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An associative ring with unity is called clean if each of its elements is the sum of an
idempotent and a unit. A clean ring with involution * is called *-clean if each of its
elements is the sum of a unit and a projection (*-invariant idempotent). In a recent
paper, Huang, Li and Yuan provided a complete characterization that when a group
ring ]Fqcpk is *-clean, where Fg is a finite field and Cpk is a cyclic group of an odd
prime power order p*. They also provided a necessary condition and a few sufficient
conditions for FyCy, to be *-clean, where Cj, is a cyclic group of order n. In this paper,
we extend the above result of Huang, Li and Yuan from FqCpk to FG and provide a
characterization of x-clean group rings FG, where G is a finite abelian group and F is a
field with characteristic not dividing the exponent of G.
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1. Introduction
All rings considered here are associative rings with unity. An element of a ring is

called clean if it is the sum of an idempotent and a unit, and the ring is called clean
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if each of its elements is clean. In 1977, Nicholson [8] introduced the clean rings
and related them to exchange rings. After that, many results have been established
about clean rings. A clean ring can be regarded as an additive analog of a unit-
regular ring in which each element is a product of a unit and an idempotent. Some
important examples of clean rings include local rings, semiperfect rings and left
(right) Artinian rings.

A ring R is called a *-ring (or ring with involution ) if there exists an operation
* : R — R such that

(x+y) =2"+y" () =y'2" and (27)" =z

for all z,y € R. We call an element p of a *-ring R a projection if p is a self-
adjoint(or x-invariant) idempotent, i.e. p* = p = p?, and call a *-ring R a *-clean
ring if each element of R is the sum of a unit and a projection. Let R be a ring and
G be a group. We denote by RG, the group ring of G over R. It is well-known that
for a commutative ring R, the map * : RG — RG given by (3" ag9)* =Y a9~ ' is
an involution which is called the classical (or standard) involution on RG.

In 2010, Vas [10] started an investigation of *-clean rings and proposed a ques-
tion of whether there exists a clean ring (with involution %) that is not %-clean. A
year later, Li and Zhou [5] gave a positive answer to the above question. Recently,
several interesting results regarding *-clean group rings have appeared. In [1], Gao,
Chen and Li characterized the #-clean group rings RG for a commutative local
ring R and some small groups G. Later, Li, Parmenter and Yuan [6] provided a
complete characterization of when a group algebra FC), is *-clean, where IF is a
field with char(F) > 0 and C), is the cyclic group of a prime order p, and also gave
characterizations of all -clean group rings RC), (3 < n < 6) over commutative local
rings R. In a recent paper, Huang, Li and Yuan [3] extended the above mentioned
result from FC), to IF,Cx, where [y is a finite field and Cpx is a cyclic group of an
odd prime power order p*. For the general case, when G = C,, is a cyclic group of
order n, they also provided a necessary condition and a few sufficient conditions for
F,C,, to be %-clean. Most recently, Huang, Li and Tang [2] considered the noncom-
mutative case and investigated, when QG is *-clean, where G are dihedral groups
D, or generalized quaternion groups Q2.

In this paper, we extend the above result of Huang, Li and Yuan [3] from F,Cx
to FG and provide a characterization of *-clean group rings FG, where G is a finite
abelian group with exponent n, and F is a field with char(F) { n,. Note that, in
this case, let w be an n,th primitive root of unity, if w € F, then FG is not *-clean.
Let g € G and the order of g is n,. Since char(F) { n,, we have u = n% Z?:”gl(wg)i
is an element in FG. It can be easily verified that u? = u, but u* # u. Therefore, it
remains to consider w ¢ F.

First, when char(F) > 0, we have the following characterization.

Theorem 1.1. Let G be a finite abelian group with exponent n, and F be a field
of characteristic p > 0, where p{ n,. Let w be an n,.th primitive root of unity and
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w ¢ F. Then the group ring FG is x-clean if and only if there exists t such that

pt = —1 (mod n,).

Second, when char(F) = 0, we give a complete characterization. We also provide
other characterizations in certain cases.

Theorem 1.2. Let G be a finite abelian group with exponent n, and F be a field
of characteristic 0. Let w be an n,.th primitive root of unity and w ¢ F. Then the
group ring FG is x-clean if and only if F(w +w™') G F(w). In particular, if F C R,
then FG is x-clean, where R denotes the field of real numbers.

Theorem 1.3. Let G be a finite abelian group with exponent n, = p* or 2p*, where
p is an odd prime and k is a positive integer, and F be a field of characteristic 0.
Let w be an n,th primitive root of unity and w ¢ F. Then the group ring FG is
x-clean if and only if 2 | [F(w) : F].

2. Basic Notions and Terminologies

Throughout this paper, let G be an abelian group written multiplicatively. By the
fundamental theorem of finite abelian groups, we have

G=Ch XX Cp, = {(x1) X {x2) X -+ X (X)),

where r = r(G) € N is the rank of G, nq,...,n, € N are integers with 1 <nj | ... |
n,. Moreover, ny,...,n, are uniquely determined by G, and n, is the exponent of
G. Let n be the order of G, then n =ny---n,.

Let F be a field. By the basic Galois theory, F(w) is a Galois extension of IF,
where w is an n,th primitive root of unity. For an element a =} _; a49 € F(w)G,
we define that o(a) = }° 5 0(ag)g, where o € Gal(F(w)/F). Note that for a,b €
F(w)G, we have o(ab) = o(a)o(b) for any o € Gal(F(w)/F).

Let K be a field. Recall that [9, Definition 2.5.12], if a family {e,...,e;} of
idempotents in the group ring KG satisfying e; # 0 for 1 <7 < ¢, e;e; = 0 for
1<i#j<t,and 22:1 e; =1, wecall {e1,..., et} a complete family of orthogonal
idempotents of KG.

3. Preliminary Lemmas

Lemma 3.1 [5, Theorem 2.2]. A commutative x-ring is x-clean if and only if it
is clean and every idempotent is a projection.

Lemma 3.2 [4, Chapter XVIII, Theorem 1.2] (Maschke). Let G be a finite
group and K a field whose characteristic does not divide the order of G. Then the
group ring KG is semisimple.

Lemma 3.3 [7, Theorem 3.5]. Let m > 2 be a positive integer, then m has a
primitive oot if and only if m = 2,4, p* or 2p*, where p is an odd prime and k is
a positive integer.
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4. The Idempotents in the Group Ring

In this section, we construct the idempotents in the group ring. Let F be a field
with char(F) t n,, w be an n,th primitive root of unity and w ¢ F. For e € FG, we
denote eFG = {ef | f € FG}.

Lemma 4.1. Let {e1,...,en} be a complete family of orthogonal idempotents of
FG. Then, we have the following decomposition:

FG=eF@esF®---De,F.

Moreover, any idempotent uw € FG can be expressed in an unique way as u =
S rieq, with r; € {0,1} for 1 <i <n.

Proof. We can view each e; as a linear operator on FG, which operates by mul-
tiplication. Since Y . e; = 1, we have FG C e;FG + eFG + - -+ + ¢,FG, so
FG = eiFG + exFG + -+ + €, FG. If x € ¢,FG N e,;FG, by e? = e, eie; =0
for i # j, we have x = 0. That means FG = e1FG @ esFG @ --- & ¢,FG.
Moreover, since FG is a vector space over F of dimension n, and ¢;FG con-
tains e;IF as a vector subspace over F of dimension 1, we have each term in
the direct sum has dimension 1. Consequently, FG = e1F @ esF & --- & e,F.
Moreover, let u be an idempotent and u = Z?:l rie;, with all r; € F. Since
u? = (E?:l rie;)? = Z?:l r?e; = Z?:l rie; = u, we must have r; € {0,1} for
1<1<n. O

For any e € F(w)G, let H = {o|o € Gal(F(w)/F),o(e) = e}. Then
clearly H is a subgroup of Gal(F(w)/F). Assume that |Gal(F(w)/F)/H| = t and
Gal(F(w)/F)/H = {o1H,...,00H}, where {01,...,0,} is a transversal to H. We
define I'(e) = o1(e) + - - - + o (e).

Lemma 4.2. I'(e) is well-defined and [H[I'(e) = >, cqai(r(w)m o(€). Moreover,
for any 0 € Gal(F(w)/F), we have 8(T'(e)) = T'(e). Consequently, I'(e) € FG for
any e € F(w)G.

Proof. Let {o],...,0;} be another transversal to H in Gal(F(w)/F), where o} €
o;H for 1 < i < t. Since o, = o;h;, where h; € H, for 1 < i < t, we have

ol(e) = o;hi(e) = o;(e). That means

oi(e)+ - +oi(e) =o1(e) + -+ aie)

therefore I'(e) does not depend on the choice of the transversal to H. Since
Gal(F(w)/F) = Ut_,0;H, we have

Y. ale)=) > ale)=) [Hloie) = H|I(e).
i=1

oceGal(F(w)/F) i=1o€c€o;H

Moreover for any 6 € Gal(F(w)/F), {fo1,...,00:} is another transversal to H.
Otherwise, if fo;(0o;) ™! € H for somei # j, 1 < i,j < t, as Gal(F(w)/F) is abelian,
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S0 am;l € H, which is a contradiction. Therefore for any 0 € Gal(F(w)/F), we have
0('(e)) = bo1(e) + -+ Oo(e) = o1(e) + - - - + or(e) =T'(e)

by Galois theory, we have I'(e) € FG. m|

Lemma 4.3. Let {e1,...,en} be a complete family of orthogonal idempotents of
F(w)G. Then for 1 < i <n, I'(e;) is an idempotent in FG. Let u be any idempotent
in FG, then we have u =73, ;T(e;) for some subset J of {1,...,n}.

Proof. We claim that {e1,es,...,e,} = {o(e1),0(e2),...,0(ey)} for any o €
Gal(F(w)/F). Since o(e;) is also an idempotent for 1 < ¢ < n, by Lemma 4.1
we may assume that

oler) =en+---+ e,

U(en) =ep1+- -+ €nk, »

where for 1 < ¢ < n and 1 < j < ki, e, belongs to {ei,...,en}. As
{o(e1),0(e2),...,0(e,)} also satisfies the orthogonal relation, we must have
{eir, ... e, y0{ej1,. .., ejr,; } = 0. Otherwise, it contradicts the orthogonal relation
of {e1,ea,...,e,}. Therefore, our claim follows.

Let L; = {o|o € Gal(F(w)/F),o(e;) = e;}, assume that for 1 <i <n, I'(e;) =
ei1 + -+ + eir,, where t; = |Gal(F(w)/F)|/|L;i|, for 1 < j < t;, e;; belongs to
{e1,...,en} and e; # ey for 1 < | # k < t;. By the orthogonal relation of
{e1,€2,...,en}, T'(e;) is an idempotent for 1 < i < n. By Lemma 4.2, we have
I'(e;) € FG. Let u be any idempotent in FG, then by Lemma 4.1, we have u =
Yo, rie;, where r; € {0,1} for 1 < i < n. If e; appears in the summation of u, as
u € FG, we have o(e;) also appears in the summation of u for any o € Gal(F(w)/F).
Consequently, I'(e;) appears in the summation of . Hence, u = > jes I'(e;) for some
subset .J of {1,...,n}. O

5. An Important Lemma

In this section, let F be a field of characteristic 0 or p > 0 with p  n,, w be an n,th
primitive root of unity and w ¢ F.
In F(w)G, let

1 niil ”_r] k.
eijo=— Y (W),

e k=0
where 1 < <7, 0<7; <n; — 1. It is easy to check that

(e1jy -~ erj )€1y - erjr) = 631 (e, - - erj, ),
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where

gt {1 if j; = j/ for all ¢ with 1 <i <r,
jlru:jr =

0 otherwise

and Zr.”fl eij, = 1 for 1 < i <r. Then, we have

7i=0
ni—1 n,y—1
> ey || D e | =1
71=0 Jr=0

Let >, ., = 2?11;01 - Z?:;OI . Expanding the above equation, we have
Z e1jy *erj, = L.

Therefore, {e1j, ---€r;.|0 < j; < n; —1forl < i < r} is a complete family of
orthogonal idempotents of F(w)G. For 0 < j <n, — 1, let

Hj ={o|o € Gal(F(w)/F),0(e10- - €(r—1)0€rj) = €10 - €(r—1)0€rj}-
Assume that |Gal(F(w)/F)/H,| = t; and
Gal(F(w)/F)/Hy = {oj1H, .., 030, Hy},
where {0;1,...,0,} is a transversal to H;. By Lemma 4.3,
u; =I(e10 - e(r—1)0€rj)

is an idempotent in FG. Let U, = {u; |0 < j <n, — 1}.
The following lemma is very important in our proof.

Lemma 5.1. FG is x-clean if and only if there exists o € Gal(F(w)/F) such that
olw) =wt

Proof. First, we assume that FG is x-clean. By Lemma 3.1, we have u = u* for all
idempotents u € FG, especially u = v* for all u € U,., where U, is defined above.
Let u; € Uy, where 0 < j < n, — 1, we have

u; = (T'(e10- - er—1)0€rj))"

ni—1 Np_1—1 n,.—1

1 ,
ol ED I LR SRC=N e I
k1=0 kr—1=0 kr=0
1 ny—1 np_1—1 n,.—1
=T E Z (xl)kl T Z (xr—l)kr_l Z (w](nr_l)xr)kr
k1=0 kr_1=0 k=0

Then the coefficient of z, in u;* is

_ZU w](nr 1) ZU“ w; Ny — 1)

1750152-6



J. Algebra Appl. 2017.16. Downloaded from www.worldscientific.com
by NANKAI UNIVERSITY (TALIS) on 01/05/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

On x-clean group rings over abelian groups

*

7, comparing the coefficients of z,, we have for 0 < j <mn, — 1,

Since uj = u

Sl = o) (51)

Clearly,

L tj
Hj1 D ogi((w!)™ ) = [Hy| Y oji(w). (52)
i=1 i=1
By the proof of Lemma 4.2, we have
Z o(wl)rt = Z o(w?). (5.3)
oeGal(F(w)/F) oeGal(F(w)/F)

Assume that |Gal(F(w)/F)| = [F(w) : F] = d. Let Gal(F(w)/F) = {o|1 < k<d}
and oy (w) = wh with 1 < I, < n, —1for 1 <k < d. We assume that o1 = id,
l[iy=1 Thenfor0<j<n, —1,

d d d
Z U(wj)nr—l _ Zak(wj)nr—l — ijlk(nr_l) — Z(wj)nr_lk
k=1 - k=

oceGal(F(w)/F) k=1 =1

and

M=

d
Z (W) = op(w’) = Z(wj)l"‘.

oceGal(F(w)/F) k=1 k=1

Therefore, we can change (5.3) to be the following one

d d
D@m=y (W) (5.4)
k=1 k=1
Let
d d
o) = Y =Yl
k=1 k=1

and A = {n, —li,n, —lo,...,n. —la}, B ={l1,l2,...,lq}. Then g(x) is a trivial
polynomial. Otherwise, from (5.4), we obtain that g(z) = 0, for z = w’ for 0 < j <
n,—1, that means g(z) has at least n, distinct roots, which contradicts the fact that
g(z) is a polynomial over field F of degree n, — 1. Since g(x) is a trivial polynomial,
we must have A = B, son,, — Iy = n,, — 1 € B, that means n, — 1 = [,, for some
1 < v < d. Consequently, o,(w) = w™!, and there exists 0 = o, € Gal(F(w)/F)
such that o(w) = 0, (w) = W = W™ ™1 = w1

Conversely, we assume that there exists o € Gal(F(w)/F) such that o(w) = w™?!.
By Lemma 3.2, FG is semisimple, so it is clean. By Lemma 3.1, all we need to prove
is that every idempotent is a projection. Let {I'(81),...,T'(6;)} be the set of all
distinct elements in {I'(e1;, - - €rj,.) |0 < j; <n; —1for 1 <i <r}. Let u be any
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idempotent in FG, by Lemma 4.3, u = >, ; I'(3;), for some subset J of {1,...,1}.
It suffices to prove that I'(3;) =T'(5;)* for 1 < j <I.

Assume that 3; = ey, - - e, for some 0 < j; < n; —1land 1 < ¢ < 7. Let
K; ={o|o € Gal(F(w)/F),o(B3;) = B;}. Also assume that |Gal(F(w)/F)/K;| =t;
and Gal(F(w)/F)/K; = {61Kj,...,0;,K;}, where {61,...,0;,} is a transversal to
K. Note that F C F(w) is an abelian extension, so Gal(F(w)/F) is an abelian group.
Since there exists o € Gal(F(w)/F) such that o(w) = w™!, by Lemma 4.2, we have

t; t;
T(B;) = T(erj, -+~ erg,) = Y (Bileryy -~ erj,)) =0 > _(Bilers, -+~ €rj,))
=1 =1
1 t np—1 . ny—1 o
== ( (00; (w7 )zy)Fr (aei(w"_r”)xr)kr>
n i=1 \k1=0 k=0
1 t; ni—1 , ny—1
= - ( (Oio (w7 )z )P (Gla(w"r”)xr)k”>
n i=1 \k1=0 k=0
1 t; ni—1 ] Nn,e—1
= ( Ol ™) 3 (0w e >’%)
nia k1=0 kr=0
1 tj /ni—1 ] ) nr—1 ) .
i ( (ei(wﬁhmfﬁjl)xl)kl .. Z (0i(wn:jrnrn:]r))xr)kr>
n i=1 \k1=0 kr.=0
1on (S =
o (Z (Ol FER DY wxwmwwﬁ’")
n =1 k1:0 kr:0
1 t np—1 . ny—1 ‘
—— <Z (ei(wﬁjl)xl—l)kl Z (Qi(wn:h)x;l)kr>
n =1 k1=0 k=0

= (T'(exj, - ery))" = (L(B)))"

Hence FG is #-clean. This completes the proof. O

6. Char(F) =p >0

Now, we are going to prove our main results. In this section, let F be a field of
characteristic p > 0 with p 1 n,., w be an n,th primitive root of unity and w ¢ F.
Let ), denote the finite field of p elements. First, we have the following important
lemma.

Lemma 6.1. The Galois group Gal(F(w)/F) is isomorphic to a subgroup of
Gal(Fy(w)/Fp).

Proof. If o € Gal(F(w)/F), since o fixes IF, then clearly the restriction o|g, (. fixes
[Fp. Since F, C Fp(w) is a normal extension, we have o,y € Aut(F,(w)). This

1750152-8
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together with the fact that olg, (. fixes F, implies that o|r, () € Gal(Fy(w)/F).
Therefore, we have a homomorphism f from Gal(F(w)/F) to Gal(F,(w)/F,). More-
over, if olg () is the identity in Gal(F,(w)/F,) which fixes w, then o fixes w too.
Therefore, f is a monomorphism and Gal(F(w)/F) is isomorphic to a subgroup of
Gal(Fp(w)/Fp). m|

Let ¢ = p™, where m is an arbitrary positive integer, and I, be the finite field
with ¢ elements. It is known that the group of automorphisms of F, is generated
by the Frobenius map

¢:F, —-F, and ®(x)==2ar.

From Lemma 6.1, we know that for any o € Gal(F(w)/F), o is also generated
by the Frobenius map .

Proof of Theorem 1.1. First, we assume that there exists ¢ such that pf = —
(mod n,). Since the Galois group Gal(F(w)/F) is generated by the Frobenius map,
there exists o € Gal(F(w)/F) such that o(w) = w?', which means o(w) = w™!. By
Lemma 5.1, FG is x-clean.

Conversely, assume that FG is %-clean. Then by Lemma 5.1, there exists o €
Gal(F(w)/F) such that o(w) = w™!, since o is generated by the Frobenius map, we
have o(w) = wP', which means there exists ¢t such that p' = —1 (mod n,). This
completes the proof. |

In [3], Huang, Li and Yuan proved the following theorem.

Theorem 6.2. Let F, be a finite field of order q, C, = (g) be a cyclic group of
ordern > 3, and ged(g,n) = 1. If there exists a positive integer v, such that ¢* = —
(mod m) for every positive divisor m of n, then F,C,, is *-clean.

Now, we can deduce Theorem 6.2 as a corollary from Theorem 1.1. Since F, is
in characteristic p for some prime p { n, and ¢ = p" for some positive integer k, if
v = —1 (mod n), then we have p¥¥ = —1 (mod n). Moreover w ¢ F,, where w be
an nth primitive root of unity. Therefore, there exists ¢ = kv such that pt = —
(mod n), by Theorem 1.1, F,C), is *-clean.

7. Char(F) =0

In this section, let I be a field of characteristic 0, w be an n,th primitive root of
unity and w ¢ F. Let Q denote the field of rational numbers. We also have the
following important lemma.

Lemma 7.1. The Galois group Gal(F(w)/F) is isomorphic to a subgroup of
Gal(Q(w)/Q).

Proof. If 0 € Gal(F(w)/F), since o fixes I, then clearly the restriction o|g(.,
fixes Q. Since Q € Q(w) is a normal extension, we have o|g(,) € Aut(Q(w)). This

1750152-9
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together with the fact that olg,) fixes Q implies that ofgw) € Gal(Q(w)/Q).
Therefore, we have a homomorphism [ from Gal(F(w)/F) to Gal(Q(w)/Q). More-
over, if o|g,) is the identity in Gal(Q(w)/Q) which fixes w, then o fixes w too.
Therefore, f is a monomorphism and Gal(F(w)/F) is isomorphic to a subgroup of

Gal(Q(w)/Q). 0

Lemma 7.2. There exists o € Gal(F(w)/F), such that o(w) = w™! if and only if
Flw+w™!) § Flw).

Proof. First, we assume that F(w 4+ w™!) G F(w). Since w satisfies the equation
2?2 — (wH+wHzr+1=0in Flw+w 1)[z], we have [F(w) : Flw +w™1)] = 2. If

o € Gal(F(w)/F(w+ w™)) and o(w) = w¥, then o(w +w™!) = o(w) + o(w)™! =
2k

wF +w™F =w+w!. That is cos 2& = cos 2% 5o
2 2k 2m(k + 1 2(k — 1
cos = —cos 228 — _2gin mk+1) sin m( ) _ 0.
Ny Ny (s Ty

It follows that k = —1 (mod n,). So there exists ¢ € Gal(F(w)/F(w + w™1)) C
Gal(F(w)/F) such that o(w) = w™!.

Conversely, we assume that o € Gal(F(w)/F) such that o(w) = w™!. Then the
subgroup (o) of Gal(F(w)/F) generated by o fixes F(w + w™!). Since (o) is not a
trivial subgroup, by the fundamental theorem of Galois, we have F(w+w™!) S F(w).

O

Proof of Theorem 1.2. By Lemmas 5.1 and 7.2, FG is #-clean if and only if
F(wt+w™) S F(w). In particular, if F C R, then we clearly have F(w+w™!) S F(w).
Therefore, we get the desired result. O

Proof of Theorem 1.3. Assume that 2 | [F(w) : F]. By Lemma 7.1, Gal(F(w)/F)
is isomorphic to a subgroup of Gal(Q(w)/Q). Since 2 | [F(w) : F], there exists
o € Gal(F(w)/F) < Gal(Q(w)/Q) with |o| = 2. Let o(w) = w™ for some m with
1 < m < n, — 1. Moreover by Lemma 3.3, when n, = p*,2p*, where p is an odd
prime and k is a positive integer, n, has a primitive root, that means if a has order
2 modulo n,, then @ = —1 (mod n,). Since 0% = 1, we have w = o(w)% = w™ . So
m has order 2 modulo n,. and m = —1 (mod n,.). Therefore o satisfies o(w) = w™1.
By Lemma 5.1, FG is *-clean.

Conversely, assume that FG is *-clean. By Lemma 5.1, there exists o €
Gal(F(w)/F) such that o(w) = w™!. Therefore o has order 2 in Gal(F(w)/F). Hence
2 | |Gal(F(w)/F)| = [F(w) : F]. O

Acknowledgments

The authors would like to thank the referee for his/her very careful reading of the
manuscript and many useful suggestion, which lead to great improvement of the
manuscript, especially for Secs. 4 and 5. We are also very grateful to Professor

1750152-10



J. Algebra Appl. 2017.16. Downloaded from www.worldscientific.com
by NANKAI UNIVERSITY (TALIS) on 01/05/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

On x-clean group rings over abelian groups

Yuanlin Li of Brock University for his many helpful comments. We also want to
thank Syu Gau and Yiyi Zhu of University of California Santa Cruz for many useful
discussions and corrections.

References
[1] Y. Gao, J. Chen and Y. Li, Some *-clean group rings, Algebra Collog. 22(1) (2015)
169-180.
[2] H. Huang, Y. Li and G. Tang, On x-clean non-commutative group rings, J. Algebra
Appl. 15(8) (2016) 1650150.
[3] H. Huang, Y. Li and P. Yuan, On star-clean group rings II, Comm. Algebra 44(7)
(2016) 3171-3181.
[4] S. Lang, Algebra, Revised Third Edition (Springer-Verlag, New York, 2002).
[5] C. Li and Y. Zhou, On strongly *-clean rings, J. Algebra Appl. 10(6) (2011) 1363—
1370.
[6] Y.Li, M. M. Parmenter and P. Yuan, On x-clean group rings, J. Algebra Appl. 14(1)
(2015) 1550004.
[7] M. B. Nathanson, FElementary Methods in Number Theory (Springer-Verlag, New
York, 2000).
[8] W. K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer. Math. Soc.
229 (1977) 269-278.
[9] C. Polcino Milies and S. K. Sehgal, An Introduction to Group Rings (Kluwer
Academic Publishers, Dordrecht, 2002).
[10] L. Va$, #-clean rings; some clean and almost clean Baer *-rings and von Neumann

algebras, J. Algebra 324 (2010) 3388-3400.

1750152-11



