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Abstract

Let B be a balanced bipartite graph with two parts, V; and V5, each containing n
vertices, resulting in a total of 2n vertices. Recently, Wang and Wu conjectured
that if the minimum degree of B, denoted as §(B), is greater than or equal to § +1,
then the largest order of an induced forest in B is equal to n + 1. In this paper, we
prove this conjecture and show that the condition on the minimum degree cannot be
relaxed in general terms. Furthermore, we determine that if §(B) > % + 1, then any
subset S of vertices in B that induces a forest of size n+ 1 will satisfy the conditions
min{[S N Vi|,|S N V|} = 1 when n is odd, and min{|S N Vi|,[SN 5|} € {1,2,%
when n is even. Additionally, we identify infinitely many balanced bipartite graphs
that meet these conditions.

Keywords: Forest number, Decycling number, Decycling set, Bipartite graph,
Balanced bipartite graph.
2020 AMC': 05C35, 05CT75.

1. Introduction

Let G be a finite and simple graph with vertex set V(G) and edge set E(G). If
S is a subset of V(G), then the induced subgraph of G on S is a graph whose vertex
set is S and whose edge set is comprised of all edges in GG that connect two vertices
in S. This induced subgraph is denoted by G[S]. For a vertex v in G, the degree
of v is the number of edges in GG that connect to v. The degree of v is written as
dg(v). The minimum degree of vertices in G is denoted by 6(G). Let n be a positive
integer. A balanced bipartite graph of order 2n is a special type of bipartite graph
that has two parts, each containing n vertices, where the total number of vertices is
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2n. We consider the notation B as a balanced bipartite graph of order 2n, consisting
of two parts V; and V5.

The forest number of a graph G is the size of the largest subset of vertices of GG
that form an induced forest. We use f(G) to represent the forest number of graph G.
A decycling set or a feedback vertex set of a graph is a set of vertices whose removal
results in a forest. The smallest possible size of a decycling set of G is represented
by V(G). Since f(G)+V(G) = |V(G)], it follows that finding the decycling number
of GG is equivalent to determining the largest order of an induced forest, as proposed
by Erdds et al. in 1986 [9].

The problem of destroying all cycles in a graph by deleting a set of vertices
was first introduced in combinatorial circuit design in 1974 by Johnson [12]. Since
then, it has found applications in various fields, including deadlock prevention in
operating systems by Wang et al. in 1985 [25] and Silberschatz et al. in 2003 [24],
the constraint satisfaction problem and Bayesian inference in artificial intelligence
by Bar-Yehuda et al. in 1998 [4], monopolies in synchronous distributed systems
by Peleg in 1998 [19] and 2002 [18], the converter’s placement problem in optical
networks by Kleinberg and Kumar in 1999 [16], and VLSI chip design by Festa et al.
in 2000 [10]. The feedback vertex set decision problem involves determining, given
a graph G and an integer k, whether there is a feedback vertex set of size k in G.
This problem is known to be NP-complete, even when restricted to planar graphs,
bipartite graphs, or perfect graphs, as per Karp 1972 [13].

Akiyama and Watanabe in 1987 [1] and, independently, Albertson and Haas in
1998 [2] conjectured that every planar bipartite graph on n vertices contains an
induced forest on at least %” vertices. Motivated by this conjecture, Alon in 2003 [3]
studied induced forests in sparse bipartite graphs and showed that every bipartite
graph on n vertices with an average degree at most d > 1 contains an induced forest
on at least (% + e*bdQ)n vertices, for some absolute positive constant b. However,
there exist bipartite graphs on n vertices with an average degree at most d > 1
that do not contain an induced forest on at least (3 + ﬁ)n vertices, where V' is
an absolute constant. Conlon et al. in 2014 [6] improved Alon’s lower bound to
(3 + d~®)n for d > 2. Wang et al. in 2017 [27] proved that every simple bipartite
planar graph on n vertices contains an induced forest on at least f@} vertices.
Wang and Wu, in their research on the forest number of graphs and their products
in 2023 [26], proposed the following conjecture:

Conjecture 1.1. Let B be the balanced bipartite graph on 2n wvertices. If 6(B) >
5+ 1, then f(B) =n+1.

In the articles [5, 23|, upper and lower bounds for the forest number of a graph
in terms of its order, size, and maximum degree are provided. Beineke and Vandell
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[5] studied two families of graph products, namely grids and hypercubes. The forest
number of hypercubes has been further researched by Focardi and Luccio [11]. The
forest number is a significant parameter of a graph and has been widely studied for
planar graphs [7, 8, 15, 17, 20], regular graphs [21, 22], and subcubic graphs [14].

In this paper, we examine the properties of the largest subsets of the vertex
set of balanced bipartite graphs that form induced forests and prove the following
statements.

L. If 6(B) > § + 1, then f(B) =n+1.

2. If n > 2, then there is a balanced bipartite graph B with §(B) = [%] and
f(B)=n+2.

3. If 6(B) > 5 +1, and S is a subset of the vertex set of B with cardinality n +1
such that B[S] is a forest, then either |S N V| or |[S N V3| lies within the set
{1,2,2}.

4. (iv) If n is an odd number, 6(B) > §+1, and S is a subset of the vertex set of
with |S| = n+1, then B[S] is a forest if and only if min{|SN Vi|,|SN V5|} = 1.

5. If A € {1,2, 5}, then there are infinitely many balanced bipartite graphs B
with §(B) > § +1, and for a subset S of the vertex set of B, [S| =n+1, B[S]
is a forest, and min{|S N Vi[,|S N 3|} = A

6. If n is an odd number, §(B) > 2, and max{|{v : v € Vi A dg(v) =
P {u:ue Vo A dp(u) =22} < 1, then f(B) =n+ 1.

7. If k£ > 2 is an integer, then there are infinitely many balanced bipartite graphs
B with §(B) = k and f(B) = n + 1. Additionally, there are infinitely many
balanced bipartite graphs B with §(B) = k and f(B) = n + 2.

2. Main Results

In this section, we present our main findings concerning the structure and size of
the largest subsets of vertices in balanced bipartite graphs that form induced forests.
The following theorem validates Conjecture 1.1.

Theorem 2.1. Let B be the balanced bipartite graph on 2n vertices. If 6(B) > §+1,
then f(B) =n+ 1.

Proof. Suppose B is the balanced bipartite graph with 2n vertices and parts V}
and V5. Let vy € Vj and vy € V5. Since B is a bipartite graph with bipartition
(V1,V2), both B[V} U {ve}] and B[{vi} U V5] are forests. Therefore, f(B) > n + 1.
Now, suppose S is a subset of the vertex set of B such that |S| = n + 2. Assume
SNVy=Ly, SN Vy= Ly, and |Ly| > |Ls|. Since |S| > n+ 2 and |V}| = |Va] = n,
these follow that |L;| > |La| > 2. Thus, one can observe that the set of possible
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cardinalities of Lo is {2,3,..., "TH} when n is odd and {2,3,..., "T”} when n is
even. Plus, the cardinality of L; is n + 2 — |Ls|. By using our assumptions we
have 6(B) > % + 1. Therefore, for every k in {2,3,...,25+}, if |Ls| = k, then
INg(z) N Ly| > 54+1—(n—(n+2—k)) =5 +3—kforall z € Ly. Thus, for every
kin {2,3, ..., ”T“}, if |Lo| = k, then

> |Ns(x) ﬂL1|>k( +3—k). (1)

x€ Lo

One can see that the function g(k) k(% + 3 — k) is continuous on both intervals

2, %4] and [2, 2£2]. Additionally, 9 k(g(k)) 5 +3—2k. Therefore, it is well-known

that the function g attains its minimum at one of the points 2, "+1 , and 2£% in the
domain [2, ”;1], and it attains its minimum at one of the points 2 ”+2, and "+6 in
the domain [2, %2]. By utilizing these statements along with Equation (1), We can

derive the following results:

S INs(@) 1 Ll > ming(2), 020, 01 2), (0} 2 mt 2.

z€ Lo
This implies that the subgraph B[S] contains at least n + 2 edges. So, by a well-
known theorem in graph theory, since B[S] is an induced subgraph of B by n + 2
vertices and greater or equal to n+2 edges, it is not an acyclic graph. Therefore, the
forest number of graph B, f(B), cannot be greater than or equal to n+ 2. However,
we have already proved that f(B) is greater than or equal to n + 1. Thus, f(B)
must be equal to n + 1, as wanted. 0

The following proposition demonstrates that the minimum degree condition in
Theorem 2.1 is sharp.

Proposition 2.2. If n > 2, then there is a balanced bipartite graph B with 2n
vertices, minimum degree [5], and f(B) =n 4+ 2.

Proof. Let n be an integer greater than or equal to 2. Consider a complete balanced
bipartite graph kK, ,, with 2n vertices divided into two parts, A and B. Assume that
{a1,a2} € A and B = {by,bs,...,b,}. Now, consider the balanced bipartite graph
B, which is created by removing the edges between a; and the first [ %] vertices of
B, as well as the edges between a; and the last n — [5] vertices of B. The structure
of B is such that dg(a:) = dg(a2) = [§], dg(x) > n—1for x € V(B)\{a1,as},
and B[B U {ay,as}] is a forest. It follows that f(B) > n + 2. However, one can
observe that f(B) < n + 2, because of the structure of B. Thus, we conclude that
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f(B) =n+ 2, as desired. O

The following three results demonstrate the structures of the vertex subsets of
the balanced bipartite graphs in Theorem 2.1 that form maximum forests.

Theorem 2.3. Let B be a balanced bipartite graph with 2n vertices, partitioned into
Vi and Vi, and 6(B) > § + 1. If S is a subset of the verter set of B with n + 1
vertices such that B[S] is a forest, then either |S NVi| or |S N Vs lies within the set
{1,2,3

Proof. Assume L; = SNVy, Ly = SN Vy, and |Ly| > |Ly]. We consider the three
cases as follows:

1. |Lo| € {1,2,%}. In this case there is nothing to prove.

L = |L2| = 21 In this case by some simple calculations, |V;\L;| =
|Vo\ Lo| = For every vertex v in V(B), it is assumed that dB( ) > 5+ 1.
Therefore, for every vertex z in L; U Ly, dgig)(x) > % 5+1-— Tl § However
for every vertex x in Ly U Lo, dgig)() is an integer. Thus, for every vertex x
in Ly U Ly, dps)(x) > 2 and it follows that G[S] cannot be a forest.

3. Otherwise, when n is odd, the set of possible cardinalities of Ly is {3,4, ..., ”T_l}
and when n is even, it is {3,4,..., ”T_Q} The cardinality of set L; can be
calculated as n + 1 — |Ly|. For every vertex v in V(B), it is assumed that
dg(v) > % + 1. Therefore, for every k in {2,3,..., 254}, if |Ls| = k, then
INg(z) N Ly| > 2 +2—Fk for all € Ly. Thus, for every k in {2,3,..., 21}, if

|L2| = k?, then
n
> INs(@) L 2 Y (5 +2-k) = k(5 +2— k).
z€ Lo z€ Lo
The function h(k:) k(% + 2 — k) is continuous on both intervals [2, %] and
2,2 ] Plus, ﬂ(h(kj)) 5 + 2 — 2k. Therefore, by using a similar approach
as 1n the proof of Theorem 2.1, we obtain the following results:
-2 —1 4
S INe(a) (1 | = min{h(3), h(" ), b=, () 2 L

z€ Lo

Thus, B[S] is an induced subgraph of B with n + 1 vertices and at least n + 1
edges. It follows that B[S] cannot be a forest.

By combining the three cases mentioned above, we arrive at the result we were aim-
ing for. ([l

The following theorem demonstrates that if subset S in Theorem 2.3 satisfies
either |[SNVi| =2 or |S NV, =2, then n must be even.
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Theorem 2.4. Let B and S be the graph and set considered in the last theorem. If
min{|S N V4|, [S N Va|} = 2, then n must be even.

Proof. Suppose S is a subset of the vertices of B that satisfies the three conditions
of the theorem. Without loss of generality, let |[SNVi| =2, L1 = SNV} = {u,v},
and Ly = SNV, Since 0(B) > § + 1, it follows that both dz(u) and dg(v) are
greater than or equal to § + 1. Therefore, |Ng(u) N Ly| and |Np(v) N Ly| are both
greater than or equal to 7, since |Ly| = n — 1. Now, assume that n is odd. Since
|Ng(u) N Ly| and | Ng(v) N Lo| are integers, they must both be greater than or equal
to 24+ Tt follows that B[S] is an induced subgraph of B with n + 1 vertices and at
least n + 1 edges. Therefore, B[S] is not a forest, which contradicts our assumption

that B[S] is a forest. Thus, we have shown that n must be even, as desired. O]

The following corollary shows that if n is odd, then subset S in Theorem 2.3
induces a forest if and only if min{|S N Vi|,|SNV;|} = 1.

Corollary 2.5. Let B and S be the graph and set considered in the last theorem. If
n is odd, then G|[S] is a forest if and only if min{|S N V4|,|SN Vs|} = 1.

Proof. Assume that n is odd. Since min{|S NVi|,|SNV4|} is an integer, Theorems
2.3 and 2.4 imply that min{|S N V4|, |S N V,|} = 1. Furthermore, for any v; € V}
and vy € Vi, both B[{v1} U V3] and B[{vy} U V;] are forests. Thus, the condition
min{|S N Vi|,[S N Va|} =1 ensures that G[S] is a forest, as desired. O

In Theorem 2.3, we established that the minimum cardinality of the intersection
between the subset S and the partitions V; and V; of the balanced bipartite graph B
can only be 1, 2, or §. The following theorem demonstrates that there are infinitely
many balanced bipartite graphs B that meet the conditions outlined in Theorem
2.3. Additionally, for each case, the minimum cardinality of the intersection of the
subset S with the partitions V; and V5 equals to A, where A € {1, 2, WEI—B)'}.

Theorem 2.6. There are infinitely many balanced bipartite graphs B that satisfy
the following conditions:

i [V (B)| .
1. the graph B has minimum degree of at least 7= + 1;

2. there is at least one subset S of V(B) with W(2_8)|+1 elements that induces a for-
est, and its intersection with at least one of the partitions of B has cardinality
A, where X € {1,2, @}.

Proof. Suppose n is a positive integer. We can classify the three cases based on the
value of X as follows:



1. A = 1. This case holds for any bipartite graph, as proven in Theorem 2.1.

2. A = 2. In this case, for any positive even number n, we can form a bipartite
graph X with bipartition (A, B) where A = {ay,as}, |B] =n — 1, dx(a1) =
dx(az) = "52+1, and [Nx(a;)N Nx(ag)| = 1. We also create another bipartite
graph Y with bipartition (F, H), where |F| =n —2, H = {h}, dy(f) > 0 for
all f € F,and dy(h) > § —1. Finally, we define 3 as the bipartite graph with
bipartition (AU F, BU H) and edge set E(X)U E(Y)U{uwv:(ue A AN ve
H) VvV (ue B AN ve F)}. One can check that B is a balanced bipartite graph
on 2n vertices with a minimum degree of at least § + 1, and for S = AU B,
the three statements |S| = n+ 1, B[S] is a forest, and |SN (AU F)| = 2 hold.

3. A = 5. In this case, for any positive even number n, we can form a bipartite
graph X with parts A and B such that [A| = [B| —1 = %, X is isomorphic to
P,.1, and dx(a) = 2 for all a € A. We also create another bipartite graph Y
with parts F' and H such that [F| = |[H|+1= %, dy(f) > 0forall f € F,
and dy(h) > 1 for all h € H. Finally, we define B as a bipartite graph with
parts AU F and BU H, and edge set E(X)U E(Y)U{uw : (u€ A N v €
H) V (ue B AN ve F)}. One can see that B is a balanced bipartite graph
on 2n vertices with a minimum degree of at least § + 1, and for S = AU B,
the three statements S| = n+ 1, B[S] is a forest, and [SN (AU F)| = § hold.

By combining the three cases discussed above, we achieve the desired result. 0

In the following theorem, by employing Theorem 2.1, Corollary 2.5, and addi-
tional arguments, we show that for any integers k& > 2 and [ € {1,2}, there are
infinitely many balanced bipartite graphs G with 6(G) = k and f(G) = m +1.
Theorem 2.7. Let k > 2 be an integer, and let | € {1,2}. Then there are infinitely

many balanced bipartite graphs G with §(G) =k and f(G) = @ + 1.

Proof. Let n, k, and [ be three positive integers, where n is odd and satisfies the
conditions n > k — 1 > 1. Additionally, let [ take on one of the values in the set
{1,2}. We can classify the two cases based on the value of [ as follows:

1. [ = 1. In this case, suppose H is a balanced bipartite graph with 2n vertices
and parts V; and V5. Assume that (H) > § + 1 and max,ey, dg(v) = n.
Let w € V5 with dg(w) = n and {wy,we,...,wr_2} C Vo\{w}. Also, let
P, be a path with two vertices x and y. Consider the balanced bipartite
graph G with parts Vi U {z} and V2 U {y} and edge set E(H) U {zw; : i €
{1,2,...,k=2}}U{yu : u € Vi}U{zw}. One can verify that 6(G) = dg(z) = k,
[V(G)| =2n+2, and f(G) > n+ 2. However, by Theorem 2.1, f(H) =n+ 1.



Therefore, by Corollary 2.5, if S C V(G), |S| = n + 3, and G[9] is a forest,
then min{|S N V;i|,|SNVz2|} =1 and {z,y} C S. We now consider two cases:
(i) SNVy = {a} and SNV, = V4. In this case, Ng(y) N Ng(w) = {z, a}, which
is a contradiction since G[S] is a forest. (i) SNV} = V) and SNV, = {b}. In
this case, |[V(G[S])] = n + 3 and |E(G[S])| > n + 3 (because dg(y) =n+ 1
and dg(b) > 2), which is again a contradiction since G[S] is a forest. Thus,
f(G)=n+2=19 41

2. 1l = 2. Let H be the balanced bipartite graph defined in the previous case,
with 0(H) = § + 1. Without loss of generality, let v € Vi, du(v) = § + 1,
Vo\Ng (v) = {wy, we, . .. ,w%,l}, U C Vi, and |U| > k. Let P, be a path with
two vertices x and y. Now, consider the balanced bipartite graph G with parts
ViU{z} and VoU{y} and edge set E(H)U{zw; : i € {1,2,... . k—1}}U{yu:u €
U}. It can be shown that 6(G) = dg(z) = k and |V(G)| = 2n + 2. However,
by Theorem 2.1, f(H) = n + 1. Therefore, for any subset of V(G), such as S,
that makes G[S] a forest, we have |S| < n + 3, because |[SNV(H)| < n+ 1.
Suppose S = VoU{x,v}. In this case, by the structure of G, it can be observed
that |[Ng(v) N Ng(z)| < 1. Thus, G[5] is a forest, and so f(G) > n + 3. Since
we have already proven that f(G) <n+3, f(G) =n+3 = @ + 2.

By combining the two cases mentioned above, we arrive at the result we were aiming
for. O

In the following theorem, we relax the minimum degree condition in Theorem
2.1 for a class of balanced bipartite graphs.

Theorem 2.8. Let B be a balanced bipartite graph with 2n vertices, 6(B) > “TH,
and parts Vi and Va. If n is odd, and max{|{v:ve Vi A dgv) ="}, {u:ue
Vo A dg(u) ="}} <1, then f(B) =n+1.

Proof. Suppose B is a balanced bipartite graph with two parts, V; and V5. It
is straightforward to see that f(B) > n + 1. Now, let us consider a subset S of
the vertex set of B such that |[S| = n+ 2, with SNV, = Ly and SNV, = Ls.
We have the condition |L;| > |La|. As shown in the proof of Theorem 2.1, the
possible cardinalities of Lo are {2,3,..., ”T“}, and the cardinality of L is given by
n+ 2 — |Ly|. It is assumed that dg(v) > 25! for every vertex v € V(B) and that
max{|[{v:v e Vi A dg(v) ="}, {fu:ue Vo A dg(u) = 2+}|} < 1. Therefore,
for every kin {2,3,..., ”T“}, if |Lo| = k, then

1 1
P o k- (A

> INg(x) N Ly| > L3 k).

x€ Ly



By a method similar to that used in part of the proof of Theorem 2.1, we can
conclude that

n+1 n+7

> [Ns(x) N Ly| > min{g(2), g(

x€Lo

This implies that B[S] is not an acyclic graph. Consequently, the forest number
of graph B cannot be greater than or equal to n + 2. However, we have already
established that f(B) > n+ 1. Therefore, we can conclude that f(B) must be equal
to n + 1, as desired. O

3. Concluding Remarks and Future Work

Let B be a balanced bipartite graph consisting of two parts, V; and V5, each
containing n vertices, resulting in a total of 2n vertices with forest number f(B) and
decycling number V(B). This paper investigates the properties of the largest subsets
of the vertex set of the balanced bipartite graph B that form induced forests. We
proved a conjecture by Wang and Wu, which states that if §(B) > 541, then f(B) =
n+ 1. We also show that this condition on the minimum degree cannot be generally
relaxed. Furthermore, we determined that if 6(8) > 4 + 1, then any subset S of
vertices in B that induces a forest of size n 4 1 will satisfy the following conditions:
min{|S N Vi|,|S N Va|} = 1 when n is odd, and min{|S N Vi[,|SN 5|} € {1,2,%
when n is even. Additionally, we identified infinitely many balanced bipartite graphs
that meet these conditions. We demonstrated that there are also infinitely many
balanced bipartite graphs G with 0(G) = k and f(G) = @ + [, where k > 2 and
[ € {1,2}. So, to extend the results of this paper, we ask the following question:
Question. What are the best conditions that can be established to identify all
balanced bipartite graphs B with f(B) =n + 17

It is a well-known fact that if B is a bipartite planar graph, then the number
of edges |E(B)| is at most 4n — 4. Consequently, if B is a bipartite planar graph
and 0(B) > § + 1, it follows that n < 4. Furthermore, the inequality 10?” >n+1
holds if and only if n > 4. Therefore, Theorem 2.1 cannot provide any counterex-
amples to the well-known conjecture regarding bipartite planar graphs mentioned
in the introduction section. By a similar method, we can also see that the balanced
bipartite graphs in Proposition 2.2 and Theorems 2.7 and 2.8 cannot provide any
counterexamples for that conjecture either.

Finally, it is worth noting that based on the relationship f(B)+ V(B) = 2n, the
decycling version of the results presented in this paper can be directly derived.
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