GENERALIZATIONS OF ROGERS-RAMANUJAN TYPE IDENTITIES
SU-PING CUI, NANCY S.S. GU, AND QIAN WANG

ABSTRACT. The Rogers—Ramanujan identities were first proved by Rogers in 1894 and
later rediscovered by Ramanujan around 1913. During the study of these two identities,
many Rogers—Ramanujan type identities have been found, and these identities have al-
ways been of great interest to mathematicians. In this paper, by means of properties of
Appell-Lerch sums in combination with Bailey pairs and Bailey’s lemma, we derive some
generalizations of Rogers—Ramanujan type identities, which include some known identities
and also imply some new ones.

1. INTRODUCTION

Here and throughout the paper, we assume that |q| < 1. The g-shifted factorials are
defined by [15]

. o = _ad® an a: _ (a5 @)oo
(a:q)oo = g(l 7" d (@0 = g

where n is a non-negative integer. For convenience, we use the compact notation:

(a1, a2, ..., am;Q)n = (a1;¢)n(a2;Q)n - - (Qm; q)n,

where n is a non-negative integer or infinity.
Jacobi’s triple product identity [15, Eq. (1.6.1)] is given by

o0
n

3(@39) = (% 0)00(0/3 D)oo (¢ D)oo = Y (~1)rq3)am. (1.1)

n=-—oo
Let a be a nonnegative integer and m be a positive integer. Then
Jam = 3(@%d™),  Jam = 3(=054"),  Tn = Tmsm = (056" o
The Rogers-Ramanujan identities are stated as

o0 n2 1
= : 1.2
—~ (9)n  (¢.¢%¢) (1.2)

n
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which were first discovered and proved by Rogers [30] as early as 1894. Unfortunately,
few people paid attention to his work and this work has been neglected for almost two
decades. Around 1913, Ramanujan [29]| independently rediscovered these two identities,
and the rediscovery brought belated attention to Rogers’ work. Many mathematicians
proved the above two identities by using various approaches. In particular, Bailey [1, 5]
used a technique that was later named “Bailey’s lemma” by Andrews [2| to prove them and
discovered many identities similar to them, which are called Rogers-Ramanujan type iden-
tities. Around 1950, Slater [36] obtained a list of 130 Rogers—Ramanujan type identities by
using Bailey’s lemma and various Bailey pairs. In 2008, McLaughlin, Sills and Zimmer [20]
published an article containing a more complete list of Rogers-Ramanujan type identities.
Moreover, Chu and Zhang [9] provided a list of 200 Rogers—-Ramanujan type identities by
applying a bilateral Bailey lemma in 2009. For more information on Rogers—-Ramanujan
type identities, one can refer to Sills’ excellent book [34].

It is worth mentioning that generalizations of Rogers—Ramanujan type identities have
received a great deal of attention in the literature. For instance, the following bivariate
identity was recorded by Ramanujan in his lost notebook [3, p. 99, Entry 5.3.1]:

i (wq, 27 4;0%)ud™ _ j(a*d°) (1.3)
— (¢%6%)nm Jo '

Setting special values of x yields some Rogers—Ramanujan type identities. For example,
r =1 gives

i (4:¢°)2a™" _ Jae

(% ¢ J2

which appears in [3, p. 102, Entry 5.3.3|. Inspired by the above work, McLaughlin and

Sills [25] found several bivariate Rogers-Ramanujan identities similar to (1.3).
Furthermore, Andrews |[2| considered a two-variable generalization f(q,¢) of Rogers—

Ramanujan series Y -, f(q), where f(g,t) is a generating function in ¢ of a sequence of

polynomials D,,(¢) such that lim,,.D,(q) = > -, f(q) and f(q,t) satisfies a first-order

nonhomogeneous ¢-difference equation. For example, the two-variable generalization f(q,t)

of the left-hand side of (1.2) is stated as

[e.9]

D

n=0

n=0

t2nqn2

(t; Ons1

Andrews noticed that f(q, —1) is one of Ramanujan’s fifth order mock theta functions. He
further examined the two-variable generalizations of several Rogers-Ramanujan type series
and found that f(g, —1) is a false theta function. Later, Bowman et al. [6] presented another
possibility. They studied the two-variable generalizations of four Rogers—Ramanujan type
series due to Dyson [1, p. 433, Egs. (B1)-(B4)| and discovered that f(g,—1) can be
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represented as a sum of modular forms rather than as a mock or a false theta function.
They proved their results by utilizing Bailey’s lemma and Bailey pairs. One of the results
is given below.

i (—q*; q?’)nqn2+n _ Jg — 2(]3727,108 + 261979,108
(_Q; Q)n<QQ Q>2n+1 Jl

For more research on generalizations of Rogers-Ramanujan type identities, one can see

[77777]'

In 2014, Hickerson and Mortenson |19] gave the following definition of Appell-Lerch sums
to further study mock theta functions:

n=0

Definition 1.1. Let z, z € C* := C\{0} with neither z nor zz an integral power of gq.
Then

n

o —1)" (2>Zn
m(z,q,z) = L Z U)—q (1.4)

j(ziq) = 1—gq*'az
Changing n to n + 1 in (1.4) provides another useful form of m(z,q, z) [19, Eq. (3.1)]:
00 n+1
—z (—1)”q( 2) o
m(x,q,z) = - . 1.5
( ) (2 q) nz_:oo 1 —qraz (L5)

For more applications of Appell-Lerch sums, one can see [3, 1113, 17,20,22 27 28 37].

The object of this paper is to use Appell-Lerch sums in combination with Bailey pairs
and Bailey’s lemma to derive more generalizations of Rogers—Ramanujan type identities.
In addition to some known Rogers—Ramanujan type identities as special cases, we also find
some new ones. The main results are stated as follows:

Theorem 1.2. We have

i (@07 @)ng™ ™ jl2gi¢°) + wj(2¢% ) (16)
= (¢ @)2n (L4 )]y

Remark 1.3. From the above theorem, we obtain the following Rogers-Ramanujan type
identities:

i (CLa)ug™" il (1.7)
— (4:9)2n J3J3 Ity

(q3;q3>nqn2+3n _ J3,27 (1.8)
(@ Dnl@ Donve S
i (—1§C]3)nqn2+" _ J1,9J7,18 (1 9>
=0 (—=1:¢)n(g: q)2n JiJig ‘

Notice that the identity (1.7) is due to Ramanujan, see |3, p. 86, Entry 4.2.10]. The identity
(1.8) is due to Dyson and appears in |1, p. 433, Eq. (B1)|. The identity (1.9) appears
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in |23, p. 158, Eq. (P12)] and was rediscovered by McLaughlin and Sills [24, p. 766, Eq.
(1.3)].

Corollary 1.4. For any integer m > 0,

i (_q3m+1’ _q73m71; q)nqn2+n _ qu(3m+l)/2(7173 N q2m+17073) (1 10)
e (43 Q)2n (1—g*m*1)J; ’
f: (_q3m+2’ _q—3m—2; q)nqn2+n _ q—3m(7n+1)/2<70’3 i q2m+171’3) (1 11)
ot (¢; @)2n (1= ¢**2)Jy ’
i (_q3m+3’ _q73m73; q)nqn2+n _ qu(3m+5)/271<1 i q2m+2)71’3 (1 12)
ot (43 9)2n (1—g*+3),
Theorem 1.5. We have
(@ eg” _ G(eghiq®) + j(vg;¢°) (1.13)

=0 (¢ @)2n (L4 2)

Remark 1.6. Theorem 1.5 implies the following Rogers-Ramanujan type identities:

[e'¢) 1 . 3
Z @t _ ‘2]2 , (1.14)
n—=0 q q 2n Jl J4
0 n 241 9n J
Z( = 2827 (1.15)
n:() (4 Q)2n+2 Ji
[e/e] 2
" Jo g
Z q _ J29 5,18. (1.16)

q Q)2n J1J1s

n:O

The identity (1.14) is a special case of the ¢-Gauss sum |15, Appendix (I1.8)] and first
appeared in [36, p. 156, Eq. (47)]. The identity (1.15) is due to Dyson and appears
n |4, p. 433, Eq. (B2)]. The identity (1.16) was presented in [23, p. 159, Eq. (P12 bis)]
and rediscovered by McLaughlin and Sills [24, p. 766, Eq. (1.4)].

Corollary 1.7. For any integer m > 0,

2

(=" = g™ IR (s — gt )

WK

n=0 (q; Q)Zn N (1 —_ q3m+1)J1 )
i (=¥, =g 2 g)ag™ g BTy — g )
n=0 (Qa Q)2n (]_ _ q3m+2)Jl )
i (—gPmt8, —q3m=3. q)nq”2 _ q—m(3m+7)/2—2(1 _ q4m+4)7173
n=0 (¢ @)2n (1 — g3m+3).J,
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Theorem 1.8. We have

i (z,27YQ)ug” +?"
=0 (¢ @)2n+1
_ 22— a7 ¢?) — a7 q(1 — 2%q7Y)j(xgi ¢°) + (1 — 2°9)j (4% ¢°) (1.17)
(1+2)(1 —22¢)(1 —x72q) ’ '
Corollary 1.9. We have
f: (_1§q2)nqn2+2n — Jg (118)
— (¢ Q)21 (L+q)J7 s
Bi (6% ) n1q” 2" _ —3qJoJis + (2 + q)J19J718 — (1 — q)J295.18 1 (1.19)
—(4:@)n-1(q; @201 (1+q+¢*)1)is I
f: (-1 C]?’)anLQHn _ qJ3J318 + Ja9J518 + C]2J4,9J1,18 (1.20)
— (= Lq)n(a @)2nn1 (1+q+¢)N1/is
Theorem 1.10. We have
i (2,275 q)ng™ "
=0 (¢ @)2n+1
_ A+ g —a)jx¢®) — a1 — 2% )j(rg; ¢°) — 2q(1 — 27%¢"Y)j(2¢* ¢°) (1.21)
(1+2)(1 —22¢)(1 — x72q) ] ‘ ’
Corollary 1.11. We have
f: (-1 (]2)nqn2+3n _ 2J312 — J512 + qJ1 12 (1.22)
~ (G @)2mn (1+q) 1
3i (6% ) n1q” " _ 3(1+q)JoJis — (1 — @) J19J718 — (14 2q) J20J515 1
— (@ Dn-1(0 @)2n1a (1+q+¢*) s 1—¢q
(1.23)
f: (—1; q3)nq”2+3” _ (1+q)J3J318 — qJ1.99718 + qJa9J1 18 (1.24)
— (=L )¢ @2ni1 (1+q+¢°)11s
Remark 1.12. Combining (1.19) and (1.23), we obtain the following identity:
i (¢ @P)ng™ T3 _ J19d718 + qJo9d518 — (1 +2¢) JoJis
per CH) A Claaa /) PSS (1+q+¢)J1/is
Theorem 1.13. We have
i (@076 jleaiq") +2j(eg;¢) (1.25)
(q;q2>n(q4;q4>n (1 +.1')J174 . ‘

n=0
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Remark 1.14. The above theorem implies the following Rogers-Ramanujan type identi-

ties:
oo 1 . —
Z ( q O _ Tt (1.26)
0 n(@45 ) Jradaie
i (6% a)nad™ ™" Joss e
e aQ)2n+1 7" q")nt1 Jia’
i (—1;4° )nq _ J312J6,24 (1.28)
= (=1)u(G*)n(@ ¢ Joadia

The identities (1.26)-(1.28) appear in [30, p. 158, Eq. (66)], |1, p. 434, Eq. (C2)] and |24,
p.767, Eq. (1.13)], respectively.

Theorem 1.15. We have

n2+2n - .4 - 3. 4
_ jlxq;q*) + iz’ q )' (1.29)

(CE T 7q )nq
7; (@ @®)nlatsa)n (1+x)J14

Remark 1.16. The above theorem implies the following Rogers-Ramanujan type identi-
ties:

i LigDng"™ " _ JisTas (1.30)
=0 (¢:¢%)n(q"; Q) J1,4J4,16’ '
(4% ¢°)ng" S _ J3,36 (1.31)

: (¢; Q)2n+1(q g )4 Ji4

n2+42n J J
1,12 1024. (132)

i (=1;¢%)ng _ S,
( ;g 'Q)n(q4;q4)n J24J1,4

— (=1L¢*)n(g;q

The identities (1.30)-(1.32) appear in [30, p. 158, Eq. (67)], [, p. 434, Eq. (C1)] and [24,
p.767, Eq. (1.12)], respectively.

Theorem 1.17. We have

i (g, 27'q;¢*)ng® " j(wg; ¢°) — %j(2; ¢°) (1.33)
2. 42 B 1 — 22)J ’ )
0 (4% 4%)2n+1 (1—22)J
Remark 1.18. The above theorem implies the following Rogers-Ramanujan type identi-
ties:
oo n2+n J
S CECW T _ 4 (134)
—~ (¢ @)2nt1 Ji
o 3. .6\ 2n%+2n Te o]
Z (@’ q )nq _ 75187836 (1.35)

0 (45 6*)n (4% ¢*)2nt1 B J2J36
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The identities (1.34) and (1.35) appear in [30, p. 157, Eq. (51)] and [30, p. 166, Eq. (124)],
respectively.

Theorem 1.19. We have

(2, 27 g D)™ M g (G(wg; ¢°) — G(xg%; ¢°)) L 36
Z 2. 2 = L — 22)J : (1.36)
0 (4% ¢*)2n+1 (1—22)Jy
Remark 1.20. The above theorem implies the following Rogers—Ramanujan type identi-
ties:
i (_q;q2)nqn2+2n _ J2,12 (1 37>
—~ (402 Ju
f: (4% ¢%)ng?® 1 _ J718J 1,36 (1.39)
“— (¢; ¢*)n(0* ¢°)2n+1 J2J36

The identities (1.37) and (1.38) appear in |3, p. 65, Entry 3.4.4] and [36, p. 166, Eq. (125)],
respectively.

Theorem 1.21. We have

i (vq, 27 4 ¢*)nd™ " _ jzgiq*) — 2%j(2¢% ¢*) (1.30)
n=0 <q27 q2)n(q2; q4>n+1 (1 - $2)J274

Remark 1.22. The above theorem implies the following Rogers—Ramanujan type identi-
ties:

> TL2 n
Z (_q2§(]4)nq + _ Je,16 (1 4())
0 (@% ¢*)n(@? ¢*)na J24 ’

(4% ¢%)ng” ™™  J312J624

= . 1.41
0 (¢ @)2n(d? q*)nta Jo4J24 ( )

The identities (1.40) and (1.41) appear in [3, p. 34, Entry 1.7.8] and [36, p. 163, Eq. (107)],
respectively.

Theorem 1.23. We have

i (2,27 ;g™ " _ g (Gl q*) — j(a® ) (1.42)
— (¢*4*)n(¢*% ")t (1—a2)Joy
Remark 1.24. The above theorem implies the following Rogers-Ramanujan type identi-
ties:
i (_q2§q4)nqn2+3n _ Ja 16 (1.43)
=0 (@3 @)n(@® q)ner Jaa’
i (6% ¢%)ng™ 2" _ Ts.12J2.24 (1.44)
(Q§Q)2n(q2; q4)n+1 J2.4J24 . '
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The identities (1.43) and (1.44) appear in [3, p. 32, Entry 1.7.6] and [24, p. 768, Eq.
(1.25)], respectively.

Remark 1.25. It is worth noting that by means of our method, one can also derive (1.3)
and the following two-variable Rogers-Ramanujan type identities:

i (—xq, ' P)ng”  j(—2q%qY)

— : 1.45
) YN TYD Tix (1.45)
(2 Qo1 (271G @)™ Gl )
> = (1.46)
n=0 (qa Q)Qn—i-l Jl ’
00 B n2+2n e A
Z rqu, g™ na) (1.47)
o @*)n+1(a": ¢")n (1+2)J14
i 2 Qi (0,27 G @)ag " (i) (1.48)
— (¢ @)ans1 J12

The above identities appear in |3, p. 103, Entry 5.3.5] and [25, p. 593, Eqgs. (1.4)-(1.6)].
In addition, we claim that some new identities similar to those in Corollaries 1.4 and 1.7
can also be found from Theorems 1.8, 1.10, 1.13, 1.15, 1.17, 1.19, 1.21 and 1.23.

An outline of this paper is as follows. In Section 2, we provide some preliminaries. In
Section 3, utilizing Bailey pairs, Bailey’s lemma and properties of Appell-Lerch sums, we
prove the main results.

2. PRELIMINARIES

In this section, we present some preliminary results.
Throughout the paper, we always utilize the following identities [19] without mention:

Ji2 = j—f, Jis = ﬁ—ﬁ, Jia = J}f, Jia = j—Qj’ Jis = %~
Lemma 2.1. [19, Egs. (2.2a), (2.2b), (2.2d), (2.2f) and (2.4b)] For generic x,y € C*,
(@ wq) = (=1)"q "V P (a3q), n e, (2.1)
J(ziq) = jla/z3q) = —2j(z"q), (2:2)
j(@.q) = Dl ¢")j(xa; q") - j(xq" Y q") /Ty, =1, (2.3)
m—1

Z YgE=1) 25k (AL gm(m=1)/2mbgm. m®y s (9.4)
k=0

3(@;9)j(y; @) = j(—2y; )i (—qzy; %) — xj(—qwy; ¢)j (=2 y; ¢7). (2.5)

According to [19], the term “generic” indicates that the parameters do not cause poles in
Appell-Lerch sums or in quotients of theta functions.
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Lemma 2.2. [19, Eq. (3.7)] For generic x, zy, z; € C*,
20075 (21/20;9)5 (220215 9)

m(x,q,21) —m(x,q,20) = = - - - . 2.6
(2] =l 20) = 56 i o (e 20
Lemma 2.3. [/0, Eq. (1.7)] (The quintuple product identity)
. . 2 2
. - I\—27q)J\=2"q4; 4
326 6°) + 2z q:4°) = ( >J2( 3 (2.7)
Lemma 2.4. For any integers k, s and t with k > 0, there holds
i qkn2+sn
1 — qun-‘y—t

= j(=¢"% ¢ )m(=2 7 =7 2 (=% ) m(=2 0, ¢, =) (2.8)
Proof. Observe that
& kn2+sn > (1 + qun+t)qkn2+sn > kn2+sn > kn?+(k+s)n+t

q - B q xq
Z 1 — xghn+t Z 1 — a2q2kn+2t o Z 1 — x2q2kn+2t T Z 1 — x2q2kn+2t

= "= (=P P =) + 2 (= Y=, 7 =),
where the last equality follows from (1.5). Therefore, combining (2.2) and the above iden-

tity, we complete the proof. O
Lemma 2.5. We have
J16(=2°6% %) + 265 (—2°¢% ¢°) _ s (2.9)
J(x%¢5)j(x2q*; ¢5) J5j(x;¢%)j(xq?; ¢3) .
Joei(—22q;4%) + o T 6i(—2%q";¢%) _ I (2.10)
J(x2%;,¢5)j(x2q2; ¢5) Jei (@5 ¢%)j(wq; ¢%) .
72,6j(—902q3; ¢°) + xflqjl,ﬁj(_lﬂ% q°) _ J3 (2.11)
(224 ¢%)7(22¢*; ¢°) J5i(xq; ¢*)j (g% %) '
74,12?(_$298; q'?) + x*lqu,uj(—quQ; q") _ ‘]g (2.12)
J(2%¢% %) (22¢"%; ¢'2) It (6% ¢%)j(2q®; ¢°) '
Ju12j(—=2%q*; ¢') + 2qJ 2105 (— 22" ¢*?) _ Jg (2.13)
i(226% ¢'%)j (2% q'2) Jhi(xq; ¢°)j (2% ¢°) '
Jo127(—=2%¢% ¢*%) + 27 qJ 4105 (—2%; ¢'2) _ T (2.14)
J(226% %) (2%¢"%; ¢'2) Jti(xg; ¢°)j (2% ¢°) '

3

Proof. Setting (¢, 2,y) — (¢*, —2, —2¢*), (¢, —z, —zq) and (¢*, —27'q, —zq) in (2.5), re-

spectively, we obtain that
J(=z;:¢°)j(—2q*; ¢°) = 71,6j(_x2q2; ¢°) + 9572,6j(_$2q55 7°),
3(=1¢°)j (=20 ¢°) = Togj (=24 ¢°) + 2T 16(—2%¢"; ¢°),
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J(=27 ") (—2q;q°) = J26§(—2°% ") + 27 ¢ T 16 (=27 0°).
Combining the above identities and (2.2), we have

Ju6 (=22 ¢°) + 2 Ja65 (=2 ¢%) _ j(=250)j(—2d*; ¢°)

q°)j (=
(@ ¢%)j (2% ¢°) J(@% ¢%)i (2% %)
Josi (=20 ¢°) + v J16j(—2%¢"¢%) _ j(-x 3)]( )

J(#% ¢%)j (2% °) J(@% ¢%)i (%% ¢°)

Josi(=22¢% ¢°) + 2 g Jr6j (=27 ¢%)  j(—xq;¢%)j(—xq% ¢°)

3(@2q% °)j (2% ¢°) - J(a%q%%)5 (2%t ¢%)
So, the above three identities imply (2.9)-(2.11), respectively. Next, setting (q,z) — (¢?, zq)
in (2.11) yields (2.12). Then setting (¢,z) — (¢%,x/q) in (2.11) and (q,z) — (¢*,2q) in
(2.9), respectively, and then using (2.2), we derive (2.13) and (2.14). O

Next, we recall some facts related to Bailey pairs.

Definition 2.6. [2] A pair of sequences (o, 5,)n>0 is called a Bailey pair relative to (a, q)
if o, and S, satisfy the following identity. For n > 0,

n

anz( -

—0 q; Q)n—r(aq; Q)n—i—r ‘
Lemma 2.7. [, Eq. (3.1)] For a Bailey pair (o, 8,) relative to (a q), there holds

i(pl)"(pﬂ” (ﬂyﬁ” N ((aq/)p1 T Z aQ/m GQ/pz) (p?;]u)n

= P1P2 (aq/p1pa)oe 2=

(2.15)

The cases (a, p1, p2) = (1, z,27Y), (¢, z,27Y), (¢, 2¢"?, 271¢"/?) and (¢?, xq, v~ q) of (2.15)
are recorded as the following four lemmas, which play a central role in this paper.

Lemma 2.8. For a Bailey pair (a,, 5,) relative to (1,q),

o

1A m _:mc 7qoo q"an
D (@2 Qg Ba Z o) — (2.16)

_ 1,4n
n=0 1 Zz q)

Lemma 2.9. For a Bailey pair (a, 571) relative to (q q),

- 2n
- 2n (SL’ T 7q 00 q "oy,
T, q)nq " By = ‘
nzg( . (@ 0)% nzg L—2g)(1—a7lg")(1 = zg"t)(1 — 27'g"*)
(2.17)
Lemma 2.10. For a Bailey pair (o, Bn) relative to (q q),

oo 12 g=1g1/2,
2: 1/2 -1 1/2. N (zq Q) oo q" oy,
n:o(xq T Dnd b = (q 7% @)oo Z (1 = 2gnt1/2)(1 — a=tgnt1/2)’

(2.18)
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Lemma 2.11. For a Bailey pair (ay, 3,) relative to (¢2,q),

S (fcq, 77'¢;¢)o q"
n . 2.19
nizo(xq, G )ng" B = P E 027 )1 — 2 1g"7) (2.19)
The following Bailey pairs given by Slater | ] are used in the proofs of the main results:

Lemma 2.12. [35, A(5)] The following pair of sequences (o, 5,) forms a Bailey pair
relative to (1,q), where

1, n =20,
- —q3m2*m, n=3m-—1, - q"2
Qpn = q3m2—m + q?}'m?—i-'m7 n = 3m,m Z 1, Bn - <q7 Q)Qn
— gt n=3m+1,

Lemma 2.13. [35, A(7)] The following pair of sequences (au, Bn) forms a Bailey pair
relative to (1,q), where

1, n =20,

_q3m2—4m+1’ n=3m-—1, ann
P B — 3mom > 1, N
_q3m2+4m+1’ n=3m+1,

Lemma 2.14. [75, A(6)] The following pair of sequences (cu,, Bn) forms a Bailey pair
relative to (q,q), where

ap =

3m2+m

q , n=3m-—1, q”2
=1 ¢ n = 3m, Brn =
_q3m2+m _ q3m2+5m+2’ n = 3m _|_ 1’ (q 7Q)2’I’L

Lemma 2.15. [35, A(8)] The following pair of sequences (o, 5,) forms a Bailey pair
relative to (q,q), where

3m2—2m

q ) n=3m—1, g7
2
_q3m2+4m+1 o q3m2+2m, n = 3m 4 1, (q 7q>2n

Lemma 2.16. [75, p. 470] The following pair of sequences (o, B,) forms a Bailey pair
relative to (1,q), where

1’ n = 07 n2/2—n
=14 (1) (¢ + g7, n=2mm =1, B=
(_1)mqm2 (q—m/2—1/2 _ q5m/2+1)’ n=2m—+ 1’ (q 7Q)n<q 4 )n

Lemma 2.17. [35, p. 470] The following pair of sequences (o, B,) forms a Bailey pair
relative to (1,q), where

1, n = Oa n2/2

a, =< (1) (g™ + qm?), n=2mm>1, f,= a

(_1)m+1qm2(qm/2 _ q?ﬂn/Q—&-l/Q)7 n=2m+ 17 (q1/2a Q)n(q27 q2)n
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There is a printing error in the above Bailey pair mentioned in Slater’s paper [35].

Lemma 2.18. [75, C(6)] The following pair of sequences (o, fB,) forms a Bailey pair
relative to (q,q), where

o — (_1)mqm2—m’ n = 2m, B B q(n2—n)/2
n = (_1)m+1qm2+3m+2’ n=2m-+1, n (q; Q)n(q3; qz)n'
Lemma 2.19. [35, C(7)] The following pair of sequences (au, B,) forms a Bailey pair
relative to (q,q), where
o _{ (—L)mgm*tm, = 2m, B, = g2
n m m24+m n .
(=1)mHgm T, = 2m+ 1, (¢; 9)n(q% ¢*)n

Lemma 2.20. [75, G(5)] The following pair of sequences (cu,, Bn) forms a Bailey pair
relative to (q,q), where

n n2
- { qm2_m/2(1 . q2m+1/2)/(1 _ q1/2), n=2m, 5 — (_1) q /2

qm2+m/2(1 _ q—2m+1/2)/(1 _ q1/2), n=2m-—1, (_qs/z; q)n(q2; q2)n'

There is a printing error in the above Bailey pair mentioned in Slater’s paper [35].
The following Bailey pairs are due to Ji and Zhao [21]:

Lemma 2.21. [21, Lemma 2.3] The following pair of sequences (cu,, 3,) forms a Bailey
pair relative to (q,q), where

q3m272m(1 - q6m+1)/(1 _ q)7 n = 3m7 qn2*n
a, =< 0, n=3m+1, Bn:( o
2 ; n

_q3m +2m(1_q6m+5)/(1_q)’ n:3m+2’ q;4)2

Lemma 2.22. [2], Lemma 2.5] The following pair of sequences (o, B,) forms a Bailey
pair relative to (q,q), where

(_1)nq(n2—3n)/4(1 _ q2n+1) (_1)nqn2/2—n(ql/2; Q)n
1—gq (45 ¢)2n '

Lemma 2.23. [21, Lemma 2.4] The following pair of sequences (cu,, 3,) forms a Bailey
pair relative to (¢*, q), where

(=) (L= ') /(1 - ¢?), no=2m, (— g q)ag™
Qy = B Bn = ) :
0, n =2m + 17 (q 7Q)2n

We also need the following Bailey pair, which is a variant of Slater’s Bailey pair A(6).

) ﬁn:

oy =

Lemma 2.24. The following pair of sequences (cu,,(,) forms a Bailey pair relative to
(4% q), where
q3m2_m(1 o q6m+2)/(1 _ q2)’ n = 3m7 n?
a, =< 0, n=3m —1, ﬁn:(
2 —6m
¢ (L= g ) (L= ¢?), n=3m -2, I
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Proof. According to |35, Eq. (3.7)], we have

qn2 _ [nf q3m2—m(1 _ q6m+2)
(@ @) 0 (@ Dn-sm (0% Dz
[n/3] m<—m m [n/3] m+m —6m
:Z q32 (1_q6 +2) ¢ 2+ (1_q6+2)
(¢ ODn-3m (0% Dntsmir 5= (& Dnram (0% Dn-3m+1
[n/3 m2—m m [n/3] m°+m —6m
—Z 3 (1_q6 +2) +Z q3 2+ (1_q6+2>
(1 = )G Dn-3m(@* Dntsm 5= (1 = )¢ Dntsm—2(T On—3m+2
Thus, we complete the proof. O

3. PROOFS OF THE MAIN RESULTS

In this section, we prove the main results.
Proof of Theorem 1.2. Substituting the Bailey pair in Lemma 2.12 into (2.16), we have

i (z,27 Y Q)ug” " _ (2,27 @)oo 1 - i g1
— (9 J? 1—2)1—at) =1 —ag (1 -zt

1

-2 .
— (1= (1—a1g%) (1 —agd ) (1 -z 1g¥)

e 3n242n 3n2+4n e 3n2+4n+1
4 q +4q

- e n n -1 n?—4an
_ (@) 3 g s g
Jt = (1 —ag*)(1 —a~'¢*) (1 —2g=3m)(1 —

= x71q73n)
3n2—2n 1 s 3n2+4n+1
B nzoo 1 —xq Sn (1 — z—1g=3n-1) nZ: xq3n+1 1 — z—1g3n+)

- M i g B i gL
J12 e oo (1 — gquTL)(]_ — l‘—lq?ﬂl) = (1 _ xq3n+1)(1 . x_1q3n+1) .
(3.1)
Notice that

1 1 1 22 39
(1—z2)(1—2712) 1-22\1-2"1z 1-—2z)" '

So, combining (3.1) and (3.2) yields that

n=0 (Q7 Q)Qn (1 — QZQ)JIQ 1 _ l'_lq?’n

- Z T gt > W+n_z_oﬁq_xw

n=—oo n=—0oo

3n2+4n+1 00 x2q3n +2n 00 2 3n2+4n+1>
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_ (@)
(1 —2?)J7
+a7lq M e (m(—27%07%, ¢%, —¢%) = m(=27%¢7%, ¢%, =¢"))
—a?Jie (m(=a?q,¢° —¢~") = m(=2q. ¢, —q))
—2°q Ja5 (m(—=2°¢ %, ¢°, —¢*) — m(—2%¢2,¢°, —¢")))
where the last equality follows from (2.2) and (2.8). Then in view of (2.2) and (2.6), we
derive that

(Ji6 (m(=2%¢,¢°, —¢7 ") —m(=272¢,¢°, —q))

(2, 2759)ng" T —a(r, w7 Q) o S xj(—2%q%; ¢°)

; (¢;9) - (1=a)J? <71,6j(x2; %) (22q%; ¢°)
_ i) L zj(—2°q; ¢°) L z?j(—2%q"; ¢°) )
Jo65(2%4°)7(2%q% ¢%)  Jied (2% ¢%)j(22q% %) J26i(2?; q°)j(22q%; ¢°)

I O ) I (71,6j(—562q2;q6) + 2 a6 (—2%¢%; ¢°)
(1 —22)J2T 1 6] 26 (2% %) j(x%q*; ¢°)
z (J265(—2%q; ¢°) + 2 J165(—2%¢*; ¢°)) )

J(%% ¢%)(2%¢% ¢°)
Substituting (2.9) and (2. 10) into the above identity yields that

i (2,0 @)ug™ ™ —a(, 27 q)o oS3 T (G (was %) + 2j(2q% ¢°))
— (g

)2n (1 = 22)Jf 6 265 (2 ¢%)j (vq: ¢°) 5 (6% ¢°)
_ SdsIs(i(2g; @) + v’ ¢°))
(1+2)J2 T 1606
where the last equality follows from (2.3). Hence, the above identity implies (1.6). O
Next, we illustrate how to deduce (1.7)-(1.9) from (1.6).

Proof of (1.7). Let i denote the imaginary unit. Then i?> = —1. Setting x = i in (1.6)
yields that

9

f: ~L¢°)ag " jliaid®) +ijlia*sa’) _ jliaq®) +ij(—ig: ¢*)
(4; Q)Zn (1+1)/1 (1+1)4 ’

where the last step follows from (2.2). According to (1.1), we have

(3.3)

n=0

.. S -n 3n’—n n n2—n . - n _6n2+5n
ilig;¢*) = > (=1)"i"q > —Z ¢ =i Yy (=gt
= J5,12—qu1 12,
. . S 3n®—n n n2—n S n _6n n
j(—ig )= ) "¢ = Z ¢y (1)

= J512 +1iqJ1 12



GENERALIZATIONS OF ROGERS-RAMANUJAN TYPE IDENTITIES 15

Then substituting the above two identities into (3.3), we obtain that

f: (—1;q2)nqn2+n _ J5712 - qJ1,12
= (G9)n Ji

Setting m = 2 and replacing (z,q) by (¢, —¢®) in (2.4) yields that
j(% —C]3) = J5,12 - qJ1,12-
Combining the above two identities, we deduce (1.7). O

Proof of (1.8). Let w be a cube root of unity. So, w® =1 and 1+ w + w? = 0. Observe

that
(1-w(l-wh=3
and for n > 1,
n—1 n—1
(w0 g, q; 1 = (1 = wg") (1 = w1 = ¢") = [0 = ¢*) = (6% ¢*)nr.
k=1 k=1
So, forn > 1,
3. 3
0.l q), = USRIy
( ) (QQ q)nfl
Setting © = w in (1.6), we deduce that
- 3§: (%610 jwa¢®) +wilwe’id?) _ jwaid®) +wilw’ed’) (3.4)
(@3 Dn—1(a; Q)2n (1+w)/y (1+w)Jy ’

n=1
where the last equality follows from (2.2). Based on (1.1), we have

o0

. n n 3n2—n
Jwg ) = D (=1)wrg
_ Z (_1>nq27n2273n Cw Z (_1)nq27n2+215n+2 _w2 Z (_1)nq27n2,221n+4
= Jioo7 — wqJs2r — w’q* J3 7,
. > n n 3n2—n
iWg ) = ) (=1)wq
> n 27n2—3n 9 > n 27n24+15n+2 > n 27n2 —21n+4
= > (g T =t ) (=D 2 —w Y (g

2 2
= Jioo7 — wqJs 27 — wq” J327.
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Then substituting the above two identities into (3.4) implies that

(@°: ¢%)n-1q™ _ J 27 — qJs 21 + 2¢° T3 27
14+3 ’ : —. 3.5
Z (@ n-1(; Q) Ji (3:5)
Since
) o
Ji = Z (—1)nq3 = Ji207 — @21 — ¢* Js01, (3.6)
combining (3.5) and (3.6), we prove (1.8). O

Proof of (1.9). Setting x = —w in (1.6) and observing that for n > 0,

n—1 n—1
(—w,—w ™ =Lg)n = [[JA+wd) 1+ (1 + 6% = (1 +¢*) = (=1;¢")a,
k=0 k=0

we derive that

2

f: (L )ng" " j(we ) —wi(-wei ) j(-wes ) —wi(-w?e; ¢*) (3.7)

= (=1;9)a(4: 9)2n (1-w)Jy - (1—w)Jy
From (1.1), it follows that
§(=wq; ¢*) = Jia 27 + wq s 27 + W " T3 27,
J(=w’q;¢°) = Jroar + wqJe 27 + wq* T3 7.
Then substituting the above two identities into (3.7), we obtain that

= (— 163" ~ Jizpr — qJear
> = . (3.8)
= (=1;0)n(q; @)2n J1
Notice that replacing (2, q) by (—q,q°) in (2.7) yields that
- — J19J:
Ji2,21 — 627 = 1’?] L3 (3.9)
18
Hence, combining (3.8) and (3.9), we complete the proof of (1.9). O
3Im—+1

Proof of Corollary 1.4. For m > 0, setting z = —¢q , —@>™ 2 and —¢*™3 in (1.6),

respectively, we arrive at

o0 (_q3m+17 _q—3m—1;q>nqn2+n B j(_q3m+2,q ) q3m+1j( q3m+3;q3>

Z = per , (3.10)

0 (¢ @)2n (1 —¢* )]y

i (_q3m+2’ _q73m72; q)nqn2+n _ j( q3m+3, q ) q3m+2j( q3m+4; q3) (3 11)
(4 @)2n (1 —g*™*2)J, ’

n=0
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(=", =7 0)ug™ (=P ) — (=P ) (3.12)
( . ) - (1 _ 3m+3)J ’ )
n—=0 q:4q)2n q 1
Combining (2.1) and (2.2) implies that
J(=*""%6%) = (@ (=¢%); ¢°) = ¢ OV T,
J(=" %) = 5@ (=¢%); %) = a2 T
J(=*" %) = §(* 7 (=q); ¢°) = ¢ O - 1J1,3,
( 3m+5 ) _ ](C] (m—i—l)( q ) q3) — q—m(?,m—i-7)/2—27173
Then substituting the above identities into (3.10)-(3.12), we derive (1.10)-(1.12). There-
fore, we complete the proof. O

Proof of Theorem 1.5. Substituting the Bailey pair in Lemma 2.13 into (2.16), we obtain
that

- (:U,x_l;(J)nqn2 _ (2,27 @)oo 1 B i gt
= (@) JP 1—2z)(1—27!) H@-z¢ )1 —z"lg)
o0 3n +n 3n24-5n 0 3n2+7n+2
+4q
+ ; — 2¢3)(1 — z1¢g3n) nz xq3n+1 1 — x—1q3n+1)>
_ 00 n24n 1 25
_ (@270 S g s e
Jt = (1—ag*)(1—al¢®)  —~ (1—zg3")(1—a"lg~")

|
M

q3n2—n 0 q3n2—7n+2
— (1 =z 1)1 — a1 1) o Z (1 — zg=3n+1)(1 — z—1g=3n+1)

(ZL‘ 5(771' q) > q3n2+n e q3n27n
_ 0 14/ Z _ Z
J2 (]_ _ xq3n)(1 _ x—1q3n) (1 _ xq3n—1)(1 _ x—lqi’m—l)

(@) i ¢ i ¢
(1 _ :B2)J12 = 1 — x—lqzn = 1 — w—qun—l
& l‘2 3n2+n & 1'2 3n2—n
S IREEE ]
= 1— ZL‘an S 1 — xq?m 1

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we derive that

i(ﬂc,x‘l;q)nqn2 (2,27 @)oo~

(¢:9)2 - (1 —22)J2 (J2,6 (M(—xﬁq?’ b, —q72) _ m(—x*2q2, a —q74))
n=0 n 1

+ xilqiljlﬁ (m(_‘/EiZqila q67 _q) - m(_x72q71? q67 _qil))
— 2% Ja5 (m(=2¢%,¢°, —q7) — m(—2°¢*,¢°, —¢7 "))
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_xgqiljl,ﬁ (m(—:c2q*1, q67 _Q) - m(_mﬂq*l’ q67 _qil)))

x2S Q) 2 < zj(—2*q"; ¢°) j(=2%q; %)
(1 —a2)J; Jo6j(22;¢9)j (2242 ¢%)  J167(22%;¢%)7(22¢2; ¢°)
N zj(—a%q% ¢°%) z?j(—2%q%; ¢°) )
Jo6j(1%6%)7(22¢% ¢%)  J165(2% ¢%) 5 (22q%; ¢6)

(@ Q)ee 2 S <72,6j(—932q;q6) + xJ 16 (—2%q*; ¢5)
(1 —22)J2 1606 7(2%;¢%)j(2%¢%; ¢°)
L@ (J1,60(—2%¢% ¢°) + 2265 (—22¢%; ¢%)) )
(2% ¢%)i (2% ¢°) ’
where the second equality follows from (2.2) and (2.6). Next, applying (2.3), (2.9) and
(2.10) to (3.13), we derive that

(3.13)

i (@07 @)nd™ _ T Jads(i(2q% ¢°) + wj(24; %))
(4 @)2n (L +2) St 1626

which implies (1.13). Therefore, we complete the proof. OJ

)
n=0

Proofs of (1.14)-(1.16). The proofs of (1.14)-(1.16) are similar to those of (1.7)-(1.9).
Notice that the following two identities are used in the proofs of (1.14) and (1.16):

JiaJ
Js12 +qJ112 = 1’; =3 (3.14)
8
_ Dol
Ji2o1 — ¢*Js2r = 2:9] o8, (3.15)
18
Here (3.14) and (3.15) are obtained by setting (z,q) — (q,q¢*) and (—¢%,¢%) in (2.7), re-
spectively. 0

Proof of Corollary 1.7. Similar to the proof of Corollary 1.4, Corollary 1.7 can be de-
duced from (1.13) immediately. O

Proof of Theorem 1.8. Substituting the Bailey pair in Lemma 2.14 into (2.17) and then
multiplying by 1/(1 — ¢) on both sides, we derive that

i (x7 x_17 Q)nq

=0 (¢ @)2nt1

n2+42n

_ (a9 i g2
(% Qoch \ i (1 —2¢® 1)1 — 271> 1)(1 — 2¢>) (1 — 27'¢*")

3n245n
q

+ nZ:o (1 _ xq3n)(1 _ $—1q3n)<1 _ xq3n+1)(1 _ $—1q3n+1)
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0 3n24+7n+2 3n2+11n+4
-2 - ”
< 0 1 _ xq3n+1 1 — x—1q3n+1><1 _ xq3n+2)<1 _ x—1q3n+2)
B (a:,x_ @)oo Zl q3n2—7n—2
- (q2; Q)ooJ1 = (1 _ xq*3"*1)(1 _ x71q73n71)(1 _ xq*i”")(l _ xfqu?m)
o 3n245n
q
+ nz; (1 _ xq3”)(1 _ xqqsn)(l _ $q3n+1>(1 _ x71q3n+1)
> q3n2+n72
N ; (1 —2¢*2)(1 — 21 2) (1 — 2® 1) (1 — 2~ 1g3 1)
B i q3n2—11n+4
= 3n+1)<1 _ x71q73n+1)<1 _ xq73n+2)<1 _ x71q73n+2)
R ﬁ;i g ron
(e \ A (= 2g®)(1 = a7 1g?) (1 — gt (1 — a—lgPn )
q3n +n—2
_ . 3.16
ngoo 1 _ xq3n 2)(1 _ x—1q3n 2)(1 _ xq3n—1>(1 _ x—1q3n—1) ( )

Notice that

1
(1—z2)(1 —2712)(1 —22q)(1 — 27 12¢q)
_ z71 ( 1 1 >
Q=g -z ) \(I-22)(1-27"'2¢) (1-27'2)(1-2z2q)

1 1 x2q ! 1 1 x2g!
X — — —
1—22¢g ' \1—2"12g 1-—2z 1—x2¢g ' \1—22qg 1—2"12
Then by (3.16) and (3.17), we derive that

[e%) Q: 7q nqn 24 9n B (l.’x—l; q)oo 1 [e'e} q3n2+2n
Z B -1 g Z

r—x 1— :L-fl 3n+1
n=0 2n+1 ( [e) q

e 3n%2—2n > 3n24+2n > 3n%2—2n
q 2 —1 q q

— 1— Iq3n—2

0 1 > q3n2+2n > q3n2—2n
T 1—a2¢! v Z 1— - lg3n Z 1 — g—1g3n—2

n=—oo n=—0oo

) o
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3n +2n > q3n272n
N Z 1— zgdntt T Z 1 — zgdn—1

n=—0oo n=—oo

2,27 oo 1 - _ - -
= ( ) ( — (J7 (m —x 2(]3,(]6,_61 1)—m(—x 2q37q67_q 5))

(x —a 1)JE\1— 22
+x_1q_1726 ( ( 7q 7_q2) m<_x_27q67_q_2))
— 2’ ¢ T (m(—2°q, 4%, —¢ ") — m(—2%q,¢°, —¢ 7))

_x3q7372,6 (m(—x q 7q y —q ) - m(—x2q*2, q67 _q72>))

11—z
+273q % Ty (m(— ¢, —q*) —m(—2%¢2,¢% —q?))
— Jie (m(—=2%¢*,¢%, —q~ ) m(—2°¢*,¢°, —¢7°))
_xq7172,6 (m(—x 7q y —dq ) - m(—SL’2, q67 _q72))) )

where the last equality follows from (2.2) and (2.8). According to (2.2) and (2.6), the above
can be stated as

i (7,27 50" " (2,27 Qoo 2 JE ( 1 <_ i(—2%¢% ¢5)
J167(

1 o 1= _ _ _ N
== (z7%q 1J1,6 (m(—:v °0,¢°, —q¢ ") —m(—27%q,¢°, —q7?))

= (G (o) \L =227 \ Ty ej(22¢% %) (220" ¢°)
v lgi(—2%¢%) 2?qlj(—2?q: %) 21 j(=2%¢" ¢°) )
Tosj(22¢% ¢0)j(02q% ¢5)  Tigi(a% %) j(a2¢% %) T ej($2;q6)j(:v2q2;q6)
L1 (__ ¢ (=% ¢%) aTlqTj(=2¢% d°)
L—a727" 0 Ji6i (22697 (2%q% ¢%)  Taei(a?¢%)i(22g%; ¢°)
B j(=2°¢% ¢°)  aTlgi(=2% %) )>
167 (2262 ¢5)(22q% ¢%)  Jaei (226 ¢%) (2%¢%; ¢0)

(z, 27" @)oo 2 S§ ( 1 (72,6j(_3‘52q3; ¢®) + 2 qJ 165 (—2%; ¢5)
(x — 21 J2 16 Jag \1 — 22 7(2%¢%; ¢°)j(x2q*; ¢°)
2?q 7 (Jod (=22 ) + 2T 6 (—22¢", qG)))
(2% ¢%)j(2%¢*; ¢5)
1 (_ g (J1ed (=2°% ¢°) + 2565 (=2°¢%; ¢°))

1 —a272¢7! J (% ¢%)j(z%q*; ¢°)

 Jaei(=2¢% ¢%) + a7 g 165 (2% ¢°) )) . (3.18)

J(@2q%: ¢%)j(x%q*; ¢°)

Then applying (2.9)-(2.11) to (3.18), we obtain that
i (2,27 q)ng™ T2 (T Q)ee 2 s s ( 1 < 1

(¢ D21 (=2 ) I T 606 \1— 22071 \j(2q; ¢*)j(2¢% ¢°)

n=0

+
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22q 1 g 1
_j@x¢ﬁﬂmeQ)_+1——r4q‘l(_JCuq%j@@%q%_iﬂxmq%j@n%q%))
_ (2, 27" q)ooS2J3 J6
(=) (1 — 22)(1 — 272q) J2T 1 626
L Pra( =i ¢’) — 2 g(1 = 2%q )iz ¢%) + (1= 2%q)j (2% ¢°)
i(x:6%)(2q; ¢*)j(2q ¢°)
Hence, combining (2.3) and the above identity, we complete the proof. O

Proof of Corollary 1.9. First, notice that from (1.1), it follows that

Jlisg®) = (1=i) S (=1)"g"™ 3" = (1= i) Jy o,
Jwidh) = (1—w) 3 (1) = (1 —w) s,

27n2—9n

. - - 2702 —27n+6 — —
j-wig’) = (1+w) Z q +w? Z g 2 = (1+w)(Joor — ¢*Jo2r)-

n=—0oo n=—oo

The proof of (1.18) is similar to that of (1.7). Setting x = in (1.17), we obtain that

i (—1; q2)nqn2+2n _ J512 +qJ112
—~ (G 0)2mn (1+q)h

Then substituting (3.14) into the above identity implies (1.18).
To prove (1.19), observe that

(1-wg)(l-wq) =1+q+¢"
Similar to the proof of (1.8), setting = w in (1.17) yields that

1 > 3 3, n?42n
3% (¢°;4°)n—19
l—q = (¢ 0)n-1(¢ O)2nn1
_ —3qJo + (2 + q) (207 + ¢ Js27) — (1 = q) (12,27 + 4% J3.07) (3.19)
(1+q+¢*)h ' '
Replacing (z,q) by (q,4¢°) and (¢%,¢°) in (2.7), respectively, we have
JigJ
Ji2,071 + qJe 21 = %, (3.20)
18
Ja9J
Ji2o7 + P J3 27 = %- (3.21)
18

So, substituting (3.20) and (3.21) into (3.19), we obtain (1.19).
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The proof of (1.20) is similar to that of (1.9). Setting + = —w in (1.17) yields that

f: (-1 q3)nqn2+2n _ Q(79,27 - q3<70,27) + (712,27 - q273,27) + C]2(<76,27 - q73,27)

. (3.22
n=0 (_1; )n(Q7 Q)Qn—‘rl (1 +q+ (]2)J1 ( )
Then replacing (z,q) by (—¢3,¢°) and (—q*, ¢°) in (2.7), respectively, we have
—= — JsJ.
Joor — ¢°Joor = 3J3’18, (3.23)
18
- — Ja9J
Jo21 — qJ301 = 4’3 3 (3.24)
18
Hence, substituting (3.15), (3.23) and (3.24) into (3.22), we complete the proof. O

Proof of Theorem 1.10. Substituting the Bailey pair in Lemma 2.15 into (2.17) and
then multiplying by 1/(1 — ¢) on both sides, we derive that

i (z, 271 q)ng™ "
— (¢ 9)2m+1
_ (z, 271 q) o i P HAn—2
(@%@t \ = (1 —2g ) (1 =2 1¢* 1) (1 — 2g*)(1 — 271¢)
> 3n248n
B> - *
= (1= ag*n)(1 — 27 1g*m)(1 — wg*1)(1 — a~1gn+1)
B io: q3n2+10n—|—3 + q3n2—|—8n+2
2 (1= o )(1 — 21 ) (1 — 2 2)(1 — 2~ 1gPm+2)

B —! n?—4n—
— (ZE,I’ 17q)oo Z q3 2 4 2
(@ 0wh \, 2=, = 2g " DI =2 g (I =g )1 —a g )

o q3n2+8n

+
nZ:O (1 _ xq3n>(1 _ x—qun)<1 _ xq3n+1)(1 _ x—1q3n+1)
S 3n2+4+4n—4

q
; (1 _ xq3n72)(1 _ $71q3n72)<1 _ xqi’mfl)(l _ xflq?mfl)

0 g B
N Z (1 — zg 3 H1) (1 — z-1g3nt1) (1 — 2q3+2)(1 — - 1g—3n+2)

n=—oo

() i ¢
(0% @)oo/t (1 —zg®) (1 —271¢*) (1 — zg® 1) (1 — 2= 1g* )

n=—oo
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q3n2+4n 4
_n_zoo 1 — xg® 2)(1 — gl 2)(1 _ Iq?)n—l)(l _ x—lq?)n—l)
_ (@17 g)x 1 f’: ¢ i ¢
(x _ x—l)J12 1 — x2q—1 S~ 1 — x—1q3n+1 = 1 — m—lqsn—l
o 3n2+5n & 3n24+n—2
2 -1 q _ q
xroq (n:oo 1 — xgin nzzoo 1— xq3n—2>>
1 1 o0 q3n2+5n 0 q3n2+n—2
+ 1— x_2q—1 T q n;m 1— 33_1(]3" B nzz_oo 1 — x—1q3n—2
3n +5n q3n +n—2
o Z xq3n+1 Z 3n 1 ’

where the last step follows from (3.17). In view of (2.2) and (2.8), we rewrite the above as

o n 243n

nz:% (¢; Q)2n+1

- (z, 27 »Q)oo 1 -27F 2 6 2 2 6 -2
Ty Gy (T2 (m(=27%,¢°, —¢%) —m(=272,¢°, —¢ %))

+a g e (m(—27%¢ %, 6% —¢°) — m(—37%¢ %, ¢%, —q))
_ :52(]—37276 (m(—x2q_2, &, —¢%) — m(—a%q2, ¢, —q_2))
—2%q 16 (m(—2°¢°, ¢ —¢°) — m(—2"¢7",¢%, —q)))
v
1—a2¢1
+ 273 g (m(=27%¢7°,¢% —¢°) —m(=27%¢°,¢°, —q))
_ q—27276 (m(_$2’ ¢, _q2) _ m(—:BQ, &, —q_2))
—xq g (m(—=2*¢7%,¢% —¢°) — m(—=2¢">,¢%, —q)))

(27%q " Jos (m(—27%¢ %, ¢°, —¢°) —m(—2%¢>,¢°, —¢?))

(ﬂf,wl;q)oonJé”( 1 ( j(=2%4°) xq~'j(—=2°¢% ¢°)
(=) N1 =227t \ agi(a2g% 695 (2204 ¢°)  Trei(a2g% 69) (224 ¢°)
2 lj(=2%¢Y¢®)  xqli(—2%¢;¢°%) )

Ja6j (22 6%)5(226% ¢%)  Tred(2? %) j(22q% ¢)

Lot (_ ¢ lj(=2*¢*¢%)  xqlj(—a?¢’q°)

L—a72¢71 \ Jagi(2%¢9)(2%q% ¢%)  Jred(a?;¢%)j(x2q%; )

x%j(—2% ¢%) g7 j(—=2%¢% ¢°) )>
Jo65(22¢% ¢%)j(x2q% ¢%)  Ji167(2%¢%; ¢%)j (22" ¢f)
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(2,27 q) oo Jo S 1 1q' (Jo55(—2%¢% %) + 27 'qJ1 65 (—2%; %))
($ - xil)ijl,(SjQ,G 1 —a%q! j(quQ; qﬁ)j($2q4; QG)
2q  (Ja6j(—22q; ¢5) + v J1 6) (—22qh; q6)))
7 (2% %) j(22¢%; ¢°)
1 a7 (Jied (=276 ¢°) + a5 (—2%¢% ¢°))
1—a2¢! 7 (2% ¢5)j(2%¢*; ¢°)
e g7 (Ja60 (=226 ¢°) + 27 q 165 (—2?; ¢°))
7(22¢%;¢%)(22q%; ¢°) ’

+

(3.25)

where the second equality follows from (2.2) and (2.6). Then substituting (2.9)-(2.11) into
(3.25), we derive that

i(%x‘l;q)nq”Z*?’” (2 Q)ee 25 s ( 1 ( xq !

(¢ 9)2n11 B (x — x_l)ijl,(sz,ﬁ 1 =227t \j(zq; ¢*)j(vq?; ¢°)

n=0

zq! 1 g g !
_j(x;q3)j(wq;q3)) e (_j(fv; ®)i(x¢%¢®) iz q3)j(ﬂcq2;q3)))
(7,271 q) oo o s Js
(z— 2 V)1 —22¢)(1 — 272q) J} J16J26
L o) =2 )j(e;e*) — g1 —%q )j(rq;¢°) — 2q(1 — z¢ 1)j(xq* ¢*)
i(@:6%)(2q; ¢*)j(2q% ¢°)
Therefore, combining (2.3) and the above identity, we complete the proof. ([l

Proof of Corollary 1.11. The proofs of (1.22)-(1.24) are similar to those of (1.7)-(1.9).
We deduce (1.22) by setting x =7 in (1.21). Next, setting = w in (1.21) yields that

n2+3n

1 = (¢*;¢*)n_1q
—— +3
l1—q ; (¢ @)n—1(; Q)2n+1
314+ q)Jo — (1 — q)(Jraor + qJs.27) — (1 + 2q) (1227 + ¢*J3.27)
(1+q+¢*)

Then substituting (3.20) and (3.21) into the above identity, we obtain (1.23).
To prove (1.24), setting x = —w in (1.21), we obtain that

—1;9)n(q; ) 2n+1 (1+q+¢*)h

Therefore, substituting (3.9), (3.23) and (3.24) into the above identity, we complete the
proof. O

i (—1§ q3)nqn2+3n (1 + Q) (79,27 - q370,27) - Q(712,27 - q76,27) + Q(<76,27 - q73727)
(

n=0
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Proof of Theorem 1.13. Substituting the Bailey pair in Lemma 2.16 into (2.16) and
replacing ¢ by ¢?, we have

= (7,276 (2,07 ) 1
Z_: (¢ )l ¢ J3 ((1 —x)(1—a1)

1) (q2n2+7n 4 q2n +n> e (_1)n(q2n2+3n+1 . q2n2+9n+4)
+ Z i

_ xq4n)(1 _ x—1q4n) — (1 _ C(Iq4n+2)(]_ _ x—1q4n+2)

_ @) (S (D S (=1
N J3 (Z (1 —zg*)(1 — a1t > (1 — zqg*)(1 — 2~ 1q—)

n=0 n=-—00
1)71 2n?—n 0 (_1)nq2n2—9n+4
_Z ¢n2) (1 — - 1g*n2) Z (1 — zg~+2)(1 — z~1g—4n+2)
_ (I’,Zl?i g )oo i (_1)nq2n2+n B i ( 1)n 2n2—n
J3 = (=gl —z7l¢™") —~ (1—z¢""?)(1 -z 1¢g"?)
_ (x,x_l;QQ)oo i ( 1)nq2n +n B Z 1>nq2n -n
(1 _ xQ)JZZ S~ 1— $_1q4” S~ 1— $_1q4" 2
B Z ( 1n22n+n+ i ( 1)nx2q2n—n
1 — xq4n 1 — xq4n 2 )
n=-—00 n=-00

where the last step follows from (3.2). Then utilizing (1.5) and (2.2), we derive that

i (z,275¢2)nq”  (2,07¢)0dia
= (4:0*)n(a* ¢*)n (1—a2)J3
—a* (m(zq,q",q7") —m(zq,q*,q7%)))
—x(r, 27 ¢*)oo ] T2a(i (24 ¢F) + (g5 ¢*))
(1 —a?)J3 14 (x5 4*)j (2% q*)
where the last equality follows from (2.2) and (2.6). Hence, the above identity implies
(1.25). O
Next, we illustrate how to deduce (1.26)-(1.28) from (1.25).
Proof of (1.26). Setting x =i in (1.25) yields that

(m(z'q,¢*, ") —m(z"q,¢*, ¢

9

i (—Lia"ag™  _ jlia*q") +ijliaa*) _ j(—ia:a*) +ij(ia; ") (3.26)
— (¢:¢*)n(q"; ¢")n (1+14)J14 (1+1i)J1a ’

where the last equality follows from (2.2). According to (1.1), we have

i(iq; q*) = Js16 — iqJ2,16
j(—ig; C]4) = Jo,16 + 1qJ2,16-
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Then substituting the above two identities into (3.26), we obtain that

io: 1 q nq _ Jo,16 + qJ2,16

—( q*)n Jia

Setting m = 2 and replacing (x,q) b ( q, —q*) in (2.4) yields that
J(=4—4") = Jo6 + ¢J216-

Combining the above two identities, we deduce (1.26). O

Proof of (1.27). Setting x = w in (1.25), we deduce that

(%% 1d” jwed ") +wilwa; ) (Wi qt) + wilwg; )

143 - - (327
; (4 @)2n—1(q* ¢")n (1+w)Jia (1+w)ia (3.27)
where the last equality follows from (2.2). Based on (1.1), we have
J(wa; q") = Jis 36 — wqJose — w?q’ Js 36,
J(w?q; q*) = Jis36 — wqJo 36 — wq®Js 36.
Then substituting the above two identities into (3.27) implies that
Jn— ~ Jisge — @O 2q.J.
1+ 32 161 _ J1536 — 0" J3.36 + 2q 9,36 (3.28)
(45 @)2n-1(a"; ¢*)n J14
Since
Jia= Z (—1)nq2n2_n = Ji536 — qJo.36 — 0" 36, (3.29)
combining (3.28) and (3.29), we prove (1.27). O
Proof of (1.28). Setting x = —w in (1.25), we derive that
N (=1:4%)ng™ _Jweliet) —wi(-warg!)  j(-w’e¢’) — wil-waigh)
= (—1¢*)n(a:6*)n(a* ¢*)n (1—w)Jia (1—w) i
(3.30)
From (1.1), it follows that
J(—wq; q) = Jis,36 + wqJos6 + w g’ Js 36,
§(=w’q;q) = Jis.36 + w?qJo 36 + wq T3 36.
Then substituting the above two identities into (3.30), we obtain that
- ~1;¢%)0q" _ Jisas — %
(—=1¢")ng" 15,36 — 4 3,36 (3.31)

“ (—1,¢*)n(¢; ¢*)nld*; 4*)n Ji4

n=
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Notice that replacing (2, q) by (—¢?%,¢'?) in (2.7) yields that

- - J312J,
Jis36 — ¢* 336 = %6’24- (3.32)
24
Hence, combining (3.31) and (3.32), we complete the proof of (1.28). O

Proof of Theorem 1.15. Substituting the Bailey pair in Lemma 2.17 into (2.16) and
replacing ¢ by ¢?, we have

i (2,275 ¢)ng™ " (z,071¢%) ( ;
— (4:0°)nld" q")n J3 (1 —2)(1 -z 1)
1) (q2n +5n + q2n +3n) o (_1)n(q2n2+5n+2 o q2n2+7n+3)>
+ Z -
(1

_ xq4n)(1 _ m—1q4n) s (1 _ xq4n+2)(1 _ x—1q4n+2)

—1. ~ > —1)" 2n2+3n e —1)" 2n24n—1
Sl (§ e S G
J2 (1 _ Iq4n>(1 — 1q4n) (1 _ I.qéln 2)(1 — 1q4n 2)

_ (l’,gj‘ aq2>oo Z (—1)”q2”2+3”_|_ i (_1>nq2n2+n—1
( $2)J22 = 1 — x*lq4n = 1 — x71q4n72

( 1)n 2 2n +3n > ( 1)nx2q2n +n—1

where the last step follows from (3.2). Then utilizing (1.5) and (2.2), we deduce that

(%I7§Q)nqn2+2n _qfl(xaxA;qQ)ooJlA 1 1 4 -1 -1 4 -1
2 (@) nld5aY), (1—a?)J3 (m(™q™ ' q) =mla™g ")

n=0

—2* (m(zq~" ¢*, q) —m(zq™", ¢*,q7")))
—x(x, x5 ) oo} J2a (G (2q; ¢*) + 2 (2 ¢*))
(1 —a2)J3J1 47 (5 ¢4)j(2q% ¢*) ’

where the last equality follows from (2.2) and (2.6). Hence, the above identity implies
(1.29). O

Proofs of (1.30)-(1.32). The proofs of (1.30)-(1.32) are similar to those of (1.26)-(1.28).
Notice that the following identities are used in the proofs of (1.30) and (1.32), respectively:
34 —4") = Js16 — ¢J2.16,
J1,1210,24
Joa

The first identity is obtained by setting m = 2 and replacing (z, ¢) by (¢, —¢*) in (2.4) and
the second identity is obtained by setting (z,q) = (—¢, ¢'?) in (2.7). O

J15,36 - qJ9,36 =
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Proof of Theorem 1.17. Substituting the Bailey pair in Lemma 2.14 into (2.18), multi-
plying by 1/(1 — ¢) on both sides and then replacing g by ¢?, we have

o0 n2 n _ [ele] n2 n—
Z wq,w q q) (20,7714 ¢%) s > g
£ 2n+1 J22 o (1 _xqﬁn—l)(l I 1)
+Z 6n +4n B o0 q6n2+8n+2 + q6n2+16n+6
xq6n+1 1 _ x—1q6n+1) gt (1 _ xqﬁn—f—?’)(l _ m—1q6n+3)

_ (:vq,:v’ 0. q )Oo i q6n2+4n B i q6n274n
J22 (1 _ xqﬁn-f—l)(l _ x—lq6n+1) (1 _ Iqﬁn—?))(l _ x—lq6n—3)

n=-—00 n=-—00
_ (20,7744 i ¢ i ¢
(1 _ :L’2)J22 S~ 1— x—1q6”+1 S~ 1— :E_lq6"_3
o0 22 q6n2+4n o 2 qﬁn —4n
- Z 1 — zgbntl + Z 1—aqon=3 )’
n=-—o00 n=-—00

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we deduce that

2n2+4-2n

i xq,x q q g

2n+1

v, 7715 . .
:< (1—;1:2)J2) (J22 (m(=272¢", ¢, —¢7%) -
2
12

+ a7 T2 (m(—27%¢ 7%, 4", —¢") — m(—27%¢2, ¢, —¢7 "))

_ x272712 (m(—x2q4,q12, —q72) m(— 224" ¢, —q 10))

—23q ¥ g0 (m(=2%¢72,¢"%, —¢") — m(=2°¢"%,¢"*, —¢")))
_ (2,27 ¢%)wc u T}y (74,12j(—f02q8;q12) +a g z12i(—2%g

(1 - $2)J2272,1274,12 j($2q6; qm)j(qum; q12)

- 2? (Jaa2j (—2%¢" ¢") + 2q 2125 (—2%¢"; ¢'%)) )

m(—z72¢*, ¢"%, —¢7"))

%:q"?)

J(x%q% q'%)j(2%¢5; ¢'2)

where the last equality follows from (2.2) and (2.6). Next, applying (2.12) and (2.13) to
the above identity, we have

2n%+2n

)

i xq,x q q )nq _ JadeJi(5(2g; ¢°) — 2%j(24’; ¢°%))
— 2n+1 (1 - 332)J2 J2,12J4,12

which implies (1.33). Therefore, we complete the proof. O
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Proofs of (1.34) and (1.35). The following identities are used in the proofs of (1.34) and

(1.35):
(an 6) Js 24 —qu424,
J(—ig; 6) Jg 24 + 1qJs 04,
(wq, 6) Jo1 54 — qu15 54 — w? q J3 545
(w q; 9 6) Ja1 54 — W qJ15 54 — Wq J3 54,
T 18
Jorsa+q° T35 = S0,187838
J36

where the first four identities are due to (1.1) and the last identity is obtained by setting
(2,q9) = (¢°,¢*®) in (2.7). We omit the details. O

Proof of Theorem 1.19. Substituting the Bailey pair in Lemma 2.15 into (2.18), multi-
plying by 1/(1 — ¢) on both sides and then replacing g by ¢?, we have

0 n24-4n -1. © n n—
3 wq, x q q )nq2 e (2¢,07'4:¢%) 3 g
e 2n+1 J22 = (1 _ :L‘qﬁn_l)(l — x_1q6”_1)
N i 6n +10n B o0 q6n2+14n+4 + q6n2+10n+2
. 1 _ xq6n+1 1— $—1q6n+1) — (1 _ xq6n+3)(1 _ x—1q6n+3)

_ (2¢,27'¢:¢%)w i g Hion - i o2
J3 (1 — 2g 1) (1 — g~ Lgbntl) (1 — 2qo3)(1 — z~Lgbn—3)

n=—o0 n=—o0
(zq z1g; q2) ©0 q6n2+10n > q6n2+2n74
= (1— 22).J2 n;m 1— g-lgbntl n:Z:OO 1 — g 1g6n—3
B Z x2q6n +10n i x2q6n2+2n—4
xq6n+1 1— .27(]6”73 ’
where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we deduce that
0 n24-4n
Z qu,x q, q )nq2 o
n— 2n+1
_ T (xq,x % 4*)oo

(1 _ m2)1]2 (74’12 (m(_'x_Qq_Q’ q127 _q4) - m(_x—Qq—Q’ q127 _q_4))
2

+ 27 g Ta0 (m(—272¢7%, ¢, —¢"") = m(—272¢"%, ¢, —¢%))
—2°Jy12 (m(—=2°¢ %, ¢, —¢*) — m(=2%¢*,¢"*, —¢7 "))
—2°q " T2 (m(=27¢%,¢"%, —¢"°) — m(—2°¢"%,¢"*, —¢%)))

10)
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2q " (2¢, 8764 oo Ja iy (74,12.7’(—332(18; q") + 27" q 210§ (—2%¢%; ¢*)
(1 —a2)J2 2190 419 7(22¢% ¢'2)j(22¢'0; ¢*?)
C Juaj (=" ¢") + 2qJ2025 (=" ¢")
j(22¢% ¢'2)5(22¢°; ¢'2) ’
where the last equality follows from (2.2) and (2.6). Next, applying (2.12) and (2.13) to
the above identity, we have

i (2,27 4 ¢*)ng™ " 2q7 Tids 12243 ¢°) — (247 ¢°))
n=0 (q2; q2>2n+1 (1 - ZEQ)JQ J2712J4’12 ’
which implies (1.36). Therefore, we complete the proof. O

Proofs of (1.37) and (1.38). The proofs of (1.37) and (1.38) are similar to those of (1.34)
and (1.35). The following identity is used in the proof of (1.38):

Jr1sd
Jissa— ¢T3 50 = %7
36
which is obtained by setting (z,q) = (¢7,¢'®) in (2.7) and then applying (2.2). We omit
the details. O]

Proof of Theorem 1.21. We rewrite the Bailey pair in Lemma 2.18 as

4m2—2m

q ; n=4m,
o - _q4m2+6m+2’ n = 4m + 1, 6 B q(nz_n)/Q
n = m2+2m n )
—qtmrEm o =dm + 2, (¢ D)nl(d® @*)n

2
q4m +10m+67 n = 4m + 3,

Substituting the above Bailey pair into (2.18), multiplying by 1/(1 — ¢) on both sides and
then replacing g by ¢, we have

n2+n

i (g, 27'¢; ¢*)ng
0 (€% ®)n(@% 4" )nt

n“+4n n“+4+20n+
8n2+44 o q8220 6

(24,774, 0%) o q
= 72 nz (1 — 2g®+1)(1 — 2~ 1g®n+1) nz_: (1 — 2g®3)(1 — 2~ 1% +3)

- q
nz 1 — xq8n+5 1 — x—1q8n+5 + Z 1 _ xq8n+7)<1 _ I—1q8n+7)

_ (ZL‘q,iL‘i q:q )oo i q8n +4n B i q8n274n
J2 (1 — 2™ ) (1 — z-1gn 1) (1 — 25 3)(1 — z-1g5-3)

8n2+12n+4 8n2128n+18 )

n=—oo n=—oo

(24,77 q M) i gt i g* 4
(1 _ :U2)J22 S~ 1— x—1q8n+1 1 — x—1q8n—3

n=—oo
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i z2q N o0 x2q8n274n )
B . 8n+l Z _ .8n=3 |
= 1 —2xq = 1—2aq

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we deduce that

o0

3 (xq, 27 q; ¢)ng™ "
(@ ¢*)n(d% ¢*)nmr

n=0
_ (2q,77'4¢%) o Ja6
(1—a2)J3
=+ x—lq—3 (m(_x—2q—2, q16’ _q4) - m(—x_2q_2, q16’ _q—4))
—2? (m(—=2*¢%,¢"%, —¢7*) = m(—22¢*,¢'°, —¢71?))
— 2P (m(=2%0, "%, —¢*) — m(—22q72, ¢'%, —¢)))
_ (2q,77'4:¢%) e S I 16 (J’(—w2q10;q16) +27'qj(—2%¢% ¢")
(1 —22)J2 416 7 (22q5%; ¢1%)j(x2q™; ¢'6)
22 (=2%¢% ¢"%) + 2qj(—2%q": ¢'))
j(@%q% %) (226" ¢'6) ’
where the last equality follows from (2.2) and (2.6). Setting m = 2 and (¢,z) — (¢*, —x~'q),
(q*, —zq) in (2.4), respectively, we have
j(=27qiq") = j(=27%¢% ¢'%) + 27 i (2" ¢"), (3.34)
j(~2q;q") = j(=2%¢" ¢'°) + xqi(—2?q'; ¢'°). (3.35)
So, combining (2.2) and (3.33)-(3.35), we obtain that

(m(=272¢% ¢'°, —¢~") —m(=272¢°,¢'°, —¢" ")

i (2,27 4 ¢*)nd" " _ (04,2763 ¢7) oo T Ti6 T 16 (j(—:vq3;q4) _ 2%j(—wg; q4))
= (¢*¢*)n(0% ¢*)nn1 (1 —a2)J3 416 J(@2q% %) j(a2g?; q®)
_ J16J8,16(j(37% (]4) - xzj($q3§ q4))
(1 — $2)J2274’16 ’
which implies (1.39). Therefore, we complete the proof. O

Proofs of (1.40) and (1.41). The proofs of (1.40) and (1.41) are similar to those of (1.26)
and (1.27). The following identity is used in the proof of (1.41):
J3126.24

Jog

where the above identity is obtained by setting (z,q) = (¢%,¢'?) in (2.7). We omit the
details. n

Ji5,36 + q3J3,36 =
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Proof of Theorem 1.23. We rewrite the Bailey pair in Lemma 2.19 as

4m24-2m

q ) n = 4m,
o = _q4m2+2m’ n = 4m + 17 5 B q(n2+n)/2
T g n=dm+ 2, T (0P 6P
qé,LmQJrﬁm+27 n = 4m + 3,

Substituting the above Bailey pair into (2.18), multiplying by 1/(1 — ¢) on both sides and
then replacing ¢ by ¢?, we have

n2+43n

f: (2¢,27¢; ¢*)ng

= (% ¢*)n(¢% ¢*)nt1

_ (2¢,27'¢:¢%)w i g B i o122
J3 = (1= aghnt ) (1 —a-lgdntl) 2= (1 — wgdn3) (1 — o 1gsnts)
io: g8 20+ Z ¢S 20010 )
+
= (L= 2g™ ) (1 -2~ — (1 — 2g®+7)(1 — 2~ 1g%+7)

_ (¢, 27'¢; ¢*) o i q8"2+12" B i q8n2+20n+8
J3 (1 — 2g®+1)(1 — - 1¢g¥H1) (1 — 2¢3n+5)(1 — 2 1gBn+9)

n=—oo n=—0oo
—-1,,.,.2 00 8n2+12n o 8n2+4+20n+8

_ (zq,x q,q)m<z q S q
o _ 22) 72 _ p—1,8n+1 — p—1,8n+5

(1 —=x2)J3 — l-alq L~ 1-alg

2 Sn +12n 0 x2q8n +20n+8
N Z 1 — pgdntt Z 1— zgdnts |°
n=—odo n=—oo

where the last step follows from (3.2). Then utilizing (2.1), (2.2) and (2.8), we deduce that

n2+3n

i (vq,27'¢; ¢*)ng

—0 (4% ¢*)n (4% 4" )nta

—4 -1.. .2 T
- (xq(’lx— z%ng?OOJ4’16 (m(=27%¢*, ¢"°
falg T (m(—:fzq*lo, ¢S, —q'?) — m(—a~2q710, ¢', _qzo))
_ 2 (m(—x2q_2,q16, —q4) o m(_qu—Q’qm’ —q12))
3T (m(_x2q710,q16 ) — m(=22"q ))
_ 7q (24,7743 ¢%) e S S5 16 ( J(=2%¢"% ¢'%) + 2~ qy( 7’¢% q'°)
(1 —22)J2T 416 7 (22¢% ¢')j(x2q; ¢*°)
J(=2%¢%¢"°) + xqj(—27¢"; ¢ ))
j(@%q% %) (22¢"%; ¢'6) ’

m(— -2 -2 16 12)

,—q") — 27%¢7%,¢"% —q

(3.36)
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where the last equality follows from (2.2) and (2.6). Then combining (2.2) and (3.34)-(3.36),
we obtain that

i (2q, 2714 ¢*)ng" " wq M (2g, 0714 ¢") s T Tr6 5,16 ( j(—2¢*q*) J(—IQ;Q4)>
— (% @)@ ¢ )ni1 (1—22)J3 16 J(@2q%¢%)  j(2?q% ¢®)

vq e Jsa6(i(2q; ¢*) — j(xg?; ¢*))
(1 — 1‘2)J22J4,16

which implies (1.42). Therefore, we complete the proof. O

Y

Proofs of (1.43) and (1.44). The proofs of (1.43) and (1.44) are similar to those of (1.26)
and (1.27). The following identity is used in the proof of (1.44):

512
Jo36 — q2J3,36 = %7
24
where the above identity is obtained by setting (z,q) = (¢°, ¢*?) in (2.7) and then applying
(2.2). We omit the details. O

Proofs of (1.3) and (1.45)-(1.48). Substituting the Bailey pair in Lemma 2.21 into (2.18)
and then replacing ¢ by ¢?, we have

f: (2q, 771 ¢; ¢*)ng®”

2. 42
n—0 (q 4 )2n

(af;q, x_lq; qz)oo o0 6n2+2n(1 ql2n+2 0 q6n2+10n+4(1 q12n+10)
- J2 nz: 1 — 2go 1) (1 — - 1gont1) nz% (1 — 2g™5) (1 — - 1gtnt5)
B (xq, .’L’_lq; q2)oo i an +2n Z an —2n
— J22 Rl (1 o xq6n+1)(1 _ x71q6n+1> = (1 _ :Canfl)(l _ x71q6n71>
B (:Eq, l,flq; qz)oo 00 q6n2+2n 0 q6n272n
o (1 _ xz)J22 Z 1— x—lqﬁn—i-l o Z 1— x—1q6n—1

n=—oo n=—oo

[eS) _
2 Gn +2n $2q6n 2n
Z 1_1. 1 _ . 6ntl Z 1 — pgbn—1 )
n=—00 q n=—00 q

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we deduce that

i (2q, 271 q; ¢*)ng®
— ()

rq, g, 4 - - . _
= ( 7 _3;2)J2) (J4 o (m(—x 206 12 —¢ 4) — m(—z 206 412 ¢ 8))
2

+a7lq  one (m(—272,¢"%, —¢%) = m(—272,¢", —q¢ %))
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—2°Js10 (m(—2°¢%, ¢, —q7*) — m(=2%¢®,¢"*, —¢7®))
—2*q " oo (m(=27,¢", —¢%) — m(—2%,¢"*, —¢7?)))
(2,57 G D)oo Ja Tty (2125 (=225 ¢'2) + 27 q T 4125 (—2%; ¢*2))
J2272,1274,12j($2q2; q12)j<x2q10; Q12) 7

where the last equality follows from (2.2) and (2.6). Next, applying (2.14) to the above
identity, we have

xq,x q q nq2”2 _ Jadooj(x¢%; ¢°)
J3J5 12410

Y

which implies (1.3).
Next, we rewrite the Bailey pair in Lemma 2.22 as

- { qm2,23m/2<1 _ q4m+1)/(1 _ C]), n = 2m, 5 — (_1>nqn2/2—n(q1/2; Q)n
! —qm PR =) /(1 —q), n=2m+1, " (¢; q)2n

Substituting the above Bailey pair into (2.18) and then replacing ¢ by ¢*, we have

i (¢, 2¢,772¢; %) n(—1)"q"

2

o (4% ¢%)2n
(Z’q, ilf_lq; (]2)00 0 2n +n(1 q8n+2 o0 2n +3n+1(1 _ q8n+6)
- J2 nz 1— xq4n+1 1 — o-1gtn+l) ; (1 — 2qmt3)(1 — 2 1gin+3)
_ (xq, Z'_lq; q2)oo i q2n +n B Z q2n -n
J2 e (1= ag (1 — o lgit) T A (1= zgin (1 — o lginT)
_ (-’Eq,-’Eflq;QZ)oo i q2n2+n B i q2n27n
(1 _ I2)J22 = 1— x—1q4n+1 = 1— x—1q4n—1
0 2 2n24n 0 72 2n?—n
B R Dl e
= 1 — xq4n+1 = 1 — xq4n 1

where the last step follows from (3.2). Then utilizing (1.5) and (2.2), we deduce that

2

f: (¢, 29,27 ¢; ¢*)n(—=1)"¢"
— (4% 6%)2n
—-1,..,.2 T
= (Iq’é —q’xg)?](;;(]l#l (m(=27'¢* ¢",—¢ ") —m(-27"¢ ¢*, —¢?)
— 2% (m(—z¢*,¢*, —¢7") = m(—z¢*, ¢*, —¢?))
~(2¢, 07 ¢ ) I3 S20d (=267 ¢)
T3 Tai (g )i ¢)
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_ D)
Jz ’
where the second equality follows from (2.2) and (2.6). Setting ¢ — —q, we have

i (—q, —2q, —v7'¢;¢*)nq”  j(—v¢%q")

e~ (4% 4%)2n Jia
which implies (1.45).

Substituting the Bailey pair in Lemma 2.24 into (2.19) and then multiplying by 1/(1—q)
on both sides, we obtain that

f: (2q, 27 ¢; Q)ng™ ™"

= (G Dmn

_ M (io: q3n2+2n<1 . q6n+2) 0 q3n2+4n—2(1 o q_6n+2> )

+
J12 — (1 _ xq3n+1)(1 _ xfqunJrl) — (1 _ xq?mfl)(l _ $71q3n71)

_ (@427 g ) f: g - i g
J12 St (1 —zg3t1)(1 — az—1g3nt1) L (1 —2¢>1)(1 — 2~ 1g3 1)
(1—a2)J \ &= 1—a gt [— g i

n=—oo

2 3n2+2n oo 72 3n2—2n
o Z 1 _ 30+l Z _q 3n—1 | °
1—2xq 1—2xq

n=—oo n=—0oo

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we derive that

i (2q, 27 1q; Q) g™ *"
—~ (¢ 9)2mn
G, 7G5 q)o _ _ B B
= ﬁ (J16 ( ( x 26]37@67 —q 1) - m(—x 2q3,q6, —q 5))
1
+37q s (m(—272,¢% —¢°) = m(—27%,¢°, —¢?))
— " J16 (m(—2¢%, ¢, —¢7") — m(—2*¢*,¢°, —¢ 7))
—2%q "o (m(—27,¢°, —¢*) — m(—27,¢°, —q¢7?)))
_ (24,27 q1q)c S (J26 (—2%¢%1 ¢°) + 27" q T 165 (27 ¢%))
J2J16J2,67(2%6% q%)j(22q%; ¢°)

where the second equality follows from (2.2) and (2.6). Then combining (2.11) and the
above identity, we derive that

Y

i (rq, 27 G ua™ " _ (2%, 0705 ¢%)oo S S
= (@ @)2n41 JET 16706
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Multiplying by (1 — x) on both sides, we complete the proof of (1.46).

Substituting the Bailey pair in Lemma 2.20 into (2.18), replacing ¢ by ¢* and then
multiplying by 1/(1 4 ¢) on both sides, we have
i (xq, 27 q; ¢*)n(=1)"g" "

= (=g @) (a5 q)n

(Iq l’flq. q2)oo o8] q2n2+3n(1 . q4n+1 [ee) 2n +5n— 2(1 q74n+1)
= ’ ’ +
J3 — (1 — zg*t1)(1 — x—1g*+1) ; 1 — zgt1)(1 — z-1g¥T1)

e 2n2+3n, S

_ (4,074 ¢%) 3 g S ¢!
JZ (1 — zg*+1)(1 — z—1gint1) (

n=—00 1 —zg* 1) (1 —z-1g* 1)

n=—oo

_ (2q,77' ¢ i ¢ i g
(1 _ $2>J22 S~ 1— x—1q4n+1 = 1 — x—1q4n—1
x2q2n +3n & x2q2n +n—1
- Z xq4n+1 Z 1 — q4n—1 )

where the last step follows from (3.2). Then utilizing (1.5) and (
i (zq, 27 q; ¢?)(—1)"g" 2
— (=4 ¢*)n1(g%¢Y)n
-1 —1 2 T
¢ (2q, 7' ¢;0 )00 14 _ _ _
= (1 _ 1‘2)J22 (m(—:v 17 q4> —Q) - m(—x 17 q47 —q 1)
- ZL'2 (m<_x7 q47 _Q) - m(—x, q47 _q_l))
_ (2,274 6*) o0 S} 2 (— 250"
(14 2)J5J147(xq; ¢*)j (263 ¢*)
_ =gt
(1 + CL')J174’

where the second equality follows from (2.2) and (2.6). Setting ¢ — —¢ yields (1.47).
Finally, we rewrite the Bailey pair in Lemma 2.23 as

q4m2_2m<1 o q8m+2)/(1 _ q2), n = 4m’

2.2), we deduce that

o 0, n=4m+1, 5, = (—q; q>nq(n2fn)/2
n m2+2m m n :
—q""E (1= ) /(1= ¢7), n=4m+2, (4% q)2n
0, n =4m+ 3,

Substituting the above Bailey pair into (2.19) and then multiplying by 1/(1 — ¢) on both
sides, we have

i (—q,2q, 27 q; q)ng™ +"/?
n—0 (¢; @)2n+1
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B (:vq, ‘,L,flq; q)oo i q4n2+2n<1 8n+2 i 4n +6n+2(1 . q8n+6)
— J12 par (1 . mq4n+1>(1 _ I.—1q4n+1 — (1 _ xq4n+3 1 — I—1q4n+3)
(24,07 G @) i g i gt
- J12 Rt (1 _ xq4n+1)(1 _ x—1q4n+1) Rt (1 _ mq4n—1)(1 _ x—1q4n—1)
(g, ¢ ) i gt i g

(1 _ 5132)J12 S~ 1 — .’L'_lq4”+1 S~ 1— x—1q4”—1

B Z 2 4n +2n f: $2q4n —2n
= 1— wq4n+1 = 1— xq4n—1 ’

where the last step follows from (3.2). Then utilizing (2.2) and (2.8), we derive that

n2+4n)/2

f: —¢,2¢,271¢; q)ng'
n— (qa q)2n+1

_ (95(1795 Q§Q)ooJ2,8
(1 —a2)J¢

+alqg (m(=27% % —¢%) —m(—272, %, —¢7?))

— 2 (m(—=2*¢", ¢*, —¢ %) — m(—=2*¢*, ¢*, —¢7%))

—2%q~" (m(=2*, ¢, —¢%) —m(—=2*,¢*, —¢7?)))
(2,774 Q) oo SR Jas (1 (—22¢Y ¢°) + 27 qj (=27 ¢%))
a J2 T 255 (22q% ) (22¢5; ¢°)

(m(—x72q4, qg, _q72) - m(—$72q47 q87 _qiﬁ)

)

where the last equality follows from (2.2) and (2.6). Setting m = 2 and (¢, x) — (¢*, —27'q)
in (2.4) yields that

j(—z7'q; ) = j(—22¢% ) + 2 i (=2 2% ).

So, combining (2.2) and the above two identities, we obtain that

f: ~q,2¢,27¢;@)ng™ 2 (2%, 271% ¢P) o T3
— (¢ @)2n+1 Ji '
Multiplying by (1 — x) on both sides, we complete the proof of (1.48). O
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