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ABSTRACT. Knutson and Zinn-Justin recently found a puzzle rule for the expansion of
the product &,,(x, t)-®,,(x, t) of two double Grothendieck polynomials indexed by per-
mutations with separated descents. We establish its triple Schubert calculus version in
the sense of Knutson and Tao, namely, a formula for expanding &, (x,y) - &,(x,t) in
different secondary variables. Our rule is formulated in terms of pipe puzzles, incor-
porating the structures of both bumpless pipe dreams and classical puzzles. As direct
applications, we recover the separated-descent puzzle formula by Knutson and Zinn-
Justin (by setting y = t) and the bumpless pipe dream model of double Grothendieck
polynomials by Weigandt (by setting v = id and x = t). Moreover, we utilize the
formula to partially confirm a positivity conjecture of Kirillov about applying a skew
operator to a Schubert polynomial.
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1. INTRODUCTION

The core of this paper is to provide a combinatorial rule for the triple Schubert cal-
culus in the torus-equivariant K-theory of flag manifolds, with respect to the basis of
structure sheaves indexed by permutations with separated descents. The geometry of
triple Schubert calculus (particularly for the case of cohomology of Grassmannians)
was revealed by Knutson and Tao [9]. Combinatorially, we shall give a formula for ex-
panding the product of two double Grothendieck polynomials in different secondary
variables

Gu(x,y) - By(x,t) = )l (ty) - Bulx,t), (1.1)
I
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for two permutations u and v of {1,2,...,n} with separated descents at position k,
that is,

maxdes(u) < k < mindes(v), (1.2)

where maxdes(u) = max{i: u(i) > u(i + 1)} and mindes(v) = min{i: v(i) > v(i +
1)}. Here, for the identity permutation id = 12--.-n, we use the convention that
maxdes(id) = 0 and mindes(id) = +oo.

Our formula for ¢y, (t,y), see Theorem is described in terms of “pipe puzzles”,
see Section [2|for the precise definition. Pipe puzzles enjoy the features of both bump-
less pipe dreams and puzzles, as will be explained in Section |6} The formula includes
the following specializations and applications.

(i) The case y = t. Theorem [2.6/recovers the puzzle rule for permutations with
separated descents by Knutson and Zinn-Justin [12, Theorem 1], which is man-
ifestly positive in the sense of Anderson, Griffeth and Miller [1] (an equivariant
K-theory extension of Graham's positivity theorem [6]).

(ii) The case 3 = 0. Theorem [2.6| becomes a combinatorial rule for the expansion
of the product &, (x,y) - 6,(x,t) of two Schubert polynomials in different sec-
ondary variables, see Theorem We point out that in the casey =t = 0,
Huang [7]] derived a tableau formula for the product &,,(x)-&,(x) of two single
Schubert polynomials for u, v with separated descents.

(iii) The case that both u and v are k-Grassmannian permutations. Theorem
extends the puzzle formula for the product &,(x,t) - &,(x,t) by Wheeler and
Zinn-Justin [20, Theorem 2] (The latter formula on the one hand is an equivari-
ant extension of Vakil’s puzzle formula [21] for the product &,(x) - &,(x) of
two single Grothendieck polynomials, and on the other hand is a K-theory ex-
tension of the Knutson-Tao puzzle formula [9] for the product s)(x, t) - s, (x, 1)
of two double Schur polynomials).

We remark that (1) an alternative puzzle formula (different from the one in
[20]) for B, (x,1t) - &,(x,t) was conjectured by Knutson and Vakil, and proved
by Pechenik and Yong [18] (after a modification) based on their earlier tableau
formula established in [17], (2) Wheeler and Zinn-Justin [20, Theorems 2” and
3”] gave puzzle formulas for the product of two dual Grothendieck polynomi-
als in different secondary variables, and (3) puzzle formulations of the Molev-
Sagan tableau formula [16]] for the product s)(x,y)-s,(x, t) of two double Schur
polynomials in different secondary variables were given by Knutson and Tao
[9) Section 6] and Zinn-Justin [23].

(iv) The case that k = n (this means u may be any permutation of {1,2,...,n}),
v =id, and x = t. Theorem 2.6|reduces to the bumpless pipe dream model of
double Grothendieck polynomials by Weigandt [22], which, by setting 3 = 0,
leads to the bumpless pipe dream model of double Schubert polynomials by
Lam, Lee and Shimozono [13]. An alternative proof of Weigandt’s model was
given by Buciumas and Scrimshaw [4] based on colored lattice models.

(v) Kirillov [8, Conjecture 1] conjectured that after applying the skew divided dif-
ference operator 0,,, to a single Schubert polynomial &, (x), the resulting poly-
nomial will have nonnegative integer coefficients. Setting y = 0 in Theorem
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leads to a positive expansion of the product &, (x) - 6,(x, t), which, as will
be explained in Section[6.3} allows us to confirm Kirillov’s prediction for u and
v with separated descents and arbitrary w.

An innovation in our approach is finding that ¢}/, (t,y) satisfies two kinds of recur-
rence relations, as given in Section Such recurrence relations work well when u and
v are restricted to permutations with separated descents. This could essentially sim-
plify the proof of Theorem Specifically, to prove Theorem it suffices to show
that our pipe puzzle formula obeys the same recurrence relations (together with an
initial condition). This could be done (without too much efforts) by realizing pipe
puzzles as an integrable lattice model.

We remark that the above mentioned recurrence relations are no longer available in
the case y = t. The proof of the y = t case in [12, Theorem 1] is achieved by studying
the geometric representation of quantized loop algebras and quiver varieties [10,[11].
It turns out that while the problem of computing triple Schubert structure constants
is broader, its proof could be simpler. From this point of view, our approach may
provide new insights into the study of Schubert calculus for flag manifolds.

This paper is arranged as follows. In Section[2} we state the pipe puzzle formula for
¢, (t,y) in the case that u, v are permutations with separated descents, see Theorem
In Section 3} we provide two recurrence relations for ¢, (t,y), and explain that
such recurrence relations still work when restricted to permutations with separated
descents. In Section 4}, we realize pipe puzzles as a lattice model, and show that it sat-
isfies two types of Yang-Baxter equations. In Section[5} based on the lattice model, we
show that our pipe puzzle formula satisfies the same recurrence relations as cy, (t,y),
thus completing the proof of Theorem Section [6] is devoted to applications of
Theorem mainly including those aforementioned.
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2. MAIN RESULT

The main result is given in Theorem a separated-descent pipe puzzle formula
for the coefficients ¢y, (t,y). Let us begin by giving the definition of Grothendieck
polynomials. As usual, we use S, to denote the symmetric group of permutations of
{1,2,...,n}. Let  be a formal variable. Denote

X—y
1+ By’

XOy=
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Let 7; be the Demazure operator:

(1 + Bxi+1)f - (1 + Bxi)ﬂxi(—)xi“
Xi — XiH '

’7'[11: =

The double Grothendieck polynomial &,,(x,t) for w € S = [J, > Sn is determined by
the following two properties: -

Gn.21(x,t) = H (xi © t);
i+H<n
T8, (X, 1) = B, (X, 1), ifw(i) >w(i+1).
Here, s; = (i,1+ 1) is the simple transposition, and ws; is obtained from w by swap-
ping w(i) and w(i + 1). Since ¥ = —;, it follows that

{@WSi(x, t), ifw(i) >wi+1),
ﬂiQSW(X,t) = (21)
—B&,(x,t), fwi)<wi+1).

Letting t; = 0 defines the single Grothendieck polynomial
Gy (x) = B,(x,0).
Setting 3 = 0, we get the double (resp., single) Schubert polynomial
Cwl(x,t) = By, (x,1)lp=0, (resp., Gw(x) = &, (x)[p=0).

Remark 2.1. There appear different definitions for Grothendieck polynomials in the literature,
which will be equivalent after appropriate changes of variables. For example, [12] adopts the
following operator and initial condition:

Xi“r] f - Xif|XiHXi+]

6if -
Xip1 — Xy ’

Gun(X,T) =[] 0 =X/T)).
i+j<n
It can be checked that G,, (X, T) can be obtained from &,,(x, t) by the following replacements:
p=—1, Xi =1—x T=1-t.
Our definition is consistent with that used in [14} Section 5.1].
In the remaining of this section, we assume that uand v are permutations of S,, with

separated descents at position k. We are going to describe our pipe puzzle formula
for ¢y, (t,y). To begin, consider an n by n grid with labeled boundary:

0 8 oo o L [wh), vk,
...... 1 L=
______ E; 0, w(i) > k.
3 o [0 vk (2.2)
| V@, v >
0 | ... KD "
t=w (1
My Ty 7+ uiie T
We see that the nonzero labels on the right side are 1,...,k, and the nonzero labels

on the top side are k + 1,...,n. There is no obstruction to rebuilding u, v and w from
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the boundary labeling, because of the separated-descent assumption. For the sake of
brevity, the label 0 on the boundary will often be omitted. See Example 2.5 for the
boundary labeling for uw = 42135, v = 14532, w = 53412, and k = 2.

Our formula is a weighted counting of tilings of the n by n grid by unit tiles (with
pipes), subject to certain conditions. To warm up, we first give the formula for double
Schubert polynomials.

2.1. Statement for double Schubert polynomials Assume that
Gu(x,y) Zcuv Y) - Gulx,t). 2.3)

The admissible tiles are
| : :
- c~ | — 24)
The curves drawn on the tiles are referred to as pipes. A tiling of (2.2) built upon the
tiles in (2.4) is a network of pipes such that

(1) there are a total of n pipes, among which k pipes enter horizontally from rows
on the right side labeled 1,.. ., k, and n—k pipes enter vertically from columns
on the top side labeled k + 1,...,n. The pipes inherit the labels of the corre-
sponding rows and columns.

(2) the n pipes end vertically on the bottom side, such that the label of each pipe
matches the label of the column where it ends.

A Schubert pipe puzzle for u,v,w is a tiling of (2.2) with the tiles in (2.4), subject to
the following restriction on the tiles —-:

The horizontal pipe in - must receive a smaller label. For ex-

ample,
3 3
| I (2.5)
| ,—2 is allowed, while |  ~1 isnotallowed.
I el =2
312 321

Denote by PPy(u,v,w) the set of Schubert pipe puzzles for u,v,w. For each m €
PPy(u,v,w), define its Schubert weight by

wio(m t,y) = [ (4 —yw),
(1,))
where the sum is over empty tiles at the (i, j)-positions (in the matrix coordinate).

Theorem 2.2. Let u,v € S, be permutations with separated descents at position k. For
w € S,,, we have

anty)= Y wilmt,y). (2.6)

nePPy(u,v,w)

Remark 2.3. It may happen that &,,(x,t), w € S, with n < n’, appears in the expansion
of Gu(x,y) - 6,(x,1). In such a case, to compute Cuy(t,y), one needs only to embed naturally
S into Sy, and then apply Theorem [2.2] (w and v are now viewed as permutations in S,.).
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Remark 2.4. An alternative expresssion for the coefficients in Theorem[2.2|was recently given
by Samuel [19, Theorem 3.1], which is described in terms of certain paths in the Bruhat order.
Its proof relies on a Pieri formula using three sets of variables as in (2.3). The formula in
[19, Theorem 3.1] also implies Kirillov’s conjecture in the separated-descent case, as discussed
in Section

Example 2.5. Let uw = 42135, v = 14532, and set k = 2. For w = 53412, there are four
Schubert pipe puzzles in PPy (u, v, w):

>4 3 54 3 54 3 54 3
UL P P ]
ll—2 [l 2 |1 |12 |2
L]~ L W an et i en et
L e bbb e e L] !
MEEN L RERRRR RN NN
45231 45231 45231 45231
Here, the empty tiles are colored. So it follows from (2.6) that

623%14532 =(ts—y1) + (ts —y3) + (t3 —y2) + (t1 — ).

2.2. Statement for double Grothendieck polynomials. We allow one more admissi-
ble tile than (2.4):
| : : :
- cr~ | =T @7)
The extra tile in is a “bumping” tile --. We shall have the following restrictions
on the usage of —-:

If the two plpes in 7 are from the same side, then the northwest
pipe must receive a larger label. For example,

3 3
' | (2.8)
| 2 isallowed, while | i 1 is not allowed.
Wfewall |
321 31 2
If the two pipes in —~ are from different sides, then the north-
west pipe must enter from the right side (equivalently, it receives
a smaller label). For example,
3 3 (2.9)
2 . 2
—r  isallowed, while ——  isnotallowed.
] ]l
231 231

A (Grothendieck) pipe puzzle for u,v,w is a tiling of with the tiles in obeying

the restriction (2.5) on —-, as well as the restrictions (2.8) and on .
Let PP(u,v,w) be the set of pipe puzzles for u,v,w. For m € PP(u,v,w), its weight
wt(7;t,y) is the product of factors contributed by all tiles of 7t: at the (i, j)-position,

(1) anempty tile  contributes t; © y;;
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(2) an elbow tile ~ , in which the pipe is from the right side, contributes 1+ (t; ©

Yi);

(3) an elbow tile (,in which the pipe is from the top side, contributes 1 + 3(t; ©
Yi); 7

(4) a bumping tile -, in which the two pipes are from the same side, contributes
B .

(5) abumping tile <, in which the two pipes are from different sides, contributes

B(1+ Bt ©yi));

(6) any other tile except for the above cases contributes 1.

Theorem 2.6. Let u,v € S, be permutations with separated descents at position k. For
w € S,,, we have

Lty = ) wi(mty). (2.10)

nePP(u,v,w)

Note that Remark 2.3]is still valid for Theorem 2.6, We also remark that Theorem
specializes to Theorem 2.2]in the case B = 0 by noticing that wt(7;t,y)ls—o = 0
whenever m ¢ PPy(u,v,w), and wt(7m;t,y)lg—0 = wto(7;t,y) for m € PPy(u, v, w).

Example 2.7. Take the same setting as in Example There are nine pipe puzzles in
PP(u,v,w), among which the pipe puzzles in the top row are those appearing in Example
Here, the tiles with weights not equal to 1 are colored.

54 3 54 3 54 3 54 3

A L] [P ] [ ||

2 2] |2 |2

Ll L L~ [l

Ll et L et L et ]

L e e

45231 45231 45231 45231
54 3 54 3 54 3 54 3 54 3
| | ] Il
2 7?2 2 ezl ]2
e Il 1
Ll et et e e L ]
R R R N RN R RN RN AN AN R n RE RN RN RN R RE R R NN
45231 45231 45231 45231 45231

As a result,

Cansaasz = (s 0y (1 + Bt ©y))(1+ Blts ©y3))

(
+(ts ©ys)(T+ Bt oy))(0 + B(ts ©y1))
+ (oY) + Bt oy))(1+Btsoy))(1 + B(ts ©ys))
+ ey +Btaoy))(1+ Bt ©y2))(1+ B(ts ©ys))
+B(taoy)(ts ©y2)(1+ Bt ©yi)) (1T + B(ta ©ys))
+ Bt oy tsoy)(1+ Bt ©y2))(1T+ B(ts ©ys))
B( cy)tiey)(T+Btaoy))(0+ Bt ©ysz))
Bltioy)(tsoys)(T+B(taoyr))(0 + Bt ©y2))
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+B(ts 0yt 0 ys)(1 + Bt oyi))(1 + B(ts S yi)).

3. RECURRENCE RELATIONS

In this section, we present two recurrence relations, as well as an initial condi-
tion, for ¢y}, (t,y), and explain that they can be used to determine the computation
of cit,(t,y) for u,v € S, with separated descents.

Let us first review the definition of Bruhat order on S,,. Let t;; (1 < i <j < n)denote
the transpositions of S,. Then S, is generated by the set of simple transpositions
si = tiiy1 for T < i < n. The length ¢(w) of w € S,; is the minimum number of simple
transpositions appearing in any decomposition w = s;, - - - sy, .. It is well known that
{(w) equals the number of inversions of w:

tw) =#(1,j): 1 <i<j <mn, wi) >w(j)l

Notice that wt;; (resp., tijw) is obtained from w by swapping w(i) and w(j) (resp.,
the values i and j). Write w < wty if {((w) < {(wty) (namely, w(i) < w(j)). The
transitive closure of all relations w < wty; forms the Bruhat order < on S,,. It should
be noted that the Bruhat order can be defined equivalently as the transitive closure of
relations w < tiyw (which means {(w) < {(tyw)).

In the rest of this section, we shall often encounter the situation s;w < w or s;w > w.
By definition, s;w < w means i appears after i+ 1 in w, while s;w > w means i appears
before i + 1 in w.

To describe the two recurrence relations for ¢}/, (t,y), we define two operators act-
ing on a rational function f := f(x, t,y) in three sets of variables. The (left) Demazure
operator @; acts on the t variables:

(] + Btl)f_ (] + Bti+])f|ti(—)ti+1
t—tin '

o f = —

Similarly, we define ¢; which acts on the y variables:

(1 + By)f — (1 + By ) flyoyi,

Yi = Yin '
It should be noted that if the polynomial is in two sets of variables, it means that the
third set is set to 0.

The two recurrence relations for ¢, (t,y) can be stated as follows. If there is no

confusion occurring, we sometimes simply write ¢y}, for cfﬁv(t, y).

eif =—

Proposition 3.1. If s;u < u, then

w _ wo
Csiu,v = @i Cu,v -

1+ By; T+ By
——Cyy +t oy - 3.1
Yi— VY Y yYi— Y WY 3-1)

Proposition 3.2. If s;w > w, then

—_— . W W .
(O Cu,v + Cu,siv|ti<—>ti+1 y  SiV<V,
sSiw __
u,v

w w
_G)i Cu)\; - Bcu)v|ti(—)ti+1 ) SiV > V)
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that is,
T+pt . T4 Bty oW

w
t (TR t u,v|ti<—>ti+1 + Cu,Siv|tthi+1’ SiV <V,
S t =t ti—tin
1 j—
Cu,v - (32)
T4 Bt —]—'—Bticwl SiV >V
uwyv u,vitieotigy i .
t—tin ti—tig ’

In order to more quickly go into the proof of Theorem we put the proofs of
Propositions [3.1)and 3.2/in Appendix

To give the initial condition, we need the following localization

1, w=id,

Gy (t,t) = { (3.3)

0, otherwise.

This is the very special case of the general localization formula for Grothendieck poly-
nomials, see for example Buch and Rimdnyi [3] and the references therein. Taking
x =tin and then applying (3.3), we obtain the following relationship.

Lemma 3.3. We have

0, otherwise.

{qu(t)y)> ifV = id)

Denote by uf™ = n(n—1)--- (n—k+1)12--- (n—k) € S, the unique longest permu-
tation among those u € S,, with maxdes(u) < k:

(i) = n+l1—1i, i<k, 64
i—k, k<i<n.

By direct computation, we have

k n—i

qug»n (x,t) = H H(Xi o tj).

i=1 j=1

Indeed, this is clearly true for k = n. If the statement is true for k, then applying
operators 7 - - - M, we can compute the case of k — 1. This, along with Lemma
leads to the initial condition.

Proposition 3.4. Forv € S,,,

k n—i
id . H (tie Uj), if\) =1id,
Cukny = § 551 5=
0, otherwise.

Propositions 3.1|and [3.2| are valid for any u,v,w € S,,. We explain that such recur-
rences are closed when restricting u,v € S,, to permutations with separated descents
at k. In other words, we could use Propositions (3.1|and 3.2 (only applied to permuta-
tions with separated descents at k), along with the initial condition in Proposition
to compute ¢y, (t,y) for any u,v € §,, with separated descents at k.
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e First, compute ¢, (t,y) for w = id. The initial case is for the longest permu-
tation u = uf", as done in Proposition We next consider ¢l (t,y) with
L(u) < L(up™). Since u # uP™, one can always choose an integer i among the
tirst k values u(1),...,u(k), such that i appears before i + 1 in u. For example,
given u = 7423156 and k = 4, we may choosei =4 ori = 2.

Now we have u < sju € S,,. It is easily checked that maxdes(siu) < k. Set
u’ = s;u. By backwards induction on the length of u, the value of cif,’v(t, y) is

known, which allows us to compute ¢! (t,y) = c¢,,,(t,y) from ¢ (t,y) by
means of Proposition 3.1}

e Second, compute cy,(t,y) for {(w) > 0. In this case, choose any s; such
that s;w < w. It is also easily checked that if s;v < v, then we still have
mindes(s;v) > k. Set w’ = s;w. By induction on the length of w, the values
of cx;(t,y) and c{f’;iv(t,y) are known. Applying Proposition we may de-

duce ¢y, (t,y) = cffx“'(t,y) from cm;(t,y) and cﬁ"siv(t,y).

4. INTEGRABLE LATTICE MODELS

Throughout this section, we assume that u,v € S, are permutations with separated
descents at k, and w is any permutation in S,,. We shall realize the pipe puzzles
in PP(u,v,w) as a (colored) lattice model, denoted L(u,v,w), so that the right-hand
side of is equal to the partition function of L(u,v,w). For more background
about lattice models, we refer the reader to, for example, [2,4,5,24]. We verity that
L(u,v,w) isintegrable, in the sense that it satisfies Yang—Baxter equations with respect
to particular choices of R-matrices.

4.1. Lattice model. Consider a square grid with n horizontal lines and n vertical
lines. The intersection point of two lines will be a vertex (so there are a total of n?
vertices). The lines between two vertices are called edges. We shall also attach ad-
ditional half edges to the vertices on the boundary, so that there are four half edges
around each vertex.

A state is a labeling of all the (half) edges with labels from {0,1,2...,n}, with a
fixed boundary condition which is consistent with that in (2.2): the left half edges are
all labeled 0, the right half edges are labeled k!, ..., ! from top to bottom, the top
(resp., bottom) half edges are labeled 0),...,0" (resp., n),,...,n") from left to right.
The label of each (half) edge will be marked with a circle, and a vertex will be formally
assigned a parameter x. A state is admissible if the local configurations around each
vertex (namely, the labeled half edges adjacent to each vertex) satisfy exactly one of
the conditions as listed in the middle column of Table [1, Moreover, each allowable
local configuration is assigned a weight as given in the first column of Table

Each configuration around a vertex naturally corresponds to a tile that is used to
define a pipe puzzle, as illustrated in the last column of Table |1} with pipes inheriting
the labels of edges. We display the information in Table (I more intuitively in Table
Therefore, each admissible state generates a pipe puzzle, and vice versa. See Figure
for an admissible state and its corresponding pipe puzzle.

The lattice model L(u, v, w) we are considering is defined as the set of all admissible
states (L(u, v, w) can be regarded as a colored lattice model if the labels 1,2,...,n are
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weights conditions tiles
X N=E=W=§=0
1 E=W=0<N=S l
1 N=S=0<E=W —
1 O<E=W<N=S -+
@ T+px E=S=0<N=W<k -
W-x-® : 1 E=S=0andk<N=W
@ 1 N=W=0<E=S5S<k I
1+Bx N=W=0andk<E=S
B O<E=S<N=W<k
B k<E=S<N=W -
B(1+Px) 0O<N=W<k<E=S -

TABLE 1. Weights, local configurations, and tiles.

x
o
A
o
A
3

0<a)

¥ Y ¥
@~ © © @ @+ @
© ©

0<a<A<k)
k<a<A)
0<A<k<a)

<a<k) E

(

(

B +Bx) I

TABLE 2. Diagram illustration of Table(I]

viewed as n colors). The weight wt(S;t,y) of a state S in L(u,v,w) is the product of
all the weights of vertices with x = t; ©y; in row i and column j. The partition function
of L(u,v,w) is defined by

Zh\iv(t,y) = Z Wt(S;t>y)-

SeL(u,v,w)
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© © © © ©
@'h991'@tzeyr@"ﬁs@w'@'m@yr@'tsgr@

?éll j @'t1GIUZ@tz@IUZ@'tselyz@t4elyz@tselyz@
fanmnt |r-r"2 o)
1 | | | | |
i i !J| : (©rt10y340r 120340 t30y3 {0 tsoy3 {0 ts0y3<0)
T
T ® © © o o
45231 @"H994'@t2994'@'t39y4'@'t46y4-@t59y4-®

6 6 © 0 o
@tl 995@t26y5'@t3 9134'@‘(4995'@‘[56144'@
® ©® © o o

FIGURE 1. Correspondence between a pipe puzzle and an admissible state.

P ®

1
tl@yl t2991_()_ —O_tn@yl
2
t16y2 t20y2 thOy2 = Ky

@ <> <>

t1@yn t26yn —O— —O— tnSyn .
2

Remark 4.1. It can be checked directly from Table 2] that the weights of vertices (with x =
tj © yi in row i and column j) are consistent with the weights of the corresponding tiles as
defined above Theorem

That is,

Zttv,v(tay) -

Collecting the above observations, we summarize the following facts.
Proposition 4.2. Let u,v € S,, be permutations with separated descents at position k. Then,
forwe S,

(1) The set L(u,v,w) of admissible states are in bijection with the set PP (u, v, w) of pipe
puzzles.
(2) We have

Zy(ty)= >  wtlmty).

nePP (u,v,w)

That is, the partition function Z,(t,y) coincides with the right-hand side of (2.10).
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We next introduce two types of R-matrices: R, and R, and check that the lattice
model satisfies the Yang-Baxter equation when attaching an R, (resp., an R.,) to
rows (resp., columns).

4.2. The R-matrix R,,,. The R-matrix R, is given in Table

0,060,060 0, 00,006, 0
©O® @@ © 00O e ®

1 (0<a) 1 0O<b<k<cand0<a<A)
., 006,08 © 06, 00 0
©E® W ©®00 0 W

x (0<a<A) 1+px (0<b<k<candO<a<A)

TABLE 3. The R-matrix R,

Theorem 4.3 (Yang—Baxter Equation for R,). For the R-matrix R, the partition func-
tions of the following two models are equal for any given boundary condition with a;, ay, as, by,

by, bs 6{0,],2,...,“}.
@ ¢
/Qé;@ @30 ©

X6y

= XOoy (4.1)
® “Ov-® @?{Y @
® ®

Here, the partition function of the left (resp., right) model is the sum of all weights of admissible
configurations of the left (vesp., right) diagram with the given boundary condition.

Proof. Note that only depends on the relative values of k, a;, ay, as, by, by, bs. By
Tables[2land 3] it suffices to assume k = 3 and ay, a,, a3, by, by, b3 €{0,1,2,...,6} with
#{ay, az, az, by, by, bz} < 3. So there are only finitely many cases to consider, which can
be directly dealt with via computer verification. The SageMath code that we used to
verify this theorem as well as Theorem[4.5]is available athttps://cubicbear.github.
io/PipePuzzle.html. O


https://cubicbear.github.io/PipePuzzle.html
https://cubicbear.github.io/PipePuzzle.html
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Example 4.4. Take k = 3. Let (a, az, az, by, by, b3) = (1,0,4,1,4,0). By Tables 2|and 3] it
can be checked that the admissible configurations of both sides are illustrated below.

0,00 010, ® 00 0

o ot0 0l ‘e olo e
© © ©

Again, in view of Tables [2|and (3| the partition function of the left model is 1 + x, while the
partition function of the right model is 3(1 + By)(x ©y) + (1 + By). These two partition
functions are indeed the same. This agrees to the assertion in (4.1)).

4.3. The R-matrix R.,. The R-matrix R, is given in Table @

9@9@
D6 ©6

A

RIPR ¥R
06 © ©

X

b
®

1 (0<a) 1 (0<b

ol
@9@9 @9@9@9
G 06 ® & S ©6

x (0<a<A) 1+4px (0<b<k<candO<a<A)

IN

X

TABLE 4. The R-matrix R.;.

Theorem 4.5 (Yang-Baxter Equation for R.,). For the R-matrix R, the partition func-
tions of the following two models are equal for any given boundary condition with a,, a,,

as, by, by, b; € {O, 1,2, .. .,Tl}.
d b NN

& x—O—

& © cﬁ@
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Example 4.6. Still take k = 3, and (a1, az, a3, by, bz, b3) = (1,0,4,1,4,0). Equality (4.2)
tells

BT+ Bx) =R+ By)(1+B(xey)),

as implied by the following admissible conﬁgurations

00 %
@5@ @

U

©® @5@

5. PROOF OF THE MAIN RESULT

We always set u,v,w € S, where u and v have separated descents at position k. We
finish the proof of Theorem 2.6|by showing that Z}} (t, y) satisfies the same recurrence
relations (Propositions [3.T]and and initial condition (Proposition as ey, (t,y).

5.1. Induction on u. Suppose that s;u < u. It is easily checked that maxdes(s;u) < k.
Recalling the definition in (2.2), we see that 0 < k7 < k!, < kor k!, =0 < ki <k,
depending on the positions where i and i + 1 lie. Clearly, ks, is obtained from k., by
interchanging k! and «!''. For example, for n = 7 and k = 3, we list a descending
chain as follows:

u =543 > 534 > 524 > 425
Ky = 0032100 --- — 0023100 -- — 0203100 --- — 0201300 - - -

w — _— Z w + — |

STy Y Y Y — Y
Proof. Consider the lattice model L(u,v,w). We attach an R, to the left boundary
of row i and row i + 1 (Meanwhile, we make the variable exchange y; < Yy in the

states of L(u,v,w)), as illustrated in lb

W |1J1<_>Ut+1 (51)

@\ﬁt]eyl+1 —O_ tz@y1+l —O— —O— tn@y1+1

Yi o Yi+1 (52)

© \C}t]@yl—Q—tz@yl—Q {)_tn@yl <

By Table|3 there is exactly one admissible configuration for the R-matrix R,y (from A
in Table3). So the partition function of (5.2)) reads as

Zhv,v|yi<—>yi+1 . (5-3)
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Noticing that (t; © yi11) © (tj © Y1) = yi © Yi41, we may apply repeatedly the Yang-
Baxter equation in Theorem to (5.2), resulting in a model depicted in (5.4), with an
R-matrix R, attached on the right boundary.

@—neyl —O— . —C} Oty {)\ A

yl @ ylH (54)

@ von o 0 O v {V N

Consider the partition function of (5.4). Keep in mind that 0 < ' < «i, < k or
k!, = 0 < ki1 < k. For each situation, there are two admissible configurations for the
R-matrix R,,,, respectively from B, and C in Table 3| corresponding respectively to the
models L(u,v,w) and L(siu, v, w). Thus, the partition function of is

(T4 Byi ©Yin)) LY, + (Ui S Yin) Ly, (5.5)
Equating and (5.5), we get the desired formula in (5.1). O

5.2. Induction on w. We now establish the recurrence relation for Z},, which is par-
allel to Proposition 3.2}

Theorem 5.2. If s;w > w, then

1+ Bt T+ Bty
L t":] ZZVW - ﬁ n}’vlt“_)ti“ T Ztlv,siv|ti<—>ti+1> Siv <V,
. i i i i
o (5.6)
T+Bt ., 1+Bti,
ti — tig wy t — tig u,v|ti(—>ti+1) Siv > V.
1 1 i i

Proof. This time we attach an R, to the top boundary of L(u,v,w). Applying the
Yang-Baxter equation in Theorem 4.5, we obtain equivalent models given in (5.7).

® €

t © tiy e ti+1@yl Loy —

9 a
(? (5.7)
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We first consider the partition function of the right model in (5.7). The assumption
siw > w implies 0 < i, < ni'. Notice also that 7., is obtained from mn,, by in-
terchanging !, and n;'. In view of Table 4} there are two admissible configurations
for the R-matrix R, (one is from B; in Table §] and the other is from C in Table [4),
corresponding respectively to the models L(u,v,w) and L(u,v, s;w). So the partition

function of the right model in (5.7) is
va|ti<—)ti+] + (tl @ ti+] )Z‘i:]\/;v|tthi+] . (5'8)

We next consider the partition function of the left model in (5.7). There are two
cases.

Case 1. s;v < v. In this case, notice that k < 01! < 0} or 0 = 0} < 6}, and that 0,
is obtained from 6, by interchanging 6} and 85"'. By Table [} for either k < 0% < 6},
or 0 = 0! < 01, there are two choices for the configurations of R, (one is from
B,, and the other is from C), corresponding respectively to the models L(u,v,w) and
L(u, siv,w). So, the partition function of the left model in is

(T+B(ti o tin))Zy, + (O tin) L], (5.9)
Equating (5.8) and (5.9), we deduce that
4 1+ Bt O tin) 1
Zf;\\/)vhthiM = t @1ti+1 - Ztvt,v + Ztvt,siv — mzr}whi(—mﬁ
1+ Bt 1+ Btisg
=——720 , + L), — ———Z o
ti - ti-i,-] u,v + u,siVv ti . ti+] u,v|t1<—>t1+])

which, after the variable exchange t; ¢ t;;1, becomes the first equality in (5.6).

Case 2. siv > v. In this case, i appears before 1 + 1 in v. So we have 0 = 0} = 0",
or0 = 0! and k < 67, or k < 6 < 6. By Table |4} for each of these situations,
there is exactly one admissible configuration (from A or B;) of R.,, and we see that
the partition function of the left model in is precisely equal to ZY,. By equating
with (5.8), we obtain that

1 1

—_— W e —
et 7 Lot
1Bt T+ Bty

=t Yt —

After the variable exchange t; < ti.; on both sides, we reach the second equality in
(5.6). O

5.3. Initial condition. We finally verify the initial case for u, (as defined in (3.4)) and
w =id.

Siw _ w
Zul,v ’tthiJrl - Zu,v ”H i

w
Zu,v ’ti<—>ti+1 .

Theorem 5.3. Forv € S,,, we have

k
zo _ )T, iv=id, (5.10)

0, otherwise.
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Proof. Here, we go back to the pipe puzzle model PP (uy,v,id) for the computation of
Z¢ . The boundary condition is illustrated in the left diagram in Figure 2| Evidently,

Up,V*

el 95 etebﬂ... on k+1--- n
-
k r!' Ik
| | i :
= (T 2
i [ i
(S T i
T 2 - kk+1--- n 1 2 - kk+1--- n

FIGURE 2. Boundary condition and the unique pipe puzzle in PP (uy,id, id).

the pipes labeled k+1,...,n must go vertically from the top side down to the bottom
side. So we have Z}] , = 0 whenever v # id. It remains to check the case v = id. It

is easily checked that there is exactly one pipe puzzle in PP(uy,id,id), see the right
diagram of Figure 2l This pipe puzzle contributes a weight as displayed in (5.10). [J

6. APPLICATIONS

We list three main applications of Theorem The first application is to recover
the puzzle formula discovered by Knutson and Zinn-Justin [12, Theorem 1].

6.1. Separated-descent puzzles Consider (1.1) by setting y=t
By (x,t) Z e (t1) - By(x, t).

Assume that u,v € S,, have separated descents at k. For w € S, a pipe puzzle
n € PP(u,v,w) has weight zero if and only if 7t has (at least) one empty tile

on the diagonal. This implies that c},(t,t) is a weighted counting of pipe puzzles
7t € PP(u,v,w) such that 7t has no empty tile on the diagonal. For such pipe puzzles,
we have the following observation:

e Each position on the diagonal is tiled with either ~ or | , and each position
lying strictly to the southwest of the diagonal is tiled with | .

This can be checked as follows. First, the tile at the position (1,1) must be tiled
with either ~ or | since (1) the tile cannot be empty, and (2) the labels on the left
boundary are all 0. Therefore, all positions below (1, 1) in the first column must be
tiled with | . The same analysis applies to the remaining positions (2,2),..., (n,n).

Let 1 € PP(u,v,w) be a pipe puzzle without empty tile on the dlagonal Cut
along its diagonal into two triangles, and denote by P(7) the upper-right triangle. By
the above observation, 7t can be recovered from P(7). To get the puzzle visualization
of Knutson and Zinn-Justin [12, Theorem 1], we rotate P(7) counterclockwise by 45
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degrees, and then warp it into an equilateral triangle. If further assuming that u and
v are both k-Grassmannian, there is a bijection to the classical Grassmannian puzzles,
see §5.1] for more details.

Example 6.1. Consider the pipe puzzles in Example The following four puzzles survive
after settingy = t.

54 3 54 3 54 3 54 3
AN U e oA e e A AR== s AR
'l —2 [l 2 |1 |12 || 72
L] L] I i ew |
Ll et b ber e L] !
RN IIIII L] L]
45231 45231 45231 45231
Their upper-right triangular regions are
54 3 54 3 54 3 54 3
4_T_J ! 4___1 Ir._J 4_T_J J 4_T_J !
N A i
Ve 2| T pave
3.l 3.l 3.l 3.l

1 1 1

After rotation and warping, the corresponding puzzles are
3 3 3,

\,2 ) ) \2
)/)1 ></ 1 >(\(>] 5></>]
PR RN 2RO (L

Y AVANAYA NAVA VAN /\\\\ /\/\\ Y AVA VAN
45231452314523145231

In the second application, we explain that Theorem 2.6{could be used to recover the
bumpless pipe dream model of double Grothendieck polynomials by Weigandt [22]].

6.2. Bumpless pipe dreams. Let k = n and v = id. In this case, arbitrary u € S,
satisfies the separated-descent condition in (1.2). By Lemma

Ciﬂid(ty) = qu(t»y)'
Let m € PP(u,id,id). Then all pipes enter into 7t from the right side. Apply the
following operations to 7
e reflecting 7 across the diagonal;
e replacing k!, = u™'(i) by i, and 0}, = i by u(i).
The resulting diagram is denoted as B(7r). Write
BP(u) = {B(m): m € PP(u,id,id)}.

By the restriction on - along with the restriction on ~, it can be checked
that for a diagram in BP(u): (1) two pipes cross at most once, and (2) if two pipes have

a “bumping” ~- at position (i, j), then they must cross at a position to the northeast
of (i,j). This 1mp11es that the set BP(u) is precisely the set of bumpless pipe dreams
of u, as defined in



20 NEIL J.Y. FAN, PETER L. GUO, AND RUI XIONG

Remark 6.2. As bumpless pipe dreams in BP (u) are obtained from pipe puzzles in PP (u, id, id)
after a reflection, a tile at position (i,j) is assigned a weight in the following way:

(1) an empty tile  contributes t; © yj;

(2) an elbow tile @ contributes 1 + B(t; © y;);

(3) a bumping tile <~ contributes (3;

(4) any other tile contributes 1.
The weights described above are slightly different from the weights adopted in [22]]. It seems
that when setting 3 = 0, the weights we used imply more explicitly the bumpless pipe dream
model of double Schubert polynomials due to Lam, Lee and Shimozono [13].

Example 6.3. Let u = 32514. Below are pipe puzzles in PP (u,id, id).

—4 —4 —4 —4
2 — o2 2
) ] | 1 1!
Ebey e e b
|3 =3 =3 1l =73
12345 12345 12345 12345
After reflection and relabeling, the resulting bumpless pipe dreams of u are
3 3 3 3
2 | —2 —1—2 2
B cE N e LA R oo s o e
! L T anmenmmanll
NN e 2 N N A== = O N A= =E o RN R Ve
12345 12345 12345 12345

We finally apply Theorem [2.2|to investigate a conjecture posed by Kirillov [8].

6.3. Kirillov’s conjecture. Let us restrict to Schubert polynomials. Setting 3 = 0, the
operator 71; is usually denoted as 0;:

O:f = f— f|Xi<—>Xi+1
i _ .
Xi — Xi41

The operator 0; is also called the divided difference operator. For w € S, define 9,, =

0i, - - - 0, for any reduced decomposition w = s;, - - - s;,(this is well defined since the
0;’s satisfy the braid relations). It can be deduced that [8, Proposition 2]

-1 if £ 1) =L(u)—¢
0.6, 1) — {Guw (x,t), ifLluw™) = f(u) —E(w), 6.1)

0, otherwise.

The skew operator 9,,, is characterized by

duw(fg) =Y (dwpf)(dvg). 62)
See [8, Definition 4] for a more concrete description of 9,,,,. Kirillov [8, Conjecture
1] conjectured that for any u, v, w, the polynomial 9,,,,&,(x) has nonnegative integer
coefficients:

aw/VGu(X) c Zzo [X] y X2y oo ]
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Settingy = 0 in yields that
Gu(x) - Sy(x, 1) = ) Tl (t,0) - Su(x, t). (6.3)

Proposition 6.4. We have
aw/vgu(x) = EZ:V(X) 0)

Proof. Apply 9,, to both sides of (6.3), and then take the specialization x = t. In
view of (6.1)), and the localization formula in (which is still valid for double
Schubert polynomials), the left-hand side becomes 9., , &, (x), and the right-hand side
is left with ¢y, (x, 0). O

Setting y = 0 in Theorem we arrive at the following conclusion.

Corollary 6.5. Let u,v € S, be permutations with separated descents. Then

Gu(x) - Sy(x,1) € Y Zolt] - Sy(x, 1).

Combining Proposition [6.4| with Corollary [6.5|enables us to confirm Kirillov’s con-
jecture for permutations with separated descents.

Corollary 6.6. Kirillov's conjecture is true for wand v with separated descents and arbitrary
w.
APPENDIX A. LEFT DEMAZURE OPERATORS
Recall that the (left) Demazure operator @; and ¢; are as defined in Section

Proposition A.1. We have

Gwl(x,t) if ssw < w,

DB, (x, 1) = R (A1)
—BBy(x, 1), if siw >w.

A geometric proof of Proposition can be found in [15]. Here, we provide an
algebraic proof. To this end, we need the Hecke product on permutations:

siw, if siw > w, wsi, if ws; >w,
Si ¥ W = and wxs; =

w, if ssw < wy w, if ws;p < w.
This defines a monoid structure over S, called the 0-Hecke monoid.

Proof of Proposition[A.1, Let wy = n---21 be the longest element in S,. Forw € S,,,
denote

G (x,1) = Gpw(x, t).
Then can be rewritten as
mEY = (=) v s, (A2)
Note that the identity in can be restated as
DB = (—p) s g snvew, (A.3)
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We prove (A.3) by induction on the length of w. When {(w) = 0 (namely, w = id),
it follows from direct computation that

a)iqsid(x) t) - @1@51,\,0 (X) t) = H (Xa o tb)»

a+b<n
(a)b)?é(nilvl)
which coincides with &*i(x, t) = &,, s . (x,1) = 7B, (X, t).
For {(w) > 0, one can find an index j such that ws; < w, and so by induction,
®i®W — a)iﬂj@wsj — 7Tja)i@wsj — (_B)K(Wsj]+17€(sn,i*wsj)ﬂqusn,i*wsj
— (_B)ﬁ(wsj)-i-]—l’,(sn,i*wsj) (_[3)@(sn,i*wsj)+1—((sn,i*wsj*5j)®sn,i*ws]~*sj
_ (_[3)ﬂ(wsj)+2—€(sn,i*w)®sn,i*w

_ (_(5 )E(w)+1f€(sn,i*w) @Sn,i*w.

Here, we used (A.2) in the first and fourth equality, and used the fact that the opera-
tors 7; and @; commute in the second equality. 0

Now, we can present proofs of Propositions [3.1land

Proof of Proposition Assume that s;u < u. Applying ; to (1.I), by Proposition[A.1]
the left-hand side is

G, y) - zj%wty wix, ).

While the right-hand side is
Z (picf,v(t y) ) ®W(X) t).

Comparing the coefficients of &,,(x, t), we are given ¢y, , = @ic},, as desired. O
Proof of Proposition[3.2, Apply @; to (LI). By Proposition[A.T] the left-hand side is
Bulx,y) - Gsn(x,t) =3 el (b y) - B(x, 1), siv <V,
{—B@u(x,y) By (x,t) = 2, Bl (HY) - Bulx,t), siv>v.
To compute the right-hand side, we use the following property of @;:
@1(fg) = (Fhcs, ) [@19) — 1
By (A.4) and Proposition[A.T} the right-hand side is

Za)l - Bu(x, 1))

1+ B,
- Z < uv|t1<—>t1+1 (O @ —I(Cnv‘v - Ct:v’tthiJr] )Q5W

(f — fle, ot ) g (A.4)

T — ti
1+ Bt

= Z ((CLWL,v|t1_<—>ti+] )QSSiW - —‘L(C‘L/:v - C‘{Lv,v|'[i<—>’[i+] )QSW
=t

spw<w
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14 Bt,
t2 <_B(C3v|ﬁ%ﬂ)®w el T Clon )
S{wW>w 1 i+1
14 Bt,
- Z C— 1t - (CKN - Ctvt,v’ti‘—)tiﬂ )ij
siw<w i+1
A 1+ Bt
e (CW“H““ Belyluenin = (el — Clvhionn) | G
SiWw>W i i+1
1+ Bt
- Z .t - (CKN - CK,v|fi<—>ti+1 L
siw<w ¢ i1

A 14+ Bty 14+ Bty
+ Z (Cff,mtﬂ—’tw] - —1CK,V + —ch\ivhﬁ—ﬁw] ®W°
v t—tig t—tiy

Extracting the coefficients of &(w) with s;w > w on both sides, we deduce that

siw
Cu,v |ti<—>ti+1 - C

1+ Bt o 1+ Btivy | N (G SV < v,
tl — t1+1 uw,v tl _ t1+‘| u,v tie—=tin

Bty StV >,

which coincides with (3.2) after the variable exchange t; < ti.. O
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