ON PRESCRIBED HAMILTON LACEABILITY
OF HYBRID-FAULTY STAR GRAPHS *

ZAI PING LU ¥ AND SHU DAN XUE ¥

Abstract. In this paper, we investigate Hamilton paths passing through a prescribed linear
forest in a hybrid-faulty star graph. Let M be a matching with m edges of the star graph Sy, F' be
an f-subset of E(Sy, — M), {z,y} be a 2-subset of V (S, — M), and L be a linear forest of S,, — M — F'.
Suppose that m + f < n — 4, neither x nor y is an inner vertex of L, and z,y are not located on the
same component of L. We prove that, for any w € V (S, — M)\ V(L), there exists a Hamilton path
of S, — M — F — w between x and y passing through L provided that z,y belong to the partite set
not containing w, and |E(L)| < n—4—m— f. As a consequence, if z,y are from opposite partite sets
and |[E(L)| <n—4—m— f then S, — M — F has a Hamilton path between = and y passing through
L. We also proved that S,, — M — F has a Hamilton cycle passing through L if |E(L)| < n—3—m—f.

Key words. Star graph, Hamilton path, linear forests, prescribed Hamilton laceability, pre-
scribed hyper-Hamilton laceability
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1. Introduction. A crucial factor in the design of multiprocessor systems is the
interconnection network, which is often modeled by a simple graph. One minimal
requirement for an interconnection network is that the associated graph is sufficiently
connected so that the system still works in case of some nodes (processors) or links
(communication channels) failure. This inspired an intensive study of embedding
long cycles or paths into various specific graphs avoiding certain forbidden edges or
vertices, for example, the hypercube and its variants [10, 13, 5, 19, 22, 17, 27], Cayley
graphs generated by transposition trees [11, 15, 18, 28, 29, 31], and so on. In an
interconnection network, some links or nodes may have better performance than the
others, and they may coexist with the faulty ones. Thus the prescribed embedding
problem for some famous graphs (networks) has been proposed and widely studied,
see [4, 7, 8, 20, 30, 32, 33, 34] for example. In this paper, we focus on long paths
passing prescribed linear forests in faulty star graphs.

The star graph [1] possesses many desirable topological properties for building
interconnection network of parallel and distributed systems, such as recursiveness,
vertex and edge symmetry, maximal fault tolerance, sub-logarithmic degree and di-
ameter, and strong resilience [1, 2]. The star graph has been widely studied in different
aspects, such as path routing [12, 24], connectivity and diagnosability [3, 21], broad-
casting [9, 23], and embedding problems [11, 18, 28, 30, 31], and so on.

Recall that a Hamilton path or Hamilton cycle in a graph is a path or cycle
which traverses all the vertices, respectively. A graph with a Hamilton cycle is called
Hamiltonian. Let G be a balanced bipartite graph, and denote V(G) and E(G) the
vertex set and edge set, respectively. Then G is called Hamilton laceable [25] if (i) any
two vertices in opposite partite sets are the ends of some Hamilton path (of G), and
hyper-Hamilton laceable if (ii) any two distinct vertices in a partite set are the ends of
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2 Z.P. LU AND S. D. XUE

some Hamilton path of G —w, where w runs over the partite set not containing x and
y. It is easy to see that (ii) guarantees the Hamilton laceability of G, our definition
of hyper-Hamilton laceability coincides with that given in [14] for balanced bipartite
graphs.

A subgraph L of G is called a liner forest if either L is null or every components of
L is a path of length no less 1. Let £ > 0 be an integer. Then G is called ¢-prescribed
Hamiltonian if, for any linear forest L with |E(L)| < ¢, there exists a Hamilton cycle
in G passing through L. Two distinct vertices z,y € V(G) are said to be compatible
with L (in G) if neither « nor y is an inner vertex of L, and z,y are not located on
the same component of L. The graph G is called ¢-prescribed Hamilton laceable if, for
any linear forest L with |[E(L)| < ¢ and vertices z,y in opposite partite sets, G has a
Hamilton path with ends z,y and passing through L unless z,y are not compatible
with L. Moreover, G is called ¢-prescribed hyper-Hamilton laceable if, for any linear
forest L with |E(L)| < ¢, distinct vertices z,y in a partite set and vertex w in the
partite set not containing = and y, the graph G — w has a Hamilton path with ends
x,y and passing through L unless either w € V(L) or x,y are not compatible with L.
Note that Hamilton laceability and hyper-Hamilton laceability are just O-prescribed
Hamilton laceability and O-prescribed hyper-Hamilton laceability, respectively.

Recently, Yang and Li [32] investigated the prescribed hyper-Hamilton laceability
of the hypercube @Q,, with faulty matching and edges. They proved that for a matching
M and a set F of edges in @y, if |[E(M)| + |F| < n— 3 then Q, — M — F is
(n—3—|E(M)|— |F|)-prescribed hyper-Hamilton laceable. A natural question which
arises here is: How is the prescribed hyper-Hamilton laceability of the star graph S,
with faulty matching and edges? In this paper, we answer this question by proving
the next results in Section 4.

THEOREM 1.1. Let M be a matching with m edges of S, and let F' be an f-subset
of E(Sp, — M), wheren >4 and m+ f <n—4. Then S, —M —F is (n—4—m— f)-
prescribed hyper-Hamilton laceable.

As consequences of Theorem 1.1, the following results are proved in Section 3.

COROLLARY 1.2. Let M be a matching with m edges of S,, and let F' be an f-
subset of E(S, — M), where n > 4 and m + f < n—4. Then S, — M — F is
(n —4 —m — f)-prescribed Hamilton laceable.

COROLLARY 1.3. Let M be a matching with m edges of S,, and let F be an f-
subset of E(S, — M), where n > 4 and m + f < n—3. Then S, — M — F is
(n — 3 —m — f)-prescribed Hamiltonian.

2. Preliminaries. Let n > 2 be an integer, and write [n] := {1,2,...,n}. A
bijection of [n] onto itself is called a permutation of [n]. Denote by S, the set of
permutations of [n]. Under composition of mappings, S, forms a group of order n!,
called the symmetric group on [n]. We always write permutations on the left and
compose from right to left, for example, (z-y)(i) = x(y(¢)). For distinct 4, j € [n], we
use ¢; ; to denote the transposition interchanging ¢ and j. Put

Ti={ti | 14 € [n]}.

Then T is a set of generators of the symmetric group S,,. The n-star graph S, is
defined as a Cayley graph on &,, such that two vertices x,y € S,, are adjacent if and
only if z71.y € T, refer to [2]. It is easy to see that S, is an (n — 1)-regular bipartite
graph. The following are several known results about the star graph S,,.
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HAMILTON LACEABILITY OF HYBRID-FAULTY STAR GRAPHS 3

LEMMA 2.1 ([18]). Let F be a subset of E(Sy).
(1) If n >4 and |F| < n—4 then S, — F is hyper-Hamilton laceable.
(2) Ifn >4 and |F| <n—3 then S, — F' is Hamilton laceable.

LEMMA 2.2 ([29]). Letz andy be vertices of opposite parity, and let e € E(S,,).
If n > 4 and e # xy then there exists a Hamilton path Plx,y] of Sy, which passes e.

LEMMA 2.3 ([31]). Let M be a matching of size m of star graph S,.
(1) If n >4 and m <n — 4 then S, — M is hyper-Hamilton laceable.
(2) Ifn >4 and m <n—3 then S, — M is Hamiltonian.

Recall that a permutation is said to be even or odd if it is a product of an even
or odd number of transpositions, respectively. Denote by &, and O, the sets of
even permutations and odd permutations of [n], respectively. Then S, = &, U O,,
IEn] = %’ = |0, | and S,, has bipartition (&,,O,,). For convenience, the vertices in &,
and O, are call even and odd vertices, respectively. For i,k € [n] with k # 1, define

i},
i},
i}

Then we have a partition {S}, , | i € [n]} of the symmetric group S,,. Note that Sﬁ’k

,"m ={z eS8, |zk)
Efm ={z e &, |z(k)
O = {x € O, | x(k)

is in fact the subgroup of S,, fixing the symbol &, and so Sf;k is isomorphic to S,,_1.
In addition, for ¢ # k, we have

i _ k 7 _ k % _ k
Sn,k - tkﬂ"Sn,k? gn,k - tkyi'on,k? On,k - tkyi'gn,k'

Denote by S}, ;. the subgraph of S,, induced by S, ;. Then S}, , is a bipartite graph
with bipartition (5}1 > O;k) Moreover, the subgraph S:i  is a Cayley graph of the
symmetric group on [n] \ {k} generated by T \ {t1x}, and = — tg,; - = gives an
isomorphism from S’;’k to S . In particular, every S}, , is isomorphic to S, ;.
An edge xy of S, is called a k-edge if 1.y = t1, while z (or y) is called a
k-neighbor of y (or z). The next lemma follows directly from the definition of .S,,.
LEMMA 2.4. Let i,k € [n] with k # 1, and = € thk. Suppose that y,z are

distinct neighbors of x in Sfl)k. Then the k-neighbors of x, y and z are all distinct.
In particular, the k-neighbor of x and the k-neighbors of the other neighbors of x are
scattered into the distinct n — 1 subgraphs S;, ;. , where j runs over [n] \ {i}.

For i,j € [n] with j # 4, denote by E,’C] the set of edges between Sfl,k and Sﬁ;’k,

and put
By = U By = E(Sn)\ U E( :z,k:)'
1,J€[n],i#] i€[n]

Let V(E,ZJ) be the set of ends of edges in E,ij It is easily to see that Ej consists
of all k-edges of S,, {V(E))NO,, | i # j € [n]} is a partition of O}, ;, and
(V(E}7)n &1 | i # j € [n]} is a partition of £, ;. Moreover, the following lemma
holds, refer to [6, Theorem 2.1].

LEMMA 2.5. Let k,i,j € [n] withn >3, k# 1 and i # j. Then

(1) Sy, is isomorphic to the (n — 1)-star graph S, _1; and

(2) Ef indices a perfect matching of Sy, and Ex, N Ey, = 0 for distinct ki, ko €

[P\ {1}, and
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4 Z.P. LU AND S. D. XUE

(3) [V(Si) NEal = U5 = |V(SL,) N Ol, and |V(E) N €5, | = 52 =
V(E) N Oy,

LEMMA 2.6. Let H C E(S,,) with |H| < n—2. Then there exists an automorphism
¢ of Sy, such that ¢(E,) = En, ¢(Oy) = Oy and ¢(H) contains no n-edges.

Proof. First, we observe from (2) of Lemma 2.5 that E, N H = ) for some k > 2.
If k£ = n then the lemma is true by letting ¢ be the identity transformation of S,.
Now let k£ # n. Considering the conjugation of ¢; ; on S,, we have an automorphism
of Sp,say ¢ : x> t;;-x-t; ;. Then ¢(&,) =&, ¢(O,) = O,, and ¢(Ey) = E,,, and
so the lemma follows. O

as Sfl, 8}‘1 as &, and Ofw

n ns

To simplify the notation, we write S}, ,, as S}, Si
as OF, respectively. Then S! has bipartition (€2, 0%).
LEMMA 2.7. Let i, j € [n] with i # j, and let H C E(Sy) \ E,, with |H| <n —4,
for n > 4. Then E%J contains at least @ — |H| edges ends in £ U OJ \ V(H),

and at least @ — |H| edges with ends in O, UEL\ V(H).

N

Proof. By Lemma 2.5, E%7 contains @ many n-edges that have ends in £ U0},

(resp., OF U&EI). Let H, = HNE(SY), and hy = |Hg|, where k € {i,j}. Then V(H,)
contributes at most h; even (resp., odd) ends and V(H;) contributes at most h; odd
(resp., even) ends for the edges in E%7. Thus E%J contains at least @ — (hi + hj)
edges in E% with ends in & U OJ \ V(H) (resp., O) U &} \ V(H)). Noting that
hi + hj < |H|, the lemma follows. O

3. Consequences of Theorem 1.1. In the next section, we shall proceed by
induction on n to prove Theorem 1.1. For this purpose, let’s take a look at some
conclusions which are deduced from Theorem 1.1 and in turn play an important role
in the induction process. Thus, in this section, suppose that S,, — My — F{ is hyper-
Hamilton laceable, where Mj is an arbitrary matching of S,, and Fy is an arbitrary
subset of E(S,, — Mp) such that |E(My)| + |Fo| < n — 4.

In this and next sections, for a path P and its two vertices v and v, the symbol
Plu,v] means the path on P between u and v.

LEMMA 3.1. Let M be a matching of Sy, and F be a subset of E(S,—M). Suppose
that n > 4 and |E(M)|+ |F| <n—3. Then S, — M — F is Hamiltonian.

Proof. If |F| = 0 then, by Lemma 2.3(2), S, — M is Hamiltonian, and the lemma
is true. Now let |F| # 0, and pick zy € F. Since |[E(M)| 4+ |F| < n — 3, there
exist two neighbors z and w of y in S,, — M such that neither yz nor yw lies in F.
Choosing Fy = F'\ {zy}. Noth that |E(M)| + |Fo| < n — 4 and since S,, — M — F}
is hyper-Hamilton laceable, there exists a Hamilton path P[z, w] of S,, — M — Fy —y.
Then S, — M — F has a desired Hamilton cycle constructed by P[z,w], yz and yw.
Thus the lemma follows. a0

Proof of Corollary 1.2. Let M be a matching of S,,, F' be a subset of E(S,, — M),
and L be a linear forest in S, — M — F. Suppose that n > 4 and |E(M)+|F|+|E(L)| <
n — 4. Pick two vertices x,y with opposite parity and compatible with L. Since
|E(L)] + |[E(M) + |F| < n — 4, there exists a neighbor z of y in S,, — M such that
yz ¢ F, and either yz € E(L) or z ¢ V(L). Let Ly be the subgraph of L induced
by E(L) \ {yz}. Then {z,z} and Ly are compatible in S,, — M — F —y. By the
assumption, S,, — M — F — y has a Hamilton path Pz, z] passing through Lg. Thus
Sp — M — F has a desired Hamilton path constructed by P|z, z] and zy, which passes
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HAMILTON LACEABILITY OF HYBRID-FAULTY STAR GRAPHS 5

through L. This completes the proof.

Proof of Corollary 1.3. Note that prescribed hyper-Hamilton laceability leads to
hyper-Hamilton laceability. Let M be a matching of S,,, F' be a subset of E(S,, — M),
and L be a linear forest in S, — M —F. Suppose that n > 4 and |E(M)|+|F|+|E(L)| <
n—3. If E(L) = 0 then, by Lemma 3.1, S, — M — F has a Hamilton cycle passes
through L. Assume that E(L) # (), and pick zy € E(L) with £ not an inner vertex
of L. Let Lo be the subgraph of L induced by E(L) \ {zy}. Then {z,y} and Lo are
compatible in S, — M — F. Noting that |E(M)|+|F| < (n—3)—|E(L)] <n—4 and
|Lo| <n—4—|E(M)|—|F|, by Corollary 1.2, there exists a Hamilton path P[xz,y] of
Sn — M — F that passes through Lg. Then S,, — M — F has a desired Hamilton cycle
constructed by Plz,y] and xy, which passes through L. This completes the proof.

4. The proof of Theorem 1.1. We proceed by induction on n. By Lemma
2.1, the result is trivial when n = 4, so suppose that n > 5, and Theorem 1.1 holds
for the (n — 1)-star graph S,,_;.

Let M be a matching of S,, with m edges, and F' an f-subset F of E(S,, — M)
such that

m+ f<n-—4.

Pick a linear forest L of S, — M — F with |E(L)| = ¢ such that
<n—4—-—m-—f.

Put
H:=E(M)UFUE(L). (4.1)
Then |H| < n—4. In view of Lemma 2.6, replacing S,, — M — F and L by their images
under some automorphism of S, we may suppose that H contains no n-edges, i.e.,
HCE(S,) - E,= |J E(S)) =E(S,) - J Bl (4.2)
i€[n] i#]
4.1. Symbols and lemmas. For each i € [n], put F; := F N E(S!), denote by
M; and L; the subgraphs of M and L contained in S, respectively. Define

Since m + f + ¢ < n — 4, we have the following observation.

LEMMA 4.1. Euther

(1) ¢; <n—5—m; — f; foralli € [n]; or

(2) there exists a unique j € [n] such that M; = M, F; = F, L; = L and
{=n—4—-—m-—f.

For a vertex u € S,,, we write
iy = u(n), (4.4)
and denote by @ the n-neighbor of u in 5, i.e.,
U=u-1t1n. (4.5)

LEMMA 4.2. Let i € [n], and let E be the edge set of some linear forest of S\ —
M;—F; with |E| > 3n—12. Letn’' be the number of edges uv € E such that uv ¢ E(L),
u,0 ¢ V(M) and {u,v} is compatible with L. Suppose that E contains no n-edges.
Thenn' > |E|+2—2m —2(—{; > |E| — 3n+ 14.
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6 Z.P. LU AND S. D. XUE

Proof. Let Vo = {u € V(E) | © € V(M)}, and let By = {uv € E | 4,0 ¢
V(M)} \ E(L;). For ui,us € Vp, since w1ty and ustia are n-edges, if u; # ug then
U1 # Uz by (2) of Lemma 2.5. Moreover, for uv € E, by Lemma 2.4, iz # i5. It
follows that |Eg| > |E| — 2m — ¢;. Further, each edge uv in Ejy if exists is a desired
edge in this lemma, or else at least one of & and ¥ is an inner vertex of L. Noting
that L has at most ¢ — 1 inner vertices, we deduce that n’ > |Ep| — 2(¢£ — 1). Since
m+f+€<n—-4 wehaven > |E|-2m—{; —2({ —1) > |E| — 3n + 14. d

For I C [n], denote by S! the subgraph of S,, induced by S! := U;c;(S!), and
put
M;:=S8'nM, Fr:=E(S)nF, L;:=S.nL.

LEMMA 4.3. Let I C [n] with |I| > 2, and i,j € I with i # j for n > 5. Let
u,v € S — M; with w € O and v € & such that {u,v} is compatible with L.
Suppose that £; <n—5—m; — f; for alli € I. Then S,Il — My; — F; has a Hamilton
path Prlu,v] passing through L.

Proof. Write I = {iy,ia,...,i5}, where s = |I|, i1 = i and i;, = j. Let u; = u
and vy = v. For each integer k with 1 < k < s — 1, by Lemma 2.7, we may choose
Vg1 € B+ with vy, € £\ V(H) and ugy1 € O™ \ V(H). By the induction
hypothesis and Corollary 1.2, S% — M;, — F;, has a Hamilton path Py[ug,vs] passing
through L;,, where 1 < k < s. Then S! — M; — Fy has a desired Hamilton path
constructed by Pj[uy,v1], viug, Palug,vs], ..., vs_1us and Pslusg, vs]. 1]

LEMMA 4.4. Let I C [n] with |I| > 3 and i,j € I forn > 5. Let u,v € SL with
uw€ O and v € E). Then S. has a Hamilton path Pjlu,v].

Proof. If i # j, then, by Lemma 4.3, a desired Hamilton path is guaranteed. Now
let i = j. Choose ugvg € S, with ig,,iz, € I\ {i}. Clearly, by Lemma 2.4, we have
ia, 7 i5,- By Lemma 2.2, S’ has a Hamilton path P [u,v] that passes ugvy with ug
lying between u and vg. Set I’ = I\ {i}. Lemma 4.3 guarantees a Hamilton path
Pyiltig, 5] of SI'. Then SI has a desired Hamilton path constructed by P [u, ug),
uogtly, Py [’17,0, 170], VgV, and Py [UQ,U]. 0

LEMMA 4.5. Let I C [n], and 1,i,j € I with i # j, 1. Let u,v,z € S — My with
u€ Ol ve O and z € EL \ V(L) such that {u,v} is compatible with L. Suppose
that £; <n—5—m; — fi for alli € I. Then SL — M; — Fr — z has a Hamilton path
Prlu,v] passing through L.

Proof. Suppose first that [ = j and I = {i,j}. Choose ugtip € E* with ug, iy ¢
V(H), ug € & and ug € OJ. By the induction hypothesis, SJ — M; — F; — z has a
Hamilton path P [ig, v] passing through L;. And by Corollary 1.2, S? — M; — F; has
a Hamilton path Ps[u,ug] passing through L;. Then Sﬁ — M7 — Fr — z has a desired
Hamilton path constructed by Pslu,ug)], uo@o and P [tg, v].

Suppose that | = j and |I| > 2. Fix a k € I\ {i,j}. Choose voty € E*
with vy, 79 & V(H), vg € ¥ and vy € OJ. Let P3[vg,v] be a Hamilton path of
SJ — M; — Fj — z passing through L;. Set I' = I'\{j}. By Lemma 4.3, S.' — M — F.
has a Hamilton path Py [u,vg] passing through L. We obtain a desired Hamilton
path of SI — M; — F; — 2, which is constructed by P [u,vo], voto and Ps[vg, v].

Finally, let [ # j. Choose v10; € B with vy,9; € V(H), v; € Ol and v, € &7,
and choose a Hamilton path P4[v1,v] of SJ — M; — F; passing through L;. Set
I” = T\ {j}. A similar argument as above implies that S!" — M, — Fy — z has
a Hamilton path Ppv[u,v;] passing through L;». Then S! — M; — F; — 2 has a
desired Hamilton path constructed by Py [u,v1], v101 and Py[v1,v]. This completes
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the proof. ]

Let w € £, \V(L), and z,y € O, \ V(M) such that {z,y} is compatible with L
in S, — M — F. For convenience, define

Iy := {ia,iy,in}, Jo=1{j €] |4 =n—4—m— f}}. (4.6)

Then |Jy| <1 by Lemma 4.1.

LEMMA 4.6. Suppose that i, = iy # iy and Io N Jy = 0. Then there exist ut €
El=tv and a neighbor v’ of 4 such that

(1) u,u,u’ ¢ V(H)U{z,y}, ue Ok, uw €& and v’ € O ; and

(2) Si= — M,;, — F;, —u has a Hamilton path P,[x,y] passing through L;_; and

(3) Pulz,y] has an edge u'z with the n-neighbor Z of z neither an inner vertex of

L nor a vertex of V(M), and iz ¢ Jo U {iy}.

Proof. Let E = {uu € El= | u,u ¢ V(H),u € Ot 4 € E=}. Then |E| >
@ —(n—4) > 2. For each uti € E, by the induction hypothesis, Sis — M; —F; —
has a Hamilton path P,[z,y] passing through L; . Note that @ has n — 2 (odd)
neighbors in S%, and we hope that these neighbors are not contained in V(H)U{z, y}.
Since m;, + fi, +4;, < n—>5, there are at least n’ = (@— (n—4))(n—2)—(n—>5)—2
distinct vertices u’ satisfying the above hopes, and further produce at least n’ vertex-
disjoint 2-path uuu’.

Let vgujz; be 2-path on P, [z, y] with mid vertex wj, where 1 < k < n/. By
Lemma 2.4, ig, # iz, and iy ¢ {iz,,iz,}. Recalling that |Jo| < 1, without loss of
generality, we let iz, ¢ Jo. Noting that wju)z; is 2-path of Sir, by Lemma 2.4,
iz, 7 tu, = iw, where 1 < k < n'. In particular, Zj # ur. Then we have n’ distinct

4-paths upuruyziZ,, and these paths produce at least n” := (n”—:ﬂ distinct edges
ZkZk, SAY Z1Z1,- - -, 2nv 2ne Without loss of generality. Note that every Zx is an odd
vertex.

On the other hand, recalling that m + ¢ < n — 4, we deduce that at most n — 4
either inner vertices of L or vertices of M is odd. Since n > 5, calculation shows
that n”” > n — 4. In particular, for n = 5, we have n” = 2 > 5 — 4 = 1. Thus, the
above construction process produces u@, P,[x,y], v’z and z, which are desired as in
the lemma. 0

LEMMA 4.7. Suppose that IoNJo = 0. Let I = [n]\ Jo. Then SI — M; — F; —w
has a Hamilton path Prlx,y| passing through Ly.

Proof. Noting that m; + f; +¢; <n —5 for all ¢ € I, if i, # i, then the result is
true by Lemma 4.5. Thus the left cases are i, =iy, = iy, and iy = iy # 4.

Case 1. Assume that i, = i, = i,. By the induction hypothesis, S& — M;,
F;, — w has a Hamilton path P;[z,y] which passes through L, . Note that P;[xz,y]
has length at least (n—1)!—1—2(n —5) — 1, which is larger than 3n —12. By Lemma
4.2, we may choose an edge uv on Pj[z,y] with uv ¢ E(L), 4,0 ¢ V(M) and {@, v} is
compatible with L. Without loss of generality, we assume that u lies between x and
v, where x = u is allowed. By Lemma 2.4, i3, i3 and 4,, are pairwise distinct integers.
Let J =1\ {iw}. Since u and v has opposite parity, so do @ and ©. By Lemma 4.3,
S;{ — Mj — F;j has a Hamilton path Pj[a, 7] passing through L;. Then we obtain a
desired Hamilton path of S — M! — FT — w, which is constructed by P [z, u], ui,
Pjla,v], vv and Py[v,y].

Case 2. Assume that i, = i, # i,. Choose uu € E'=' P,[z,y], u'z and 2z
which are described as in Lemma 4.6. Note that iz ¢ JoU{is, 4w}, and u, z € O,,. Let
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J =1I\{i,}. By Lemma 4.5, S/ — M; — F; — w has a Hamilton path P;[u, z] passing
through L;. If z is located on P,[z,y] between z and v’ then S} — M — FT —w has a
desired Hamilton path constructed by P, [z, 2], 2Z, P;[Z,u], vtv’ and P,[u’,y]. If z is
located on P, [, y] between y and u’ then S — MT — FI — w has a desired Hamilton
path constructed by P,[x,u'], v'au, Pjlu,z], Zz and P,[z,y]. This completes the
proof. 0

It is not difficult to prove the mirror versions of Lemmas 4.5, 4.6 and 4.7 for even
vertices compatible with L in S, — M — F. In particular, we have the following lemma.

LEMMA 4.8. Let u,v,z € S, — M; with u,v € &, and z € O, \ V(L) such that
{u,v} is compatible with L in S,,. Suppose that {iy,i,,1,}NJy =0, and let I C [n]\ Jo.
Then Sé — M; — Fr — z has a Hamilton path Prlu,v] passing through Ly if either

(1) {Gusin,i} CT and iy # iy, iz; or

4.2. The proof. Let z,y,w € S, — V(M) such that {z,y} is chosen from one
partite set of S, — M and compatible with L in S,, — M — I, while w lies in the other
partite set and w ¢ V(L). Our task is to prove that

(t) Sp — M — F — w has a Hamilton path with ends z,y and passing through L.

If either m = £ = 0 or f = £ = 0 then (}) follows from Lemma 2.1 or 2.3,
respectively. Thus, in the following, we suppose that

m+£€>0, f+£>0. (4.7

Now choose z; = 1, the identity of S,, or 21 = ty(n),, depending on whether
w(n) = n or not, and choose zo = 1 or ¢, depending on whether z;-w € &, or
not, where j,k € [n] \ {i,n}. Let z = z3-z;. We have z-w € . Let Z be the
automorphism of S,, induced by z by left multiplication. Then Z permutes the sub-
graphs S}, S2 ..., S" and so 2(H) C E(S,) — E,. Clearly, 2(w) € &" \ V(2(L)),
Z(z),2(y) € Op, 2(M) is a matching of size m and {Z(x), Z(y)} is compatible with
Z(L) in S, — Z2(M) — 2(F). In view of these observations, we may let

2,y € Op, we €. (4.8)

Thus, it suffices to prove that (f) holds under the assumptions (4.2), (4.7) and (4.8).

Recall that Iy = {ig,iy,n}, Jo={j€n]|{; =n—4—m— f} and |Jy| < 1. If
Jo = 0 then, by Lemma 4.7, we are done. Thus we suppose further that Jy # @), and
set

Jo = {Jjo}-
Then
mj, =m, fjo :fa ejo :E; m+f+€=n—4

By the induction hypothesis, applying Lemmas 3.1 (if £ = 0) and Corollary 1.3 (if
¢ #0), S0 — M — F has a Hamiltonian cycle, which passes through L. Next we
discuss in five cases: jo ¢ Io; n # jo € {iz,ty}; n = Jo & {iz,iy}; n = jo € {iz, 1y}
and i, # iy; and n = jo = iy = iy.

LEMMA 4.9. If jo & Ip then (1) holds.

Proof. Suppose that jo ¢ Ip. By Lemma 2.7, there exists uptip € EJ*" with

tp ¢ V(H), up € O"\ {x,y} and 1y € &°. Let C be a Hamiltonian cycle of
SJo — M — F passing through L, and let uiigv be the 2-path on C with mid vertex
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HAMILTON LACEABILITY OF HYBRID-FAULTY STAR GRAPHS 9

tg. Clearly, v, iou ¢ E(L). By Lemma 2.4, i # iz and i5,i5 ¢ {jo,n}. Thus, we
let i3 # iy in the following.

Case 1. Suppose that i, # i,. Without loss of generality, we may assume that
(i) i = m, or (ii) i, = iz, or (iii) iy & {n,iz}.

1.1. Suppose that i, = n. By Lemma 2.1, S — w has a Hamilton path P [z, ug].
Let I1 = [n] \ {n,jo}. Note that iz # i,. Lemma 4.3 yields a Hamilton path P, [7,y]
of SIt. Then S,, — M — F — w has desired Hamilton path constructed by P [z, u],
oy, C' — gv, vo and Py, [0, y].

1.2. Suppose that i, = i;. Lemma 2.1 guarantees a Hamilton path Ps|x, ] of
Siz . Let Iy = [n] \ {jo,iz}. By Lemma 4.7, SI2 — w has a Hamilton path P, [to, y].
Then S,, — M — F — w has desired Hamilton path constructed by Ps[z, 9], tv, C — vy,
UgUQ and sz [1_1,0, y]

1.3. Suppose that iy ¢ {n,iz}. Let Is = {n,i,} and Iy = [n] \ {jo,n,iy}. By
Lemma 4.7, Sz — w has a Hamilton path Py, [ug,y]. Note that i, # i;. Lemma
4.3 guarantees a Hamilton path Pr,[x, ] of Si+. Then S, — M — F — w has desired
Hamilton path constructed by Pr, [z, 7], tv, C — vy, Goug and Pr,lug,y].

Case 2. Suppose that i, =i, <n. We need consider either iz = i, or iz # i.

2.1. Suppose that iz = i,. Choose uti € EJo=, P,[z,y], v’z and z which are
described as in Lemma 4.6. Without loss of generality, we assume that z lies between
u’ and y on P,[z,y]. In particular, iz ¢ {jo,n}. Note that Z,uy € O, and iz # iy,.
Let I; = [n]\ {jo,4z}. By Lemma 4.5, St — M;, — F;, — w has a Hamilton path
Pr,[ug,Z]. Then we obtain a desired Hamilton path of S, — M — F — w, which is
constructed by P, [z, u'], v'au, C — utg, toug, Pr,[ug, Z], Zz and Py[z,y].

2.2. Suppose that iz # i,. Choose uju; € Ei", P, [x,y], uiz and z which are
described as in Lemma 4.6. Without loss of generality, we assume that z lies between
u} and y on P, [z,y]. In particular, iz ¢ {jo,n}. Choose a Hamilton path Ps[ug, u1]
of SI'—w, and let Iy = [n]\{iz, jo,n}. Since iy # iy, swapping u and v if necessary, we
suppose iz # i;. Noting that v € £, and z € O,,, by Lemma 4.3, S2 has a Hamilton
path Pr, [0, Z]. Then we have a desired Hamilton path of S,, — M — F — w constructed
by P, [z, u1’], ui't@uy, P3lui,ug], uolo, C — tov, v, Pr,[0,z], Zz and P, [z,y].

Case 3. Suppose that i, = i, = n. By Lemma 2.1, we choose a Hamilton path
Pylz,y] of SI' —w. Let ugvg be the edge on Py[z,y] with vy lying between ug and y.
By Lemma 2.4, i5, ¢ {n,jo}. Since iz # iz, swapping v and u if necessary, we suppose
in, # ip. Let I = [n]\ {jo,n}. Noting that v € &, and vy € O,,, by Lemma 4.3, SI
has a Hamilton path Pr[7,7g]. Then a desired Hamilton path of S,, — M — F — w is
constructed by Py[z,ugl, uoto, C — @ov, v0, Pr[v, Ug], tove and Pylvg, y]. O

LEMMA 4.10. If n # jo € {ig, iy} then () holds.

Proof. Suppose that n # jo € {is,%,}. Without of generality, we let jo = i,. Let
C be a Hamiltonian cycle of S0 — M — F passing through L. Let yozxo be the 2-path
on C with mid vertex z. By Lemma 2.4, iz, ig5, 7# iz = jo and iz, # ig,. Since x is
not an inner vertex of L, we assume that zxo ¢ E(L). Put Pylz, zg] := C — xxo.

Case 1. Assume that jo = iy # iy. Let I = [n]\ {jo}. By Lemma 4.7, either
y = To, or S1 —w has a Hamiltonian path Pr[Zg,y]. For the latter case, S, — M — F —w
has a desired Hamiltonian path constructed by Pylz, zo|, 20Zo and Pr[Zg, y].

Suppose now that y = Zo. Then iy, # iy. If 2yo ¢ E(L) then our result holds
by a similar argument as above. Now assume that zyg € E(L). Let Ly = L — z.
Then m+ f=n—-4—-¢<n->5,and |Lg| + m+ f =n —5. Let x{, be a neighbor
of x in Six — M — F with 2, ¢ V(Lg) U {z0,y0}. By the hypothesis induction,
Sie — M — F — x has a Hamilton path Pj[yo, 2] passing through L. By Lemma 2.4,
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we have iz, # iz, = i,. Considering the Hamilton cycle constructed by P [yo, z] and
Yoxxy, our result follows from a similar argument as in the first paragraph of the case.
Case 2. Assume that jo = i, = iy, < n. Let z1yy; be the 2-path on Pz, zo]
with y; lying between yo and y. Then one of z1y and yy; is not contained in E(L).
Suppose first that yy; ¢ E(L). Noting that xzZo and y15; are distinct n-edges
of S, we deduce from Lemma 2.5 that Zg # §1. Let I = [n] \ {jo}. By Lemma
4.7, SI — w has a Hamiltonian path Pr[j1,Zo]. Then S,, — M — F — w has a desired
Hamiltonian path constructed by Pylx,y1], y191, Prly1, To], Toxo and Pylzg, y]-.
Suppose now that yy; € E(L). Then z1y ¢ E(L). If zyo ¢ E(L) then our result
is true by a similar argument as above. Thus we suppose further that zyg € E(L); in
particular, £ > 2 and m + f <n —6. Let Fy = F U {yy1}, and let Ly be subgraph of
L induced by E(L) \ {zyo,yy1}. Then m + |Fo| <n—5and |Lo| =n—5—m — |Fy.
Clearly, ¢ V(Lg), and {yo,y1} is compatible with Lq in SJ° — M — F,. By the
induction hypothesis, S% — M — F, — = has a Hamilton path Plyo,y1]. Let zoyz1 be
the 2-path on Plyg,y1] with mid vertex y. Since yy; is not an edge on Plyg,y1], we
have y; ¢ {z0,21}. Without loss of generality, assume that zy lies between yy and
y on Plyo,y1]. Let I = [n]\ {jo}. Noting that Zp and z; are distinct odd vertices,
by Lemma 4.7, SI — w has a Hamiltonian path Pr[%,z1]. Then S, — M — F — w
has a desired Hamiltonian path constructed by zyo, Plyo, 20], 20Z0, Pr[Zo0,z1], Z121,
Plz1,y1] and y1y. a

LEMMA 4.11. If n = jo & {is, 1y} then () holds.

Proof. Suppose that n = jo & {44, iy }. Let C be a Hamiltonian cycle of S|} —M —F
passing through L, and let uwwv be the 2-path on C. Since w ¢ V(L), we have
uw,wv ¢ E(L). By Lemma 2.4, ig # iz and n ¢ {ig,i5}.

Case 1. Assume that i, # 4,. Swapping u and v if necessary, we assume that (i)
{ia iz} N {iz, iy} =0, or (i) ig = i, and iz # iy, or (iii) iz = iy and iy = iy.

1.1. Suppose that {ig, i3} {iz, iy} = 0. Let Iy = {iy, iz} and Iy = [n]\{iy, iz, n}.
By Lemma 4.3, SIi has a Hamilton path Py [z,4], and S!2 has a Hamilton path
Pp[9,y]. Then S,, — M — F —w has a desired Hamilton path constructed by Py, [z, 4],
au, C —w, vo and Pr,[0,y].

1.2. Suppose that iz = i, and iz # 4,. Let I3 = [n] \ {iz,n}. Then S has
a Hamilton path Pp,[v,y] by Lemma 4.3, and S’ has a Hamilton path Pi[z, ] by
Lemma 2.1. Thus we obtain a desired Hamilton path of S, — M — F — w, which is
constructed by Py[z,a], tu, C — w, v0 and Pr,[v,y].

1.3. Suppose that iz = i, and iy = i,. By Lemma 2.1, S% has a Hamilton path
Pylz,u). Let Iy = [n]\ {iz,n}. By Lemma 4.4, S! has a Hamilton path Pr,[v,].
Then S, — M — F — w has desired Hamilton path constructed by Ps[z, 4], tu, C —w,
vo and Pp, [0, y].

Case 2. Now let i, = 7,. Without loss of generality, we may suppose that either

2.1. Suppose that i, = i;. By Lemma 2.1, Sis — & has a Hamilton path P [z, y].
Let u' € O be a neighbor of @ in Si, and z1u’y; be the 2-path on P;[z,y] with mid
vertex v’ and y; lying between v’ and y. Then iz, # i3, by Lemma 2.4. In particular,
iz, 7# ip Or iy, # iy. Without loss of generality, we let i5, # i3. Considering the
2-path @u'y; of Sir, by Lemma 2.4, we have iz, # n. Let I = [n]\ Ip. By Lemma
4.4, SI has a Hamilton path P;[v,91]. Then S,, — M — F — w has a desired Hamilton
path constructed by Pi[z,u], v'au, C —w, vo, Pr[0, 1], 1y1 and Pi[y1,y].

2.2. Suppose that i, ¢ {igz,is}. Fix tgug € E''" with ug € Ol such that
neither z nor y is a neighbor of #g in S%. Choose a Hamilton path Ps[ug, i) of Siz,
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and a Hamilton path P3[x,y] of S — iy by Lemma 2.1. Considering the n-neighbors
of the n — 2 neighbors of i in S, by Lemma 2.4, we may choose one neighbor z of
ip in S with iz = n. Noting that z ¢ {z,y}, let z9zyo be the 2-path on Sis — g
with mid vertex z. Then, by Lemma 2.4, iz, # ig, and iz, ig,n ¢ {iz,, g, }. Without
loss of generality, we assume that iz, # i5. Let I = [n]\ {44, %z, n}. Then, by Lemma
4.3, SI has a Hamilton path P;[zg,]. If 2o lies between z and z on Ps[x,y] then
Sp— M — F —w has a desired Hamilton path constructed by Ps[z, x|, x0Zo, Pr[Zo, 9],
w, C — w, ua, Polt,up], uptioz, and Ps[z,y|. If zq lies between z and y on Ps|x,y]
then S, — M — F — w has a desired Hamilton path constructed by Ps[z, z], z@igug,
Pslug, @], au, C — w, vv, Pr[v, o], Toxe and P3lxg,y). 0

LEMMA 4.12. If n = jo € {ig, iy} and iy # i, then () holds.

Proof. Suppose that n = jo € {is, 1y} and i, # i,. Without loss of generality, we
let ¢, = n. Let C be a Hamiltonian cycle of S} — M — F' passing through L, and let
uwv be the 2-path on C. Then ww,wv ¢ E(L), ig # iz and n ¢ {ig, iz}

Suppose first that y € {u,v}. Let u = y without loss of generality. Pick J =
[n] \ {n}. Note that z € O,, and v € &,, by Lemma 4.4, S;/ has a Hamilton path
Pjylz,7], and then S,, — M — F —w has a desired Hamilton path constructed by P;|x, 7],
v and (C' — w)[v,y].

Next let y ¢ {u,v}, and let ugyvy be the 2-path on C' with mid vertex y and wug
lying between u and y. Then iz, # i5, and n ¢ {ig,,%5, }- Moreover, since y is not
an inner vertex of L, at least one of upy and yvp is not contained in F(L). We next
discuss in two cases, say i, € {ig,i5}, and i, & {ig, 5}

Case 1. Assume that i, € {ig,i5}, and let i, = iy without loss of generality.

1.1. Suppose that ugy ¢ E(L). Choose a Hamilton path Pj[x, ] of Si, and let
I =[n]\ {Jo,iz}. For iy, # i, since iy € O, and v € 7, by Lemma 4.4, S! has
a Hamilton path Pr[ag, 8], and then S, — M — F — w has a desired Hamilton path
constructed by P [z, 4], @u, (C — w)[u, ug), uolo, Prltg,v], vv and (C — w)[v, y].

Now let iy, = i,. For 4g = =, letting I, = [n] \ {n}, by Lemma 4.8, SIt — x has
a Hamilton path Py, [u,?], and thus S,, — M — F — w has a desired Hamilton path
constructed by zug, (C' — w)[uo, u], v, Pr,[4,7], tv and (C — w)[v,y]. Thus suppose
that g # x. By Lemma 2.4, we have 4 and 1o are not adjacent in Si. Let ziig be the
edge on P [z, @] with 2z lying between @ and @. Let I = [n]\ {jo, %, }. By Lemma 4.4,
SI2 has a Hamilton path P, [v,2], and then S,, — M — F — w has a desired Hamilton
path constructed by Pi[z, @], Gouog, (C — w)[ug,u|, v, Pi[u, 2], 2z, Pr,[z, ], vv and
(C - w)[v, ).

1.2. Suppose that yvy ¢ FE(L) and i3, # i,. By Lemma 2.7, there exists uit; €
E" withuy € O\ {z} and @, € £,°\{#}. Choose a neighbor uy € £ of u; with
iay, & {Jo0sizs 950,95} By Lemma 2.2, Si has a Hamilton path Ps[z,u] that passes
uiug with ug lying between x and u;. '

For i3 = i5,. Note that u; # v. Choose a neighbor z € N0 of uy with iz ¢
{jo 4,05y, 1a, - By Lemma 2.2, Si* has a Hamilton path P3[v, 7] that passes @z
with z lying between o and . Let I3 = I'\ {ix, jo, @5 }. Since iz # i5,, by Lemma 4.3,
SIs has a Hamilton path Py, [ta, 2], and then S,, — M — F — w has a desired Hamilton
path constructed by Pz, us], ueliz, Pr,[tz,z], 2z, Ps|z, 0], vv, (C' — w)[v, vo], voTo,
Ps[vg, 1], tyur, Paluy,al, au and (C — w)[u,y].

Now let iz # i3,. By Lemma 2.1, 5,70 has a Hamilton path Py[vg, 11]. Note
that ig, # ip. Let Iy = [n] \ {iz,jo, %5, }- By Lemma 4.3, S+ has a Hamilton path
Py, lug, 0], and then S,, — M — F — w has a desired Hamilton path constructed by
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PQ[JL‘,UQ], UQ'EL27 P]4 [fLQ,’L_}L E’U, (C — w)[’U,Uo], ’Uoﬁo, P4[’L_)0,1_L1}, ﬂlul, Pg[ul,ﬂ}, uu and
(C = w)lu, ).

1.3. Suppose that yvg ¢ E(L) and iz, = 4. Let I5 = [n]\ {jo}. If 59 = z, by
Lemma 4.7, S55 — z has a Hamilton path Py, [0, 4]. In this time, a desired Hamilton
path is constructed by xvg, (C—w)[vg, v], v0, P[0, 4], tu and (C—w)[u, y]. Otherwise
¥y # x. Choose a neighbor z1 € £ of v with iz, & {jo,iz,i5}. By Lemma 2.2, St
has a Hamilton path Ps[z, @] that passes Tpx; with 1 lying between oy and 4. Note
that #; € O,, and v € &,. Let Is = [n] \ {jo,i.}. By Lemma 4.3, S¢ has a Hamilton
path Pr,[0,Z], and then S, — M — F — w has a desired Hamilton path constructed
by Ps[z, o], Tovo, (C — w)[ve,v], v0, P[0, Z1], T121, Ps[z1, 4], tu and (C — w)[u, y].

Case 2. Assume that i, ¢ {ig,i5}. Without loss of generality, we let uoy ¢ E(L)
and further assume that (i) iz, = ig, or (il) ig, = 4s, or (iii) ig, ¢ {iz,%a}-

1.1. Suppose that iz, = i5z. By Lemma 2.7, there exists uju; € E;’”I with u; €
Ola\ {iip} and 41 € E. Choose a neighbor us € £l of uy with ia, ¢ {Jjo, %z, %a,%s}-
By Lemma 2.2, Si* has a Hamilton path P;[i, 0] that passes ujus with ug lying
between %y and u;. And Lemma 2.1 guarantees a Hamilton path Ps[z, ;] of Si.
Note that iy # ia,. Let Iy = [n] \ {jo,%z,%a}. By Lemma 4.3, St has a Hamilton
path Py, [u9, 9], and then S,, — M — F — w has a desired Hamilton path constructed
by P2[x,ﬂ1]7 ﬂluh Pl[ul,ﬂ], Q_I,'LL, (C - ’w)[U,U()], UO'L_L(), Pl[ﬁo,UQ], UQ’L_LQ, P]l [ﬂ271_)] and
(€~ w)lv, ). -

1.2. Suppose that iz, = iy. By Lemma 2.7, there exists u;uy € E}?*» with
up € O% and 1; € E=. Choose a neighbor uy € &% of g with ig, ¢ {jo,%z,%a,is}-
By Lemma 2.2, S’ has a Hamilton path Pz, 1] that passes @igus with us lying
between 1y and ;. And Lemma 2.1 guarantees a Hamilton path Pyluy, ] of Si.
Note that ig # ig,. Let Io = [n]\ {jo,iz,i5}. By Lemma 4.3, S2 has a Hamilton
path Pp,[a, 9], and then S, — M — F — w has a desired Hamilton path constructed
by P3[.Z‘,ﬂ0], UgUQ, (C - w)[uo,u], uu, Pr, [ﬂ, ﬂg}, UU2, Ps[UQ,ﬂ;l], Ujuy, P4[U1,17] and
(C = w)lo,y).

1.3. Suppose that iz, & {iz,ia}. Let Is = {ig,ig,} and Iy = [n]\ {jo, 5, la, }.- By
Lemma 2.1 or Lemma 4.3 depending on whether i; = iz, or not, SZ has a Hamilton
path Pp,[tg,7]. And Lemma 4.3 also guarantee a Hamilton path Py, [u, ] of S+
Then S, — M — F — w has a desired Hamilton path constructed by Py, |[x,d], @u,
(C — w)[u, upl, uoto, Pry[to,v], vv and (C — w)[v, y]. |

By Lemmas 4.9-4.12, to complete the proof Theorem 1.1 it remains to show that
(1) holds when n = jo =i, = iy.

LEMMA 4.13. If n = jo =i, = iy then () holds.

Proof. Suppose that n = jo = i, = i,,. We discuss in two cases: £ =0, and £ > 0.

Case 1. Assume that £ = 0. Recalling that ¢+ f > 0, we have f > 0. Pick
wv € F, and let Fy = F'\ {uv}. By the induction hypothesis, S' — M — Fy —w has a
Hamilton path Pj[z,y]. Fix an edge xoyo on Pi[z,y], and let 29yo = uv when wv lies
on Pj[z,y]. Without loss of generality, we assume that x is an even vertex and lies
between x and yo on Py[x,y]. Let I = [n]\ Jo. By Lemma 4.3, S has a Hamilton
path Pr[Zo, §o], and thus S,, — M — F — w has a desired Hamilton path constructed
by Pi[z, 0], zoZo, Pr[Zo, o], Yoyo and Pi[yo,y].

Case 2. Assume that ¢ # 0. Then m + f <n — 5. Pick z1y1 € E(L) such that
1 not an inner vertex of L, and let Ly = L — z1. Then, by the induction hypothesis,
St — M — F — w has a Hamilton path Py[z,y] passing through Lg. Since n > 5, we
have (n — 1)! — 2(n —4) — 2 > 1. Then we may choose an edge ujv; on Pz, y] with
uivy ¢ E(L). If z1y; lies on Pz, y] then the lemma holds by a similar argument as
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in Case 1. Thus we suppose next that x1y; is not an edge on Py[z, y].

By the choices of z, y and z1y1, we have {z1,y1} # {z,y}. Without loss of
generality, we suppose further that x; is an even vertex on Ps[z,y] lying between
x and y;. Let zzxixo be the 2-path on Prlx,y] with mid vertex x; and z3 lying
between = and x1, and let y2y; be the edge on Py[z,y] with y2 lying between x5 and
y1. Then yo € £, and x9, 23 € O)'. Recalling x; is not an inner vertex of L, we have
ToX1,X3T7 ¢ E(L)

Suppose that yoy1 ¢ E(L). Let I} = [n] \ Jo. By Lemma 4.4, S has a Hamilton
path Py, [Z3, 2], and thus S,, — M — F — w has a desired Hamilton path constructed
by Ps[x, 23], x3%3, Pr,[T3, 2], Y2y2, P2ly2, x1], x1y1 and Pi[y1,y].

Suppose that yoy; € E(L). Then y; # y as y is not an inner vertex of L. Let
y2y1ys be the 2-path on Py[z,y] with mid vertex y;. Since L is a linear forest, we
have ysy1 ¢ E(L). Then a similar argument as above implies that S, — M — F —w
has a desired Hamilton path. This completes the proof. ]
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