 113

z—1 z—3
t2 - tl

h(z) =
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By calculating the first-order derivative of h(x), we get

z—2 z=2
() — tolnty(t,® — % )2(t2 — 1)
O Ty

> 0,

for t > 1. This means that h(z) is monotonically increasing in x.

From the definition of the graph G (k,[), we know that vy is the common vertex
of cycles vovivg ... vg_1v9 and voujus . .. u_1v. From equations (3.1), (3.2) and the

monotonicity of h(x), we can obtain our result directly. U

Now we give the cycle version of Li-Feng transformation with respect to the largest
eigenvalue of A¢(G). The following result means that if a graph contains two pendant
cycles on a common vertex, the uniform distribution of pendant cycles decreases the

largest weighted adjacency eigenvalue. This conclusion is the same as Theorem 1.2.

Theorem 3.2 If k > 1> 4 in graph G5 (k1) and A\ (Af (G5, (k1)) > 2f(2,2), then

M(Ap(GL (F+ 11 =1))) > M (A (G5, (K, 1)))-

Proof. Let x be a principal eigenvector of Ay(G5 (k,[)). Since z,, = z,,_, and
Ty = Ty, ,, from Lemma 2.3 (1), we have

Ty > Ty >0 > Ty,
2

and

Tyy > Tyy > 00 > Ty |
14

Furthermore, we have

Ly k—i _ yi— i gk—2—i
Toy = s (7 — 172 4 — th 277,
ty " —1
for1<i<k-—1, and

Loy

(=t - 1),

Y
ty” — 1t
for 1 <i <[ —1. Next, we consider four cases.

Case 1. Suppose that k& and [ are both even. Set k = 2p and | = 2q. It follows

that
B 2

€Ty, = ———XI
—1 —17v1
o+

and
2

Ty = ————Ly -
—1 —1*u
A A1

8



Since p > ¢, from Lemma 3.1, we know z,, < z,,. And t’;‘lit{"l < tg‘lit‘{‘“ thus
Ty, < Ty, Recall that z,, > x,, > -+ > x,,. We consider two subcases.
Subcase 1.1 There exists an integer 1 < ¢ < p — 1 such that z,, > x,, > z,,_,.
Suppose that G, (k41,1 —1) is a graph obtained from G5 (k,() by deleting edges
UgUg—1, Uglgt1, ViVir1 and adding edges ug—1ugq1, UgVi, UqUi1. We have

%(XTAf(GgO(k + 1,1 = 1)x = x"Ap(G5, (k. 1)x)

= fduy 1+ Qugi)Tug 1 Tugyy + [ (dugs do))Tuy o, + f(duy dugy ) Tuy oy —
fdugs Qug)TuyTug—y = f(duy, dugss ) BugTugry — f(dogs dogyy )0, T,

= f(2,2)(Tuy, Tugy + TugTo; + TuyToy — TugTuy = TugTugy — To;Toyyy)
= f(2, 2)(%2%171 + Ty Ty + Ty Ty — 2T, Ty — Ty Ty, ,)

= F(2,2)((uy = Ty y)* + (To, = Tuy) (Tuy — Tuyyy)

> 0.

From Lemma 2.1, thus Ay (Af (G5, (k+ 1,1 —1))) > A (As (G, (K, 1))).
Subcase 1.2 1,, > z,,.
Suppose that G, (k+1,1—1) is a graph obtained from G¥ (k,[) by deleting edges

UgUg—1, UgUgt1, Vo1 and adding edges ug_1uq11, UqVo, Ugv1. We have

O A (Gl (1,1 = 1)x = x A5, (k. 1))

= f(duq_17duq+1)xuq_1xuq+1 + f(d’uq7 dvo)xuqxvo + f(d’u,qa dm)xuqxvl_

f(duqa duq_l)xuqxuq_1 - f(duq7 duq+1)xuqxuq+1 - f(dvoa dvl)xvoxm

= f(27 2)xiq,1 + f(27 dvo)xuq$vo + f(27 2)xuqxvl - 2f(27 Q)Iquuqfl - f(2, dvo)xvoxm
= f<27 2)(‘77“(1 - xuq71)2 + (f(27 dv0)$v0 - f<27 2)‘ruq)<xuq - xvl)

> 0.
Because
f(2,2) 6B -0+ 113 2(15 —117%)
Qadv Loy — 27 2 Ly, = 27dv : : — — Loy — 2, 2) - S5o-1  92s-_3%u
.f( 0) 0 f( ) q f( 0) f(27dv0) tgq 1 . t%q 3 1 f( ) tgq 1 _tfq 3 1

9 9
(15 —t2)2(t5 —#17%)
= f(2,2) 201 _ 23 Luy
2 1

> 0,



the inequality above holds. From Lemma 2.1, thus A\ (Af(G§ (k + 1,1 — 1))) >
M(Af (G, (R, 1)))-

Case 2. Suppose that k£ is even and [ is odd. Set k = 2p and | = 2¢ + 1. It
follows that

2
Ty, = -7 -7 Lv
oot
and
. t2—|—1
R e
2 1

Since k > [, from Lemma 3.1, we know z,, < z,,. And p > ¢+ 1, we have
(o + D)+t =t + 22ty 7 s 2 107,

Thus z,, < y,. Recall that z,, > x,, >--- > x,,. We divided into two subcases.
Subcase 2.1 There exists an integer 1 <1¢ < p — 1 such that z,, > ., > 7,,,,.
Suppose that G, (k41,1 —1) is a graph obtained from G§_(k,[) by deleting edges

UgUg—1, UgUgt1, ViVir1 and adding edges ug—1Ugq1, UgVi, UqUiy1. We have

1 c c

§<XTAf(Gv0 (k + 17l - 1))X - XTAf(Gvo (ku l))X)

= f(duq—l7 duq+1)xuq—1$uq+1 + f(duq> dvi)muqxvi + f(duqa dvi+1>$uq33vi+1_
f(duq7 duqfl)l‘uql‘uqfl - f(duq7 duq+1)xuq$uq+1 - f(dvm dvi+1)x’uixvi+1

= f(27 2) (quxvi + LugLvipr — $12Lq - ‘T’Uiwiq)

= f(2,2)(zy, — 5Uuq)(xuq — Ty,p)

> 0.

If $(xTAp(GS (K + 1,1 — 1))x — xTAp(GS, (k,1))x) = 0, because x,, > &,,,, then
either x,, = x,, or r,, = r,,,. This implies that

M(AH(GS (k41,1-1))) = xT A (G (k41 1-1))x = xTAp(G5 (K, 1)x = M(Af(G5 (K, 1))
We assume that x,, = z,,, then it is not difficult for us to deduced that

/\I(Af<Ggo<k +1, [ — ]‘)))I'Ui - f(d'Ui—17 2)$Ui—1 + f(27 Q)xuqv
M(Ap(GY, (R, D)) wo, = fdo,_ys 2)T0,, 4 f(2,2)20,,,-

Because x,, > ¥, this is a contradiction. From Lemma 2.1, thus A, (A (G5, (k +
LI=1))) > M(Af (G5, (K, 1)).

Subcase 2.2 1, > 1,,.

10



Suppose that G, (k41,1 —1) is a graph obtained from G§_(k,[) by deleting edges
UgUg—1, UgUgt1, Vov1 and adding edges ug_1uq11, UqVo, uqvi. We have
1 C (&
ST A (G O+ 1,0 — 1)x = xT A (G5, (. 1))
= f(qu_17 duq+1)xuq_1xuq+1 + f(duq7 dvo)xuqzvo + f(qu7 dvl)xuqxvl_
f(duqa duq_l)xuqxuq_l - f(duqa duq+1)xuql‘uq+1 - f(d’U()7 dv1)$voxv1
= f(27 d@())xuqxvo + f(27 2)Z‘uq$v1 - f(27 2)xiq - f(dvoa 2)[&,01‘1)1
= (f(2,duy)w0y — f(2,2)30,) (@0, — Tv,)

> 0.
Because
f(27 dvo)wvo - f(27 Q)xuq
2g+1 2¢—1 1 ) 1
_ f2dy)- f(2,2) & -1 114 i2.9) 5 — 1"+t —tf N
7 £(2,dy,) ol — 2972 ' ’ 7 — 312 '
(t — 1)(ta — tH (5 —t17)
= f(27 2) 2 20—2 Ly
> 0,

the inequality above holds. From Lemma 2.1, thus A\ (Af(G5 (k + 1,1 — 1)) >
A(Af (G, (R, 1)))-
Case 3. Suppose that k and [ are both odd. Set k =2p+1and [ =2¢+1. It

follows that
a1

= —7
v —1%v1
Ty
and
to+1
= 1,
—1+%up
t3 4 11
Since k£ > [, from Lemma 3.1, we know z,, < z,,. And tgtj;;l—l < tgtjjgl—l’ thus
Ty, < Ty, Recall that z,, > x,, > -+ > x,,. We also consider two subcases. Since

Loy,

the proof in this case is similar to subcases 2.1 and 2.2, we omit it for the sake of

brevity.

Case 4. Suppose that k is odd and [ is even. Set k = 2p+ 1 and | = 2q. It

follows that

ta +1
LTy, = —_1xvl
o+t

and
2

LTy = ————Ty -
—1 —1*u
A A1

11



Since k > [, from Lemma 3.1, we know x,, < z,,. And p > ¢, we have
2ty +8771) > (L + 1) ) 2 (o + 1)+,

Thus z,, < z,,. Recall that z,, > z,, > -+ > z,,. We can divided into two subcases.
Because the proof in this case is similar to subcases 1.1 and 1.2, we omit it for the

sake of brevity.

In each case, we obtain the largest weighted adjacency eigenvalue of G (k+1,1—1)
is greater than the largest weighted adjacency eigenvalue of G (k,1). Hence, the proof

of the theorem is complete. U

Remark 1. If f(z,y) > 0 is increasing in variable z, from Lemma 2.4, then we
have A (Ap (G5, (k,1))) > 2f(2,2). Thus Theorem 3.2 is hold, when the edge-weight

functions f(x,y) is increasing in variable .

Next, we consider the Li-Feng transformation with respect to the largest eigen-
value of A¢(G). We first give a result about pendant paths. Assume that f(z,y) > 0
is increasing in invariable x, the entries of a principle eigenvector x on an induced

path have the monotone property.

Lemma 3.3 Let vyvivs...v,_1v, be a pendant path in graph G with d,, > 3. If
f(z,y) > 0 is increasing in invariable x and A\ (Af(G)) > 2£(2,2), then z,, > x,, >

Ce >y,

Proof. Let x be a principal eigenvector of A¢(G). It is not difficult for us to have

Al(Af(G))xvp = f(2v 1)$’up717
A (Af(G))xvp_1 = f<2a 1)55111, + f(2a 2)$Up_2'

If z,, > x,, ,, then f(2,1)x,,_, > f(2,1)z,, + f(2,2)2,, ,. From Lemma 2.2, we
know z,,_, > 0, this is a contradiction. Thus x,, < x,,_,.

Since A\ (Af(G)) > 2£(2,2), we have A (A¢(G))xy,_, = f(2,1)xy, + f(2,2)20,_, >
f(2,2)z,,_ , + f(2,2)z,, ,. Recall that f(z,y) is increasing in invariable x and z,, <
7y, ,. It follows that f(2,1)x,, < f(2,2)z,, ,. Hence z,,_, > x,, ;. From Lemma
2.3 (2), we obtain x,, > @y, > - > x,,. O

In graph G, (p, q), if f(x,y) > 0 is increasing in variable z and ¢ > 2, the uniform
distribution of pendent paths increases the largest weighted adjacency eigenvalue.

This conclusion is the same as Theorem 1.1.

12



Theorem 3.4 Assume that f(z,y) > 0 is increasing in variable x. If p > q+2 >4
in graph Gy, (p,q), then

Al(Af(Gvo(p - 17q + 1))) > Al(Af(Gvo(pv Q)))

Proof. Let x be a principal eigenvector of G, (p,q). First, we claim that there is
no integer 1 < i < ¢ — 1 such that z,, = z,,,,. By way of contradiction, suppose
that there exists an integer 7 such that Tuyy = Ty iq- Deleting edges wu;,u;,+1 and
Vig+1Vig+2 and adding edges w;, vy, 12 and vy, 1141 in graph Gy, (p, ¢), we obtain graph
Gy (p—1,q+ 1). It is not difficult for us to have

%(XTAJC<GU0 (p - 17 q + 1))X - XTAf(GUO (p’ q))X)

= f(27 dv¢0+2)xuioxvio+2 + f(27 dui0+1>$vi0+1xui0+l - f<27 dUi0+1)xu¢0in0+1 o f(27 dvi0+2)xvi0+lxvio+2

=0.
This means that x is a principal eigenvector of G, (p — 1,¢ + 1). Thus

)‘1 (Af(GUO (p7 Q)))JJWO = f(27 d“m—l)'ruio—l + f(27 du¢0+1)xui0+17
M(Af(Goo(p— 1,9+ 1)))xui0 = f(2, dui0—1>xw0—1 + f(2, dv¢0+2)xw0+2-

Ifd

Repeat this process, we can get ,, , = Ty,. S0

= 2, since p > ¢ + 2, then we have d = 2. Thus zy, , = Ty, ,,-

ui0+1 U'LO +2

A (Af(Gvo (p> Q)))xuq_1 - f(2> qu—Q):BUq—Q + f(2a 1)37uq7
A1 (Af(Gvo (p —-lqg+ 1))>xuq—1 = f(27 duq—z)xuq—z + f(27 2)$vq+1'

Because f(wz,y) is increasing in variable z, this means that z,,,, < z,,. However,

recall that x is a principal eigenvector of A¢(G,,(p,q)), hence

>‘1 (Af(Gvo (p, Q)))xuq = f(27 1)xuq—17
M (A (Goo (P, D)) Tvgyn = [(2,2)30, + [(2, doy )P0,

From Lemma 2.2, x, ., > 0 and f(x,y) is increasing in variable x, we can deduced
that x, ., > z,,. This is a contradiction.
If du,,

can also have a contradiction. Next, we consider two cases.

= 1, then Tuzy = Tug_1s that is z,,_, = z,,. As we discussed above, we

Case 1. z,, < Ty,.

Subcase 1.1 z,, > z,,.
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Suppose that G,,(p—1,¢+1) is a graph obtained from G, (p, ¢) by deleting edges

v1v2 and vou; and adding edges viuq, and vouy. We have

%(XTAJ‘(G@O (P —1,q+ 1)x = x" A (G (p, 0))%)

f( ’Q)Ilem + f(dvm 2)1’1)01‘1,2 - f(27 2)£L‘U1IU2 - f(dvoa 2)xv0xm
(f(dvov 2)1;1)0 - f(27 Q)xvl)(xv2 - ‘rul)'

Since f(z,y) is increasing in variable =, we have f(d,,,2)x,, — f(2,2)z,, > 0. From
Lemma 2.1, thus \(Af(Gy(p — 1,0+ 1)) > M(Ar(Gy (P, q)))-

Subcase 1.2 z,, < z,,.

Suppose that G,,(p — 1,¢+ 1) is a graph obtained from G,,(p, q¢) by removing all

neighbors of vy except for uy, vy, to v;. We have

%(XTAf(Gm (p—1,g+ 1))x —x"Ap(Goy(p, 0))%)

= Z f(d’U07 dvj>xvjxv1 + f(27 Q)x’voxiu + f(d’l)07 2)3:1)1'1.1)2_
Vi ENG Y (p,q) (O \{u1,01}
Z f(dvm dvj)xvj'rv() - f(27 dvo)xvo$u1 - f(27 2)‘T’lev2
7JJ'EANGUO (p,q)(vo)\{ul’vl}
= Z f(duy, dvj)xvj (Toy = Tuy) + (f(2,duy) = f(2,2))(T0y Ty — TugTuy)-
Vi ENGy (p,q) (VO)\{u1,01}

Since f(z,y) is increasing in variable z, we have f(2,d,,) — f(2,2) > 0. From Lemma

2.1, thus A (A (Gu(p — 1,¢+ 1)) > M(Ap(Gu(ps 9)))-
Case 2. x,, > x,,.

Subcase 2.1 z,, , > z,,.
If z,, > w,,,,, we delete edge V410442 and add edge u,v,12 in graph Gy, (p, q), to

obtain graph G,,(p — 1,q + 1). It is clearly that

1
5 (X A5(Guy(p = L.g + 1)x = x"Ag(Cuy (p. 9))%)
: )xuq ) + f(2 dvq+2)xuq$v 42 + f(2 1)$Uq513v +1 f(Q, 1)5Euq71$uq

= f(2
f(2’ ”q+2)xvq+1x”q+2 - f(2 2>x”qx”q+l
= (f(2,2) - f(2, 1))(xuq—1x xvqxvq+1) + f(2, vq+2>$vq+2 (xuq $vq+1)-
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Since f(x,y) is increasing in variable x, we have f(2,2) — f(2,1) > 0. From Lemma
2.1, thus Ay (Ap(Goy(p = 1,¢ + 1)) > M(Ap(Gy (p; 0)))-

If vy, <y, we delete edges u,_1u, and vyvg41 and add edges uy—1v441 and ugv,

in graph G,,(p, q), to obtain graph G,,(p — 1,¢ + 1). It is clearly that

%(XTAf<G’UO (p - 17 q+ 1))X - XTAf(GUO (p’ q))X)

= f<27 2)xuq71xvq+1 + f(27 1)xuqxvq - f(27 1)xuq,1xuq - f(27 Q)x'uqx'qurl
= (f<2’ 2)xvq-kl - f(27 ]‘)xuq)('xuq—l - xvq)'
Since f(z,y) is increasing in variable x, we have f(2,2)x, ., — f(2,1)z,, > 0. From
Lemma 2.1, thus A\ (A (Gy(p — 1,¢+ 1)) > M(Af(Gy(p,q)))-
Subcase 2.2 7,, , < z,,.

If ¢ = 3, we delete edges ujus and vovz and add edges vous and ujvs in graph
G, (p,3), to obtain G, (p — 1,4). We have

S O A (G (p = 1,4))x — X7 A1 (Gl (p,3))%)

(27 2)$u1xv3 + f<2’ Q)xUvaz - f(27 2)ZL‘U1$U2 - f(27 2)1"02'1"1]3
(2 2)(Iu1 - xvz)(‘rw - qu)

)

- f
= f
>0

From Lemma 2.1, thus A (Af(Gy,(p — 1,4))) > M (A (G (p,3)))-

If ¢ > 4, we consider two induced paths ujusy . .. ug—1 and vovz ... v, Let y,, Ty, ,
and x,,, T, be the initial conditions. We obtain
-t 1 — )¢ — zy A
xui - tq_l tq_s((xul 2 ':C'qufl 2) 1 + (xuqfl xul 1 ) 2)
2 — U
1

i 92— i i
- W((t% - t({ )xm + (t2 —t Q)x“q*1>
2 Y

and
1 q—1i q—2—1 i i—2
Toir = 471 43 q_3((t2 =t )@y + (B — 7))

Suppose that

(17 = 72 ) @y — 20,) + (1 — 1572) (0 — Ty )

(tgii - t;+27q)(xv2 - xul) + (t; - tgfi)(%q - muq_l)-

g<l> - (xvi+1 - xui)<t%_1 - t(f_g)
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By calculating the first-order derivative of g(i), since 2, > x,, and z,,_, < z,,, we

have

9 (1) = (Tuy — o) (7 Ity + 15727 I ty) + (24, — Ty, ) (thInty + 3 Inty) > 0.
Because g(1) < 0,g(g—1) > 0, it means that there exists an integer 1 < i < g—2 such
that z,, > z,,,, and z,,, < w,,,. Deleting edges u;u;1; and v 1v;4» and adding
edges u;v;4o and v;11u;11 in graph Gy, (p,q), we obtain graph G,,(p — 1,¢ + 1). It
follows that .

A (G0~ g 1))x — XA (G (0. ))

f(2’ 2)xuixvi+2 + f(27 2)xui+lxvi+1 - f(27 2)Iuixui+1 - f(27 2)‘rvi+1xvi+2
= f(27 2) ('T'Ufz - xvi+1>(‘rvi+2 - xui+1)
0

From Lemma 2.1, thus A\ (Af(Gy(p — 1,0+ 1)) > M(A(Gy (P, q))).

In each case, we have the largest weighted adjacency eigenvalue of G, (p—1,¢+1)
is greater than the largest weighted adjacency eigenvalue of G, (p,q), when f(z,y)
is increasing in invariable x and p > ¢ + 2 > 4. This completes the proof. O

Remark 2. Theorem 3.4 is suitable for the edge-weight functions f(z,y) from
fourteen indices in Table 1, including the first Zagreb index, second Zagreb index, first
hyper-Zagreb index, second hyper-Zagreb index, reciprocal sum-connectivity index,
reciprocal Randi¢ index, first Gourava index, second Gourava index, first hyper-
Gourava index, second hyper-Gourava index, product-connectivity Gourava index,

forgotten index, Sombor index and inverse sum index.

From Theorem 3.4, when ¢ > 2, we have proved the Li-Feng transformation. In
fact, there are still two cases: ¢ = 1 and ¢ = 0 that have to be considered. If ¢ = 0,
based on the condition“f(x,y) > 0 is increasing in invariable 7, we add a condition

“the second-order derivative f,, > 07, then obtain a result as below.

Theorem 3.5 If f(x,y) > 0 is increasing in invariable x, fi, > 0 and A (Af(Gy(p,0)) >
2£(2,2), then
)‘1<Af(Gvo(p -1, 1))) > Al(Af(Gvo(pv 0)))7

where p > 3.

Proof. Let x be a principal eigenvector of A¢(G,,(p,0)). Now, we consider two cases.

Case 1. z,, > .
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Suppose that G,,(p — 1,1) is a graph obtained from G,,(p,0) by deleting edge

vpvp—1 and add edge v,vy. We have

1
§<XTAf(Gv0 (p - 17 1))X - XTAf<GU0 (p’ O)>X)
= Z f(dy, + 1, de)'r'ijUO + f(dy, + 1, 1)xvoxvp + fduy +1,2)2h,20, + f(2, 1)1’%72%%71
VjENG,, (p,0) (v0)\{v1}
- Z f(dvm dvj)xvjxvo - f(2) 1)1:1)@1:1),771 - f(dvm 2>xvoxv1 - f(2) 2)xvp,1xvp,2
Vi ENGy, (p,0) (v0)\{v1}
= > (f(doy + 1,dy;) = f(dug, doy))T0sTag + (f(dug + 1, Dy — F(2, 1), )20, +
Vi ENGy (p,0) (v0)\{v1}
(f(dvo + 1: 2) - f(dvm 2))xvoxv1 - (f(27 2) - f(27 1))1"%71%%72'
From Lemma 3.3 and x,, > x,,, it follows that x,, > x,, _, and z,, > z,, ,. Combine
with f(z,y) > 0 is increasing in invariable x and f,, > 0, from Lemma 2.1, we get
/\1<Af(Gvo(p -1, 1))) > Al(Af(Gvo(pa 0)))
Case 2. z,, < xy,.
Subcase 2.1 z,, < z,,.
Suppose that G,,(p — 1,1) is a graph obtained from G,,(p,0) by removing all

neighbors of vy except for vy, to v;. We have

1
§<XTAf(Gv0 (p -1, 1))X - XTAf<GU0 (p, O))X)
— > Fdug +1,d0)T0, 0y + f(duy + 1, D) @ug Ty + f(duy + 1, 2) 20, Ty —
VjENGy, (p,0) (v0)\{v1}
Z f(dug, doy) 20,00, — f(duy, 2)Tyy 20y — f(2,2) 0, To,
U ENGy, (p,0) (v0)\{v1}
> Z (f(dy, +1, dvj)mm — f(dy,, dvj)xvo)xvj + (f(dyy +1,2) = f(2,2)) 0,70, —

U5 ENGy, (p,0) (v0)\{v1}
(f(dUm 2) - f<17 2))xvoxvl'
Since f(x,y) > 0 is increasing in invariable z and f,, > 0, the above inequality is
greater than 0. From Lemma 2.1, thus A (Af(Gy(p — 1,1))) > A (A (G (p,0))).

Subcase 2.2 z,, > z,,.
Suppose that G,,(p — 1,1) is a graph obtained from G,,(p,0) by removing all
neighbors of vy except for vy, to vy, and deleting edge vyv3 and adding edge vovs. We

have
%<XTAf(Gv0 (p - 17 1))X - XTAf<GUO <p’ 0)>X)
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= Z fdoy +1,dy;) 20,00 + f(duy + 1, 1)@y, T, + f(doy + 1, 2)T0y 00, + [(2,2)24,70,

Vi ENG, (p,0) (v0)\{v1}

- Z Jdugs do, )T0, 005 = (2, 2)T0, 80, — f(do, 2)T0o@0y — [(2,2)T0,T0,
Vi ENGy, (p,0) (v0)\{v1}
> Z (f(dvo + ]-7 dvj)xm - f(dvm dvj)xvo)xvj + (f(2a Q)xvo - f(27 2)$v2)xv3+

V5 E€ENGy, (p,0) (v0)\{v1}

((f(dvo + 17 2) - f(dvm 2))Iv0 - (f(27 2) - f(27 1)>xv2)xv1'

Since f(z,y) > 0 is increasing in invariable x and f,, > 0, the above inequality is
greater than 0. From Lemma 2.1, thus A (Af(Gy(p — 1,1))) > M (Af(Gyy(p,0))).

In each case, we have the largest weighted adjacency eigenvalue of G, (p — 1,1)
is greater than the largest weighted adjacency eigenvalue of G,,(p,0), when f(z,y)

is increasing in invariable x and f,, > 0. Our proof is completed. O

Remark 3. If f(z,y) > 0 is increasing in variable z and graph G,,(p,0) is not
a tree, from Lemma 2.4, then we have A\ (A;(Gy,(p,0))) > 2f(2,2). Thus, Theorem
3.5 is hold for the edge-weight functions f(z,y) from ten indices in Table 1, including
the first Zagreb index, second Zagreb index, first hyper-Zagreb index, second hyper-
Zagreb index, first Gourava index, second Gourava index, first hyper-Gourava index,
second hyper-Gourava index, forgotten index and Sombor index, when f(x,y) is

increasing in invariable z, f,, > 0 and graph G,,(p,0) is not a tree.

If ¢ = 1, the result below tells us that the largest weighted adjacency eigenvalue
of Gy, (p—1,2) is greater than the largest weighted adjacency eigenvalue of G, (p, 1).

Theorem 3.6 If f(z,y) > 0 is increasing in invariable x and f(dy,,2) — f(2,2) >
f(dy, 1) — f(2,1), then

Al(Af(Gvo(p - 1a 2))) > Al(Af(Gvo(pa 1)))7

where p > 3.

Proof. Let x be a principal eigenvector of A¢(G,,(p,1)). Now, we consider two cases.
Case 1. z,, < Ty,.
Subcase 1.1 z,, > z,,.
Suppose that G,,(p — 1,2) is a graph obtained from G,,(p,1) by deleting edges

VU9, Vouy and adding edges viuy, vove. We have

SO AL(Gy(p = 1. 2)x — X7 Af(Gy(p, 1))
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(27 1>xleul + f(dvm 2)$U0$v2 - ( Q)xlew - (dvov 1)xvoxul
Ty (f(dugs 2)T0y — f(dugs 1) Tuy) — 0, (f(2,2) 20, — f(2,1)20,)
((f(dvm 2) - f(27 2))171)2 - (f(dvov 1) - f(27 1))$u1)'

| \/

Since f(z,y) > 0 is increasing in invariable z, thus f(2,2)z,, — f(2, 1)x,, > 0, the in-
equality above is hold. We know that f(d,,,2)— f(2,2) > f(dy,,1)— f(2,1), it follows
that the inequality above is greater than 0. From Lemma 2.1, thus A\ (Af(G.,(p —
1,2))) > M(Af (G (p, 1))).

Subcase 1.2 z,, < x,.

Suppose that G,,(p — 1,2) is a graph obtained from G,,(p,1) by removing all

neighbors of vy except for uq, v; to v1. We have

%<XTAf(Gv0 (p -1, 2))X - XTAf<G”UO <p’ 1>>X)

= Z f(dv()7 dvj)xvjwvl + f(27 1)xv0$u1 + f(dvoﬁ 2)$U1x02_

Vi ENGy, (p,q) (VO)\{u1,01}

Z f(dv(n dvj)xvjxvo - f(17 dvo)zvomul o f(27 2)l‘lev2

Vi ENG Y (p,q) (v0O)\{u1,01}

= Z f(dvov dvj)'r”j (x'Ul - xvo) + (f(27 dvo) - f(27 2))%’1,11‘”2—

v GNGUO (p,a) (vo)\{u1,v1}

(f(17 dvo) - f(2’ 1))xvo$ul'

Since f(dy,,2) — f(2,2) > f(dy,,1) — f(2,1), the equality above is greater than 0.
From Lemma 2.1, thus A (Af(Gy,(p —1,2))) > M(Af(Gy(p, 1))).

Case 2. x,, > Ty,.

Subcase 2.1 z,, > z,,.

Suppose that G,,(p — 1,2) is a graph obtained from G,,(p,1) by deleting edge

vou3 and adding edge uyv3. We have

%<XTAf(Gv0 (p - 17 2))X - XTAf<G“0 <p’ 1)>X)

= f(dvm Q)xvoxm + f(2’ Q)xmxva + f(27 1)xlev2 - f(dUm 1)Iv0$u1 - f(27 2)1;1121;113 - f(27 2)Iv1$U2
= f(27 2)l’v3 (xm - va) + (f(dvm 2) - f(dvov 1))xvoxul - (f<27 2) - f(27 1))$lev2
> 0.

From Lemma 2.1, thus A\ (Af(Gy(p — 1,2))) > M (Af(Gy(p,1))).
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Subcase 2.2 z,, < z,,.
Suppose that G,,(p — 1,2) is a graph obtained from G,,(p,1) by removing all
neighbors of vy except for vy, to vy, and deleting edges vivq, vov3 and adding edges

Vo2, U1v3. We have

%<XTAf(Gv0 (p - 17 2)>X - XTAf(GUO <p’ 1))X)

- Z S(dug, do)) 20,00, + (2, 1) 20,20, 4 f(duy, 2) @, Ty + [(2,2) 24,20, —
UJENGUO(p,q)(UO)\{ulvvl}
Z f(dvo’ d”j)x”j$v0 - -f(27 2)$1)1‘,B112 - f(17 dvo)xvozu1 - f(27 2>xv2$v3
UjENGUO(p,q)(UO)\{ulvvl}

= Z f(dvov dvj>xvj (xvl - xvo) + f(27 2):61,3 (xm - :Ij'v2)+

vjeNGq;O(p,q)(UO)\{ulml}
IU1(f(27 dvo)xm - f(dvov 1)371;0) — Loy (f(2’ 2>$U1 - f(2’ 1)$vo)
> Z f<dvov dvj)‘rvj (ZL’M - xvo) + f(27 2)1:113 (‘rul - xv2)+

V5 ENGY, (p,q) (v0)\{u1,v1}
xul((f(27 dvo) - f<2’ 2))$v1 - (f(la dvo) - f(27 1))551;0)

Since f(z,y) > 0 is increasing in invariable x, thus f(2,2)z,, — f(2,1)x,, > 0, the
inequality above is hold. Recall that f(d,,,2)— f(2,2) > f(dy,, 1)— f(2,1). It follows
that the inequality above is greater than 0. From Lemma 2.1, thus A\ (Af(G.,(p —
1,2))) > M(Af(G (p, 1))

In each case, we have the largest weighted adjacency eigenvalue of G,,(p —1,2) is
greater than the largest weighted adjacency eigenvalue of G,,(p, 1), when f(z,y) is
increasing in invariable x and f(dy,,2) — f(2,2) > f(dy,, 1) — f(2,1). This completes
the proof. O

Remark 4. Theorem 3.6 covers the edge-weight functions f(z,y) from ten in-
dices in Table 1, including the second Zagreb index, first hyper-Zagreb index, second
hyper-Zagreb index, reciprocal Randi¢ index, first Gourava index, second Gourava
index, first hyper-Gourava index, second hyper-Gourava index, product-connectivity

Gourava index and inverse sum index.

4 Concluding

In this paper, we mainly consider the Li-Feng transformation and the cycle version

of Li-Feng transformation of the largest eigenvalue of Af(G), respectively. As we
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can see, if & > 1 > 4 and A (Ay(G, (k,1))) > 2f(2,2), then A\ (Ag(G5 (k+ 1,1 —
1))) > M (Af(G5, (k,1))). This means that the uniform distribution of pendent cycles
decreases the largest weighted adjacency eigenvalue. When p—2 > ¢ > 2 and f(z,y)
is increasing in variable z, we have A\ (A (Gy(p — 1,4+ 1)) > M(Af(Gy(p,q)))-
When ¢ = 0,1 and f(z,y) is increasing in variable z, we add some restrictions to
F(z,y) and have (A7 (Gu(p — 1,1))) > A(As (Gun(p, 0))), M(Af(Gunlp — 1,2))) >
M(Af(Gy(p, 1)), respectively. This means that the uniform distribution of pendent
paths increases the largest weighted adjacency eigenvalue. As one can see, the graph
operation that decreases or increases its largest eigenvalue is so obvious. In the future,
these results will play an important role in the study of the largest eigenvalue of the
weighted adjacency matrix. In fact, we can try to prove that A (A¢(Gy(p—1,9+1)))
is greater than A\;(A;(G.,(p,q))) when p —2 > ¢ > 0 and f(z,y) is increasing in

variable z.
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