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Abstract. In this paper, we investigate Hamilton paths passing through a prescribed linear4
forest in a hybrid-faulty star graph. Let M be a matching with m edges of the star graph Sn, F be5
an f -subset of E(Sn−M), {x, y} be a 2-subset of V (Sn−M), and L be a linear forest of Sn−M−F .6
Suppose that m+ f ≤ n− 4, neither x nor y is an inner vertex of L, and x, y are not located on the7
same component of L. We prove that, for any w ∈ V (Sn −M) \ V (L), there exists a Hamilton path8
of Sn −M − F − w between x and y passing through L provided that x, y belong to the partite set9
not containing w, and |E(L)| ≤ n−4−m−f . As a consequence, if x, y are from opposite partite sets10
and |E(L)| ≤ n− 4−m− f then Sn−M −F has a Hamilton path between x and y passing through11
L. We also proved that Sn−M−F has a Hamilton cycle passing through L if |E(L)| ≤ n−3−m−f .12
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scribed hyper-Hamilton laceability14
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1. Introduction. A crucial factor in the design of multiprocessor systems is the16

interconnection network, which is often modeled by a simple graph. One minimal17

requirement for an interconnection network is that the associated graph is sufficiently18

connected so that the system still works in case of some nodes (processors) or links19

(communication channels) failure. This inspired an intensive study of embedding20

long cycles or paths into various specific graphs avoiding certain forbidden edges or21

vertices, for example, the hypercube and its variants [10, 13, 5, 19, 22, 17, 27], Cayley22

graphs generated by transposition trees [11, 15, 18, 28, 29, 31], and so on. In an23

interconnection network, some links or nodes may have better performance than the24

others, and they may coexist with the faulty ones. Thus the prescribed embedding25

problem for some famous graphs (networks) has been proposed and widely studied,26

see [4, 7, 8, 20, 30, 32, 33, 34] for example. In this paper, we focus on long paths27

passing prescribed linear forests in faulty star graphs.28

The star graph [1] possesses many desirable topological properties for building29

interconnection network of parallel and distributed systems, such as recursiveness,30

vertex and edge symmetry, maximal fault tolerance, sub-logarithmic degree and di-31

ameter, and strong resilience [1, 2]. The star graph has been widely studied in different32

aspects, such as path routing [12, 24], connectivity and diagnosability [3, 21], broad-33

casting [9, 23], and embedding problems [11, 18, 28, 30, 31], and so on.34

Recall that a Hamilton path or Hamilton cycle in a graph is a path or cycle35

which traverses all the vertices, respectively. A graph with a Hamilton cycle is called36

Hamiltonian. Let G be a balanced bipartite graph, and denote V (G) and E(G) the37

vertex set and edge set, respectively. Then G is called Hamilton laceable [25] if (i) any38

two vertices in opposite partite sets are the ends of some Hamilton path (of G), and39

hyper-Hamilton laceable if (ii) any two distinct vertices in a partite set are the ends of40
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some Hamilton path of G−w, where w runs over the partite set not containing x and41

y. It is easy to see that (ii) guarantees the Hamilton laceability of G, our definition42

of hyper-Hamilton laceability coincides with that given in [14] for balanced bipartite43

graphs.44

A subgraph L of G is called a liner forest if either L is null or every components of45

L is a path of length no less 1. Let ` ≥ 0 be an integer. Then G is called `-prescribed46

Hamiltonian if, for any linear forest L with |E(L)| ≤ `, there exists a Hamilton cycle47

in G passing through L. Two distinct vertices x, y ∈ V (G) are said to be compatible48

with L (in G) if neither x nor y is an inner vertex of L, and x, y are not located on49

the same component of L. The graph G is called `-prescribed Hamilton laceable if, for50

any linear forest L with |E(L)| ≤ ` and vertices x, y in opposite partite sets, G has a51

Hamilton path with ends x, y and passing through L unless x, y are not compatible52

with L. Moreover, G is called `-prescribed hyper-Hamilton laceable if, for any linear53

forest L with |E(L)| ≤ `, distinct vertices x, y in a partite set and vertex w in the54

partite set not containing x and y, the graph G − w has a Hamilton path with ends55

x, y and passing through L unless either w ∈ V (L) or x, y are not compatible with L.56

Note that Hamilton laceability and hyper-Hamilton laceability are just 0-prescribed57

Hamilton laceability and 0-prescribed hyper-Hamilton laceability, respectively.58

Recently, Yang and Li [32] investigated the prescribed hyper-Hamilton laceability59

of the hypercube Qn with faulty matching and edges. They proved that for a matching60

M and a set F of edges in Qn, if |E(M)| + |F | ≤ n − 3 then Qn − M − F is61

(n−3−|E(M)|− |F |)-prescribed hyper-Hamilton laceable. A natural question which62

arises here is: How is the prescribed hyper-Hamilton laceability of the star graph Sn63

with faulty matching and edges? In this paper, we answer this question by proving64

the next results in Section 4.65

Theorem 1.1. Let M be a matching with m edges of Sn, and let F be an f -subset66

of E(Sn−M), where n ≥ 4 and m+ f ≤ n− 4. Then Sn−M −F is (n− 4−m− f)-67

prescribed hyper-Hamilton laceable.68

As consequences of Theorem 1.1, the following results are proved in Section 3.69

Corollary 1.2. Let M be a matching with m edges of Sn, and let F be an f -70

subset of E(Sn − M), where n ≥ 4 and m + f ≤ n − 4. Then Sn − M − F is71

(n− 4−m− f)-prescribed Hamilton laceable.72

Corollary 1.3. Let M be a matching with m edges of Sn, and let F be an f -73

subset of E(Sn − M), where n ≥ 4 and m + f ≤ n − 3. Then Sn − M − F is74

(n− 3−m− f)-prescribed Hamiltonian.75

2. Preliminaries. Let n > 2 be an integer, and write [n] := {1, 2, . . . , n}. A76

bijection of [n] onto itself is called a permutation of [n]. Denote by Sn the set of77

permutations of [n]. Under composition of mappings, Sn forms a group of order n!,78

called the symmetric group on [n]. We always write permutations on the left and79

compose from right to left, for example, (x·y)(i) = x(y(i)). For distinct i, j ∈ [n], we80

use ti,j to denote the transposition interchanging i and j. Put81

T := {t1,i | 1 6= i ∈ [n]}.82

Then T is a set of generators of the symmetric group Sn. The n-star graph Sn is83

defined as a Cayley graph on Sn such that two vertices x, y ∈ Sn are adjacent if and84

only if x−1·y ∈ T , refer to [2]. It is easy to see that Sn is an (n− 1)-regular bipartite85

graph. The following are several known results about the star graph Sn.86
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Lemma 2.1 ([18]). Let F be a subset of E(Sn).87

(1) If n ≥ 4 and |F | ≤ n− 4 then Sn − F is hyper-Hamilton laceable.88

(2) If n ≥ 4 and |F | ≤ n− 3 then Sn − F is Hamilton laceable.89

Lemma 2.2 ([29]). Let x and y be vertices of opposite parity, and let e ∈ E(Sn).90

If n ≥ 4 and e 6= xy then there exists a Hamilton path P [x, y] of Sn, which passes e.91

Lemma 2.3 ([31]). Let M be a matching of size m of star graph Sn.92

(1) If n ≥ 4 and m ≤ n− 4 then Sn −M is hyper-Hamilton laceable.93

(2) If n ≥ 4 and m ≤ n− 3 then Sn −M is Hamiltonian.94

Recall that a permutation is said to be even or odd if it is a product of an even95

or odd number of transpositions, respectively. Denote by En and On the sets of96

even permutations and odd permutations of [n], respectively. Then Sn = En ∪ On,97

|En| = n!
2 = |On| and Sn has bipartition (En,On). For convenience, the vertices in En98

and On are call even and odd vertices, respectively. For i, k ∈ [n] with k 6= 1, define99

Sin,k := {x ∈ Sn | x(k) = i},100

E in,k := {x ∈ En | x(k) = i},101

Oi
n,k := {x ∈ On | x(k) = i}.102

Then we have a partition {Sin,k | i ∈ [n]} of the symmetric group Sn. Note that Skn,k103

is in fact the subgroup of Sn fixing the symbol k, and so Skn,k is isomorphic to Sn−1.104

In addition, for i 6= k, we have105

Sin,k = tk,i·Skn,k, E in,k = tk,i·Ok
n,k, Oi

n,k = tk,i·Ekn,k.106

Denote by Si
n,k the subgraph of Sn induced by Sin,k. Then Si

n,k is a bipartite graph107

with bipartition (E in,k,Oi
n,k). Moreover, the subgraph Sk

n,k is a Cayley graph of the108

symmetric group on [n] \ {k} generated by T \ {t1,k}, and x 7→ tk,i · x gives an109

isomorphism from Sk
n,k to Si

n,k. In particular, every Si
n,k is isomorphic to Sn−1.110

An edge xy of Sn is called a k-edge if x−1·y = t1,k, while x (or y) is called a111

k-neighbor of y (or x). The next lemma follows directly from the definition of Sn.112

Lemma 2.4. Let i, k ∈ [n] with k 6= 1, and x ∈ Sin,k. Suppose that y, z are113

distinct neighbors of x in Si
n,k. Then the k-neighbors of x, y and z are all distinct.114

In particular, the k-neighbor of x and the k-neighbors of the other neighbors of x are115

scattered into the distinct n− 1 subgraphs Sj
n,k, where j runs over [n] \ {i}.116

For i, j ∈ [n] with j 6= i, denote by Ei,j
k the set of edges between Si

n,k and Sj
n,k,117

and put118

Ek :=
⋃

i,j∈[n],i6=j

Ei,j
k = E(Sn) \

⋃
i∈[n]

E(Si
n,k).119

Let V (Ei,j
k ) be the set of ends of edges in Ei,j

k . It is easily to see that Ek consists120

of all k-edges of Sn, {V (Ei,j
k ) ∩ Oi

n,k | i 6= j ∈ [n]} is a partition of Oi
n,k, and121

{V (Ei,j
k ) ∩ E in,k | i 6= j ∈ [n]} is a partition of E in,k. Moreover, the following lemma122

holds, refer to [6, Theorem 2.1].123

Lemma 2.5. Let k, i, j ∈ [n] with n ≥ 3, k 6= 1 and i 6= j. Then124

(1) Si
n,k is isomorphic to the (n− 1)-star graph Sn−1; and125

(2) Ek indices a perfect matching of Sn, and Ek1
∩ Ek2

= ∅ for distinct k1, k2 ∈126

[n] \ {1}; and127
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(3) |V (Si
n,k) ∩ En| = (n−1)!

2 = |V (Si
n,k) ∩ On|, and |V (Ei,j

k ) ∩ E in,k| = (n−2)!
2 =128

|V (Ei,j
k ) ∩ Oi

n,k|.129

Lemma 2.6. Let H ⊂ E(Sn) with |H| ≤ n−2. Then there exists an automorphism130

φ of Sn such that φ(En) = En, φ(On) = On and φ(H) contains no n-edges.131

Proof. First, we observe from (2) of Lemma 2.5 that Ek ∩H = ∅ for some k ≥ 2.132

If k = n then the lemma is true by letting φ be the identity transformation of Sn.133

Now let k 6= n. Considering the conjugation of ti,j on Sn, we have an automorphism134

of Sn, say φ : x 7→ ti,j · x · ti,j . Then φ(En) = En, φ(On) = On and φ(Ek) = En, and135

so the lemma follows.136

To simplify the notation, we write Si
n,n as Si

n, Sin,n as Sin, E in,n as E in, and Oi
n,n137

as Oi
n, respectively. Then Si

n has bipartition (E in,Oi
n).138

Lemma 2.7. Let i, j ∈ [n] with i 6= j, and let H ⊂ E(Sn) \ En with |H| ≤ n− 4,139

for n ≥ 4. Then Ei,j
n contains at least (n−2)!

2 − |H| edges ends in E in ∪ Oj
n \ V (H),140

and at least (n−2)!
2 − |H| edges with ends in Oi

n ∪ Ejn \ V (H).141

Proof. By Lemma 2.5, Ei,j
n contains (n−2)!

2 many n-edges that have ends in E in∪Oj
n142

(resp., Oi
n ∪ Ejn). Let Hk = H ∩E(Sk

n), and hk = |Hk|, where k ∈ {i, j}. Then V (Hi)143

contributes at most hi even (resp., odd) ends and V (Hj) contributes at most hj odd144

(resp., even) ends for the edges in Ei,j
n . Thus Ei,j

n contains at least (n−2)!
2 − (hi + hj)145

edges in Ei,j
n with ends in E in ∪ Oj

n \ V (H) (resp., Oi
n ∪ Ejn \ V (H)). Noting that146

hi + hj ≤ |H|, the lemma follows.147

3. Consequences of Theorem 1.1. In the next section, we shall proceed by148

induction on n to prove Theorem 1.1. For this purpose, let’s take a look at some149

conclusions which are deduced from Theorem 1.1 and in turn play an important role150

in the induction process. Thus, in this section, suppose that Sn −M0 − F0 is hyper-151

Hamilton laceable, where M0 is an arbitrary matching of Sn and F0 is an arbitrary152

subset of E(Sn −M0) such that |E(M0)|+ |F0| ≤ n− 4.153

In this and next sections, for a path P and its two vertices u and v, the symbol154

P [u, v] means the path on P between u and v.155

Lemma 3.1. LetM be a matching of Sn and F be a subset of E(Sn−M). Suppose156

that n ≥ 4 and |E(M)|+ |F | ≤ n− 3. Then Sn −M − F is Hamiltonian.157

Proof. If |F | = 0 then, by Lemma 2.3(2), Sn−M is Hamiltonian, and the lemma158

is true. Now let |F | 6= 0, and pick xy ∈ F . Since |E(M)| + |F | ≤ n − 3, there159

exist two neighbors z and w of y in Sn −M such that neither yz nor yw lies in F .160

Choosing F0 = F \ {xy}. Noth that |E(M)| + |F0| ≤ n − 4 and since Sn −M − F0161

is hyper-Hamilton laceable, there exists a Hamilton path P [z, w] of Sn−M −F0− y.162

Then Sn −M − F has a desired Hamilton cycle constructed by P [z, w], yz and yw.163

Thus the lemma follows.164

Proof of Corollary 1.2. Let M be a matching of Sn, F be a subset of E(Sn−M),165

and L be a linear forest in Sn−M−F . Suppose that n ≥ 4 and |E(M)+|F |+|E(L)| ≤166

n − 4. Pick two vertices x, y with opposite parity and compatible with L. Since167

|E(L)| + |E(M) + |F | ≤ n − 4, there exists a neighbor z of y in Sn −M such that168

yz /∈ F , and either yz ∈ E(L) or z /∈ V (L). Let L0 be the subgraph of L induced169

by E(L) \ {yz}. Then {x, z} and L0 are compatible in Sn −M − F − y. By the170

assumption, Sn −M − F − y has a Hamilton path P [x, z] passing through L0. Thus171

Sn−M −F has a desired Hamilton path constructed by P [x, z] and zy, which passes172
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through L. This completes the proof.173

Proof of Corollary 1.3. Note that prescribed hyper-Hamilton laceability leads to174

hyper-Hamilton laceability. Let M be a matching of Sn, F be a subset of E(Sn−M),175

and L be a linear forest in Sn−M−F . Suppose that n ≥ 4 and |E(M)|+|F |+|E(L)| ≤176

n − 3. If E(L) = ∅ then, by Lemma 3.1, Sn −M − F has a Hamilton cycle passes177

through L. Assume that E(L) 6= ∅, and pick xy ∈ E(L) with x not an inner vertex178

of L. Let L0 be the subgraph of L induced by E(L) \ {xy}. Then {x, y} and L0 are179

compatible in Sn−M −F . Noting that |E(M)|+ |F | ≤ (n− 3)− |E(L)| ≤ n− 4 and180

|L0| ≤ n− 4− |E(M)| − |F |, by Corollary 1.2, there exists a Hamilton path P [x, y] of181

Sn−M −F that passes through L0. Then Sn−M −F has a desired Hamilton cycle182

constructed by P [x, y] and xy, which passes through L. This completes the proof.183

4. The proof of Theorem 1.1. We proceed by induction on n. By Lemma184

2.1, the result is trivial when n = 4, so suppose that n ≥ 5, and Theorem 1.1 holds185

for the (n− 1)-star graph Sn−1.186

Let M be a matching of Sn with m edges, and F an f -subset F of E(Sn −M)187

such that188

m+ f ≤ n− 4.189

Pick a linear forest L of Sn −M − F with |E(L)| = ` such that190

` ≤ n− 4−m− f.191

Put192

H := E(M) ∪ F ∪ E(L). (4.1)193

Then |H| ≤ n−4. In view of Lemma 2.6, replacing Sn−M−F and L by their images194

under some automorphism of Sn, we may suppose that H contains no n-edges, i.e.,195

H ⊆ E(Sn)− En =
⋃
i∈[n]

E(Si
n) = E(Sn)−

⋃
i 6=j

Ei,j
n . (4.2)196

4.1. Symbols and lemmas. For each i ∈ [n], put Fi := F ∩ E(Si
n), denote by197

Mi and Li the subgraphs of M and L contained in Si
n, respectively. Define198

fi := |Fi|, mi := |E(Mi)|, `i := |E(Li)|. (4.3)199

Since m+ f + ` ≤ n− 4, we have the following observation.200

Lemma 4.1. Either201

(1) `i ≤ n− 5−mi − fi for all i ∈ [n]; or202

(2) there exists a unique j ∈ [n] such that Mj = M , Fj = F , Lj = L and203

` = n− 4−m− f .204

For a vertex u ∈ Sn, we write205

iu := u(n), (4.4)206

and denote by ū the n-neighbor of u in Sn, i.e.,207

ū = u · t1,n. (4.5)208

Lemma 4.2. Let i ∈ [n], and let E be the edge set of some linear forest of Si
n −209

Mi−Fi with |E| > 3n−12. Let n′ be the number of edges uv ∈ E such that uv /∈ E(L),210

ū, v̄ /∈ V (M) and {ū, v̄} is compatible with L. Suppose that E contains no n-edges.211

Then n′ ≥ |E|+ 2− 2m− 2`− `i ≥ |E| − 3n+ 14.212
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Proof. Let V0 = {u ∈ V (E) | ū ∈ V (M)}, and let E0 = {uv ∈ E | ū, v̄ 6∈213

V (M)} \ E(Li). For u1, u2 ∈ V0, since u1ū1 and u2ū2 are n-edges, if u1 6= u2 then214

ū1 6= ū2 by (2) of Lemma 2.5. Moreover, for uv ∈ E, by Lemma 2.4, iū 6= iv̄. It215

follows that |E0| ≥ |E| − 2m − `i. Further, each edge uv in E0 if exists is a desired216

edge in this lemma, or else at least one of ū and v̄ is an inner vertex of L. Noting217

that L has at most ` − 1 inner vertices, we deduce that n′ ≥ |E0| − 2(` − 1). Since218

m+ f + ` ≤ n− 4, we have n′ ≥ |E| − 2m− `i − 2(`− 1) ≥ |E| − 3n+ 14.219

For I ⊆ [n], denote by SI
n the subgraph of Sn induced by SIn := ∪i∈I(Sin), and220

put221

MI := SI
n ∩M, FI := E(SI

n) ∩ F, LI := SI
n ∩ L.222

Lemma 4.3. Let I ⊆ [n] with |I| ≥ 2, and i, j ∈ I with i 6= j for n ≥ 5. Let223

u, v ∈ SI
n − MI with u ∈ Oi

n and v ∈ Ejn such that {u, v} is compatible with L.224

Suppose that `i ≤ n− 5−mi − fi for all i ∈ I. Then SI
n −MI − FI has a Hamilton225

path PI [u, v] passing through LI .226

Proof. Write I = {i1, i2, . . . , is}, where s = |I|, i1 = i and is = j. Let u1 = u227

and vs = v. For each integer k with 1 ≤ k ≤ s − 1, by Lemma 2.7, we may choose228

vkuk+1 ∈ Eik,ik+1 with vk ∈ E ikn \ V (H) and uk+1 ∈ O
ik+1
n \ V (H). By the induction229

hypothesis and Corollary 1.2, Sik
n −Mik −Fik has a Hamilton path Pk[uk, vk] passing230

through Lik , where 1 ≤ k ≤ s. Then SI
n −MI − FI has a desired Hamilton path231

constructed by P1[u1, v1], v1u2, P2[u2, v2], . . ., vs−1us and Ps[us, vs].232

Lemma 4.4. Let I ⊆ [n] with |I| ≥ 3 and i, j ∈ I for n ≥ 5. Let u, v ∈ SI
n with233

u ∈ Oi
n and v ∈ Ejn. Then SI

n has a Hamilton path PI [u, v].234

Proof. If i 6= j, then, by Lemma 4.3, a desired Hamilton path is guaranteed. Now235

let i = j. Choose u0v0 ∈ Si
n with iū0 , iv̄0 ∈ I \ {i}. Clearly, by Lemma 2.4, we have236

iū0
6= iv̄0

. By Lemma 2.2, Si
n has a Hamilton path P1[u, v] that passes u0v0 with u0237

lying between u and v0. Set I ′ = I \ {i}. Lemma 4.3 guarantees a Hamilton path238

PI′ [ū0, v̄0] of SI′

n . Then SI
n has a desired Hamilton path constructed by P1[u, u0],239

u0ū0, PI′ [ū0, v̄0], v̄0v0, and P1[v0, v].240

Lemma 4.5. Let I ⊆ [n], and l, i, j ∈ I with i 6= j, l. Let u, v, z ∈ SI
n −MI with241

u ∈ Oi
n, v ∈ Oj

n and z ∈ E ln \ V (L) such that {u, v} is compatible with L. Suppose242

that `i ≤ n− 5−mi − fi for all i ∈ I. Then SI
n −MI − FI − z has a Hamilton path243

PI [u, v] passing through LI .244

Proof. Suppose first that l = j and I = {i, j}. Choose u0ū0 ∈ Ei,j with u0, ū0 6∈245

V (H), u0 ∈ E in and ū0 ∈ Oj
n. By the induction hypothesis, Sj

n −Mj − Fj − z has a246

Hamilton path P1[ū0, v] passing through Lj . And by Corollary 1.2, Si
n −Mi −Fi has247

a Hamilton path P2[u, u0] passing through Li. Then SI
n −MI − FI − z has a desired248

Hamilton path constructed by P2[u, u0], u0ū0 and P1[ū0, v].249

Suppose that l = j and |I| > 2. Fix a k ∈ I \ {i, j}. Choose v0v̄0 ∈ Ek,j250

with v0, v̄0 6∈ V (H), v0 ∈ Ekn and v̄0 ∈ Oj
n. Let P3[v̄0, v] be a Hamilton path of251

Sj
n−Mj−Fj−z passing through Lj . Set I ′ = I \{j}. By Lemma 4.3, SI′

n −MI′−FI′252

has a Hamilton path PI′ [u, v0] passing through LI′ . We obtain a desired Hamilton253

path of SI
n −MI − FI − z, which is constructed by PI′ [u, v0], v0v̄0 and P3[v̄0, v].254

Finally, let l 6= j. Choose v1v̄1 ∈ El,j with v1, v̄1 6∈ V (H), v1 ∈ Ol
n and v̄1 ∈ Ejn,255

and choose a Hamilton path P4[v̄1, v] of Sj
n − Mj − Fj passing through Lj . Set256

I ′′ = I \ {j}. A similar argument as above implies that SI′′

n −MI′′ − FI′′ − z has257

a Hamilton path PI′′ [u, v1] passing through LI′′ . Then SI
n − MI − FI − z has a258

desired Hamilton path constructed by PI′′ [u, v1], v1v̄1 and P4[v̄1, v]. This completes259
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the proof.260

Let w ∈ En \ V (L), and x, y ∈ On \ V (M) such that {x, y} is compatible with L261

in Sn −M − F . For convenience, define262

I0 := {ix, iy, iw}, J0 := {j ∈ [n] | `j = n− 4−m− f}}. (4.6)263

Then |J0| ≤ 1 by Lemma 4.1.264

Lemma 4.6. Suppose that ix = iy 6= iw and I0 ∩ J0 = ∅. Then there exist uū ∈265

Eix,iw
n and a neighbor u′ of ū such that266

(1) u, ū, u′ /∈ V (H) ∪ {x, y}, u ∈ Oiw
n , ū ∈ E ixn and u′ ∈ Oix

n ; and267

(2) Six
n −Mix − Fix − ū has a Hamilton path Pu[x, y] passing through Lix ; and268

(3) Pu[x, y] has an edge u′z with the n-neighbor z̄ of z neither an inner vertex of269

L nor a vertex of V (M), and iz̄ /∈ J0 ∪ {iw}.270

Proof. Let E = {uū ∈ Eix,iw
n | u, ū /∈ V (H), u ∈ Oiw

n , ū ∈ E ixn }. Then |E| ≥271
(n−2)!

2 −(n−4) ≥ 2. For each uū ∈ E, by the induction hypothesis, Six
n −Mix−Fix−ū272

has a Hamilton path Pu[x, y] passing through Lix . Note that ū has n − 2 (odd)273

neighbors in Six
n , and we hope that these neighbors are not contained in V (H)∪{x, y}.274

Since mix +fix +`ix ≤ n−5, there are at least n′ = ( (n−2)!
2 −(n−4))(n−2)−(n−5)−2275

distinct vertices u′ satisfying the above hopes, and further produce at least n′ vertex-276

disjoint 2-path uūu′.277

Let vku
′
kzk be 2-path on Puk

[x, y] with mid vertex u′k, where 1 ≤ k ≤ n′. By278

Lemma 2.4, iv̄k 6= iz̄k and ix /∈ {iv̄k , iz̄k}. Recalling that |J0| ≤ 1, without loss of279

generality, we let iz̄k /∈ J0. Noting that ūku
′
kzk is 2-path of Six

n , by Lemma 2.4,280

iz̄k 6= iuk
= iw, where 1 ≤ k ≤ n′. In particular, z̄k 6= uk. Then we have n′ distinct281

4-paths ukūku
′
kzkz̄k, and these paths produce at least n′′ := d n′

n−2e distinct edges282

zkz̄k, say z1z̄1, . . . , zn′′ z̄n′′ without loss of generality. Note that every z̄k is an odd283

vertex.284

On the other hand, recalling that m + ` ≤ n − 4, we deduce that at most n − 4285

either inner vertices of L or vertices of M is odd. Since n ≥ 5, calculation shows286

that n′′ > n − 4. In particular, for n = 5, we have n
′′

= 2 > 5 − 4 = 1. Thus, the287

above construction process produces uū, Pu[x, y], u′z and z̄, which are desired as in288

the lemma.289

Lemma 4.7. Suppose that I0 ∩ J0 = ∅. Let I = [n] \ J0. Then SI
n −MI − FI −w290

has a Hamilton path PI [x, y] passing through LI .291

Proof. Noting that mi + fi + `i ≤ n− 5 for all i ∈ I, if ix 6= iy then the result is292

true by Lemma 4.5. Thus the left cases are ix = iy = iw, and ix = iy 6= iw.293

Case 1. Assume that ix = iy = iw. By the induction hypothesis, Siw
n −Miw −294

Fiw − w has a Hamilton path P1[x, y] which passes through Liw . Note that P1[x, y]295

has length at least (n−1)!−1−2(n−5)−1, which is larger than 3n−12. By Lemma296

4.2, we may choose an edge uv on P1[x, y] with uv /∈ E(L), ū, v̄ /∈ V (M) and {ū, v̄} is297

compatible with L. Without loss of generality, we assume that u lies between x and298

v, where x = u is allowed. By Lemma 2.4, iū, iv̄ and iw are pairwise distinct integers.299

Let J = I \ {iw}. Since u and v has opposite parity, so do ū and v̄. By Lemma 4.3,300

SJ
n −MJ − FJ has a Hamilton path PJ [ū, v̄] passing through LJ . Then we obtain a301

desired Hamilton path of SI
n −M I − F I − w, which is constructed by P1[x, u], uū,302

PJ [ū, v̄], v̄v and P1[v, y].303

Case 2. Assume that ix = iy 6= iw. Choose uū ∈ Eix,iw
n , Pu[x, y], u′z and z̄304

which are described as in Lemma 4.6. Note that iz̄ /∈ J0∪{ix, iw}, and u, z̄ ∈ On. Let305
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J = I \ {ix}. By Lemma 4.5, SJ
n −MJ −FJ −w has a Hamilton path PJ [u, z̄] passing306

through LJ . If z is located on Pu[x, y] between x and u′ then SI
n−M I −F I −w has a307

desired Hamilton path constructed by Pu[x, z], zz̄, PJ [z̄, u], uūu′ and Pu[u′, y]. If z is308

located on Pu[x, y] between y and u′ then SI
n −M I − F I −w has a desired Hamilton309

path constructed by Pu[x, u′], u′ūu, PJ [u, z̄], z̄z and Pu[z, y]. This completes the310

proof.311

It is not difficult to prove the mirror versions of Lemmas 4.5, 4.6 and 4.7 for even312

vertices compatible with L in Sn−M−F . In particular, we have the following lemma.313

Lemma 4.8. Let u, v, z ∈ SI
n −MI with u, v ∈ En and z ∈ On \ V (L) such that314

{u, v} is compatible with L in Sn. Suppose that {iu, iv, iz}∩J0 = ∅, and let I ⊆ [n]\J0.315

Then SI
n −MI − FI − z has a Hamilton path PI [u, v] passing through LI if either316

(1) {iu, iv, iz} ⊆ I and iu 6= iv, iz; or317

(2) I = [n] \ J0.318

4.2. The proof. Let x, y, w ∈ Sn − V (M) such that {x, y} is chosen from one319

partite set of Sn−M and compatible with L in Sn−M −F , while w lies in the other320

partite set and w /∈ V (L). Our task is to prove that321

(†) Sn −M − F −w has a Hamilton path with ends x, y and passing through L.322

If either m = ` = 0 or f = ` = 0 then (†) follows from Lemma 2.1 or 2.3,323

respectively. Thus, in the following, we suppose that324

m+ ` > 0, f + ` > 0. (4.7)325

Now choose z1 = ı, the identity of Sn, or z1 = tw(n),n depending on whether326

w(n) = n or not, and choose z2 = ı or tj,k depending on whether z1·w ∈ En or327

not, where j, k ∈ [n] \ {i, n}. Let z = z2·z1. We have z·w ∈ Enn . Let z̃ be the328

automorphism of Sn induced by z by left multiplication. Then z̃ permutes the sub-329

graphs S1
n, S

2
n, . . . , S

n
n , and so z̃(H) ⊆ E(Sn) − En. Clearly, z̃(w) ∈ Enn \ V (z̃(L)),330

z̃(x), z̃(y) ∈ On, z̃(M) is a matching of size m and {z̃(x), z̃(y)} is compatible with331

z̃(L) in Sn − z̃(M)− z̃(F ). In view of these observations, we may let332

x, y ∈ On, w ∈ Enn . (4.8)333

Thus, it suffices to prove that (†) holds under the assumptions (4.2), (4.7) and (4.8).334

Recall that I0 = {ix, iy, n}, J0 = {j ∈ [n] | `j = n − 4 −m − f} and |J0| ≤ 1. If335

J0 = ∅ then, by Lemma 4.7, we are done. Thus we suppose further that J0 6= ∅, and336

set337

J0 = {j0}.338

Then339

mj0 = m, fj0 = f, `j0 = `, m+ f + ` = n− 4.340

By the induction hypothesis, applying Lemmas 3.1 (if ` = 0) and Corollary 1.3 (if341

` 6= 0), Sj0
n −M − F has a Hamiltonian cycle, which passes through L. Next we342

discuss in five cases: j0 /∈ I0; n 6= j0 ∈ {ix, iy}; n = j0 6∈ {ix, iy}; n = j0 ∈ {ix, iy}343

and ix 6= iy; and n = j0 = ix = iy.344

Lemma 4.9. If j0 /∈ I0 then (†) holds.345

Proof. Suppose that j0 /∈ I0. By Lemma 2.7, there exists u0ū0 ∈ Ej0,n
n with346

ū0 /∈ V (H), u0 ∈ On
n \ {x, y} and ū0 ∈ Ej0n . Let C be a Hamiltonian cycle of347

Sj0
n −M − F passing through L, and let uū0v be the 2-path on C with mid vertex348
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ū0. Clearly, ū0v, ū0u /∈ E(L). By Lemma 2.4, iv̄ 6= iū and iv̄, iū /∈ {j0, n}. Thus, we349

let iv̄ 6= iy in the following.350

Case 1. Suppose that ix 6= iy. Without loss of generality, we may assume that351

(i) ix = n, or (ii) ix = iv̄, or (iii) ix /∈ {n, iv̄}.352

1.1. Suppose that ix = n. By Lemma 2.1, Sn
n −w has a Hamilton path P1[x, u0].353

Let I1 = [n] \ {n, j0}. Note that iv̄ 6= iy. Lemma 4.3 yields a Hamilton path PI1
[v̄, y]354

of SI1
n . Then Sn −M − F − w has desired Hamilton path constructed by P1[x, u0],355

u0ū0, C − ū0v, vv̄ and PI1
[v̄, y].356

1.2. Suppose that ix = iv̄. Lemma 2.1 guarantees a Hamilton path P2[x, v̄] of357

Six
n . Let I2 = [n] \ {j0, ix}. By Lemma 4.7, SI2

n − w has a Hamilton path PI2 [ū0, y].358

Then Sn−M−F −w has desired Hamilton path constructed by P2[x, v̄], v̄v, C−vū0,359

ū0u0 and PI2
[ū0, y].360

1.3. Suppose that ix /∈ {n, iv̄}. Let I3 = {n, iy} and I4 = [n] \ {j0, n, iy}. By361

Lemma 4.7, SI3
n − w has a Hamilton path PI3

[u0, y]. Note that ix 6= iv̄. Lemma362

4.3 guarantees a Hamilton path PI4 [x, v̄] of SI4
n . Then Sn −M − F − w has desired363

Hamilton path constructed by PI4 [x, v̄], v̄v, C − vū0, ū0u0 and PI3 [u0, y].364

Case 2. Suppose that ix = iy < n. We need consider either iū = iy or iū 6= iy.365

2.1. Suppose that iū = iy. Choose uū ∈ Ej0,ix
n , Pu[x, y], u′z and z̄ which are366

described as in Lemma 4.6. Without loss of generality, we assume that z lies between367

u′ and y on Pu[x, y]. In particular, iz̄ /∈ {j0, n}. Note that z̄, u0 ∈ On and iz̄ 6= iu0
.368

Let I1 = [n] \ {j0, ix}. By Lemma 4.5, SI1
n −MI1 − FI1 − w has a Hamilton path369

PI1 [u0, z̄]. Then we obtain a desired Hamilton path of Sn −M − F − w, which is370

constructed by Pu[x, u′], u′ūu, C − uū0, ū0u0, PI1
[u0, z̄], z̄z and Pu[z, y].371

2.2. Suppose that iū 6= iy. Choose u1ū1 ∈ Eix,n
n , Pu1

[x, y], u′1z and z̄ which are372

described as in Lemma 4.6. Without loss of generality, we assume that z lies between373

u′1 and y on Pu1 [x, y]. In particular, iz̄ /∈ {j0, n}. Choose a Hamilton path P3[u0, u1]374

of Sn
n−w, and let I2 = [n]\{ix, j0, n}. Since iv̄ 6= iū, swapping u and v if necessary, we375

suppose iz̄ 6= iv̄. Noting that v̄ ∈ En and z̄ ∈ On, by Lemma 4.3, SI2
n has a Hamilton376

path PI2
[v̄, z̄]. Then we have a desired Hamilton path of Sn−M −F −w constructed377

by Pu1
[x, u1

′], u1
′ū1u1, P3[u1, u0], u0ū0, C − ū0v, vv̄, PI2

[v̄, z̄], z̄z and Pu1
[z, y].378

Case 3. Suppose that ix = iy = n. By Lemma 2.1, we choose a Hamilton path379

P4[x, y] of Sn
n − w. Let u0v0 be the edge on P4[x, y] with v0 lying between u0 and y.380

By Lemma 2.4, iv̄0
/∈ {n, j0}. Since iv̄ 6= iū, swapping v and u if necessary, we suppose381

iv̄0
6= iv̄. Let I = [n] \ {j0, n}. Noting that v̄ ∈ En and v̄0 ∈ On, by Lemma 4.3, SI

n382

has a Hamilton path PI [v̄, v̄0]. Then a desired Hamilton path of Sn −M − F − w is383

constructed by P4[x, u0], u0ū0, C − ū0v, vv̄, PI [v̄, v̄0], v̄0v0 and P4[v0, y].384

Lemma 4.10. If n 6= j0 ∈ {ix, iy} then (†) holds.385

Proof. Suppose that n 6= j0 ∈ {ix, iy}. Without of generality, we let j0 = ix. Let386

C be a Hamiltonian cycle of Sj0
n −M −F passing through L. Let y0xx0 be the 2-path387

on C with mid vertex x. By Lemma 2.4, ix̄0 , iȳ0 6= ix = j0 and ix̄0 6= iȳ0 . Since x is388

not an inner vertex of L, we assume that xx0 /∈ E(L). Put P0[x, x0] := C − xx0.389

Case 1. Assume that j0 = ix 6= iy. Let I = [n] \ {j0}. By Lemma 4.7, either390

y = x̄0, or SI
n−w has a Hamiltonian path PI [x̄0, y]. For the latter case, Sn−M−F−w391

has a desired Hamiltonian path constructed by P0[x, x0], x0x̄0 and PI [x̄0, y].392

Suppose now that y = x̄0. Then iȳ0 6= iy. If xy0 /∈ E(L) then our result holds393

by a similar argument as above. Now assume that xy0 ∈ E(L). Let L0 = L − x.394

Then m + f = n − 4 − ` ≤ n − 5, and |L0| + m + f = n − 5. Let x′0 be a neighbor395

of x in Six
n − M − F with x′0 /∈ V (L0) ∪ {x0, y0}. By the hypothesis induction,396

Six
n −M −F − x has a Hamilton path P1[y0, x

′
0] passing through L0. By Lemma 2.4,397
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we have ix̄′
0
6= ix̄0

= iy. Considering the Hamilton cycle constructed by P1[y0, x
′
0] and398

y0xx
′
0, our result follows from a similar argument as in the first paragraph of the case.399

Case 2. Assume that j0 = ix = iy < n. Let x1yy1 be the 2-path on P0[x, x0]400

with y1 lying between y0 and y. Then one of x1y and yy1 is not contained in E(L).401

Suppose first that yy1 /∈ E(L). Noting that x0x̄0 and y1ȳ1 are distinct n-edges402

of Sn, we deduce from Lemma 2.5 that x̄0 6= ȳ1. Let I = [n] \ {j0}. By Lemma403

4.7, SI
n − w has a Hamiltonian path PI [ȳ1, x̄0]. Then Sn −M − F − w has a desired404

Hamiltonian path constructed by P0[x, y1], y1ȳ1, PI [ȳ1, x̄0], x̄0x0 and P0[x0, y].405

Suppose now that yy1 ∈ E(L). Then x1y /∈ E(L). If xy0 /∈ E(L) then our result406

is true by a similar argument as above. Thus we suppose further that xy0 ∈ E(L); in407

particular, ` ≥ 2 and m+ f ≤ n− 6. Let F0 = F ∪ {yy1}, and let L0 be subgraph of408

L induced by E(L) \ {xy0, yy1}. Then m+ |F0| ≤ n− 5 and |L0| = n− 5−m− |F0|.409

Clearly, x /∈ V (L0), and {y0, y1} is compatible with L0 in Sj0
n −M − F0. By the410

induction hypothesis, Sj0
n −M − F0 − x has a Hamilton path P [y0, y1]. Let z0yz1 be411

the 2-path on P [y0, y1] with mid vertex y. Since yy1 is not an edge on P [y0, y1], we412

have y1 /∈ {z0, z1}. Without loss of generality, assume that z0 lies between y0 and413

y on P [y0, y1]. Let I = [n] \ {j0}. Noting that z̄0 and z̄1 are distinct odd vertices,414

by Lemma 4.7, SI
n − w has a Hamiltonian path PI [z̄0, z̄1]. Then Sn −M − F − w415

has a desired Hamiltonian path constructed by xy0, P [y0, z0], z0z̄0, PI [z̄0, z̄1], z̄1z1,416

P [z1, y1] and y1y.417

Lemma 4.11. If n = j0 6∈ {ix, iy} then (†) holds.418

Proof. Suppose that n = j0 6∈ {ix, iy}. Let C be a Hamiltonian cycle of Sn
n−M−F419

passing through L, and let uwv be the 2-path on C. Since w /∈ V (L), we have420

uw,wv /∈ E(L). By Lemma 2.4, iū 6= iv̄ and n /∈ {iū, iv̄}.421

Case 1. Assume that ix 6= iy. Swapping u and v if necessary, we assume that (i)422

{iū, iv̄} ∩ {ix, iy} = ∅, or (ii) iū = ix and iv̄ 6= iy, or (iii) iū = ix and iv̄ = iy.423

1.1. Suppose that {iū, iv̄}∩{ix, iy} = ∅. Let I1 = {ix, iū} and I2 = [n]\{ix, iū, n}.424

By Lemma 4.3, SI1
n has a Hamilton path PI1 [x, ū], and SI2

n has a Hamilton path425

PI2
[v̄, y]. Then Sn−M −F −w has a desired Hamilton path constructed by PI1

[x, ū],426

ūu, C − w, vv̄ and PI2
[v̄, y].427

1.2. Suppose that iū = ix and iv̄ 6= iy. Let I3 = [n] \ {ix, n}. Then SI3
n has428

a Hamilton path PI3 [v̄, y] by Lemma 4.3, and Six
n has a Hamilton path P1[x, ū] by429

Lemma 2.1. Thus we obtain a desired Hamilton path of Sn −M − F − w, which is430

constructed by P1[x, ū], ūu, C − w, vv̄ and PI3
[v̄, y].431

1.3. Suppose that iū = ix and iv̄ = iy. By Lemma 2.1, Six
n has a Hamilton path432

P2[x, ū]. Let I4 = [n] \ {ix, n}. By Lemma 4.4, SI
n has a Hamilton path PI4

[v̄, y].433

Then Sn−M −F −w has desired Hamilton path constructed by P2[x, ū], ūu, C −w,434

vv̄ and PI4 [v̄, y].435

Case 2. Now let ix = iy. Without loss of generality, we may suppose that either436

ix = iū or ix /∈ {iū, iv̄}.437

2.1. Suppose that ix = iū. By Lemma 2.1, Six
n − ū has a Hamilton path P1[x, y].438

Let u′ ∈ Oix
n be a neighbor of ū in Six

n , and x1u
′y1 be the 2-path on P1[x, y] with mid439

vertex u′ and y1 lying between u′ and y. Then ix̄1
6= iȳ1

by Lemma 2.4. In particular,440

ix̄1 6= iv̄ or iȳ1 6= iv̄. Without loss of generality, we let iȳ1 6= iv̄. Considering the441

2-path ūu′y1 of Six
n , by Lemma 2.4, we have iȳ1 6= n. Let I = [n] \ I0. By Lemma442

4.4, SI
n has a Hamilton path PI [v̄, ȳ1]. Then Sn−M −F −w has a desired Hamilton443

path constructed by P1[x, u′], u′ūu, C − w, vv̄, PI [v̄, ȳ1], ȳ1y1 and P1[y1, y].444

2.2. Suppose that ix /∈ {iū, iv̄}. Fix ū0u0 ∈ Eix,iū with u0 ∈ Oiū
n such that445

neither x nor y is a neighbor of ū0 in Six
n . Choose a Hamilton path P2[u0, ū] of Siū

n ,446
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and a Hamilton path P3[x, y] of Six
n − ū0 by Lemma 2.1. Considering the n-neighbors447

of the n− 2 neighbors of ū0 in Six
n , by Lemma 2.4, we may choose one neighbor z of448

ū0 in Six
n with iz̄ = n. Noting that z /∈ {x, y}, let x0zy0 be the 2-path on Six

n − ū0449

with mid vertex z. Then, by Lemma 2.4, ix̄0 6= iȳ0 and ix, iū, n /∈ {ix̄0 , iȳ0}. Without450

loss of generality, we assume that ix̄0 6= iv̄. Let I = [n] \ {ix, iū, n}. Then, by Lemma451

4.3, SI
n has a Hamilton path PI [x̄0, v̄]. If x0 lies between x and z on P3[x, y] then452

Sn−M−F −w has a desired Hamilton path constructed by P3[x, x0], x0x̄0, PI [x̄0, v̄],453

v̄v, C − w, uū, P2[ū, u0], u0ū0z, and P3[z, y]. If x0 lies between z and y on P3[x, y]454

then Sn −M − F − w has a desired Hamilton path constructed by P3[x, z], zū0u0,455

P2[u0, ū], ūu, C − w, vv̄, PI [v̄, x̄0], x̄0x0 and P3[x0, y].456

Lemma 4.12. If n = j0 ∈ {ix, iy} and ix 6= iy then (†) holds.457

Proof. Suppose that n = j0 ∈ {ix, iy} and ix 6= iy. Without loss of generality, we458

let iy = n. Let C be a Hamiltonian cycle of Sn
n −M − F passing through L, and let459

uwv be the 2-path on C. Then uw,wv /∈ E(L), iū 6= iv̄ and n /∈ {iū, iv̄}.460

Suppose first that y ∈ {u, v}. Let u = y without loss of generality. Pick J =461

[n] \ {n}. Note that x ∈ On and v̄ ∈ En, by Lemma 4.4, SJ
n has a Hamilton path462

PJ [x, v̄], and then Sn−M−F−w has a desired Hamilton path constructed by PJ [x, v̄],463

v̄v and (C − w)[v, y].464

Next let y /∈ {u, v}, and let u0yv0 be the 2-path on C with mid vertex y and u0465

lying between u and y. Then iū0 6= iv̄0 and n /∈ {iū0 , iv̄0}. Moreover, since y is not466

an inner vertex of L, at least one of u0y and yv0 is not contained in E(L). We next467

discuss in two cases, say ix ∈ {iū, iv̄}, and ix /∈ {iū, iv̄}.468

Case 1. Assume that ix ∈ {iū, iv̄}, and let ix = iū without loss of generality.469

1.1. Suppose that u0y /∈ E(L). Choose a Hamilton path P1[x, ū] of Six
n , and let470

I = [n] \ {j0, ix}. For iū0
6= ix, since ū0 ∈ O

iū0
n and v̄ ∈ E iv̄n , by Lemma 4.4, SI

n has471

a Hamilton path PI [ū0, v̄], and then Sn −M − F − w has a desired Hamilton path472

constructed by P1[x, ū], ūu, (C − w)[u, u0], u0ū0, PI [ū0, v̄], v̄v and (C − w)[v, y].473

Now let iū0 = ix. For ū0 = x, letting I1 = [n] \ {n}, by Lemma 4.8, SI1
n − x has474

a Hamilton path PI1 [ū, v̄], and thus Sn −M − F − w has a desired Hamilton path475

constructed by xu0, (C −w)[u0, u], uū, PI1
[ū, v̄], v̄v and (C −w)[v, y]. Thus suppose476

that ū0 6= x. By Lemma 2.4, we have ū and ū0 are not adjacent in Six
n . Let zū0 be the477

edge on P1[x, ū] with z lying between ū and ū0. Let I2 = [n]\{j0, ix}. By Lemma 4.4,478

SI2
n has a Hamilton path PI2

[v̄, z̄], and then Sn −M − F −w has a desired Hamilton479

path constructed by P1[x, ū0], ū0u0, (C − w)[u0, u], uū, P1[ū, z], zz̄, PI2 [z̄, v̄], v̄v and480

(C − w)[v, y].481

1.2. Suppose that yv0 /∈ E(L) and iv̄0
6= ix. By Lemma 2.7, there exists u1ū1 ∈482

E
ix,iv̄0
n with u1 ∈ Oix

n \{x} and ū1 ∈ E
iv̄0
n \{v̄}. Choose a neighbor u2 ∈ E ixn of u1 with483

iū2
/∈ {j0, ix, iv̄0

, iv̄}. By Lemma 2.2, Six
n has a Hamilton path P2[x, ū] that passes484

u1u2 with u2 lying between x and u1.485

For iv̄ = iv̄0
. Note that ū1 6= v̄. Choose a neighbor z ∈ E iv̄0

n of ū1 with iz̄ /∈486

{j0, ix, iv̄0 , iū2}. By Lemma 2.2, Siv̄
n has a Hamilton path P3[v̄, v̄0] that passes ū1z487

with z lying between v̄ and ū1. Let I3 = I \{ix, j0, iv̄}. Since iz̄ 6= iū2 , by Lemma 4.3,488

SI3
n has a Hamilton path PI3

[ū2, z̄], and then Sn−M −F −w has a desired Hamilton489

path constructed by P2[x, u2], u2ū2, PI3
[ū2, z̄], z̄z, P3[z, v̄], v̄v, (C − w)[v, v0], v0v̄0,490

P3[v̄0, ū1], ū1u1, P2[u1, ū], ūu and (C − w)[u, y].491

Now let iv̄ 6= iv̄0
. By Lemma 2.1, S

iv̄0
n has a Hamilton path P4[v̄0, ū1]. Note492

that iū2
6= iv̄. Let I4 = [n] \ {ix, j0, iv̄0

}. By Lemma 4.3, SI4
n has a Hamilton path493

PI4
[ū2, v̄], and then Sn −M − F − w has a desired Hamilton path constructed by494
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P2[x, u2], u2ū2, PI4
[ū2, v̄], v̄v, (C − w)[v, v0], v0v̄0, P4[v̄0, ū1], ū1u1, P2[u1, ū], ūu and495

(C − w)[u, y].496

1.3. Suppose that yv0 /∈ E(L) and iv̄0
= ix. Let I5 = [n] \ {j0}. If v̄0 = x, by497

Lemma 4.7, SI5
n − x has a Hamilton path PI5 [v̄, ū]. In this time, a desired Hamilton498

path is constructed by xv0, (C−w)[v0, v], vv̄, PI5 [v̄, ū], ūu and (C−w)[u, y]. Otherwise499

v̄0 6= x. Choose a neighbor x1 ∈ E ixn of v̄0 with ix̄1
/∈ {j0, ix, iv̄}. By Lemma 2.2, Six

n500

has a Hamilton path P5[x, ū] that passes v̄0x1 with x1 lying between v̄0 and ū. Note501

that x̄1 ∈ On and v̄ ∈ En. Let I6 = [n] \ {j0, ix}. By Lemma 4.3, SI6
n has a Hamilton502

path PI6 [v̄, x̄1], and then Sn −M − F − w has a desired Hamilton path constructed503

by P5[x, v̄0], v̄0v0, (C −w)[v0, v], vv̄, PI6 [v̄, x̄1], x̄1x1, P5[x1, ū], ūu and (C −w)[u, y].504

Case 2. Assume that ix /∈ {iū, iv̄}. Without loss of generality, we let u0y /∈ E(L)505

and further assume that (i) iū0
= iū, or (ii) iū0

= ix, or (iii) iū0
/∈ {ix, iū}.506

1.1. Suppose that iū0
= iū. By Lemma 2.7, there exists u1ū1 ∈ Eiū,ix

n with u1 ∈507

Oiū
n \ {ū0} and ū1 ∈ E ixn . Choose a neighbor u2 ∈ E iūn of u1 with iū2

/∈ {j0, ix, iū, iv̄}.508

By Lemma 2.2, Siū
n has a Hamilton path P1[ū, ū0] that passes u1u2 with u2 lying509

between ū0 and u1. And Lemma 2.1 guarantees a Hamilton path P2[x, ū1] of Six
n .510

Note that iv̄ 6= iū2
. Let I1 = [n] \ {j0, ix, iū}. By Lemma 4.3, SI1

n has a Hamilton511

path PI1
[ū2, v̄], and then Sn −M − F − w has a desired Hamilton path constructed512

by P2[x, ū1], ū1u1, P1[u1, ū], ūu, (C −w)[u, u0], u0ū0, P1[ū0, u2], u2ū2, PI1
[ū2, v̄] and513

(C − w)[v, y].514

1.2. Suppose that iū0 = ix. By Lemma 2.7, there exists u1ū1 ∈ Eiv̄,ix
n with515

u1 ∈ Oiv̄
n and ū1 ∈ E ixn . Choose a neighbor u2 ∈ E ixn of ū0 with iū2

/∈ {j0, ix, iū, iv̄}.516

By Lemma 2.2, Six
n has a Hamilton path P3[x, ū1] that passes ū0u2 with u2 lying517

between ū0 and ū1. And Lemma 2.1 guarantees a Hamilton path P4[u1, v̄] of Siv̄
n .518

Note that iū 6= iū2 . Let I2 = [n] \ {j0, ix, iv̄}. By Lemma 4.3, SI2
n has a Hamilton519

path PI2 [ū, ū2], and then Sn −M − F − w has a desired Hamilton path constructed520

by P3[x, ū0], ū0u0, (C −w)[u0, u], uū, PI2
[ū, ū2], ū2u2, P3[u2, ū1], ū1u1, P4[u1, v̄] and521

(C − w)[v, y].522

1.3. Suppose that iū0
/∈ {ix, iū}. Let I3 = {iv̄, iū0

} and I4 = [n] \ {j0, iv̄, iū0
}. By523

Lemma 2.1 or Lemma 4.3 depending on whether iv̄ = iū0 or not, SI3
n has a Hamilton524

path PI3 [ū0, v̄]. And Lemma 4.3 also guarantee a Hamilton path PI4 [ū, x] of SI4
n .525

Then Sn − M − F − w has a desired Hamilton path constructed by PI4
[x, ū], ūu,526

(C − w)[u, u0], u0ū0, PI3
[ū0, v̄], v̄v and (C − w)[v, y].527

By Lemmas 4.9-4.12, to complete the proof Theorem 1.1 it remains to show that528

(†) holds when n = j0 = ix = iy.529

Lemma 4.13. If n = j0 = ix = iy then (†) holds.530

Proof. Suppose that n = j0 = ix = iy. We discuss in two cases: ` = 0, and ` > 0.531

Case 1. Assume that ` = 0. Recalling that ` + f > 0, we have f > 0. Pick532

uv ∈ F , and let F0 = F \ {uv}. By the induction hypothesis, Sn
n −M −F0 −w has a533

Hamilton path P1[x, y]. Fix an edge x0y0 on P1[x, y], and let x0y0 = uv when uv lies534

on P1[x, y]. Without loss of generality, we assume that x0 is an even vertex and lies535

between x and y0 on P1[x, y]. Let I = [n] \ J0. By Lemma 4.3, SI
n has a Hamilton536

path PI [x̄0, ȳ0], and thus Sn −M − F − w has a desired Hamilton path constructed537

by P1[x, x0], x0x̄0, PI [x̄0, ȳ0], ȳ0y0 and P1[y0, y].538

Case 2. Assume that ` 6= 0. Then m + f ≤ n − 5. Pick x1y1 ∈ E(L) such that539

x1 not an inner vertex of L, and let L0 = L− x1. Then, by the induction hypothesis,540

Sn
n −M − F − w has a Hamilton path P2[x, y] passing through L0. Since n ≥ 5, we541

have (n− 1)!− 2(n− 4)− 2 > 1. Then we may choose an edge u1v1 on P2[x, y] with542

u1v1 /∈ E(L). If x1y1 lies on P2[x, y] then the lemma holds by a similar argument as543
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in Case 1. Thus we suppose next that x1y1 is not an edge on P2[x, y].544

By the choices of x, y and x1y1, we have {x1, y1} 6= {x, y}. Without loss of545

generality, we suppose further that x1 is an even vertex on P2[x, y] lying between546

x and y1. Let x3x1x2 be the 2-path on P2[x, y] with mid vertex x1 and x3 lying547

between x and x1, and let y2y1 be the edge on P2[x, y] with y2 lying between x2 and548

y1. Then y2 ∈ Enn , and x2, x3 ∈ On
n. Recalling x1 is not an inner vertex of L, we have549

x2x1, x3x1 /∈ E(L).550

Suppose that y2y1 /∈ E(L). Let I1 = [n] \ J0. By Lemma 4.4, SI
n has a Hamilton551

path PI1 [x̄3, ȳ2], and thus Sn −M − F − w has a desired Hamilton path constructed552

by P2[x, x3], x3x̄3, PI1 [x̄3, ȳ2], ȳ2y2, P2[y2, x1], x1y1 and P1[y1, y].553

Suppose that y2y1 ∈ E(L). Then y1 6= y as y is not an inner vertex of L. Let554

y2y1y3 be the 2-path on P2[x, y] with mid vertex y1. Since L is a linear forest, we555

have y3y1 /∈ E(L). Then a similar argument as above implies that Sn −M − F − w556

has a desired Hamilton path. This completes the proof.557
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