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CHERN CLASSES OF OPEN PROJECTED RICHARDSON
VARIETIES AND OF AFFINE SCHUBERT CELLS

NEIL J.Y. FAN, PETER L. GUO, CHANGJIAN SU, AND RUI XIONG

ABSTRACT. The open projected Richardson varieties form a stratification for the par-
tial flag variety G/P. We compare the Segre-MacPherson classes of open projected
Richardson varieties with those of the corresponding affine Schubert cells by pushing
or pulling these classes to the affine Grassmannian. In the case of the Grassmannian
G/P = Gri(C"), the open projected Richardson varieties are known as open positroid
varieties. We obtain symmetric functions that represent the Segre-MacPherson classes
of these open positroid varieties, constructed explicitly in terms of pipe dreams for
affine permutations.

1. INTRODUCTION

Let G be a reductive group such that the derived subgroup G’ is simple, and let B
and B~ be the Borel and opposite Borel subgroups, 7" = B N B~ the maximal torus,
and W the associated Weyl group. For v < w € W in the Bruhat order, the open
Richardson variety }?u,w over the full flag variety G/B is the intersection of the Schubert

cell &, = BwB/B and the opposite Schubert cell o = B~uB/B, whose closure is the
closed Richardson variety Ry ..

Fix a parabolic subgroup P containing B. Let 7: G/B — G/P be the natural
projection. The open projected Richardson wvariety is ﬁ%w = W(Ruw) Its closure
I, = m(Ry.w) is the closed projected Richardson variety, which originates from the
study of total positivity and Poisson geometry, see for example [27, 35, 12]. Let Wp
be the Weyl group of P, and W¥ the minimal length coset representatives of W/Wp.
Knutson, Lam and Speyer [18] showed that the open projected Richardson varieties
ﬁu,w, where w ranges over elements in W (or equivalently, over equivalence classes of
P-Bruhat intervals [18, Section 2]), form a stratification of G/P. Many of the geometric
properties of Richardson varieties were shown to hold for projected Richardson varieties
[18], see also Billey and Coskun [4].

The projected Richardson varieties over Grassmannians are known as positroid vari-
eties studied systematically by Knutson, Lam and Speyer [17], motivated by previous
work of Postnikov [34]. Positroid varieties have drawn increasing attention in combina-~
torics, representation theory, and algebraic geometry. For example, they are related to
affine Grassmannian [13], Gromov-Witten invariants [7, 6], cluster algebras [10], knot
invariants [11], and we refer the readers to the excellent surveys [23, 40].

In this paper, we investigate the Chern—Schwartz—MacPherson (CSM) and Segre-
MacPherson (SM) classes of open projected Richardson varieties. These classes are
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generalizations of the usual Chern classes of smooth varieties to singular varieties X, see
for example [28, 37, 38, 32]. They are assigned to constructible functions on the variety,
and behave well under pushforwards. We will focus on the characteristic function 1y
of certain locally closed subvariety Y inside X. When X = G/B, the CSM classes of
the Schubert cells 3, are equivalent to the Maulik—Okounkov stable envelopes, thereby
having close connections with the representation theory of the group G, see [2, 29].

Our first main result establishes a relationship between the SM classes of open pro-
jected Richardson varieties and the SM classes of opposite affine Schubert cells in the
affine flag variety.

Theorem A (Theorem 6.1). Let N be the normal bundle of G/ P inside Gry. Then, for
u < w withw € WF,

i (s0uT) TN ) = G5 07°) (s5(E9)) € (G

where f = utyw™" is an element in the extended affine Weyl group W, and cT(N) is the

T-equivariant total Chern class of N.

Before we explain the notation in Theorem A, it should be noticed that taking the
lowest degree terms on both sides leads to a connection concerning the cohomology
classes of the projected Richardson varieties and the affine Schubert varieties studied by
He and Lam [13, Theorem 5.8], which, if further restricting to the type A Grassmannian
case, recovers [17, Theorem 7.8]. Indeed, the above implication is one of our main
motivations of this work. It is also worth mentioning that our proof differs from that
used in [13] and seems simpler. The proof in loc. cit. depends heavily on the Billey-
type localization formulae for Schubert classes. Instead, we employ the left and right
Demazure-Lusztig operators to deduce that both sides satisfy the same recurrences which
uniquely determine these classes. We believe that this strategy should still work in the
equivariant K-theory setting.

Let us proceed with a sketch of the notations appearing in Theorem A, and more details
will be laid out in Section 2. The affine flag variety Fl; and the affine Grassmannian Grg
are both infinite dimensional variants of the finite flag variety. They play a crucial role
in the geometric representation theory [41], and draw special interests because of their
relation to quantum Schubert calculus [33, 26, 16]. For an element f in the extended
affine Weyl group W the affine Schubert cell ) 7 C Flg is finite-dimensional. So its CSM
class g (2 7) is well defined in the (small) torus equivariant homology group H! (Flg).
These classes form a basis for the localized equivariant homology group. Inspired by the
behavior of CSM and SM classes over finite flag varieties [2|, we define the SM classes
SSM(Zo)f) of the opposite affine Schubert cells >/ to be the dual basis of the CSM classes,
similar to the Schubert classes considered by Kostant and Kumar [20].

The SM classes of open projected Richardson varieties and affine Schubert cells are
related via the affine Grassmannian Grg = G((2))/G][z]]. To see this, we need to fix
a dominant cocharacter A, such that the stabilizer subgroup W, equals the parabolic
subgroup Wp. Then the G-orbit of the element 2~*G|[2]]/G|[[z]] € Grg is isomorphic to
G/ P, and its G[[z]]-orbit Gr,, the spherical Schubert variety, is an affine bundle over the
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partial flag variety G/P. Let us consider the following diagram

G/P -2~ Gry 2~ Grg —~ Flg,

where i) and j, are inclusions, and r is a continuous section of the projection r : Flg —
Grg defined as follows. Let K C G be the maximal compact subgroup, and Tg := KNT
the compact torus. Then r is the continuous map

r: Grg ~ QK — LK — LK/Tg ~ Flg,

where LK and Q2K are the free loop space and based loop space of K, respectively. This
finishes explaining all the notations in Theorem A.

We next switch to the combinatorial sides of this paper. The study of characteristic
functions of open Richardson varieties and their CSM classes comes with the extended
P-Bruhat order <p on W. This is exhibited in Theorem 3.12:

Fun(G/P) > m(1p, ) #0 <= u<puw.
As comparison, it was shown in [18, Lemma 3.1 and Corollary 3.4] that
H*(G/P) 3 m([Ruw]) 0 <= u <p w,

where <, is the ordinary P-Bruhat order. A new feature of the extended P-Bruhat
order is the Wp-invariance property. In fact, Theorem 3.6 implies that it is the strongest
Wp-invariant partial order on W weaker than the Bruhat order.

When restricting to the Grassmannian G/P = Gr,(C"), as aforementioned, (open)
projective Richardson varieties are known as (open) positroid varieties, which are indexed
by bounded affine permutations f € S,. As our another main result, we explicitly
obtain a symmetric rational function representative Fy(x1,..., %k Y1, ..., Yy), which is
symmetric in xy, . .., g, for the SM class of the open positroid variety ﬁf.

Theorem B (Theorem 7.5). For a bounded affine permutation f, we have
SSM(f[f) = Fp(z1, . 21 - Yn) € HA(Cr(C™))ioe,

where 1, ..., xy are the Chern roots of the dual of the tautological bundle over Gry(C™),
and Y1, ...,y € H7(pt) are the standard equivariant parameters.

The function F ' is constructed via a weighted counting of certain colored string dia-
grams, which obviously admit a pipe dream realization. The proof of Theorem B relies
on a localization formula for SM classes along with a diagrammatic computation.

When we focus on the lowest degree terms on both sides of the equality in Theorem
B, and compare with a recent work (in progress) of Shimozono and Zhang [39], the
right-hand side will exactly be the double affine Stanley symmetric function in [25].
Therefore, if further letting y; = - - - = y,, = 0, the right-hand side becomes the ordinary
affine Stanley symmetric function of Lam [22], and thus Theorem B specializes to [17,
Theorem 7.1].

This paper is organized as follows. Section 2 is devoted to the geometric background.
In Section 3, we define the extended P-Bruhat order and give several equivalent charac-
terizations. Section 4 and Section 5 provide recursions satisfied by the finite and affine
Chern classes. Section 6 finishes the proof of Theorem A. Finally, in Section 7, our task
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is to prove Theorem B. This is achieved by combining a localization formula for SM
classes with computations on string diagrams.
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2. PRELIMINARIES

2.1. Segre classes and Chern classes. Let X be a complex algebraic variety. The
group of constructible functions Fun(X') consists of functions ¢ = > ;- cw 1y, where the
sum is over a finite set of constructible subsets W C X, ¢y € Z are integers, and 1y is
the characteristic function of W. For a proper morphism f : Y — X, there is a linear
map f, : Fun(Y) — Fun(X), such that for any constructible subset W C Y,

(1) Fe(lw)(x) = xeop(f T (2) N W),

where z € X and x4, denotes the topological Euler characteristic. Thus, Fun can be
considered as a (covariant) functor from the category of complex algebraic varieties and
proper morphisms to the category of abelian groups.

According to a conjecture attributed to Deligne and Grothendieck, there is a unique
natural transformation ¢, : Fun — H, from the functor of constructible functions on a
complex algebraic variety X to the Borel-Moore homology functor, where all morphisms
are proper, such that if X is smooth then c,(1x) = ¢(TX) N [X], where ¢(T'X) denotes
the total Chern class of the tangent bundle 77X and [X] denotes the fundamental class.
This conjecture was proved by MacPherson [28]; the class c.(1x) for possibly singular
X was shown to coincide with a class defined earlier by Schwartz [37, 38].

The theory of CSM classes was later extended to the equivariant setting by Ohmoto
[32]. If X has an action of a torus 7', Ohmoto defined the group Fun®(X) of equivariant
constructible functions. Ohmoto [32, Theorem 1.1] proves that there is an equivariant
version of MacPherson transformation ¢ : Fun”(X) — HT(X) that satisfies ¢! (1y) =
(T X)N[X]r if X is a non-singular variety, and that is functorial with respect to proper
push-forwards. The last statement means that for all proper T-equivariant morphisms
Y — X the following diagram commutes:

T

Fun®(Y) —— HI'(Y)
| |
Fun”(X) —= HT(X).

If X is smooth, we will identify the (equivariant) homology and cohomology groups by
Poincaré duality: HI (X) ~ H:(X).

Definition 2.1. Let Z be a T-invariant constructible subvariety of X.
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(1) We denote by csm(Z) = cI(1z) € HI'(X) the equivariant Chern—Schwartz—
MacPherson (CSM) class of Z.

(2) If X is smooth, we denote by ssm(Z) := ch((j]lﬂ)z()) € }AI}(X) the equivariant
Segre-MacPherson (SM) class of Z, where H3(X) is an appropriate completion
of Hi(X).

2.2. Affine Flag Varieties. Let X.(T') be the cocharacter lattice of T', and let
W =W x X.(T)

be the extended affine Weyl group. For a cocharacter A € X, (T), we denote by t, the
corresponding element in W. Note that in W we have

wtyw ™! = tyn, w e W, e X, (T).

Denote the coroot lattice as Q¥ C X, (T). It is known that the subgroup W, := W x QV,
called the affine Weyl group, is a Coxeter group of the corresponding affine Dynkin
diagram [15] with generators

sieW((el), and sg=tpse,

where 6 is the highest root. The length function on W, can be extended to W and it is
given explicitly by the Iwahori-Matsumoto [14] formula

l(wty) = Z (v, )| + Z (o, A) + 1.

a>0,wa>0 a>0,wa<0

Let C|[[z]] (resp. C((2)) := C][[]][z7}]) be the formal power series ring (resp. formal
Laurent series ring), and let G[[z]] (resp. G((2))) be the C[[z]]-points (resp. C((2))-points)
of G. There is an evaluation at z = 0 map from G[[z]] to G, and let Z be the inverse
image of the Borel subgroup B. Then the affine flag variety is

Flo = G((2)/1,

whose T-fixed points (Flg)?T can be identified with W as follows. Any cocharacter
A € X, (T) defines a morphism C((2))* — T(2)) C G((2)), we use 2* € G((2)) to denote
the image of z. For any w € W, let w denote a lift of it in G[[z]]. Then for each wt) € W,
the corresponding fixed point in Flg is wz ~AT € Flg, which will be just denoted by wt)
throughout the paper. Let Zm := Tz~ /T be the affine Schubert cell of dimension
{(wty). The affine flag variety has a cell decomposition

For each n > 0, let X,, := th,\ew,é(wt,\)gn Xolwtk. Then Flg is the increasing limit of X,
which is called an ind-variety.

There is a loop rotation action of C;, := C* on Flg by scaling the parameter z. Let
0 be the degree one character of this action, which is also the imaginary root for the
corresponding Kac-Moody Lie algebra g. Then the positive (real) affine roots are

(2) Rz ={a+ké|a€e R k>0orae R k> 1},
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and the negative (real) affine roots are
Ryz={a+ké|aeR" k< -lora€ R ,k<0}.

The extended affine Weyl group W acts on the lattice X “(T) @ Zé6 by the following
formula

(3) wix(p+ ko) = wlp) + (k= (A, 1))9,
where € X*(T).

*

Lemma 2.2. For any dominant cocharacter \, the torus T' x C},

space Ty, (Xy,) are

weights of the tangent

{a+kéi|lae RT,1<k<—(\a)}.
Proof. Since im ~ T/(Z Nz *Tz), the desired weights are
Rig \ (Rjz N Ady, (Rg))-
By (2) and (3),
Rz NAd, (Rz)={a+ké|a€R" k>0, ora€ R ,k>1—(\a)}.
Hence, the lemma holds. U

Let Grg := G((2))/G][z]] be the affine Grassmannian. There is a natural projection
map Flg — Grg whose fibers are isomorphic to G/B. The T-fixed points (Grg)? are

in bijection with the coset /W/W ~ X,(T). For any A € X.(T), we let t\W rep-
resent the fixed point 2 *G([[z]]/G([[z]]. For any dominant cocharacter A, let Gry :=
Gl[2]]eG[2]l/G[2]] € Grg. Then

GI"G = I_I GIA .
XX, (T)t

Let ev : G][z]] = G be the evaluation at z = 0 map. Recall the parabolic subgroup
P containing the positive Borel subgroup B is associated with the simple roots {a; |

(A, ) =0}. By (3),

ev (G[[z]] N z_’\G[[z]]z)‘) =PCG.
Hence,

Gry = G[[]]/(G[[e]] N 2G[[2]]2%)

maps to G/P via the map ev. Moreover, it is an affine bundle over G/P, and there is a
closed embedding

ir: G/P ~ G- 2G[[z]]/G][z]] C Cry,
by regarding G as a subgroup of G|[z]] of constant loops, see [41].
Lemma 2.3. The T x C;, weights of the tangent space T}, w Gry is

{—a+kd|0<kE< (N}
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Proof. By Gry = G[[2]]/(G[[z]] N 2=*G[[z]]2?), and (3), the desired weights are
{a+ké|aeREk>0}\{a+kd|a€RT k>0, ora€ R, k> —()\a)}
={a+ki|ace R,0<k<—(\a)}
={-a+kdi|aeR"0<k<()\a)} O

3. EXTENDED P-BRUHAT ORDER

In this section, we define the extended P-Bruhat order on a Weyl group, and give
several characterizations for this order.

3.1. Extended P-Bruhat order. Let W be a Weyl group with root system R and
positive root system R*. For a parabolic subgroup Wpe of W, denote by R}, the associated

positive system. For u,w € W, write u £ w0 to mean that w = us, for some o € R\ R},
such that ¢(w) > ¢(v). Notice that the condition ¢(w) > ¢(v) is equivalent to saying
that u(«) € RT. The extended P-Bruhat order <p on W is the transitive closure of the

. P .
relations © — w, that is,
. P P P P
u <pw <= there exists a path u =ug = w1 — -+ = Up_1 = U = w.

Remark 3.1. In the definition of u R w, if replacing the condition ((w) > f(u) by
l(w) = l(u) + 1, then the transitive closure forms the ordinary P-Bruhat order as intro-
duced in [18]. To distinguish, we shall denote the ordinary P-Bruhat order by <'». It is
clear that u <', w implies u <p w.

Example 3.2. Let us consider the rank 2 case. Then
W = (s,t|s* =t* = (st)™ = 1), Wp=(s) CW,
where m = 3,4, or 6, i.e., W is of type Ay, By = Cs, G, see Figure 1.

FIGURE 1. Rank 2 extended P-Bruhat order



8 NEIL J.Y. FAN, PETER L. GUO, CHANGJIAN SU, AND RUI XIONG

Example 3.3. The case W = Sy and Wp = 51 x Sy x Sy is illustrated in Figure 2.

1423

FIGURE 2. W =5, and Wp = 51 x Sy x 5

Example 3.4. When W = S,, is the Weyl group of type A,_1 and Wp = S X S,,_j, is
a mazximal parabolic subgroup, we have
{sa:a € RF\RE} ={tw:1<a<k<b<n}

In this case, the extended P-Bruhat order is the extended k-Bruhat order <j investigated
in [8, Lemma 6.4] which admits the following combinatorial description:

V1<a<k, ula) <w(a),

< <
tee {Vk:<b§n, u(b) > w(b).

Proposition 3.5. Let u,w € W.

(1) Forv e Wp, we have u <p w <= uv <p wv.

(2) Forw e W¥, we have u <p w <= u < w.
Proof. (1) Clearly, we only need to check that u <p w = uv <p wv for any v € Wp.
It suffices to verify u - w = wv — wv. Assume that w = us, for some a € R* \ R};
with u(a) € RT. Notice that

WU = USQU = uvv_lsav = UVSy—1(q)-

Since v € Wp and a € RT \ R}, we have v™!(a) € RT \ Rf. This, together with the

fact that uv(v™'(a)) = u(a) € R, implies uv 5w

(2) For any w € W, it is obvious that u <p w = u < w. We check the reverse
direction. Suppose that u < w with w € W¥. Then u <, w in the ordinary P-Bruhat
order [18, Proposition 2.5]. This yields that u <p w. O
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Combining the above gives the following equivalent statements.

Theorem 3.6. Let u,w € W. Then the following are equivalent:
(1) u<pw;
(2) wv <p wv for any v € Wp;
(3) uv < wv for some v € Wp such that wv € WE.
Example 3.7. Recall that the Coxeter group of type BC,, can be realized as
W = {w € S{:I:l _____ +n} ! 'LU(—Z) = —w(z)}

We consider the parabolic subgroup Wp = S, of w € W such that w(i) > 0 for i > 0.
Then we have

(4) u<pw <= V1 <i<mn, u(i)>w().

To see this, we consider another Weyl group W = Ss, with parabolic subgroup Wp =
Sp X S,. We have a natural embedding i : W C W such that

u<w <= i(u) <i(w),
see [5, Section 8.1]. Moreover, it is direct to check that
we Wp <= i(w) € Whp, weW?r «— i(w) e W-.
By Theorem 3.6, we have
u<pw <= i(u) <p i(w).
By Ezample 3.4, we get (4).
3.2. Affine characterization. Let us fix a dominant cocharacter A € X,(T). For
u,w € W, we define
(5) qiw =utyw ' e W.
Assume that the stabilizer of A in W is the parabolic subgroup Wp. Let WA be the
Weyl group orbit of .
Theorem 3.8. For u,w € W, we have
u<pw < fqiw <t, for some € WA.
To give a proof of Theorem 3.8, we need the following length formula.
Lemma 3.9. If w € WF, then
U fw) = 0(u) +£(t2) = L(w).
Proof. Tt is known [26, Lemma 3.3] that for w € W%, tyw™! is the minimal representative
of the right coset Wt w=!. So
(6) U(fo) = lutyw™) = L(u) + L(txw™).
Since
Ufw) = Utwn) = U(t2) = L(fiza) = D 1(Xa)l,
aERT
we obtain that £(w) + £(tyxw™') = £(t)), which, together with (6), leads to the desired
formula in the lemma. U
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Proof of Theorem 3.8. Notice that when v € Wp,
A

UV, WV

= wtyw lw = utyw !t = ;\w.

Hence, according to (1) in Proposition 3.5, we may assume w € W7, In this situation,
by (2) in Proposition 3.5, u <p w is equivalent to v < w. If v < w, by Lemma 3.9, the
decomposition f;,, = utyw™! is reduced. So

A

-1 -1
ww = UHW < wtyw™ " =ty

Conversely, assume that p = wy A for some wy € W, Then
fqiw =utyw ' <t, =withw' = £+7w+.
By [13, Proposition 2.1]!, there exists v € Wp such that
u < wyv, W > Wy
So we have u© < w. O

3.3. Geometric characterization. Recall that for a constructible subset Y of a com-
plex algebraic variety X, 1y € Fun(X) denotes its characteristic function.

Lemma 3.10. For any v € Wp and u,w € W, we have

ﬂ-*(]lf%u,w) = 7Rk(]]_ﬁiuv,wv)'

o

Remark 3.11. From the proof below, we see that the equality w(Ry ) = W(éuv,wv) does
not hold in general.

Proof of Lemma 3.10. First of all, we can assume w € WP, It suffices to show when
v = s; is a simple reflection in Wp. Now the projection 7 factorizes into

G/B - G/p, 25 G/P
for P, = BU Bs; B the maximal parabolic subgroup corresponding to ¢ € I. The Lemma
follows if (1 ) = mu(1y ). Therefore, the Lemma is further reduced to the case

when P = P; and m = m;. Since w € W7, the case of u € W is proved in [18, Lemma
3.1].

Now we prove the other case us; > u. Note that m; is a P! bundle. At any point
z € G/P;, we need to show

X(ﬁl)ww N 7;1(2)) = X(ﬁ{usz-,wsz- N 7Ti_1(z))-
The intersection of the Schubert cells ¥, Yy, and the fibre 7 '(z) = P! has two
possibilities
(1) Xy N7 ' (2) = {p} a point, and S, N 1(2) = 7 1(2) \ {p} an affine line;
(2) both intersections are empty.

~

Similarly, the intersection of the opposite Schubert cells >u, yusi and the fibre 7 1(2)
P! has two possible possibilities
(a) XN (2) = {¢} a point, and X% N7 (2) = 7 1(2) \ {¢} an affine line;
(b) both intersections are empty.

Note that ¢~ in loc. cit. is denoted by t here.
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In the case (2) or (b), we have
Ry NT7H2) = Rusys; N7 H(2) = @.

Hence, we only need to deal with case (1) and (a). When p = ¢, we have

Ruw N7 (2) = {0}, Rusiws, N7 (2) = 774 (2) \ {0} = €
when p # ¢, we have

Row N7 Y (2) =B, Rugiuws, N (2) = 171 (2) \ {p} = C*.
In both cases, they have the same Euler characteristics. This finishes the proof. O
Theorem 3.12. For u,w € W, we have

T(lg, ) #0 <= u<pw.

Proof. By Lemma 3.10 and Proposition 3.5, we can assume w € WP In this case, the

restriction of 7 to X, is injective, thus m.(1; ) # 0 if and only if R, w # 9, 1e u<w.
Hence, the theorem follows from Theorem 3 6 O

4. RECURSION OF CHERN CLASSES, FINITE PART

In this section, we will characterize the CSM classes of open projected Richardson
varieties.

4.1. Chern classes of open Richardson varieties. Let us first characterize the CSM
class of (unprojected) open Richardson varieties. Firstly, since the Schubert cells 32, and
X" intersect transversally, we have (see [36])

(7) CSM(Ij{u,uJ = CSM(iw) . SSM(EH).

Let us recall some operators acting on H;(G/B) from [30]. The group G acts on
G/ B by left multiplication. Hence, we have a Weyl group action on H}(G/B), which is
denoted by w’ for any w € W.

Define )
52' = —(ld —SZ-L), T;-L = SZ-L — 5@'7 T;LN = SZ-L + 52‘,
QG
ie.,
—1 i+1 . 1. i — 1
(®) Th= —id+ S kY - e S
(67 (67 (67 a;
Then we have ([30, Theorem 4.3])
(9) T (ssm(Pw)) = ssu(Bsw), T (esm(XY) = com(25).

For the CSM classes of the Richardson cells, we have the following recursion formula.
Theorem 4.1. For u,w € W and i € I, we have
(10) sE(csm(Ruw)) + i - sF(esm(Ropuw)) = csnt(Ruw) + i cont(Rusi),

where whenever u £ w, the summand csy(Ry.) s understood to be zero.
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Proof. Let @1 € H:(G/B). From the definition of T} and TV, we have
stp ) +ai - sf (o - T W) = 0¥ + i (TH(p) - ¥).
Applying this formula to ¢ = cgy(Xy), ¥ = ssm ("), and using (7) and (9), we get the

desired formula. O

4.2. Chern classes of open projected Richardson varieties. Let P be a parabolic
subgroup of G containing B. Recall that 7 : G/B — G/P is the natural projection. For
any u < w € WF the open projected Richardson variety is 11, w = 7T(R w). Since 7|g,
is injective, we get

CSM(ﬁu,w) = W*(CSM(éu,w))-
On the other hand, for any u,w € W,
7 (esm(Ruw)) = m(esm(Ly, ) = csm(m(Ls, ).
By Lemma 3.10, for u,w € W and v € Wp,
(11) o (esn(Ruw)) = me(csnt(Rupun)) -
L

By the same reason as in the previous section, we can define the operators s;* on

H2(G/P). Moreover, since the projection m commutes with the G-action, s¥ commutes

with the pushforward 7.. Applying 7, to the equation (10) in Theorem 4.1, we get the
following Corollary.

Corollary 4.2. Foru,w € W and i € I, we have
sE (e (esm(Ruw))) + ai - sE (e (csm(Rsuw))) = T (csm(Ruw)) + i - o (csm(Rusi))s
where whenever u £p w, the term cSM(Ru,w) 1s understood as zero.

Now, let us rewrite the recursion in terms of the extended affine Weyl groups. Let A
be a dominant cocharacter Whose stabilizer is Wp. Recall that f o = Ul yw ™t as defined

n (5). Notice that f,, = fa, ., for any v € Wp. Let us denote

(12) B={fllu<pw} and B*={f),|uweW}.

Note that for any u,w € W, there exists a v € Wp, such that wv € W, and f}, =
wowe- Hence, BY = {f2 |ueW,weWF}
We parameterize open projected Richardson varieties using BT by denoting

flf = ﬁu,w, where f:= iw for u e W,w e Wr.
Note that when f ¢ B, ﬁf = & by Proposition 3.5. Thanks to (11),
T (CSM(}O%UM)) = CSM(f[f), where f := fu)‘,w for u,w € W..
Hence, Corollary 4.2 can be written as follows.

Corollary 4.3. For f = f», € B" andi € I, we have

(13) sk (esm(Ily)) + ai - sF(csm(Tls,p)) = csm(Tly) + @ - csm(Ily,).
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The torus fixed points (G/P)T are indexed by W/Wp ~ WA, the Weyl group orbit of
A. For any € WA, let
| Hp(G/P) — Hrp(pt)
denote the localization to the fixed point u. By the localization theorem,
Hi(G/P) — H’;(pt)EBW)\a Y — (V]w)uewar

is an injective map. From the definition of the operator s¥, we get for any v € Hx(G/P),

5%(7)‘# = si(y sm)a

where the right-hand side denotes the usual Weyl group action on Hj.(pt) = Sym t*.

4.3. Characterization of Chern classes. First of all, we have the following recursion
for the CSM classes of the open projected Richardson varieties.

Theorem 4.4. Assume we are given {7y, € Hy(pt) : f € BT, € WA} such that
Yuty,u = 5u,id5u,)\ HOCERJF\RJIS(_O()’ Yu € VV, n e W A.
Si(Vfsin) T U+ Si(Voifrsin) = Ve + Qi Visis VfeBt,neWiicl.
Then for any f € BT and p € W,
Ve = csm(ly) -
Proof. Let us define
{Vu,w,u cu,w €W, n e W)\}
by setting vyw,, = Vs, Where f = fu)‘,w. We will show by induction on w € W that
(14) Yu,w,p = T (CSM(éu,w» ‘ua Yu € W, n e W A.

If w =id, then }O%%w = Yiq if u = id, and empty otherwise. Thus,

T (CSM(Ru,w)) |,u = 5u,id[zid] |,u = 5u,id5u,)\ HaeR*\R; (—Oé) = Yu,id,p-
Localizing both sides of (13) in Corollary 4.3 to the fixed point u € G/P, we get

si(esm(Iy)|s;n) 4 i - si(cam(Us p) [sin) = com(Ilp)]n + i - can(Us,) |-

Assume (14) holds for w, then the above equation and the second equation in the The-
orem imply that (14) also holds for s;w. This finishes the proof. UJ

Recall the SM classes are defined as

csu(1ly)
I(T(G/P))

We get the following recursion for the SM classes.

ssm(Ily) =

Corollary 4.5. Assume we are given {7y, € Hj(pthoe : f € BT, u € WA} such that

—Q
(15) Yuty,p = 5u,id5,u,)\ HaeR*\R; 1—a

(16) Si(Vfsin) + i Si(Vsifusin) = Ve T Qi Visips Vu,we W,ue WA.

Vue W, upe WA
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Then for any f € BT and pn € W, we have

Vi = ssm(ly)] -

Proof. Since the tangent bundle T(G/P) is G-equivariant, it is fixed by the action sF.
Hence,

Hooni = sl = e

Then the Corollary follows from this and Theorem 4.4. O

5. RECURSION OF CHERN CLASSES, AFFINE PART

5.1. CSM/SM classes of affine flag variety. Let us first recall some properties of
the CSM/SM classes of the Schubert cells in the affine flag variety Flg.

Let Lg := I U {0} be the vertices of the affine Dynkin diagram. By [21], Flg can
be realized as a Kac—Moody flag variety G / B, which is an ind-finite ind-scheme with
a stratification by Ege finite-dimensional Schubert cells. The Weyl group of the Kac—
Moody group G is W. Hence, the operator TE for i € Ig in (8) can also be constructed
for HI (Flg), with ay = —6 as we only consider the small torus instead of the affine torus

in G. On the other hand, there is another Weyl group W action on HI(Flg), see [20,
Definition 5.8]. To distinguish the operator w’ from Section 4.1, we use w” to denote
this action. For any i € I,g, we use 0; to denote the BGG operator [3], and let

T;-R = 82 — SZR
be the Hecke operator, see [1, 30]. Then both sets of operators {TF | i € Lg} and
{TF | i € Lg} satisfy the relations in W, and T,FT} = T} T},
Recall that for any f € W, if denotes the Schubert cell. The CSM class cgy (2 7)€
HI(Flg) is well defined as Flg is an ind-scheme, and they form a basis for the local-

ized equivariant homology ring. Since the Schubert variety ¥, := ) ¢ also has a Bott—
Samelson resolution as in the finite type case (see [21]), the proof of [1, Theorem 1.1]
also works for the affine flag variety Flg. Hence, we have the following formula

Tz’R(CSM(if)) = CSM(ifSi)a

where ¢ € I,g. Moreover, the proof in [30, Theorem 4.3] only depends on the above
formula and a computation for P!, we get

T (esu(2y)) = com(Zory).

Recall that the T-equivariant cohomology of the affine flag variety H3(Flg) can be
identified with Homp: i) (H) (Flg), H(pt)), see [24, Chapter 4]. Hence, there is a per-
fect pairing

(= =) H(Flg) x Hy(Flg) — Hr(pt).
We define the SM class of opposite Schubert cells SSM(if) € Hi(Flg) to be the dual
basis of the CSM classes:

(17) (esm(Xy), ssm(29)) = .
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Remark 5.1. To be more precise, we need to consider the thick affine flag variety Flg,
and the SM class is defined in the cohomology ring H}(Flg), which is isomorphic to
Hompy: (o) (H] (Flg), H-(pt)), see [24, Proposition 3.46 in Chapter 4].

Let .
a; —
sk, and TPV =0, + sE

)

1
]-;L,\/ — _1d+
a; a;

Then for any v, € HI (Flg) and v, € H;(Flg), we have (see [2, 30])
(T (1), 72) = (0 T (2)),  and (T (), 72) = si - (71, TV (72)).-

Combining all the above equations, we get

T (ssm(21)) = ssm(D), T (ssu(F)) = ssu(S7).

For any f € W, we use lef] € HI (Flg) to denote the class of the fixed point corre-
sponding to f. Then we have the following formula (see [30]):

14 fOéZ' 1
TR(e]) = Ve g
Fler) = 2 ernd - 7
5.2. Recursions of affine SM classes. Recall that H7(Flg) is defined to be the dual
of HI (Flg), there is a well-defined localization at fixed points as follows (see [24, Chapter

4])

ley].

Ny = (legds ),

where f € W and v € H}(Flg). Then we have the following recursion for the localization
of the SM classes. Recall that oy = —6.

Proposition 5.2. Let f,t € W. For any i € Lg, we have
(18) (s + Dssu(S)]s = s (s5m3)]e) + @ - si(ssn(S)]o),
(19) (t(as) + 1)ssn ()]s, = ssm(E0)]e + tlaw) - ssm(21*)

Proof. The first one follows from the definition of T/, T2V (sg (7)) = sgm(S57), and

the fact that sX(v)]; = s;(7|s,¢) for any v € H}(Flg). For the second one, we have

ssn(S70)]e = ([ed], ssm(27%0))
= ([ed), T/ (ssm(21)))

= (T (ed]), ssm (X))

_1+t0&i ° 1

Yo — — sane (2],
=~ ssm(X7)] s, T,OAZ'SSM( )i

This finishes the proof. U

t-

Recall the action of ¢, € W on the lattice X *(T)@®Z4 is given by the following formula
(A K6) = A+ (k — (A, )3,

where A € X*(T') is a character of the maximal torus 7', and § is the imaginary root for
the corresponding affine Kac—Moody algebra. Since we are considering the small torus
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T, § is zero in Hy(pt). Hence, for any p € X, (T), and A € X*(T), t,(A) = A. Therefore,
for any i € I and p € X, (T), by substituting ¢t = ¢,,, in (18) and t = ¢, in (19), we have

(20) Si(SSM(if) ) + ;- S; (SSM(ZO)sif) ) = sSM(ZO)f)\t# + ay - SSM(ZO:fSi)
This equality takes the form of (16), and will be used in the proof of Theorem 6.3.

tsip ts;p -

6. COMPARISON BETWEEN THE CHERN CLASSES

In this section, we will combine the results in the previous two sections to obtain
a relationship between the SM classes of open projected Richardson cells and the SM
classes of affine Schubert cells.

As before, let A be a dominant cocharacter and P be a parabolic subgroup containing
B such that Wp is the stabilizer of A in W. Let f = f2, = utxw™ € B, where u € W

and w € WP. Then we have the SM class sSM(fIf) € H3(G/P) of the open projected
Richardson Variety./\On the other hand, f can be regarded as an element in the extended
affine Weyl group W, and we have the SM class sgy(2f) € Hi(Flg).

For any p € X, (T) and v € Hj(Grg), let |, w be the localization at the fixed point
t,W in Grg. There is a pullback map (see [24, Proposition 4.4 in Chapter 4])

r H}(Flg) — H;«(Grg)
In terms of localization, this is defined as follows
/r*(fy)|tp,w = ’y|tu’
where p € X, (7).
Recall that iy : G/P < Gry and jy : Gry — Grg are inclusions. Let ¢} : H5(Flg) —
H73(Gry) be the composition of j§ o r*. The following is one of the main results of this
paper.

Theorem 6.1. Let N be the normal bundle of G/P inside Gry. Then, for any f =
ut\xw™! € BT,

i (seu117)- TN ) = 5 (su(£) € A (G

where cT(N') is the T-equivariant total Chern class of N.

Remark 6.2. By taking the lowest degree terms, we obtain [13, Theorem 5.8|, the type
A case was proved in [17, Theorem 7.8].

Proof. By the localization theorem, we only need to check that both sides have the same
localizations at the torus fixed points. The torus fixed points (Gry)” are {t,W | p €
WA}. Notice that the T-weights of the tangent space of G/P at the identity point is
{—a| (A, ) > 0}. Hence, by Lemma 2.3,

TN = T -yt
(A a)>0
Therefore, by the G-equivariance of N,
TMN= T Q=)o

(p,a)>0



CHERN CLASSES OF OPEN PROJECTED RICHARDSONS AND OF AFFINE SCHUBERTS 17

for any p € W(A). On the other hand, by the equivariant localization theorem,

i (sl 00)| = sty A

<:u'7a>_1
o l1—a
—satil, I (50)

(on,p)>0

W

where e?(\N) denotes the equivariant Euler class of A'. Then the theorem follows from
the above equation and Theorem 6.3 below. O]

Theorem 6.3. For any f € BT and € W,

o o 1 — (;,L,O!)—l
SSM(Hf)‘ﬂ = SSM(Ef)|tu H < o ) € H}(pt)loca

{a,u)>0

where the product is over all the roots c.

Proof. Let 7¢,, denote the right-hand side of the equation, then we only need to check
that 7, satisfies the two equations in Corollary 4.5. Let us first check (15). If

ssm(Z")y, # 0,
then uty < t,. By Theorem 3.8, we must have v = id. But ¢, < ¢, if and only if

A = p since (t)) = ((t,). Let us compute ssm(X™)|i,. Recall that for any w € W,
lew] € HI (Flg) denotes the class of the he corresponding fixed point. Since the CSM class

CSM(EU) is supported on the closure Etk, we have
CSM(ZU) = Z agleg],
gEW g<ty

for some coefficients a, € H}(pt)i.. Moreover, the leading coefficient a;,, which is the
equivariant multiplicity of cgym(2:, ) at the torus fixed point ¢y, equals

x+1_ (1—a)<)"a>
-1l =) -

Here the first equality follows from [31, Theorem 6.5] with y being the T-weights of the
tangent space 1y, (Zt\Z/Z), while the last one follows from Lemma 2.2. Therefore,

e, ] = g bycsm (2

g€W7gSt)\

for some coeflicient b, € H7(pt)ioe, with

1 —a \ M
btA == a— - 1 — .
2 a>0 «

Therefore, by the definition of SM class in (17),

s, = e ssu(39) =, = [T (=2 )M.

a>0
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Hence, (15) is satisfied.
Finally, (16) follows from (20) and the fact that

1— (0 —1 1— (sip,)—1
=) (=) ) :

(o) >0 ,8;)>0

Example 6.4. When X is minuscule, G/P is said to be cominuscule. In this case
Gry ~ G/P and N is trivial, see [11]. We have

soutly) = g5 (ssu() ).

Example 6.5. When u = w € WT, the corresponding f;\,w =t, for p = wA. In this
case the cell 11 7 18 the fized point corresponding to w. In particular,

CSM(ﬁf)|u: 7o) H (—wpB) = dpn H

BERT\R}, (o,p)>0
As a result,
ssu@Pl =0 [ (—wB) =dm ] —
BERT\R}, (a,p)>0

On the other hand,

(py00)
s (21, = O H (1—@) :

(o,u)>0

This verifies Theorem 6.3 when f =t,.

7. COMBINATORIAL FORMULA IN TYPE A

In this section, we aim to provide a combinatorial formula for SSM(f[ ) in the case of
type A via a string diagram inside R2. In the type A case, we can naturally identify

X (T)=Ze ® - DZle, dD7l(e,—e) D - DZ(e,_1 —e,) =Q".

The extended affine Weyl group W can be realized as the group of n-periodic affine
permutations

S, = {bijections f: Z — Z such that f(i +n) = f(i) +n}.

For a cocharacter A = (Ay,...,\,) € Xu(T) and w € S,,, wty € S, is the affine permu-
tation determined by

wty(i) = w(i) + A - n, 1<i<n.

To derive a combinatorial representative for sSM(fI ), we need a localization formula for
SSM(Zf )
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7.1. Localization formula for sSM(Zo)f ). Following the classical convention of Schubert
calculus, we identify H}(pt) = Qly1,. .., yn] where y; € X*(T') such that (y;, e;) = —0;;.
In particular, we have

=Yty (1<i<n—1), ao=—yn+u.

We shall represent any element ¢ € S, by an n-periodic string diagram D,. Intuitively,
an n-periodic string diagram is a diagram D of upward strings inside R?, whose endpoints
are the lattice points (z,0) and (i,1) with ¢ € Z, such that it satisfies D + (n,0) = D as
well as the following conditions:

(1) all strings are smooth with tangent direction in [0°,180°) at each point;
(2) the intersection of any three strings must be empty;
(3) the tangent direction at the intersection point of two strings are different.

That is, the following configurations of strings are banned

(S) (M) (X)

For t € S,, a diagram D, is obtained by drawing a string connecting the endpoints
(t71(i),0) and (i,1) for each 1 < i < n, and translating this local configuration of
n strings horizontally such that the resulting diagram is n-periodic. Note that such
diagrams are not unique. However, as will be seen later, we shall concern the weight
generating function of D, which is independent of the choice of D;. In the following
example, we illustrate a string diagram

(-4,1)(-3,1)(-2,1)(-1,1) (0,1)1(1,1) (2,1) (3,1) (4,1) (5,1)1(6,1) (7,1) (8,1) (9,1)(10,1)

(-4,0)(-3,0)(-2,0)(-1,0) (0,0)"(1,0) (2,0) (3,0) (4,0) (5,0)"(6,0) (7,0) (8,0) (9,0)(10,0)

for the affine permutation ¢t € S5 with
t(1)=4, t(2)=1, t(3)=17, t(4)=3, t(5) =05.

To state the localization formula, we define two colorings on a string diagram D.
An n-periodic coloring of endpoints of D is a map 8: P — [B(P) € Z, which assigns
each endpoint P with an integer, such that (P + (n,0)) = 8(P) + n. Notice that the
intersection points of strings cut the strings into pieces. An n-periodic coloring x on the
pieces assigns each piece an integer such that

e for any piece p, k(p + (n,0)) = k(p) + n;
e if an intersection point P of two strings has surrounding pieces colored as follows

then we require that either a =x b=y ora=y # x = 0.
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We say that a coloring k of pieces is compatible with a coloring S of endpoints if for any
piece p and each endpoint P of p, we have x(p) = B(P). For example, in the following
figure

1DEEEO0DE0E
e
55

§
S /67\ ><107410\

P60 EE D W

we see that s is compatible with 3, where we set ((i,0) = i and

(L, 1)=1, p(2,1)=0, p(3,1)=3, p4,1)=2, p(5,1)=4, etc.

In the remaining of this section, we always assume that x is compatible with .
By assigning a weight to each string (not each piece), we can define the weight of each
intersection point P in the following manner:

U Un
a><b ! L a=zFb=y,
wt = ——
2 Ny l+u—v |lu—v, a=y#x=h
u”’ N

Here u, v are the weights of two intersecting strings. The weight wt(D, 3, k) of a string
diagram D is defined as the product of weights of all intersection points inside one
periodicity (e, e +n] x R for any generic ¢ € R. Moreover, we define the weight wt(D, )
to be the sum of wt(D, 3, k) with x running through colorings compatible with (.

The following property is well known, see for example [19, Proposition 2.1].

Theorem 7.1. We have the following weight-preserving local moves

(- ) X[ X-T T

Yang-Baxter equation (YBE) unitary equation (UE) normalization (Nm)

For t € S, the first two equations in Theorem 7.1 imply that wt(Dy, 5) is well defined,
that is, it is independent of the choice of the string diagram D;. In fact, since the con-
figuration in (S) is not allowed, one can deform any string, with two endpoints fixed, via
moving horizontally. If we choose the deformation generically, then, during the move-
ment, we will only meet the local configurations (M) and (X). So the string diagrams
just before and just after have the same weights by (YBE) and (UE) respectively. This
means that wt(Dy, §) only depends on how the endpoints are connected.

We now assign the string connecting (¢71(7),0) and (,1) with the weight y;, where
1 <i<mn. Forf e S, we define Br as the coloring such that [;(i,0) = ¢ and
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Bg(i, 1) = f~1(i). Diagrammatically, it looks like

D, B; = f0).
_____ T 11T T

The following localization formula should be known to experts. We include a brief
argument here since we could not find a proof in the literature.

Theorem 7.2. Fort, f € S,, we have
wt(Dy, ) = ssm(29)):.
Proof. When ((t) = 0, it is easily checked that
wt(Dy, By) = 070 = ssm(E1)]s.

For any ¢t and i € I U {0}, consider the following string diagram for s;t:
yi—l} yi><yi+1 Iywz
Dsit = D, ﬁj = f_l(])
Removing the intersection point gives a string diagram D;. Notice that there are two

choices for the colors of the lower two pieces attached to this intersection point. This
yields the following equality

1
Wt(Dsita 5]") = m (Si(Wt(Dt, ﬁf)) + (yi-l-l — yz)sz(Wt(Dt, 5521‘)))
1
= oo (i(wt(De, By)) + usi(wi(D, Bsp))

which agrees with the recurrence (18) in Proposition 5.2. So the theorem follows by
induction. O
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7.2. Positroid varieties. We are now in a position to construct the symmetric rational
function, denoted F, which represents the class sgy(Ilf) of the open positroid variety
IT; in the Grassmannian. We choose the minuscule cocharacter

)\:e1+~-~+ek€X*(T).

Then G/P is the Grassmannian Gr,(C"). In this case, open projected Richardson vari-
eties are known as open positroid varieties, which are indexed by bounded affine permu-
tations [17]:

fli+n)=f(i)+n
B =1 bijections f: Z—Z : +3 " (f(i)—i)=k
i< f(i)<i+n
Combining Example 6.4 and Theorem 7.2, we obtain the following localization formula
for sep(1ly).
Corollary 7.3. We have SSM(ﬁf)|,\ = wt(Dy,, fy).

It is known that H%(Grg(C")) can be identified with a quotient ring of Hx(pt)[x1, . . ., 7x]%,
where 1, ...,z are the Chern roots of the dual of the tautological bundle.

To define F ', let us consider another type of string diagrams: the grid A in Z? including
k horizontal lines. Color the endpoints of vertical lines using 8y as in Subsection 7.1.
The horizontal and vertical lines are assigned with weights x1,...,z; and yy,...,y, as
illustrated below:

128 i 2 R %1 R A e R R 1Y
x

1

Y1 Y2 Y3 Yn

Tk

T 2 [ ) [y R PR [ PR (i

Similarly, we may define n-periodic colorings x of the segments connecting the intersec-
tion points. For each x which is compatible with 3¢, we accordingly define the weight
wt(A, Br, k) as the product of weights of all intersection points inside one periodicity.
Here the weight of an intersection point obeys the same rule as defined in Subsection
7.1. Summing over all colorings x compatible with 3¢, we obtain the weight generating
function wt(A, S¢), which is the polynomial that we require:

F’f(:L'l, TR Y1 e Yn) = WEH(A, By).

Theorem 7.4. For f € B, the polynomial Ff s symmetric in x.
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Proof. Tt suffices to show that F  is symmetric if exchanging x; and ;4. This is illus-
trated by the following procedure:

XL DO s
Tit1 Tit1

X[ @C by (YBE)

-

= X L DAXT wovmpy

= % by (UE) O

T

Theorem 7.5. For f € B, we have
Fy = ssu(Tly) € Hi(Grg(C)).
Proof. 1t is enough to check that
Fyl = ssm(Ilp)]
for any p € SpA. Let a3 < --- < ai be the indices such that p,, = 1. Then

Ff|u:Ff(yap'~~>yak;y1>"'7yn) GH;“(pt)

We see that (a = a; in the following diagram)

fﬂ—lTya Tya+1 ya—lTya Ya+1
RS : ]
Ti—>Ya
yaj~ Ya A Ya+l
= ( by (Nm)
e ” e

So, after the specialization x; — y,,, the diagram A becomes a string diagram for ¢,,. By
Corollary 7.3, we have Fy|, = ssm(Ilf)|,-

O

For a concrete example to illustrate the above proof, consider the case (k,n) = (3,7
and p = (1,0,1,0,0,1,0). Then t,(1) = 8,t,(2) = 2,t,(3) = 10,t,(4) = 4,t,(5)

|-
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5,1,(6) = 13,t,(7) = 7.

Yi Y2 Y3 (Y4 \Ys (Y6 Y7 Jyl Y2 (Y3 Y4 Ys Y6 Yn
4
1 Y1
J— J J—
> = e =Dy,.
J

x3 T1Y1 Yo [

T2—Y3

T3—Y6

7.3. Pipe dream model. If we take the Poincaré dual of the diagram above, we will
reach a pipe dream model of F; obtained as follows. Consider all possible n-periodic
tiling on the square grid {1,...,k} x Z using tiles

-

Here, as usual, n-periodicity means the tile at (7, j) is the same as that at (i +n, 7). We
emphasize that ¢ denotes the row index, counted from top to bottom, and j denotes the
column index, counted from left to right. Let us denote by PD(f) the set of all such
tilings with reading affine permutation f. Alternatively, each such tiling is obtained from
a triple (A, fy, k) by reconnecting the edges around each vertex such that two edges are
joined if they receive the same color from k. For example, when n = 7, &k = 3, the
following tiling

(\]

-9-6-10-8-4-501-21-3-13 2 758 46109 14
[ 10 ] [ 1] [Ty
J D D
'~ B
-6-5-4-3-2-10'1 23456 78 91011121314
is a pipe dream with reading affine permutation given by
f()y=2, f(2)=6, f(3)=05, f(4) =10, f(5)=38, f(6)=11, f(7)=T.
For m € PD(f), set

o

o

(@)

L, the (i, j)-position is <~
j —y;, the (i, j)-position is 4.
Then, in the language of pipe dreams, we see that

Fr= Z wt (7).

rePD(f)

Remark 7.6. Comparing with [39], it follows that the lowest degree component of Ff is
the double affine Stanley symmetric function [25].

Example 7.7. Consider the case P"~' = Gr(1,n). Let f € B. Define
A={1<i<n: f(@i)=1i} C[n]
Note that there is only one element in PD(f), i.e. for1 <i<mn

) d A
the (1,1) tile is {_|C: ziA’
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For example, when A = {2,4,5,6,9} C [9],
121456379
5
1234567
is the only element in PD(f) with weight
(2 — y2)(z — ya) (@ — y5) (2 — ye)(z — yo)
I+z—y)d+z—y) - (1+z—y)
Geometrically, the open positroid variety can be described as a torus orbit

3

ﬁf:{[xlz---:xn]:xi:z' — iEA}.
Note that in a smooth toric variety, the CSM class of a toric orbit is nothing but the
fundamental class of its closure [9, Section 5.3 Lemma|, so

csu(lly) = 1] = [[(x - y) € B (B" ).
€A

= 1 i¢ A
H Y )
ssm (1) Hl%—x—yz{x—yi, 1€ A

i=1

Thus

This agrees with our formula.
Example 7.8. Let f € Sy be such that
f)=2, f(2)=5 fB)=4, f(4)=7, el
Compute SSM(ﬁf) € H3(Gr(2,4)). There are siz elements in PD(f):
21030 121030 121030 121031 1210 31 i
[} r‘ [} (: [} r: [} r: [} 1

1234 11234 112340 112340 112341 11234

DT

Thus
(22 — y1)(z2 — y3) + (21 — y2) (72 — y3)
ssm(Ily) = 1 +(z1 — ya)(z2 — y1) + (21 — y2) (21 — Ya)
smidly 2 4 +(21 — y3) (1 — ya)( Y1) (T2 — y2)
H H (1 + i —y;) (1 — y1) (21 — y2) (22 — y3) (2 — ya)
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