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Abstract

For a graph G = (V, E) and v; € V, denote by d; the degree of vertex
v;. Let f(x,y) > 0 be a C*function in (RT)? and be symmetric in x
and y. If for every T such that {Z} x R* # &, then f.(Z,y) > 0 (resp.
f(z,y) > 0) for all (z,y) € (RT)?, we say f(x,y) is increasing (resp.
convex) in variable z. The function-weighted adjacency matrix A¢(G) of
a graph G is a square matrix, where the (7, j)-entry is equal to f(d;,d;)
if the vertices v; and v; are adjacent and 0 otherwise.

In this paper, we consider the unimodality of the principal eigenvector
of the path P, and characterize the tree on n vertices with the smallest
Ajg-spectral radius of G under the condition that f(x,y) > 0 is increasing
and convex in variable x. We also obtain the unicyclic graph on n vertices
with the largest A -spectral radius of G under the same condition.

Keywords: Spectral radius, Function-weighted adjacency matrix, Tree,
Unicyclic graph
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1. Introduction

Let G = (V(G), E(G)) be a finite, undirected, simple and connected
graph with vertex set V(G) = {vy,vq,...,v,} and edge set E(G). An
edge e € E(G) with end vertices v; and v; is usually denoted by v;v;. For
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i =1,2,...,n, we denote by d; the degree of the vertex v; in G, A(G)
the maximum degree of G, N(v;) the set of neighbours of vertex v; in G
and N[v;] = N(v;))U{v;}. A vertex of degree 1 is called a pendent vertex.
As usual, let P,, S, and C,, be the path, star and cycle of order n > 3,
San—d be the double star of order n > 4 with two centers vy, v, such that

di =dand dy =n —d where 2 <d < LgJ, S, + e be the unicyclic graph
with n > 4 obtained from S,, by adding an edge as shown in Fig.

d-1{: 4 Ve :}n—d-1

Sd,n-d Sp+e

Figure 1: The double star Sg,,—q and S,, 4 e of order n > 4.

Let \;(M)(i =1,2,...,n) be the eigenvalues of a complex matrix M.
Then the spectral radius of M is p(M) = max {|\;(M)| | 1 < i < n}. By
Perron-Frobenius theorem, if M is an n X n nonnegative and irreducible
matrix, then its spectral radius p(M) is a simple eigenvalue of M.

In molecular graph theory, the topological indices of molecular graphs
are used to reflect chemical properties of chemical molecules. There are
many topological indices and among them there is a family of degree-
based indices. The degree-based index T'I;(G) of G with positive sym-
metric function f(z,y) is defined as

TI{G) = Y [f(didy).

vv; EE(G)

Gutman [I0] collected many important and well-studied chemical or
topological indices; see them in Table [T} In order to study the discrimi-
nation property, Rada [30] introduced the exponentials of the best known
degree-based chemical or topological indices; see them in Table [2|

Each index maps a molecular graph into a single number. One of
the authors [20] proposed that if we use a matrix to represent the struc-
ture of a molecular graph with weights separately on its pairs of adjacent
vertices, it will keep more structural information of the graph. For exam-
ple, the Randi¢ matrix [28] 29], the Atom-Bond-Connectivity matrix [§],
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Function f(x,y)

H

The corresponding index

|

T+y first Zagreb index
xy second Zagreb index
(r + y)? first hyper-Zagreb index
(zy)? second hyper-Zagreb index
T34y modified first Zagreb index
|z — y Albertson index
(x/y+y/x)/2 extended index
(x —y)? sigma index

1/ /75

Randié¢ index

N

reciprocal Randi¢ index

Vity

sum-connectivity index

VEF

reciprocal sum-connectivity
index

2/(z +y)

harmonic index

Vi@ +y—2)/(zy)

atom-bond-connectivity (ABC)
index

(zy/(x +y —2))°

augmented Zagreb index

x2+y2

forgotten index

% 4 y*2

inverse degree

2y/ry/(z +y)

geometric-arithmetic (GA) index

(z +y)/(2y/7y)

arithmetic-geometric (AG) index

zy/(x +y) inverse sum index
x+y+ay first Gourava index
(x +y)xy second Gourava index
(x+y+xy)? first hyper-Gourava index
((z + y)zy)* second hyper-Gourava index
1/\Vr+y+ay sum-connectivity Gourava index
CESNED product-connectivity Gourava
index
\/ x2 + 12 Sombor index

Table 1: Some well-studied chemical or topological indices



Function f(x,y) H The corresponding index \

ety exponential first Zagreb index
e exponential second Zagreb index
el/VTy exponential Randi¢ index
eV (@ty=2)/(zy) exponential ABC index
e2Vry/(@+y) exponential GA index
e2/(#+y) exponential harmonic index
L/VEFY exponential sum-connectivity
index
oy @y—2))° exponential augmented Zagreb
index

Table 2: Some well-known exponential chemical or topological indices

the Arithmetic-Geometric matrix [32] and the Sombor matrix [I9] were
considered separately. Based on these examples, the function-weighted
adjacency matrix A¢(G) first appeared in Das et al. [7], and it is defined
as

f(di,d;), vy € E(G);

0, otherwise.

Ap(G)(i,5) = {

Since G is a connected graph, the weighted adjacency matrix A;(G) is
an nxn nonnegative and irreducible symmetric matrix. Thus p(A¢(G)) is
exactly the largest eigenvalue of A;(G) and it has a positive eigenvector
x = (x1,%9,...,2,)7T. Throughout this paper, we choose x such that
|Ix|l2 = 1 and z; corresponds to vertex v;, and we call the unique unit
positive vector x the principal eigenvector of G.

As one can see that from each index in the above two tables, one can
get a weighted matrix defined by that index. There have been a lot of
publications studying these matrices one by one separately. However, the
methods used in these publications are the same or similar. So in recent
years, there is a trend to develop unified methods to deal with extremal
problems for such degree-based indices and function-weighted adjacency
matrices, see [0} 13} 16 17, 211, 22], 23, 26|, 27] and the survey [24]. The
first author et al. were the first to seek unified methods to study the



spectral radius of function-weighted adjacency matrices of graphs with
edge-weighted by topological function-indices (see [27]). They obtained
the trees with the largest Ag-spectral radius of G is S,, or double star
San—a, when f(x,y) is increasing and convex in variable z. Moreover, if
f(z,y) has the form P(z,y) or /P(z,y), where P(z,y) is a symmetric
polynomial with nonnegative coefficients and zero constant term, then
the tree on n > 9 vertices with the smallest As-spectral radius of G is
uniquely P,. In [33], the second author et al. showed that among all
trees of order n, P, (S, + e) is the unique tree (unicyclic graph) with
the smallest (largest) As-spectral radius of G if f(z,y) > 0 is increasing
and convex in variable x and satisfies that f(x1,71) > f(x9,y2) when
| 21 —y1 |>] 22 — o | and 21 + y1 = T2 + ¥o.

Spectral radius and energy are two notable invariants in the study of
spectral graph theory. They are closely related to the graph operations.
It is a hot topic to explore the influence of graph operations on the
spectral radius and energy of graphs, see [2, 3], 4, [5, B1]. In [111 12} 25],
the authors used unified methods to study the effect on the spectral radius
of function-weighted adjacency matrices of graphs by graph operations.

In this paper, we first consider the unimodality of principal eigenvec-
tor of the path P, and use this property and graph operations to get the
following results.

Theorem 1.1. Let f(x,y) > 0 be a symmetric real function, increasing
and convex in variable x. Then the tree on n vertices with the smallest
Ay-spectral radius of G is P, or S,.

The result is obtained only under the conditions that f(z,y) > 0
is increasing and convex in variable x. Moreover, if f(z,y) such that
f(2,2) < f(1,4), we then get that P, is the unique extremal tree with
the minimum A s-spectral radius of G for n > 5. It works for the weighted
adjacency matrices defined by almost half of the indices listed in Tables
[ and 2

For the unicyclic graphs of order n, the second author et al. [33]
obtained that C,, has the smallest As-spectral radius of G if f(x,y) is
increasing in variable  and showed that S, + e is the unique unicyclic
graph with the largest Ag-spectral radius of G when f(x,y) > 0 is in-
creasing and convex in variable x and satisfies that f(x1,y1) > f(x2, y2)
when | z1 —y; |[>| 2o —yo | and x1 4+ 11 = 22+ y2. Now we reconsider the
unicyclic graph with the largest Ag-spectral radius of G only under the
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conditions that f(z,y) > 0 is increasing and convex in variable z, and as
a result, we obtain the following theorem.

Theorem 1.2. Let f(x,y) > 0 be a symmetric real function, increasing
and convex in variable x. Then the unicyclic graphs on n vertices with
the largest Ay-spectral radius of G' are unicyclic graphs with n—3 pendent
vertices.

2. Some preliminary results

In this section, we provide some matrix-theoretical background on
nonnegative matrices and recall how the Kelmans operation affects the
spectral radius of weighted adjacency matrices.

Theorem 2.1. [15] Let A and B be both n X n nonnegative symmetric
matrices. Then p(A+ B) > p(A). Furthermore, if A is irreducible and
B is not null, then p(A+ B) > p(A).

Theorem 2.2. [1] Let A be an n x n real symmetric matriz and B be
the principal submatriz of A. Then p(A) > p(B).

Let A = [a;;] and B = [b;;] be m x n matrices. If A and B have real
entries, we write

AZOlf&HGUZO, andA>Oifallaij>0
A>BiftA—B>0, and A>Bif A— B > 0.

Theorem 2.3. [15] Let A be an n x n nonnegative matriz and x =
(1,22, ...,x,)7 be a positive vector. If a,f > 0 such that ax < Az <
px, then o < A\ (A) < B. If ax < Az, then a < \(A); if Az < Sz, then
)\1(14) < p.

Theorem 2.4. [1] Let A be an n x n nonnegative and symmetric matri.
Then p(A) > x' Az for any unit vector x, and the equality holds if and
only if Az = p(A)z.

Definition 2.1. Let A be an n X n real matrix whose rows and columns
are indexed by X = {1,2,...,n}. We partition X into {X;, Xs,..., X;} in
order and rewrite A according to {Xi, Xo, ..., Xi} as follows:



where A, ; is the block of A formed by rows in X; and the columns in X.
Let b; ; denote the average row sum of A; ;. Then the matrix B = [b; ]
is called the quotient matrix of the partition of A. In particular, the
partition is called an equitable partition when the row sum of each
block A, ; is constant.

Theorem 2.5. [J] Let A > 0 be an irreducible matriz, B be the quotient
matriz of an equitable partition of A. Then p(A) = p(B).

Kelmans [18] introduced the following operation on a graph to de-

scribe the relation between the edge-moving and the spectral radius, and
obtained that the spectral radius increases after the operation.
The Kelmans operation: Let vy, vy be two vertices of a graph G. We
denote Ny = N(vy) \ N[vg]. We use the Kelmans operation on G as
follows: Replace the edge v1v,, by a new edge vsv,, for all vertices v,, € Ny
(as shown in Fig. . In general, we will denote the obtained graph by
G’

Vi Vo

G G’

Figure 2: The Kelmans operation.

In [27], the first author et al. considered the relation between the
Kelmans operation on a graph and the spectral radius of a function-
weighted adjacency matrix, and they obtained the following theorem.

Theorem 2.6. [27] Let f(x,y) > 0 be a symmetric real function, increas-
ing and convex in variable x, and G be a connected graph. Assume that
G' is obtained by using the Kelmans operation on nonadjacent vertices

vy and vy of G. If G 2 G, then p(Af(G)) < p(Af(G")).

3. Proof of Theorem 1.1

Our aim is to show that P, or S, is the tree with the smallest A-
spectral radius of G among all trees of order n if f(z,y) > 0 is a sym-
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metric real function, increasing and convex in variable z. Firstly, we give
the following two lemmas.

Lemma 3.1. Let f(x,y) > 0 be a symmetric real function, increasing
and convex in variable x, and Ty be the tree shown in Fig. [ Then we

have p(Af(T1) = 2(2.2) > p(As(P.)).

Ve

V3

vy Vs ‘-/1 \Z} Vs

Figure 3: The tree T1.

Proof. As is well-known, the spectral radius of the adjacency matrix

of P, is 2cos T T Because f(z,y) > 0 is increasing in variable z, by
n

™

Theorem 2.1, we have p(A;(P)) < 2f(2,2) cos —— < 2f(2,2).
n

It is easy to see that the quotient matrix of the equitable partition

{{U1}7 {U2> U3, 'U4}7 {U57 Vg, U?}} of Af(T1) is

0  3f(2,3) 0
Q=(f23 0  f(1,2)

Let P(z,Ty) be the characteristic polynomial of the quotient matrix
. By calculation, we get

Pz, Th) = z(2* — 3f*(2,3) — [*(1,2)).

Since f(z,y) > 0 is increasing and convex in variable z, f?(x,y) is convex
in variable z and we obtain

V312(2,3) + f2(1,2) > 2£(2,2).
It follows from Theorem 2.5 that

p(Ap(Th)) = 2f(2,2).




Consequently, we obtain that

p(Af(Th)) = 2f(2,2) > p(As(Fn)).
0

Lemma 3.2. Let f(z,y) > 0 be a symmetric real function, increasing
and conver in variable x. Assume that P, = vivs...v, is the path of
order n > 3 and © = (1, xs,...,x,)7 is the principal eigenvector of P,.
Then we have

$1<x2<"'<$tn+ljz$"n+l'|>“'>xn_1>.1'n
2 2
and r; = Tpi1_;-

Proof. By the symmetry of P,, it is clearly that x; = x,,1_;. Next, we
show that
T <$2 < v <x|_nT+1J

Claim 1. T < 9.
We show x1 < x5 by negation. Suppose that x1 > z5. Then

p(Af(P))ay = [(1,2)zs > p(As(P))as > f(1,2)as + f(1,2)as.

We obtain x3 < 0, this contradicts x > 0. Hence z; < xs.
Claim 1 directly implies cases n = 3 and n = 4. Then we consider
the case n > 5.
Claim 2. For 3 <i < [2!], we have z; > min{z;_1, z;11}.
From
p(As(P,)) < 2f(2,2) cos 25 < 2£(2,2),

it follows that

p(Ar(Po))zi = f(2,2)zi1 + f(2,2)xi01 < 2f(2,2)2;

for 3 <i< L"T“J and n > 5. Thus z; > min{z; 1, x;11}.

Next, we show z;_1 < z; for 3 < i < L”T“j

If there exists h such that xj,_; > ), for 3 < h < VLTHJ, by Claim 2
it follows that

$h>$h+1>"'>$LnT+1J.
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Yet, by the symmetry of P,, we would have x EX < min {x EIEE T S +1}
2 2 2
which is against Claim 2.
Thus we have

Ti—1 < Ty

for 3 <i < [2]. Combining Claim 1, we deduce that
21 <y <o < T

The proof is thus complete. O

Proof of Theorem 1.1. It suffices to prove that for any tree T with or-
der n > 5 such that T" 2¢ P, and S, the inequality p(Af(T)) > p(A¢(Fy))
holds. Additionally, let N(v;) be the set of neighbours of vertex v; in T’
in this proof. Since T2 P,, we get A(T) > 3. We consider the following
two cases.

Case 1. There is a vertex v; € V(T) with d; > 3, and at least three
vertices belong to N(v;) with degrees at least 2.

It is obvious that 7" contains T} as its subgraph. By Theorems [2.1
and and Lemma 3.1, we obtain that

p(Af(T) = p(Af(Th)) = 2f(2,2) > p(As(Fn)).

Case 2. For every vertex v; € V(T) with d; > 3, the set N (v;)
contains at most two non-pendent vertices.

The tree T is a caterpillar by [[I4], Theorem 1].

Subcase 2.1. T'is not a double star.

We assume the diameter of T is k + 1, where 3 < k < n — 3. For
simplicity, we denote the vertices on the path achieving the diameter
of T as vy,v;41,...,Vi1k, v, and the remaining pendent vertices as vy,
ey Ui Vigkal, - - - Up_q from left to right in order. Without loss of gen-
erality, we assume that 0 < n —21 —k <1 and 2 < d;;; < djyp. For
example, the tree T is shown in Fig. [l We distinguish the following two
subcases.
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Vi Vi Vo,

~ N L

Vi Vg Visj Viek  Yn

T
Figure 4: The tree T

Subcase 2.1.1. There exist two adjacent vertices with degrees at
least 3.

Since T is a caterpillar tree. The two vertices must lie on the path
V1Vit1 - - - ViskUy. We suppose these two vertices are v;4; and v;441.

If 1 <j <k—j, then we can obtain T from T5 by using the Kelmans
operation on the vertices v, and v;;; as shown in Fig. [f] Since 1 < j <
k — 7, we get that T} is a subgraph of T5.

Otherwise, we can also obtain 7" from another tree T} by using the
Kelmans operation on the vertices v, and v;4;41, where v; is adjacent
to the vertex v;y; in T5. Similarly, T; has T; as its subgraph. Thus
according to Theorem [2.6| and Case 1, we can get that

p(Af(T)) > p(As(T2))(or p(Af(T3))) > p(Af(Fn)).

Vs Vt

Vs i Vb VYq Vs \</V Vho2
v, i Vv, v, a
V-'I p Vn—1
~ V. V. _str s .. N _ &
Vl Vi+1 Vi+j vi+j~t-1 Vi+k Vn V] Vi+1 vi+j Vi+j+1 Vi+k vn
T T2

Figure 5: The Kelmans operation for Subcase 2.1.1.

Subcase 2.1.2. There are no adjacent vertices with degrees at least

Let P, = v1vy...v, and x = (21, Z2,...,2,)T be the principal eigen-
vector of P,,. Then we can obtain T from P, by deleting the edges

V1V2, -+ - - Vj—1Vi, Vit kUit k415 - - -, Un—1Un
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and adding the pendent edges

V1Vi41, - -+ 5 VitkUn

to the path v, 1v;19 ... v; ;. From the assumption that 0 <n—2i—k <1
and 2 < d;41 < d;4y, it follows that if v, € N(v;41) then 1 < p <i. We
then obtain that

+

_|_

% [x" Ay (T)x — x" Ay (P,)x]

Z [f(L di1) iz, — F(2,2)2p0p41]

Up GN(UZ'+1)
2<p<i

[f(l, di+1)95z'+1951 - f(l, 2)3715”2} + [f(di+2> di-i—l) - f(2> 2)}xi+1$i+2
Z [f(17 di+k>xi+kxp - f<2, 2>xpxp+1:|

vpEN (Vigr)
2<p<i

Z [f (L dii)minzy, — f(2,2) 22,1 ]

VpEN (Vigr)
i+k+1<p<n—1

[f(2,divi) — f(2,2)]|wipnrisn + [f(L dii)Tigrn — f(1,2)@0_120)
Z { Z [f(l, di—l—j)xi—l—jxp — f(2, 2)$pxp+1]

25y<k—1 vp€N(vig;)

dip;>3  2<p<
. [ di) e, — f(2,2)zm, 4]
VpEN (vitj)

i+k+1<p<n—1

[f(2.disg) = £(2,2)]wirjmrminy + [f(2,disg) = f(2,2)]2irj@inj ).

For the vertex v;;q, since 0 < n —2¢i —k <1 and T is not a double
star, we get

1
i+1< Ln+

|-1.

Then by Lemma |3.2 we have

Tp < Tpp1 < Tip < Tigo

for 2 < p <. Because f(z,y) > 0 is increasing and convex in variable

12



xr, we obtain

Z [f(L div1)Ti12p — f(2, 2)-73p55p+1]

vpEN (vit1)
2<p<i

+ S di)mian — f(1,2)z122) + [f(dive, divr) = f(2,2)] 21240
> Z [f(1,2)zp 1wy — f(2,2)2p2p 1]

e
+ [f(L2)ziar — f(1,2)arwa] + (digr — 2)[£(2,3) — f(2,2)] 21242
> (dis1 —2)[f(1,2) = f(2,2)]zi1mige + f(1,2) [wia21 — 2122]
+ (di1 —2)[f(2,3) = f(2,2)]zit12ise
> (disa —2)[f(1,2) = £(2,2) + f(2,3) — f(2,2)]zis17i42 > 0.

Similarly, for the vertex v; ., we get

n—l—l

i+k>| ]+ 1.

By Lemma[3.2land 0 <n —2i — k < 1, we have
Tp < Tpp1 < Tigp < Tiyp—1

for 2 <p <1, and
Tp < Tp1 < Xigp < Tigp—1
fori+k+1<p<n-1.
Furthermore, because T" 2 P, and 0 < n — 21 — k < 1, we have

1+ k <n—2. Since T is not a double star, we get 2 < i 4+ k. Thus we
obtain z;,; > x,_1. Then

Z f(L dii)minzy — f(2,2) 22041 ]

’UpeN(’Ui+k)
2<p<i

+ Z [f(la dii)Tirry — f(2, 2)3717%71}
VpEN (Vitk)
i+k+1<p<n-1

+ [f(2,divk) = F(2,2)|@iintivno + [f(1L disr)Tisnan — f(1,2)T0-124)

13



v

Vv

+

Z [f(L 2>xp+1xp - f(27 2>xp$P+1}
VpEN (Vitk)
2<p<i
Z [f(la Q)xpflxp - f<2> Q)xpxpfl]
VpEN (Vitk)
i+k+1<p<n—1
(di+k - 2) [f(27 3) - f(27 2)] TipkTitk—1 T [f(L 2)xi+kxn - f(l, 2)xn71$n:|
S M- fennn Y [f0L2) - £,
UpEN(UH_k) VpEN (vitk)
2<p<i itk 1<p<n-—1
(divr — 2)[f(2,3) = f(2,2)] @ipaivnr + f(L,2)T0 [Tigr — Tn1]
SO0 - @]+ S [F(L2) — F2.2)] 5
VpEN (vigk) vpEN (Vitk)
2<p<s i+k+1<p<n—1
(divr — 2)[f(2,3) — f(2,2)] @ipnTisn
Z [f(L 2) f( )]xz+k$z+k 1
R
Z [f(l, 2) - f(2, 2)}wi+k‘xi+k—1
VpEN (Vitk)

itk+1<p<n—1

(divr —2)[f(2,3) = f(2,2)]@i4xTisn-1 > 0.

Analogously, for every vertex v;;; such that d;;; > 3 and 2 < j <
k — 1, according to LemmaB.2land 0 <n—2i—k < 1,if 2 < p <, then

we have

Tp < Tpp1 < Ty and o) < Tpy1 < Tigj1.

Ifi+k+1<p<n-—1, then we get

Tp < Tp—1 < Titj and Tp < Tp—1 < Titj+1-

We then obtain

Z [f(L, digj)zijmy — f(2,2)Tp2p0]

vp€EN (vitj)
2<p<i

14



+ Z (L disg) iy — f(2,2)7p2, 1]
VpEN (viy;)
i+k+1<p<n-—1

+ [f2,dig) = F(2,2)]|@isjm1@iry + [f(2,dig) — F(2,2)]@igjTisja

> Z [f(1,2) = f(2,2)]@isj 104
Eaaitigd
+ Z [f(l, 2) — f(2, 2)}xi+jxi+j+1
HESgpen s
+ ( i+j )[f(za 3) - f(2> 2)}x1+1 1L+
+ ( 1+ T 2) [f(zv 3) - f(27 2)}1:1-&-]1'1—1—]-&-1
> (dig; —2)[f(1,2) = £(2,2) + f(2,3) = f(2,2)]@irj1204,
+ ( i+ T 2) [f(la ) f(27 2) + f(2 3) f(2> 2)}$i+]’xi+j+1 > 0.

In conclusion, we have

%[XTAJI(T)X —x"Ay(P,)x] > 0.

From Theorem [2.4] it follows that

p(Ay(T)) > p(Ap(Pn)).

Subcase 2.2. T is a double star.

IfT=54,_qwith d > 4, then we can obtain 7" from 73 by using the
Kelmans operation on the vertices vs and vy, v4 and v; as shown in Fig.
[0l It is easy to see that Tj is a subgraph of T3. According to Theorem
and Case 1, we get

p(A; (1)) > p(Ap(T3)) > p(Af(Fn)).
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Figure 6: The Kelmans operation for T'= Sg,,_4 with d > 4.

If T'= S3,_3, then we can obtain 7" from 7} by using the Kelmans
operation on the vertices v; and vs as shown in Fig. [7] Because T} is not
a double star, by Theorem [2.6] and Subcase 2.1, we get

p(A; (1)) > p(Af(T)) > p(A(Fn)).

V] VZ °

T Ta

Figure 7: The Kelmans operation for 7' = S5 ,,_3.

Assume that 7' = Sy ,,_o. Let P, = vjvg... v, and X = (21, xg, ..., 2,)7
be the principal eigenvector of P,. Since n > 5, we have Trng1y > Tpoy.
Similar to Subcase 2.1, we denote the two center vertices of Sy, o as
Upntiy and Upniiy. And we can obtain Ss,,_» from P, by shifting edges.
We then get

% [x"Ap(T)x — x" Ay(P,)x]

+ f(1> 2) |:.CL'1£L'|—nT+1-|_1 - l‘1$2:| + f(la n— 2)177133]'”4'1'\ - f(17 Q)xnflxn]
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A%

+ 4

>

Z [f(l,n—2)1:[%@1,—]‘?(2,2)%%“}
'UpeN('U’_nTl.I)
2<p< ] -2
Z [f(1,n— 2)$f"T“WxP — £(2,2)zpzp1]
UPEN(’U[E?.‘)
[ 41<p<n—1
f(17 2) [xlx[”T'H]—l - 513'1372:| + f(la 2) [xnm(”T‘H'\ - xnflxn}
Z [f(l,n—2)3:[%“}351,—]”(2,2)%%“}

UPGN(v"L‘H])
2
2<p<[ 2] -2

Z [f(l, n— Q)xf"T“pr — f(2, Q)xpa:p_l}
UPEN(U[nT-HT)
[ ]+1<p<n—1

[f(2,n—2)— f(2, 2)]:10[%11917[%“]71 + f(1,2) [l’ll‘[nTH‘lil — 1173
> [FLn =2z, — F(2,2)2,0,0]

VpEN(V nt1-)
[==1
2<p< [ -2

> [f(Ln = 2) sy — f(2,2)zp0)1]
UPEN(UI_n+1.‘)
2
[ +1<p<n—1

(n—4)[£(2,3) = F(2.2) + £(1,2) = F(2,2)]2rumy2 1001, > 0.

Using Theorem [2.4], we get

p(Ay(T)) > p(Ap(Pn)).

The proof of the theorem is now complete. O

Remark 3.3 Clearly, p(A;(S,)) = vn—1f(1,n —1) and p(As(F,)) <
2f(2,2). An important special case is that if f(z,y) > 0 is a symmetric
real function, increasing and convex in variable z such that f(2,2) <
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f(1,4), then

p(Af(Pn)) < 2f(2,2) < 2f(1,4) = p(Af(S5)) < p(As(Sn))

for n > 5. We then get that P, is the unique extremal tree with the
minimum Aj-spectral radius of . This result works for the weighted
adjacency matrices defined by almost half of the indices listed in Tables
and[2] Such as first Zagreb index, second hyper-Zagreb index, extended
index, reciprocal Randi¢ index, forgotten index, first Gourava index, first
hyper-Gourava index, Sombor index and so on. But in general, the pre-
cise structure and uniqueness of the extremal trees are hard to tell since
the values of f(2,2) and f(1,4) are unknown. This problem still eludes
us.

4. Proof of Theorem 1.2

For n = 3, the result is obvious. For n = 4, since f(x,y) > 0 be a
symmetric real function, increasing and convex in variable x, by Theorem
[2.1] we have p(A;(Cy)) = 2f(2,2) = p(A;(Cs)) < p(As(Sy+e)), and the
result also follows.

Next, we consider the case n > 5. Let U(n) be the set of unicyclic
graphs of order n with n — 3 pendent vertices. We need only to prove
that if G ¢ U(n), then there exist a unicyclic graph G* € U(n) such that
p(Ar(G*)) > p(Af(G)). We distinguish the following two cases.

Case 1. G contains an odd cycle.

We use the Kelmans operations on the vertices in the cycle with
distance 2 over and over again until we get C3 as shown in Fig. [§

D,
—
D

Figure 8: The Kelmans operation on the vertices v1 and vs.
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Suppose the resulting graph is G; where T; and C5 have a unique
common vertex v; for ¢ = 1,2,3 as shown in Fig. 0] Note that if the
length of the cycle of G is greater than 5, then the graph G (at least
one Kelmans operation is performed) will contain at least 4 non-pendent
vertices. Since G ¢ U(n), there exist a vertex v, with degree at least 2.
Without loss of generality, we suppose that v, is adjacent to vy in T7.

Analogous to the proof of Lemma 2.1 in [27], we first use similar
Kelamns operations on the vertices in 77 to obtain a double star with
two centers vy and vy, obtaining a new graph Go as shown in Fig. [9
Next, we use the Kelmans operation on the vertices v and v, to obtain
a new graph (5. It is easy to see that all the vertices adjacent to v; are
pendent vertices but v, and vs. Subsequently, we use similar operations
on the vertices in T3 and T3. Finally, we will get a new graph G* € U(n).
Because G ¢ U(n), we have G* 2 G. According to Theorem we get

p(Af(G)) < p(Af(GY)).

G4 Gy G3

Figure 9: The unicyclic graphs G1, G2 and Gs.

Case 2. (G contains an even cycle.

Similarly, we use the Kelmans operations on the vertices in the cycle
with distance 2 over and over again until we get Cy. Suppose the resulting
graph is G4 where T; and Cj have a unique common vertex v; for ¢ =
1,2,3,4 as shown in Fig. [10] Let v(7;) be the order of 7;. We assume
that v(Th) = max{v(T1),v(132),v(T3),v(Ty)}. Because n > 5, we get
v(Ty) > 2. Assume that vs € V(17) is adjacent to v;. Next, we use the
Kelmans operation on the vertices v; and vs, v and vy, obtaining a new
graph G'5. Subsequently, we delete the vertex vy, the edges vyvy4, v3v4 and
add the edge viv3. Denote by Gg the resulting graph.
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T Vs T> T 1% TS

v, V, Vi v,
v, Vs v, V3
G, Cs

Figure 10: The unicyclic graphs G4, G5 and Gg.

Let x = (21,9, 23,%5,...,2,)T be the principal eigenvector of Gg
where x; corresponds to vertex v;. Denote by d; the degree of vertex v;
in Gg. We show x; > x3 by contradiction.

If 1 = 23, then

p(Ap(Ge))rs = f(2,da)ma+ f(2,d1)71 = p(As(T))71
Z f(dl, d2)x2 —+ f(dl, 2)ZE3 -+ f(dl, d5)l’5.

We then obtain x5 < 0. This contradicts x > 0.
If 1 < x3, we can get a new graph G; = Gj as shown in Fig. (11}

Figure 11: The unicyclic graphs G7.

Since f(z,y) > 0 is a symmetric real function, increasing and convex
in variable  and the principal eigenvectorx > 0, we obtain

% [x" Ap(Gr)x — x" Ap(Ge)x]

= Z [f(di, di)zizs — f(dy, di)z;]

’UiGV(Tl)\tq

+ [f(2, dQ)Zﬂle — f(dl, dg)xlxﬂ -+ [f(dl, d2)$2$3 - f<2, dg)l’gx:}}

20



— Z f(dl,dl).fz(x?, - 1:1)

'Uq;GV(Tl)\’Ul

+ [f<d1> d2) - f(27 dZ)] [1'21’3 - 3311'2] > 0.

This contradicts G7 = Gg. Thus we have x; > x3. Analogously, we get
o > x3 with equality if and only if dy = 2.
Lety = (Y1, Y2, Y3, Y, Y5, - - -, Yn)T, where y; = x; for i # 4 and ys = z3.

Then we get
(Ap(Gs)y)i = p(As(Ge))yi

for ¢ # 3,4.
For ¢+ = 3,

(Af(G5>y)3 = f(27 d2)y2 + f(27 2)3/4 = f(27 d2>x2 + f(27 2)%3
< f(2,do)wa + f(2,d1)x1 = p(Af(Ge))r3 = p(As(Ge))ys.

For i = 4,

(Ap(Gs)y)a = f(2di)yi + f(2,2)ys = f(2,di)zr + f(2,2)z3
f2,dy)zy + f(2,dy)xs = P(Af(G6))I3 = P(Af(G6))y4-

According to Theorem 2.3 we have

p(Af(Gs)) < p(Af(Gs))

where G is a unicyclic graph of order n — 1 with n — 4 pendent vertices.
Since f(z,y) > 0is increasing in variable z, there exist a graph G* € U(n)
such that p(Af(G*)) > p(As(Ge)). Thus by Theorem 2.6, we get

p(Af(G)) < p(Af(Ge)) < p(Af(G7)).

The proof is thus complete.
Remark 4.1 The second author et al. [33] obtained that S, + e is
the unique unicyclic graph with the largest As-spectral radius of G if
f(z,y) > 0 is increasing and convex in variable x and satisfies that
f(xi,91) = f(ze,y2) when | 21—y [>| 22 — yo | and 21 +y1 = 22 + v
Let U(n, ["7_3’1, L”T_?’J) be the unicyclic graph of order n with degree
sequences ([252]+42, [25%]4+2,2,1...,1). With the aid of MATLAB, we
compute the extremal unicyclic graphs for many functions f(z,y) > 0 to

IN
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be increasing and convex in variable z but not to satisfy that f(zy,y;) >
f(za,y2) when | 1 —yy [>| 22 — yo | and z1 + y3 = 29 + yo. We find
that the unicyclic graph on n vertices with the largest As-spectral radius
of G is not S, + e but U(n, [%2],[252]) in many cases. For examples,
take n = 9 and f(z,y) = xy, (zy)? or e®¥. Yet, the data do not show any
predictable trend. Hence, for those functions f(x,y) with general forms,
further study is needed.
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