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ABSTRACT. In 1984, Andrews introduced the family of k-colored generalized Frobe-
nius partition functions. For any k > 1, let c¢y(n) denote the number of k-colored
generalized Frobenius partitions of n, and let C®y(q) represent its generating func-
tion. Baruah and Sarmah derived integral expressions of C®(q) with k € {4,5,6}
by applying Cao’s method of integer matrix exact covering systems. Subsequently,
Chan, Wang and Yang systematically investigated the generating function of ¢y (n)
by utilizing the theory of modular forms. In this paper, we propose a unified frame-
work to derive expressions for C®(q) with integral coefficients, extending several
known results about C®(q).

1. INTRODUCTION

Throughout, we always assume that ¢ is a complex number such that |¢| < 1 and
adopt the following standard notation:
(a;q)oo = [ (1 = ag™),
n=0

(a1,a2, ..., 0m; @)oo = (A15¢) 0 (A25 @)oo - * * (Am} @) -

In his 1984 AMS Memoir, Andrews ||| introduced the notion of a generalized Frobe-
nius partition of n, a two-rowed array of nonnegative integers of the form:

al a2 ... a"f‘
by by --- b )’

where n = r+ ', (a; +b;), and a; > a;11, b; > birq. Andrews further introduced
the notion of k-colored generalized Frobenius partitions. A k-colored generalized
Frobenius partition is an array of the above form whose parts are taken from & copies
of nonnegative integers. For any k > 1, let c¢g(n) denote the number of k-colored
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generalized Frobenius partitions of n, and let C®y(q) represent its generating function,
namely,

() = 3 con(m)a”

n=0
Andrews [, Theorem 5.2| proved that
1 oo
C@k(q) — qQ(m17m2v'wmk—1)’ (1.1>
CRTSD VR
7777 k—1
where
Q(m17m2,"' , M — 1 Zm + Z mimj. (12)
1<i<j<k—1

Building upon (1.1), Andrews [!, Corollary 5.2| derived alternative expressions for
C®,(q) with k € {2, 3,5}, employing Jacobi’s triple product identity (see |1, Eq. (3.1)]
and the result of Kloosterman [14, pp. 358, 362] in the derivation. Specifically,

C63(9) (39
C22(q) = (0% (6645 (0% Y (13)
Oy (q) = (q_;g (05(0)05(¢°) + ©1(0)n(d?)) (1.4)
X .
= wap <1+6Z( )1_qj> (1.5)
Cds(q) = @D <1+25Z< > TR 521( ) 1‘7_‘1]613.), (1.6)

where

o0 4. 4\2
q) = Z q(j+1/2)2 — g/ (7% q")%

2. 42 ’
= (¢% ¢%)oo
Z _ (q @)%
q - )
= (¢; 05 (q% a*)5%

and (5) denotes the Kronecker symbol. Andrews |1, p. 26] mentioned that there exists
a similar identity for the case k = 7, but he did not give the concrete expression. The
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missing identity is

1 B3~ [\ 4?7 T[]\ 5*¢
CPr(q) = —— 14+ 225 (L) £ TN~ () . 1.7
T (qw)&( i = (7)(1—@)3 8; Ji—g) U7
later derived by Kolitsch [15, Lemma 2].
Recently, Baruah and Sarmah |2, 3| established explicit expressions of C®y(q) with

k € {4,5,6}, applying the integer matrix exact cover systems developed by Cao [7].
They proved that

1

CPy(q) = T (©3(¢%) + 303(¢%)O%(¢?)), (1.8)

<

1
(a;9)

300K + 304 )0a(e")03(0) + Oala™OH) ). (19)
1

(¢;9)8,
+ 263g)0u(0nla™) + @§<q>@2<q2>@2<q6>) | (1.10)

CCI>5(q) =

(@3<q1°>@§<q2> 1 304(¢")0s (4?)O2()

801

+

Colq) = (@§<q>@3<q2>@3<qﬁ>

For k > 7, it is not clear if new expressions associated with C®(q) could be derived by
utilizing the methods of Andrews and Baruah—Sarmah. Actually, Andrews |1, p. 15]
commented that “as k increases the expressions quickly become long and messy”.
Based on the theory of modular forms, Chan, Wang and Yang [7] conducted a
systematic study of the expressions of C®y(q), uncovering remarkable modular and
congruence properties for C®y(q) with 2 < k < 17. It is worth mentioning that some
coefficients in the expressions of C®.(¢q) with £ € {10,12,14,15,17} are not inte-
gers. Subsequent work by Jiang, Rolen and Woodbury [13] leveraged modular forms
to explore alternative representations of the generating functions of c¢y(n) as linear
combinations of Dedekind’s eta functions and Klein forms. However, the integrality of
coefficients in these combinations remains an open question. Motivated by these dis-
coveries, the authors [9] developed a general strategy to derive expressions of C®(q)
with guaranteed integral coefficients. As consequences, they proved some infinite
families of congruences satisfied by c¢y(n), valid for arbitrarily large k. While power-
ful, the method in [9] produces computationally cumbersome expressions for certain
values of k. This paper presents a unified framework to derive integral-coefficient
expressions for C®y(q), significantly addressing the limitations of prior methods.
The rest of this paper is structured as follows. In Section 2, we introduce some
notation and compiles some essential lemmas that serve as the foundation for proving
the main results. Section 3 is devoted to some novel expressions of C®y(q) with
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integral coefficients. Finally, we conclude with a discussion of congruence properties
for c¢r(n), including a conjectural congruence modulo 2187 for c¢yg(n).

2. PRELIMINARY RESULTS

In this section, we collect some necessary notation and lemmas which will be used
to prove the main results.
For notational convenience, we denote

Jap = (@507 " )oer Tap = (0", 0" ") 00r T = Jaza = (0%0%)e0
First, Ramanujan’s theta function f(a,b) is defined by

fla,b) = Z am D 2pnn=0/2 — (g b ab; ab)s, lab| < 1, (2.1)
where the last identity is the celebrated Jacobi triple product identity |1, p. 35, Entry
19]. Two important special cases of f(a,b) are, respectively, given by

o(q) == f(g,q) = Zq —JQJQ, (2:2)
P(q) = f( 3) — n(n+1)/2 _ 1 n(n+1)/2 _ J_22 (2.3)
q): 4,9 q 5 q 7 .

n=0 n=—00

Next, we introduce the following auxiliary functions involving ¢(gq) and v(q), defined
by
Alg) = P*(@)e(d®) +8q¥*(q")w(q")  and  Blq) = ¢*(q) +2¢°(¢").  (2.4)
For 0 < |z| < 0o, we define

Fu(2) = falz,q) = ( > znqn2) = > crnlg)" (2.5)

n=—o0o n=-—o00

Based on (1.1), we [9, p. 6, Eq. (1.18)] found that
cko(q) = CT.(fr(2)) = (0% ¢*)5CPr(4*), (2.6)

which means that once we find the constant term in the expression of fi(z), we can
derive the function C®x(q). In our previous work [9], we deduced some expressions of
frx(z) with some special values of k. Before stating them, we first recall the following
notation [9]:
o
La,b,c,d - La,b,c,d<zv Q) = Z Zan+chn2+dn'
n=—oo

The following lemmas play an important role in the proofs of the main results.
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Lemma 2.1. |9, Lemma 2.2| We have

f2(2) = ©(¢*) Lo 20 + 2q0(q") L 2.2, (2.7)
J3
f3(2) = a(q2)L3707370 + 36]76 (L3,1,3,2 + L3,—1,3,—2)7 (2.8)
2
where a(q) is one of the Borwein cubic functions, given by (see [12])
a(q) == Z g (2.9)

Lemma 2.2. |9, Eq. (2.22)] Let A(q) and B(q) be defined as in (2.4). Then
fa(z) = A(Q2)L4,0,4,0 + 491/)3(@2)([/4,1,4,2 + L4,—174,—2) + 2QQB(Q2)¢(QS)L4,2,4,4- (2.10)
Lemma 2.3. |9, Eq. (2.38)]

JS J3 T J?
+ (18q3w<q12>—6 + 6ga(q?) 22 12)(L6,1,6,2+L6,_1,6,-2)
J2J4J24

J2 T3 Joy
J3 JgJ12

J6
+ (9q2¢(q6)J—62 + 6¢°a(q?) ) (L6264 + Lo,—2,6,-4)
2

3 2/ 2 12 5 J8 s I
+12¢°a*(¢")Y(q7) + 18¢° —5——— | Ls3.6.6- (2.11)
J5 Ju oy Y
We also require the following identities involving ¢(q) and ¥(q).
Lemma 2.4. [!, p. 40, Entry 25 (v) and (vi)]

o(q) = (q") + 2q0(¢%), (2.12)
w(—q) = (q") — 2q0(¢°), (2.13)
v’ (q) = ©*(¢*) + 4q¢*(¢"), (2.14)
0*(—q) = ¥*(¢*) — 4qv*(q"). (2.15)

Finally, we need the following key identities involving Ramanujan’s theta function
f(a,b).
Lemma 2.5. We have
fa,b) = f(a’b,ab®) + af(b/a,a’?), (2.16)
f(a,b)f(c,d) = f(ac,bd)f(ad,be) + af (b/c,ac’d) f(b/d, acd?), (2.17)

where ab = cd.
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Proof. The identity (2.16) follows from two identities in Berndt’s book [/, Entry 30
(ii) and (iii)]. The identity (2.17) comes from Berndt’s book [/, p. 45, Entry 29]. O

We conclude this section with a brief discussion on integer matrix exact covering

systems developed by Cao [], which serve as the theoretical backbone for our subse-
quent derivations. Recent applications in integer matrix exact covering systems are
systematically reviewed in [6], where readers can find detailed technical discussions

and comparative analyses.

An exact covering system is a partition of the integers into a finite set of arithmetic
sequences. An integer matrix exact covering system is a partition of Z" into a lattice
and a finite number of its translates without overlap. For a given multi-variable sum

o

Z flxy, 2o, ..., Tp),

T1,L2, ey Ty =—00

change the variables from z; to y; (i = 1,2,...,n) by the transformation y = Ax,
L1 Y1
. . . L2 Y2
where A is an n X n integer matrix, det A0, x = | . | andy= | . |. Then we
T Yn
have
r=Ay= ! A”
N Y= et A Y

where A* is the adjoint matrix of A. Set B’ = sgn(det A)A* and d' = |det A| > 0
where sgn(det A) denotes the sign of det A. So,

1
T = JB’y. (2.18)
Since det A* = (det A)"~1, we have B’ = £(d')""!. In addition, from A-A* = det A-1I,
it follows that det A - (A*)~! = A, which means that d’(B’)~! is an integeral matrix.
Next, the identity (2.18) implies that

B'y=0 (modd).

Then based on the definitions of B’ and d’, one can find that the greatest common
divisor of all the elements of B” and d’ is d,,—1(A), which denotes the greatest common
divisor of all the (n — 1) x (n — 1) determinantal minors of A.

Furthermore, let
B'"  sgn(det A)A* d  |det Al

do1(A) ~ dpsi(A) and 4= T T i (A)

Then B is also an integer matrix and d is a positive integer. Solve
By =0 (mod d)

B :=
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to obtain the solutions {cg,c1,...,cx_1} with k& = |det B|. Then as stated in [5],
one can transform z to y by © = By + 3Be, (r = 0,1,2,...,|det B| — 1) and
{By + iBc }‘detBl " is an integer matrix exact covering system which transforms
the Varlables from z; toy; (1 =1,2,...,n).

In conclusion, to establish an integer matrix exact covering system, we first need
to find an integer matrix B’ and a positive integer d’ such that B’ = £(d')"~! and
d'(B’)~! is an integer matrix. Then to simplify calculations, we obtain B and d by
dividing B’ and d' by the greatest common divisor of all the elements of B’ and d’,
respectively. Finally, solve By = 0 (mod d) to construct an integer matrix exact
covering system {By + 1Bc }ldetBI !

In this paper, we always consider the following form

o
k k
S = § qu:l MY i j<p MMy
M1,m2,...,mp=—00
oo
T
_ E q(m1,m2,~~~7mk)D(m17m2,~~~,mk) 7 (219)
m1,ma,...,mp=—00
where
1 1 1
1 2 2 2
1 1 1
p— |2 L5 2
1 1 1
2 2 2 1 kxk

By finding a proper invertible integer matrix B and a positive integer d, we may

construct the corresponding integer matrix exact covering system {Bn+ Be }| det 5| -
where n = (ny,ng,...,n;)7 and ¢, (r = 0,1,...,|detB| — 1) are the solutlons of
Bn =0 (mod d). Thus,

E q(m1,m2,~--,mk)D(m1,m27~-~7mk)T
m1,ma,...,Mp=—00
| det B|—1

S gy

ni,n2,...,N=-—00

In [5], Cao particularly focused on a special kind of B satisfying a “generalized
orthogonal” relation to express a product of n theta functions as a linear combination
of products of theta functions. It should be pointed out that in this paper if the
invertible matrix B satisfies that BT DB is a diagonal matrix, then by integer matrix
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exact covering systems, one can directly express the sum S defined in (2.19) as a
linear combination of products of theta functions.
3. THE INTEGRAL EXPRESSIONS OF C®.(q)

In this section, we shall derive some integral expressions of C®(q). According to
(1.1), (1.2), (2.5), (2.6) and (2.20), one readily sees that the crucial step is to find an
appropriate invertible integral matrix B such that BT DB becomes a diagonal matrix.

Theorem 3.1. We have

1 T3 Jg 4 J‘%sz). (3.1)

Co == 5———

1) =7 (J%J%JZJ%Q T I ds
It is evident that (3.1) is equivalent to (1.4), a result originally derived by Andrews

[1] through a different way. The proof technique central to Theorem 3.1 will serve

as a foundational tool in subsequent analyses. For completeness and to establish
methodological consistency, we provide a detailed proof of (3.1) here.

Proof. 1t follows immediately from (1.1) that

[e.9]

1 2 2
C3(q) = 5 Y. g, (3.2)
1

mi,ma=—00

Next, we choose the following matrix:

5o (1 ).

According to (3.2), we further deduce that

1 > 00
C(I)?)(q) = ﬁ < Z q3"%+"5 + Z q3n%+3n1+n§+n2+1>
1

ni,na=—00 ni,ne=—00

_ Ji%(@(q)gp(q% +dq(q*)v(e°)) = %(

which is nothing but (3.1).
We therefore complete the proof of Theorem 3.1. O

Theorem 3.2. We have

5 75 2 72
i),

1 [ J8] J3J2
CPy(q) = J_f( J§ J;; + 8¢ :‘}228> (3.3)

Baruah and Sarmah |2, Theorem 2.1| derived an equivalent formulation of (3.3) (see
(1.4) above), while the same identity was established by the authors |9] through an
alternative approach. For the completeness of the discussion, we present another proof
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of (3.3). Zhang and Wang |16, p. 127] later obtained another integral expression of
(3.3) by employing some identities related to Ramanujan’s classical theta functions. In
the subsequent sections, we extensively utilize integer matrix exact covering systems
to simplify many g¢-series multiple sums. Given the similarity of these simplifications
to the proof of (3.1), we omit repetitive calculations and focus on presenting the final
results.

Proof. From (1.1) we have
1 > s o
o Ei: mi+§ i< m;m;
C(I)4(q) = _J{l E q 1 1<i<j<3 g,
mi,Mmg,m3=—00

In this case, we adopt the following matrix:

-1 1 0
=1 0 1
1 0 -1

After simplification, we obtain that

1 > o0
C¢)4(q) = F( Z qu(n1,n2,n3) + Z qQQ(nl,ng,ng,))’
1

n1,n2,n3=-—00 n1,n2,n3=-—00

where

Q1(n1,ng,n3) = an + ng + ng,

Q2(n1,ng,n3) = 2n] + 2ny +nj +ny +n3 +nz + 1.
According to (2.2) and (2.3), we further get that

1 1 (J8J J2 T2
P _ (2 2 1 82 (a? 4:_24848'
0 =7 (¥*(@)e(d®) + 8qv*(a*)w(q")) 7\ gz T8
This competes the proof of Theorem 3.2. U
Theorem 3.3. We have
1 JS I, J3 JSJ? J3J2TS
CP _ L 2J4J90 gg 22710 | g, Y4782
o Jf(Jf*JgJ%onﬁ T TR
Jy I3 Ja0 JiJ Iy ) '
Kolitsch [15] deduced the following integral expression of C®5(q):
1 J2
CP5(q) = — + 25¢=>. 3.5
s(a) = 5 + 2507 (3:5)

Chan et al. [7] also established (3.5) by using the theory of modular forms.
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Proof. According to (1.1), we have

o0

C(I)5<q> — % Z q21gz‘g4 m?+219<jg4 mim;
1

m1,m2,m3,mqe=-—00

This time we choose the following matrix:

11 1 0
1 -1 1 0
B=11 0 -1 21
1 0 -1 1
Following a similar strategy as above, one can obtain (3.4) immediately. 0
Theorem 3.4. We have
ch()—l a(q?) Jo’ +24M (3.6)
TR\ R T s ) |

where a(q) is defined as in (2.9).

The identity (3.6) was established by the authors [9, Eq. (3.8)] in a different way.
Hirschhorn [11] derived another integral expression of C®¢(q).

Proof. By (1.1), we have

C(I)G(q) - Z q21§i§5 mI+Y cicics mimy;

Next, we choose the following matrix:

2 =10 0 O
2 1 0 0 0
B=]1-1 0 1 -1 0
-1 0 0 1 -1
-1 0 0 1 1

Upon simplification, we further deduce that

Oy (q) = Jilﬁ{a@?)so%q) T 1600(Q) (@@ (e)

+ 8q0()V* () (0(d®)(q") + ap(@®)v(d'?) }. (3.7)
Thanks to |4, p. 69, Eq. (36.8)],

e(@*)0(q") + ap(d®)v(q?) = ¥(a)y(q?). (3.8)
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Plugging (3.8) into (3.7), we conclude that

1
C(q) = ﬁ(a(f)@?’(q) + 16g9(q) ¥ (q)* () v (q?)
1
+ 8q(q) () V* () (q?))
1 2y J3° J3 3 Jg
= — —=_ +24 . 3.9
J?(a<q>J16JE+ T (3.9)
Thus, we complete the proof of Theorem 3.4. O
Theorem 3.5. We have
1 JI 5 J2J2J2 3 JI2J2 Jos J?
C@ —_ 2 2 42 24 2Y4Y6Y42 12 2 3Y28Y49
) =7 (“(q O R N o A N A
4842 ing’ksjfz +oag? JS@JZJ&JHJM +6° J212J62J124‘]21J84
JQ J14J84 Jl J6J7J28J42 Jl J4 J7J28J42
J11J2J2 J6J2
24 6 Y2 6 Y84 16 6 2 4 Y84 310
‘|‘ qJ{)JSJZJZLZ—{_ qa(Q)J§J42 ) ( )

where a(q) is defined as in (2.9).
Kolitsch [15] established the following integral expression of C®7(q):

CoP _ 1 49J—$ 343 2‘]—77 3.11
7(Q)—J7+ ¢y + 343075 (3.11)
1 1

Chan et al. [7, Eq. (3.10)] also obtained (3.11) by employing the theory of modular
forms.

Proof. In this case, we adopt the following matrix:

1 1.0 0 0 0
11 0 0 0 0
0 0 1 1 0 0
B=1y 0 -11 0 o0
0 0 0 0 1 1
0 0 0 0 —1 1

According to integer matrix exact covering systems, we deduce that

e}

C(I)7(q) — i Z q21§i§6 M+ 1 <icj<6 MM

o0

1 ni,n2,n
= 7{s03(q) Do gstmmams)
1

ni,n2,n3=-—0o0



12 S.-P. CUL N. S. S. GU, AND D. TANG

o0

+60% (@) Y gl

n1,n2,N3=—00

o0

+12¢% ()0 (¢%) Y g

n1,n2,N3=—00

[e.9]

+8¢°% (%) ) qQ"'("l’”Q’””}, (3.12)

ni,n2,n3=—00

where

3
Qg(nl,ng,ng):?)Zn?—I—él Z n,-nj,
=1

1<i<j<3

3
Q4(n1,n2,n3):32n?+4 Z nin; + 2nq + 2ny + 3ng,

i=1 1<i<j<3

3
Q5(n1.n2,n3):32n?+4 Z ninj+4n1+5n2+5n3,

i=1 1<i<j<3

3
QG(nl,ng,ng):?)Zn?—kél Z ninj+7n1—l—7ng+7n3.

i=1 1<i<j<3

In order to simplify the above g-series triple sums in (3.12), we choose the following
matrix:

1 1 1
b=|-1 1 1
0 -2 1

Based on integer matrix exact covering systems, we deduce that

Z QQS(m’nQ’nS) = G(CIQ)‘P(qm) + 2q3 (90((]2)72,12 + 2¢(q4)74,12)77,42

ni,n2,m3=-—0o0

J3 —
= a(q2)80(q21) + 6(13—2J7,42

J
Js J3J2, Jor

— al(?) A2 g 36 1a21 84’ 313

(g >J§1J824 AN (3.13)

Z g@mmans) — 24(q) (75,12 + q71,12>=714,42 +4¢°(Q)¥ () (g™)

ni,n2,n3=—00

= 20(q) 13 14,42 + 46° V() (¢*) (™)
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J12 JG J14<]84 Jl J3<]42 ’
> g = 2020 (") (e(¢ )0 (¢") + ap(a)v(¢"?))
n1,n2,M3=—00
+2(p(q%) T 112 + 2q00(q*) T2,12) J 7,42
=20 20(¢* ) V() (¢®) + 20(q) T 13T 7.2
P T3 Jg I3 I3 I3 T2y 1 Jsa (3.15)

S 33 3, T TR JrJag e

o0

Z qQG(n17n21n3) — 2q_4 (So(q2)j2’12 + 2¢<q4>74’12)714,42 + 2a(q2>¢(q42>

n1,n2,N3=-—00

J3—
=6 =% 140 + 2a(q*) (")

Jo
I3 Jog J2 J2
= 6g 1280042 4 9n (%) 2R, 3.16
U dads 27 (3.16)

The derivations of the penultimate steps in (3.13)—(3.16) are established as follows.
i. For (3.13), the result follows directly from the identity |9, p. 17]:

%

P(4)T16 + 20(¢°) T2 = 37 (3.17)
1
ii. The penultimate step in (3.14) is an immediate consequence of (2.16).

iii. In (3.15), the transition relies on both (3.8) and the auxiliary identity

0(¢*) T 112 + 2q0(q*) J212 = ¥(q) J1 3.

iv. The penultimate step in (3.16) follows from (3.17).

Now, (3.10) follows by substituting (3.13)—(3.16) into (3.12).
The proof of Theorem 3.5 is complete. 0J

Remark 3.6. While one might anticipate deriving a single matrix B to directly
reduce CP7(q) to linear combinations of the product of theta functions ¢(¢) and ¥(q),
the associated computational complexity proves prohibitively extensive. To address
this challenge, we adopt a staged computational strategy, employing two judiciously
selected matrices to partition the problem into tractable components. This approach
not only mitigates computational burdens but also establishes a replicable framework
that will be systematically applied throughout this study.
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Theorem 3.7. We have

1 J16J8 Jll J2 JQOJBJZ
C@8(q):_(2—+48q 2 4+8q2 2 816
AN T3 T
J4J9 J18J2
+ 64¢° 125+ 324722 16). (3.18)
Jy J JSJI3

Proof. According to (2 5) and (2.7), we find that
CT.(fs(2) = CT:(fa(2)")
— JLZO i 421 1 z+4zl<z<]<dn’bn]

8 718
J2 J8 ni,ng,m3=—0o0
J$ - WIS -
24 2J4 > qotmrem) 164" T Y gt (3.19)
ni,n,n3=—0o0 ni,n,n3=—00

where

3
Q7(n1,n2,n3) :4Zn§+4 Z nin; + 2ny + 2ng + 4ng,
i=1 1<i<j<3

3
Qg(nl, ng,ng) = 42”12 + 4 Z nmj + 8711 + 8TL2 + 87’L3 + 4

i=1 1<i<j<3

Based on (1.1) and (3.3), one readily sees that

s J8J, J3JE
221 1 z+2 Zl<1<7<3 nin; — 48 8 2 16. 320
2. T iz (3:20)

n1,n2,n3=-—00

Next, we adopt the following matrix to simplify the rest two ¢-series triple sums:

1 1 0
B=[-1 1 0
0 -1 1
After simplification, we further obtain that
> J Jg J J3J?
Q7(n1,m2,m3)/2 _ 974 2q 16 ) — 9”274 3.21
Wg;mq ﬂ(ﬂ%+ k) Ji 321
o0 10 72 9
Z ng(m,nz,ns)/? — 2J4 Jig 14 Js (3.22)

i75 172
1Mo Sy Jg JiJis
where the last step in (3.21) follows from (2.12).

Substituting (3.20)—(3.22) into (3.19) and applying (2.6), we obtain (3.18).
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This finishes the proof of Theorem 3.7. U

For Cdy(q), an effective method is to utilize (2.6) and (2.8) for calculations, but
this strategy has already been given in [9]. If we immediately apply the method of
integer matrix exact covering systems to (1.1), the process will become exceptionally
complicated and lengthy. Thus, we omit this case here.

Theorem 3.8. We have

1 J30 J16J5 J4J6J2
Cdyo(q) = —(— + 1202220 — 40q-L7A5

JIO\ Jlogio g J8J52J220 J2 10
J22J2 J24J5 J12 2
80¢> —2—20_ 4 25422 10 4 404> 220 ), 3.23
+ JO T + J10 J10 + J2J2J10 (3.23)

Proof. In view of (2.7), we obtain that

CT.(fi0(2)) = CT.(f2(2)")

J25 o0
"4 421 LAY i jca iy
S

n1,Nn2,13,M4=—00
13 o0

+ 40 2J‘2J Z qu(nl,ng,ng,m;)

n1,n2,n3,n4=—00

4 Jy Jg - Q2(n1,n2,n3,n4)
VEL B ST | (321)
2

n1,n2,n3,N4=—00

where

4
Ql(nl,ng,ng,n4):42n?+4 Z nmj+4n1+4n2+6n3+6n4+2,

i=1 1<i<j<4
Q2(n1, 2,13, ng) —4Zn +4 Z nin;
1<i<j<4

+ 10n1 + 10ng + 10n3 4+ 10n4 + 8.

According to (1.1) and (3.5),

00 5
3 P T2 i <aming — 2 + 25¢q 2‘]10. (3.25)
JlO J2

ni1,n2,n3,Ng4=—00
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We next turn to simplify the rest two g-series quadruple sums in (3.24). Here we
adopt the following matrix:

1 1 1 0
1 -1 1 0
B=11 ¢ 1 1
1 0 -1 1

Upon simplification, we obtain that

o0

Z qu(nl,nz,n37n4)/2

n1,n2,n3,n4=—00

= 202(¢%) (¢(¢®) + 2¢°¥(q")) (¢(a*) + 2q¥(¢%))
+2q0(¢*)(q") (9% (¢%) + 49 (¢"))
= 20(q) (") (¢*) + 249° ()0 (¢*)¥(q")
_ BT % J5 I3
Ji 5

(3.26)

o

Z qu(m,m,n:s,M)/?

ni,m2,n3,n4=-—00

= 20" () ()0 () + 4o(q") (™) * (¢*) + 8¢ (¢*) Y (¢")
+ 20" 0* () (g (q") + 16¢°¢* (¢*) b (¢®) v (™), (3.27)

where the penultimate step in (3.26) follows by using (2.12) and (2.14). We further
simplify the right-hand side of (3.27). Based on (2.12)-(2.15), we find that

20% () ()0 (q%) + 4o(q) (@) (¢*) + 8qy* (¢°)(¢")
+2¢* 0% () (g (q") + 16¢°%* (¢ () (¢*)

= L 0@) + 0(=0) (0@®) + 0(=)) ((0) — *(—0))

8

+ 507 (P 0) + #(-0)) (pla) + () (9(") ~ ("))

+ 207 (P0) + () (ola) — 9(=0)) (¢(6") + ("))
0 (@)~ £(-0) (0l0) — 2(~0) (96" — #(~0))

o=+ +
o
()
<
w
—~
()
[\
S~—
<
—~
()
.
o

N~—
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L I G O

_ JSJ3
=50 S5z~ 5l + 8¢5

20 JBJREIR 20 J3Jo J3Ji0
That is,
i qu(m,nz,ns,nzx)/? — lq—lﬂ _ lq_l JlGJg + 8q JEJZQO (3 28)
20 IR 20 JiJw J3Jo

n1,n2,n3,N4=—00

Substituting (3.25) and (3.28) into (3.24) and applying (2.6), we obtain (3.23).
We therefore complete the proof of Theorem 3.8. O

While the application of integer matrix exact covering systems could theoretically
yield an integral expression of C®1;(q), such an approach would entail prohibitively
complex computations due to the exponential growth in algorithmic intricacy and
the emergence of dozens of non-trivial multisums in the resultant expression. In light
of these computational challenges, we strategically omit this case from our current
analysis. This methodological decision extends systematically to the generating func-
tions C®y3(q), CP17(q) and CP19(q), where analogous computational barriers would
be encountered.

Theorem 3.9. We have

1 J24J3 J9 73 J5 J21 g2
Co15(q) = =5 (a(q4) + 120q _f2 2496 48()qu

Ji2 JI2J8 J}OJg J2J2, J4 Ty Je I8
J27J2J2 J4J7J2 J9J6
+264¢> 252 4+ 960¢%a(q") 25 + 512 a(qh) <5
JI2J7 Jg J# J§
J23 J2 J3 T J2 J2
768¢° —2+—12. | 384032478712 3.29
T T 7 ) (3.29)

where a(q) is defined as in (2.9).

Employing the method of integer matrix exact covering systems, the authors [,
Theorem 1.1] established another integral expression of C®15(q).

Proof. Applying (2.5) and (2.7) yields

T.(fi2(2)) = CT.(fa(2)")

JZO C 42 +4Z
— i= 7 7 nin;
— W Z q 1n 1<i<j<5 j
2 78 nyima,e,ns=—o0
prS
2
+ 60q i Z qu(nl n2,...,N5)
298 _
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6 74 0

JJ ni,n n,
+2404J51 Z ¢Q2(mma )

JI2 >
+64q6JiE > g@etmmens), (3.30)

where

5
Q1(n1,ng,...,n5) = 4271? +4 Z ninj + 2ny + 2ng + 2ng + 2ny + 4ns,

i=1 1<i<j<5
Q2(n1,mna,...,n5 —45 n? +4 g n;n;
1<6i<5<5

+ 6774 +6n2 + 87”&3 + 8714 + 8715 —|—4,

Q3(n1,n2,...,n5 _4271 +4 Z nin;

1<i<5<h
+ 12n1 + 12n9 + 12n3 + 12n4 + 12n5 + 12.

By (1.1) and (3.9), we deduce that

00 J J5J2J2
Z q221g¢§5"$+221§i<j§5"i”j — @( ) + 24q2 Z478712 (3.31)

J8JS T3

Next, we turn to simplify another g-series quintuple sums in (3.30). For this purpose,
we choose the following matrix:

2 =10 0 O
2 1 0 0 O
B=]1-1 0 1 -1 0
-1 0 0 1 -1
-1 0 0 1 1

= 20(q*)* (@) (q*) (0(¢") + 2¢*(q 24))
+ 4q¥* (@)Y (¢ ¥ (¢°) ((g*) + 2q¢(¢%))
= 20(¢*) () (DY () + 4q0(0)* (@) (g (g%
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=2

DI BRI

3 3.32
22T T I, (3:32)

= 4a(q")e(¢*)¥* (") + 16q0(¢*) ¥ (¢*)v* (") (¢°)
+20° () ((¢")0(¢%) + () v (¢*))

= 4a(q")(¢*)¥*(¢") + 16q0(¢*) ¥ (¢*)* (") (¢°)
+20° (") (¢*)¥(¢°)

Gy AR A

where the penultimate steps in (3.32) and (3.33) follow from (2.12) and (3.8), respec-
tively. Similar to the proof of (3.33), one can obtain that

0o J11J2 JG
Q3(n1,n2,...,m5)/2 _ 12 4 Y12 8 4 —8, 3.34

=2 (3.33)

Now, (3.29) follows by substituting (3.31)—(3.34) into (3.30) and applying (2.6).
Therefore, we complete the proof of Theorem 3.9. O

Theorem 3.10. We have

1 J42 J23J7 J39J2J14J2
Co = 2 84q 22 84q—2 022
1(0) = 7 (J114J14J14 M s YO T T
J3J10J7 J15J5J2J14J2 J17J3J2J14J2
—448 291Y4 Y7 448 292 Y46 21 3360 2Y2 Y394 21
K . Torhal T 0 T
38 15 2
J1 e J J] T e T 12
BRSSO
TE 2y o T TR JeTon
JI6.J5 2, J16 74 J122J;f2)

+672¢°

+1792¢*

+3584¢° =022 4 5376¢° (3.35)

J3J2J2J122J21 I JsJn
Proof. Combining (2.5) and (2.7) yields
CT, (f14(2)> =CT, (f2(z)7)

J35
— 74 421 1 1+421<z<j<6nln1
DY
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J23 >
eSS e
2 Y8

Jl
+448¢° 5 > g, (3.36)
2J4

where

Q1(n1,n2,...,n —4271 +4 Z nin;

1<i<j<6

+4n1 + 4ny + 4ng + 4ny + 6ns + 6ng + 2,

QQ(n17n2,--- —4271 +4 Z n;n;

1<i<j<6

+ 8711 + 8712 + 10713 + 1077,4 + 10715 + 10“6 + 8,

Q3(n1,ng,...,n —4271 +4 Z nin;

1<i<j<6

According to (1.1) and (3.11), we find that

o0 J? J7
- PT= i Eicicizeming = U2 4 492 3 73 4+ 343¢4 214 (3.37)
J14 J2

To simplify the remaining three g-series sextuple sums in (3.36), we adopt the follow-
ing matrix:

1 1.0 0 0 —4
11 0 0 0 -4
0o 0 1 1 0 3
B=1y 0 -1 1 0 3
0 0 0 —1 1 3

o 0 0 -1 -1 3

In view of integer matrix exact covering systems, we obtain that
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=@ ( {2@ Jlo 24=]35 sa + 2¢° ©(q 4)72,2477,84
+ 4q3¢( *)Ja24T 3580 + 470 (¢%) J10,24 T 7,84
+2¢°0 (") (@*) (p(a*) + 2q0(d%)) }
+ 4q3¢(Q)¢2(q2){¢(q21) (73,879,24 + q271,873,24)
+q? (73,877,24 + q71,875,24)735,84
q’ (q2j3,871,24 + 71,8711,24)77,84
+ (@) (a™) (0(a") + 26°0(¢*))
+ q72¢( 2>78 24 (78 o1+ qJs 24) (735 84 + q777,84) }
+4¢°¢(q) {<P )J102a 780 + ¢ 0(q") J204T 35 84
+2q~ 61/1( )J10,24J35,84 +2¢°9(¢°) J224 784
+a () (@) (e(d") + 200(d%))
+ ¢ " (*") (¢T38 3,24 + J1879,24)
+q7° (73,875,24 + 71,877,24)735,84
(73 sJii2a + @ J18J124) J784 )
= ¢*(¢%) {290 )10 24J35 84t 2¢°¢(q 4)72,2477,84
+ 4q3¢( )J2 2135 84 T 4%y (¢ )J10,2477,84
+2¢°p(q)¢ ( ) v(g*)}
+8¢°()* () { g 20(@*) T16T7.o1 + 0(@*)0 () e(d®) }
+ 8¢%1( Q)¢ {90 V1024784 + ¢ P 0(q )J2,24735,84
+2¢%Y(q%) J10.24T 35,80 + 2¢°0(¢%) o047 84
+a o)y (a®)v(d*) ], (3.38)

where the penultimate step in (3.38) follows by utlizing (2.12) and a MAPLE package
thetaids due to Frye and Garvan [10]. Next, by (2.14), we further deduce that

290(614)710,24735,84 + 2(1990(614)72,2477,84 + 4613@/)((]8)72,24735,84

+4¢%9(¢®) T 020 T 781 + 262 0(0)0(¢°) b (¢*)

- 411(90((]) +@(=0) (Jas + J2s) (Jrar + Jr21)

+ = (p(q) + ¢(—=q)) (Jo,6 — J2,6) (J7.21 — J721)

1 =
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1 _ _
+ Z(SD(Q) —0(—q)) (J2,6 — J26) (721 + J721)

+ i(@(Q) —0(=q)) (Jos + Jo6) (Jr21 — Jr21) + 2¢°0(@)0(¢°) (")

= o(—q) 27 + 0(q) a6 701 + 2¢°0(q) ()0 (¢*). (3.39)

Similar to (3.39), we obtain that

<P(CI4)710,2477,84 + q_5<,0(q4)72,24735,84 + 2q_6¢(q8)710,24735,84
+2¢°¢(¢%) Ja 04T 780 + ¢ ()0 (¢°)Y (")

=:‘—%q_7¢(—Q)JéJ7+-%q_7¢(Qﬁ7267121%-q_4¢(Q)¢(q6ﬁbﬁf1) (3.40)

Substituting (3.39) and (3.40) into (3.38), we find that

¢’ ) (#*(¢%) — 4qv*(q")) Jo 7
q)¥( <<P +4q q4)2>J26J721
+2quw@) (e (¢%) + 49 (¢"))
+8q3¢(qw2( )(q_2¢(q2)7167721+90( ()0 (q*))
(
%

q
q

(=) (q) o J7 + ©* (@) (q) T26T 7,21
+8fw( 2@ (7)) T1 67721 + (@) (a0 (¢*)
+2¢°0° () () (¢°) (")
JI6 72 714 T2, ToJs T3 Tra JraJ2,
T gt o 2 Jedr
IS T8 T3 5 Iy T Jh
T a2 T2y doy L T IS Jedar

= J)Jr +

+ 8q3

(3.41)

where the penultimate step can be obtained by using (2.14) and (2.15). Similarly, we
can derive that

o0

Z qu(m,nz ..... ne)/2

n1,N2,...,Ne=—00
J§J§’J14J221+22 Syt J5 Ti +8q3J§’JZJ122JZ2

—6 72 v6ea | g3U2Yavia0a
T Tde L BRI s T3 JoJon

(3.42)
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IRALN D W N 8J2J3J5’J12J14J221
JTT3 JrJyad J2Jg 7 J 1
4 8¢? T35 i i Sy It Th
J1 o J2J% T J{IS T o1

Now, (3.35) follows by plugging (3.37), (3.41)—(3.43) into (3.36) and applying (2.6).
This completes the proof of Theorem 3.10. O

=—q ' +q

(3.43)

Theorem 3.11. We have

C®15(q)
L5 T3 3 J3 T3 Tgo 2 o2, \ J3J6TsTia o
= —<a — + 180qga + 1080g°a
O+ 15000 g oS
Jo 8Ty J2 Jou J2 J2 I J0J?
540 2 2 3 6 60 2430 2 2Y3 15
B A e
J12J6J10J2 J15J2J40J2
+9720¢° =2 4 4860¢°a(q)
T T s T TUD 357, oo Taos
J3J15J2 J2J9J2 J5
+ 54Oq3a2(q)—j6jgjl350 + 360q3a3(q)—2J43’Jl530 + 25qga5(q)<]—135
196 1
+9720q4 J§5J192J40Jb?0 +4860q4J:311JéOJ224J40J620
J?JélJQOJ224J120 J15J152J20J120
JI I8 J19J2 50 12 JEJ2 2 Ja0 1o
2430 53 6 2030 0 2430 5 3 42030 0
* I Jir)J10J224J40J60 * 1 a(q) J15J22J82J10J40J60
JI5 3,2 J2, Js0J120 J2I8JL Jg J1oJ?
_'_19440 8“3 12Y20v 24 +1080 9(1/2 2Y3Y6 120
C B R o e ) T T
JJ2J? JOT3J2 Jou J?
720 9 3 378120 2160 10 .2 3Y4Y6Y24Y120 3.44

where a(q) is defined as in (2.9).

Proof. Combining (2.5) and (2.8), we obtain that
CTZ (f15<2>) = CTZ (f3<2)5)

o0
4 9 .
— a5(q2) E qG Dim1 M6 2 i j<a iy

n1,n2,n3,N4=-—00
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JO >
+1804°a*(¢*) S glmmamen)
2 ni,no,ns,na=—oo
12 o0

J,
+ 2430(‘]4&((]2)% Z qQ4(n1,n2,n3,n4)

2 n1,n2,Mn3,N4=—00

[e.9]

J9
+540q6a2(q2)J—;§, doo g@mmenany

n1,n2,Nn3,N4=—00

o0

J15
+ 24300+ > glmnamena), (3.45)
2

ni,n2,n3,n4=—00

where

4
Qg(nl,ng, n3,n4) = 6271? + 6 Z nmj — 271,1 + 2714,

i=1 1<i<j<4

4
Q4(n1,n9,n3,n4) = 6an +6 Z nin; + 2ny + 4ng + 4ng,

i=1 1<i<j<4

4
Q5(n1,n2, TL3,7’L4) = 62”? +6 Z nin; + 6’/11 + 8TL2 + 8’!13 + 8714,

i=1 1<i<j<4

4
Qﬁ(nl,nz, n3,n4) = GZH? + 6 Z n;n; + 10711 + 10712 + 10713 + 10714
1=1 1<i<j<4
First, from (1.1) and (3.5) we have

00 5 5
Z q3z?:1 n$+321§i<]’§4 nin; _ ﬁ + 25q3ﬁ.

3.46
J1s J3 ( )

ni,n2,n3,n4=-—00

We next simplify the four g-series quadruple sums in (3.45). For this purpose, we
choose the following matrix:

1 1 1 0
1 -1 1 0
B = 1 0 -1 -1
1 0 -1 1

Based on (2.12) and (2.13), we obtain that

o

Z qu(nl,nz,n:s,M)/?

n1,n2,1n3,N4=-—00
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= 0(q*)e(q®)p(q®) 16 +4q (™) (%) (") T2
+2612¢( 15)( J26+2Q¢( )Jl,ﬁ)
+4¢%p(q )¢( Np(q*) Tas + 4¢°0(¢*) 0 (¢") Y (™) T 16

BRI el 0 B
Jl ‘]3 J4 J24 JSO ']120 ']2 JSO ']120 Jl ']15
+ag J1J3y Ty 4 J22J§J2242szo
JoJs I35 Jg0 J1J3Jsdi5 60
TSI T8 NESERE J3 J2T?
— 23 24 2602 +2q2 223 30 +4q8 3“8 1207 (347)

where the penultimate step in (3.47) follows by observing 2¢(¢q) = f(1, ¢) and utilizing
(2.17) and the last step in (3.47) follows by the package thetaids. Similarly, we
deduce that

o0

Z qQ4(n1,n2,n3,n4)/2

ni,n2,n3,n4=-—00
= J16J26 (75,12 + q71,12) (725,60 + q5j5,60)
+qJo 621202060 + qJ1 61,12 20,60

+ q37§,674,12710,60 + q4a_]i6a_]2,12710,60
J22J§’J10J125 JfJ(?J24J40J620 J24J§J8Jf2J4OJ620
I R N A N S W N 3 3 A
3 J4JéJ8J§0J3OJ12O + (]4 J§J§J12J220J24J30J120
J22J10J24J40J60 J12J6J8J10J40J60
J2I3 T d%  JBJRI0JE o J3JBJ2 Js0 a0
T e O o A 00 Ao

where the penultimate step in (3.48) follows by using (2.16) and the last step in (3.48)
follows by the package thetaids. Similarly, we deduce that

(3.48)

o

Z qQ5(n1,n2,n3,n4)/2

ni,n2z,n3,n4=-—0o0

= 24" p(¢*)0(¢°) T a1o + 4 0(0P) (%) T1 6T 212
+ ¢(Q15) (75,12 + Q71712) (@(qs)jm + QQ@D(qG)jl,ﬁ)
+ 4q7w(q6)¢(q60)72,672,12 + 2q6¢(q3)¢(q60)71,674,12

= ¢ "0(q®)e(¢*) 167202 + 207 (%) (%) T o6 412
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_3 J— J—
+9(q"°) Ty 5+ 2¢°0(¢*) (™) J16T 112
+ 44" (") (¢*) J2,6T2,12
-1 JZJ4JgJ24Jgo 2q—1 J6J8Jf2jgo JSJ??J:%O
J1 5 Js Ity I3 T ia0 JoJosJ3y T T3 TG 1
J22Jé<]8J12‘]1220 + 4q7J2JgJ24J1220
J1J3JZJ24J60 J22J8J60

+2¢° (3.49)

and

o0

Z qu(n17n2,n3,n4)/2

11 T2, 703, Tig=—00
=4q7%¢% () (725,60 + q575,60) + 4q " 0(¢°)1?(¢°) 20,60
+ 207 '0% (%) 0 (q"?) Ta0,60 + 9% () 0(0°) T10,60
+8¢°¢*(¢°)1(a**) Tro.60
= 4q 29 (¢°) J5.15 + 44 0(¢°) 0 (¢%) 20,60
+2¢ ') (q"?) Ta0.60 + € (47)0(4%) T10,60
+8¢°¢*(¢°)¥(¢"*) Jr0.60
25T 21 T dg 1 J6° T3 Ja0 TG
N VN Y
J§ J12J30J30J120 +8q° Iy 50 T34 T30 T120
J3J10734J10Ts0 JiToJwdso

where the penultimate step in (3.49) follows by applying (2.16) and (2.17), and the
penultimate step in (3.50) follows by employing (2.16).
Substituting (3.46)—(3.50) into (3.45) and applying (2.6), we obtain (3.44).

(3.50)

The proof of Theorem 3.11 is complete. 0
Theorem 3.12. We have
Ci6(q) = % (ﬁ;jg +112¢g J‘g} +112¢ ﬁ’ij;g +1792¢° ‘%‘%3
+ 4480¢> ff;j;g + 3632¢> ﬁzjiz — 179242 JS J?
+ 32q4j§2+§j§£ + 4096q4% + 12288¢" Jiﬁ
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T, T T TR
Proof. In view of (2.5) and (2.7), we deduce that

CT.(f16(2)) = CT.(f2(2)*)

J4O e
e S 421 1 1+4Z1<z<7<7”z"1
2

N1,N2,...,N7=—00

28 0

J ni,n n
+ 112¢q 2J212J8 Z qu( 1,12,..0,107)

n1,M2,...,N7=—00

16 0

J
+ 1120(]4% Z qu(m,nz,...,m)

n1,M2,...,N7=—00

J4J8 00
+ 1792 6 44 Z qu(m,ng,...,n7)
J MN1,MN2,...,N7T=—00
16 oo
+ 256q8(]i Z qQ4(n1,n2,...,n7)
J3 ,

where

Q1(n1,ng,...,n —4271 +4 Z nin;

1<i<y<7
+ 2n1 + 2n9 + 2n3 + 2n4 + 2ns5 + 2n6 + 4ny,

Q2(n1,n2,...,1 —4271 +4 Z nin;

1<i<j<7

+ 6n1 4+ 6ngy + 6ng + 614 + 8ns + 8ng + 8ny + 4,

7
Qg(nl,ng,...,n7):42n?+4 Z n;n; + 10ny + 10ny

i=1 1<i<i<7
+ 12713 + 12714 + 12715 + 12”6 + 12717 + 12,

7
Q4(n1,n27...,n7):42n?+4 Z nmj—i-16n1+16n2

i=1 1<i<j<7
+ 16ns + 16n4 + 16n5 + 16ng + 16n; + 24.

27

(3.51)

(3.52)
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According to (1.1) and (3.18),

> 16 11 72 479
Z qzzzﬂn?”zmqg"% = JiSis + 48¢° s + 644¢" s i

N1,N2,...,n7=—00 J28 J322 JS Jf ‘]322
J20J3 J2 J18J2
+ 8q4 4 Y1632 + 32q4 8 Y32 . (353)
J3 " T3
To simplify the remaining four g-series septuple sums, we adopt the following matrix:
1 -1 1 0 0 0 0
11 1 0 0 0 0
-1 0 0 -1 1 0 O
B=|-1 0 0 1 1 0 0
1 0 -1 0 0 -120
1 0 -1 0 O 1 0
-1 0 0 0 -1 0 1
We deduce that
> J2J15 J6J3J2
D e A e = (3.54)
ni,ne,...,n7=—00 18 1
0 e " J4J9 J18J2
Z Q2 (mn2,en?) /2 _ 4Jiﬁ +92 J?SJSS, (3.55)
N1,M2,...,i =—00 18 174
o J2J15 JGJSJQ
S B2 = U 4 g 2 125255 (356)
JiJs Ji
n1,Mn,...,n7=—00
00 11 72 20 79 16 72 72
Z qQ4(n1,n2 ..... nr)/2 — 48 J4 (;]8 + 4 “8]4 1‘2]162 2‘]4 58;]32
n1,n2,...,n7=—00 J2 J2 J8 J32 ‘]2 J16
J16J16 JGJS J2
165 128" 810752 3.57
g, T (397

It is worth mentioning that one needs to utilize (2.12)—(2.15) to derive (3.54)—(3.57).
Finally, (3.51) follows by substituting (3.53)—(3.57) into (3.52) and applying (2.6).
We therefore complete the proof of Theorem 3.12. O

Theorem 3.13. We have

C®5(q)
L TN iy ooy Jad5 Iy 2 20\ 35"
= =5 270 7290 0
Jlls{a (q)alq )J?‘fj% + 270qa"(q)a(q )J§J4Jf’2 + q-a“(q) T
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J8J,J8 J8 I, J8 T2
J? o1 Jt a1
15 712 14 73 72 712
+ 14580q3% + 58320q3a(q)%
I3 J5? J§ It I3 J5° Ity iy
JP JrJgJo
6 73 2 5712 72 2 720 75
Bt e a s J‘ﬁi”“ +24¢°a°(q) —Jﬁéijlg + 29160q4—‘]f,1g]j4:%2
BTy samnt AR Ry IRy
JOJ2 JT Jo 1o 3 J3 s
J2I32 I8 T3 J36J2 T3 Ja
JO I T3, J6J19 18 }

JoJS T3

+ 1080q2a3(q) J4J4J3
1 12

+ 1080¢%a*(q) + 1080¢%a*(q)

+29160¢°a*(q) + 2160¢%a*(q)

+ 2160¢°a*(q)

+13122¢* +29160¢*

+ 43740¢%a(q) + 8748¢"a(q?) (3.58)

where a(q) is defined as in (2.9).

Proof. In view of (2.8), we arrive at

CT.(f1s(2)) = CT2(f(2)°)

00
_ 6/ 2 E 6 Zf, N246 > cicicy NNy
=aq (q ) q =1 1<i<j<5 J

n1,12,...,N5=—00

+270¢%a ()55 ) qummens)

J9
+ 1080q4a3(q2)J—g Z qu(m,nQ ..... ns)

J12 o0 . .
+7290q4a2(q2)% E qu( 1,n2,000, 5)
2 e
MN1,M2,..y n5=—00
6 (T -
+ 14580q a(q )—J25 E qQ7(n1,n2 ,,,,, ns)

18 o

J
+14580q6% Z ¢@51m2,ms)

J18
+1458¢M 5 Y gQelmmaens), (3.59)
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where

5
Qs(n1,n9,...,n5) = Gan +6 Z nin; + 2nq + 2ng + 2ng + 2ny + 4ns,

i=1 1<i<j<4

5
Qs(ny,ng, ..., n5) = 6271?—1—6 Z nin; — 4ny — 4ng — 4dng — 6ny — 60,

i=1 1<i<j<5

5
Q@(nl,ng, cee ,715) = 6272,@2 + 6 Z nin; + 2711 + 277,2 +47’L3 +4TL4,

i=1 1<i<j<4

5
Q7(n1,ng,...,n5) = Gan +6 Z nin; — 2ny — 4ng — 6ng — 6ng — 6ns,

i=1 1<i<j<4

5
Qs(ni,ng, ..., n5) = 6271?—1—6 Z ninj + 4ng + 4ng + 4ng,

i=1 1<i<j<5

5
Qg(nl,nQ,...,n5):6Zn?+6 Z nznj+12n1+12n2

i=1 1<i<j<5
+ 12n35 4+ 12n4 + 12n5.

We next simplify the seven g-series quintuple sums on the right-hand side of (3.59).
First, from (1.1) and (3.6) we note that

o0 15 5 72 2
330 N33 i esminy ald® Jg s JJo It is

SIS =alg + 24¢° —=—=—. 3.60

Z ( )J§Jf2 J3 Jy ( )

n1,n2,...,n5=—00

By (2.5), we find that the coefficient of 272 in the expression of f¢(2) is given by

Z ng(n17N2,---vn5)/3+4' (3.61)

N1,M2,...,N5=—00

According to (2.11) and (3.61), one sees that

©° JE I8 J2J3J
Qo(ninz,...ms)/2 _ g =379718 | g =3, 3) 67936 3.62
Z q q J32J326 + q a’(q )J32J12<]18 ( )

N1,N2,5..0, N =—00
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Next, we choose the following matrix:

10 1 1 0
-1 0 1 1 0
Bi=(0 -1 -1 1 0
0o 1 -1 1 0
0o 0 0 =21

=0°(¢%) (74,12712,36 + q272,1276,36)
+ 4q90(¢*)0*(¢°) (15,36 + @° T3,36) (J5,12 + qJ112)
+ 4q290(q3)¢2(q6) (72,12712,36 + qj4,1276,36)
18 372 72 2712 72
= R
A

ST T

(3.63)

where the penultimate step follows by using (2.16) and the package thetaids, and
the last step in (3.63) follows by utilizing the package thetaids again. Moreover, we
derive that

= a(q®)*(¢*) T 16 + 8% () (¢°) Ta
+8¢°9*(¢°) J16(2(¢"*) (") + ¢ (¢°) v (¢*))

:a(qG) Jgjg - q2 J4‘?]’E§J128 +8q3 ‘]22‘]152‘]128
S I3, T3, JoJ3 Jo 1z Ji JudsJo
J2.J9 I3 Jg Ty J?
6 26 2J4J6J12J18
= —_—— 4+ 8¢ — 3.64

where the penultimate step follows from (3.8) and the last step in (3.64) follows from
the package thetaids. Following a similar strategy,

o 372 72 2 18 13
Z qQ7(n1,n2 ..... ns)/2 _ Jy J6 Jg J12 + 3q J3 (?{6 J183 . (365)
JiJ3Ji8 J1J3 Sy,

N1,N2,...,N5=—00
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Similarly, we arrive at

= (g )Jlﬁ:],2 + 4qy*(¢*)(q°) J2,6T1 3

+ 4qy*(¢°) J1 (75 12J15,36 + q471,1273,36)

= ¢*(q )J16§ + 490 (") (q”) J137 26

+ qv*(¢° VJ16{(J1s+ 1) (Js9 + J3) + (Jiz — ) (Js9 — J3) }

Jy _
= ¢*(q )JIGJ + 4% (@) (q°) T 13726
+2q0*(¢°) J16(J13T50 + J1J5)

J2Jé2 J4J65J128 J;J%J&J% J22J3?J152

=———+4 2 3.66
N R A e by e S
where the second step follows from the following two identities:

Ji3=Js12 — qJ119,

71,3 = 75,12 + q71,127

which are derived by (2.16). Finally, we obtain that

Z qQ5(n1,n2 ..... ns)/2 _ ‘]4‘]66‘]92 + ‘]2‘](}2
e Sz e s S T3 a3,

ETIU P U Oty (3.67)

Todsha 0 T3 JE,
Now, (3.58) follows by combining (3.59), (3.60) and (3.62)—(3.67), and applying (2.6).

We therefore complete the proof of Theorem 3.13. O
Theorem 3.14. We have
CPa(g) = Jlm{/ﬁ( )jz + 160g4%(q )%Hm A3 )%
A0 A )5 (0) R+ 192004 ) Blo) e
+ 7680¢%A(q) —Jf;g‘?] i‘% 23%0 +404%A%(q) B*(q) —Jf‘];;f] f‘]”
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J12J2J4J2 J24J6J5
7680¢° A(q) B*(q) =—=—2 + 10240¢° A(q) —5=5 7555
J30J2J2 JGJSJQ
20480 3B 2 810 80 3A B4 2Y8“10
+ q (Q)—Jllg, AR (9)B*(q) T I
JI5 J: JS J. J24 J6 J?
— 1280¢° B3(q) 222228220 | 19804 B3 (¢) 22710
I35 I8 J. JIA T2
— 80q3A(q)B4(Q)#ﬁ}w20 +1920¢"A%(q) B (q)%]#;;40
2 1
J16J2J2 J18J15J2
640 4A3 2 8 Y40 2560 4A 2 4 40
+ q (Q) J18J4J20 + q (q) J112J86J20
J5 J22J3J2J2
+ 25q4A5(q)Ji40 + 30720q5A(Q)W } (3.68)
where A(q) and B(q) are defined as in (2.4).
Proof. By means of (2.10), we find that
CT.(f2(z)) = CT.(fs(2)°)
— A5<q2) Z quj;lzl "%+8Z1gi<jg4”i"j
n1,N2,N3,M4=—00
J12 0
+ 320q2A3(q2>% Z qQ7(n1,n27n3,n4)
2 n1,N9,Nn3,M4=—00
24 0o
+ 7680q4A(q2)% Y gBlmmnsny)
2

n1,M2,N3,M4=—00
4 2 J44 =
+ 2560¢q A(q )ﬁ Z qQQ(m,nz,ns,m)

2 ni,n2,n3,n4=-—00

4 227 .2 2 Ji2J126 - Q1o )
+ 1920¢" A B -4 16 10(n1,n2,...,n4
q A*(q")B(q°) 5, > q
n1,M2,Nn3,N4=—00
J4 >
+ 40q4A3(q2)BQ(q2>ﬂ E qQ11(n1,n2,n3,n4)

53

n1,n2,1n3,N4=-—00

20480 6B 2 J424J126 ng(n1,n2,n3,n4)
+ ¢B(¢) q
2 J8

n1,n2,1n3,N4=—00
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J12J4 0

+ 3840q6A(q2)BQ(q2) j6J;6 Z qQ13(n1,n2,n3,n4)
28 ni,n2z,n3,ng=—00
JS = ni,n2,n3,MN.

+ 80q8A<q2)B4(q2)ﬁ Z qQ14( 1,M2,n3,14)

8 n1,Mn2,n3,M4=—00

12 76 oo

+ 2560q833(q2) Ji" i Z qus(m,ng,ng,m)7

S5 g

n1,1n2,13,N4=—00

where

4
Q7(7’Ll, Nnag, TL3,7’L4) = 82”12 + 8 Z ninj + 2n1 — 2714,

i=1 1<i<j<4

4
Qg(nl,n2,n3,n4) = 82”12 + 8 Z ning; — 2711 — 2712 + 2n3 + 2714,

i=1 1<i<j<4
4
Qo )=8) n;+8 n;
9N, N2, N3, Ny ) = n; n;n;
i=1 1<i<j<4

+ 10711 + 10712 + 10713 + 10714 + 4,

4
Qlo(nl,n2,n3,n4):82n?+8 Z ninj + 4ny + 4ng + 6ng + 6ny,

i=1 1<i<j<4

4
Q11(n1,n2,n3,n4) = SanZ +8 Z nin; + 4ng + 4ng + 4ng + 8ny,
i=1 1<i<j<4

4
QlZ(nl,ng,ng,n4):8Zn?+8 Z nmj+2n1+6n2+6n3+6n4,

i=1 1<i<j<4

4
ng(nl,n2,n3,n4):82n?+8 Z ninj + 2nq + 4ng + 6ng + 8ny,

i=1 1<i<j<4
4
Qua( )=8) n;+8 n;
141, N2, N3, Ny ) = n; 110
i=1 1<i<j<4

+ 20n; + 20n9 + 20n3 + 20n4 + 16,

4
Q15(n1,n2, 13, M4) = 82”? +8 Z nin;
i=1

1<i<j<4

(3.69)
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Next, we simplify the ten g-series quadruple sums in (3.69). To this end, from (3.25)
we have

o0 5 5
Z q42?:1 n$+421§i<]’§4 nin; _ ﬁ + 25q4@. (370)
J20 J4

ni,n2,n3,n4=-—00

To simplify the remaining nine ¢-series quadruple sums, we adopt the following ma-
trix:

1 1 1 0
1 -1 1 0
By = 1 0 -1 —1
1 0 -1 1

Upon simplification, we obtain that

o0

Z qQ7(n1,n2,n3,n4)/2

112, n3,M4=—00
=2¢°¢(¢*) 18738 (76,16 + qu,m)
+ 0(q") T3 5616 + 0(0") T 5T 216
+ 20" (q%) T g 72,16 + 20 (¢%°) Ty 516
= 2¢°0*(q)v(¢")¥(q™)
+ 190(6140) (Jradoa+ J1adoa) (Jra+ J1a)

+ <P(q40) (—J1,4<]2,4 + 71,472,4) (71,4 - J1,4)

4
1
4
1 - _
+ §q10w(q80) (J1,4J2,4 + J1,4J2,4) (J1,4 — J1,4)

1

+ §q10@/}(q80) (= Jiadoa+ Jiadoa) (Jia+ J14)

= 232 NA) + 5 T (o0) — 20 ()
ST Taa((") + 20 (™))

1 1 L,
=2¢°* ()¢ (¢")v(¢*) + §¢<—q1°)J12,4J2,4 + 590(6110)J 1424

Y /N LT (RN 0t

= , 3.71
SRR T 20 710 (3.71)
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where the second step follows by using (2.16), the third step follows from (2.16) and
(2.17), and the penultimate step in (3.71) follows from (2.12) and (2.13). Similarly,
one can simplify the remaining g-series quadruple sums. For conciseness, we present
only the finalized expressions herein, with the detailed derivations omitted for brevity.

- J2J3 J3J2J2
Qs(ni,n2,n3,m4)/2 __ 420 3J4J8J40
q = +4q , (3.72)
n1,n277;4—oo J§ ‘]82 ‘]120 JZ{) J22 J20
> Jb s Ji5 J2
Qo(n1,m2,n3,n4)/2 __ 4 820 2 Y4 Y40
q =44 +q ; 3.73
n1,n2,7§4_00 JZZ’ ‘]120‘]20 J26 J3J20 ( )
o 472 75 2 15 72
Q1o(n1,n2,n3,n4)/2 _ J2 Jg J20 + 2 J2 J4 J40 (3 74)
E J2 g2z T4 gy o :
n1,n2,Nn3,N4=—00 174710740 14820
N Q11(n1,n2,n3,n4)/2 __ Jg*]lZO JEJZEJE)JQO 375
Z q - J3J. J3J ’ ( . )
n1,n2,n3,N4=—00 195 2J10
ad 6 72
2t = ?3?0’ (3.76)
n1,Nn2,n3,N4=—00 15
b 472
S geltmmenana2 - 2‘{}*‘?0, (3.77)
n1,n2,Nn3,N4=—00 15
> 6 72 3 13
S T B
n1,M2,Nn3,4=—00 Jl J5 J2 J10
S Qis(n1,m2,n3,m4)/2 __ 1 -1 J212J120 1 —1 J1J§J5J20 3.79
> a =54 mar 54 T (3.79)
2 S Iy I 2 J1J10

n1,n2,Nn3,NnN4=—00

Now, (3.68) follows by substituting (3.70)—(3.79) into (3.69) and utilizing (2.6).
This finishes the proof of Theorem 3.14. 0

4. CONCLUDING REMARKS

In this work, we present a novel unified methodology for deriving the integral ex-
pression of C®x(q), the generating function of k-colored generalized Frobenius parti-

tions of n. The present results, when synthesized with prior work [2,3,8], demonstrate
the emerging significance of integer matrix exact covering systems—a computational
framework pioneered in [5] that is now proving its full potential in partition the-

ory. While congruence properties of c¢x(n) have been extensively documented for
small values of k, we point out that this remarkable arithmetic behavior persists for
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substantially larger values of k. We only present the following example:
cP15(3n+2) =0 (mod 2187). (4.1)

It is noteworthy that the modulus 2187 in (4.1) is best possible, as evidenced by the
explicit calculation cg5(2) = 24057. We defer the proof of (4.1) to the interested
reader.
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