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Abstract

The Randi¢ index R(G) of a graph G is defined as the sum of the weights (d(u)d(v))fé
of all edges uv of G, where d(u) denotes the degree of a vertex u in G. Bollobds and
Erdos proved that the Randi¢ index of a graph of order n without isolated vertices
is at least v/n — 1. They asked for the minimum value of R(G) for graphs G with
given minimum degree §(G). Delorme et al answered their question for 6(G) = 2 and
proposed a conjecture. In this paper, we verify this conjecture for §(G) = 3, which
can easily lead to the conclusion that the inequality of the conjecture holds for all
chemical graphs, i.e., graphs with maximum degree at most 4. Furthermore, we prove
that the conjecture is true for any graph G of order n > %k:3 (ork<§ 27" ) with

minimum degree 6(G) > k > 4.
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1 Introduction

The Randié index R(G) of a graph G was introduced by the chemist Milan Randié¢ under the name
“branching index” in 1975 [18] as the sum of 1/1/d(u)d(v) over all edges uv of G, where d(u) denotes the

degree of a vertex u in G, i.e.,

It is well known that R(G) was introduced as one of the many graph-theoretical parameters derived

from the graph underlying some molecule. Later, in 1998 Bollobds and Erdds [2] generalized this index by
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replacing —% with any real number «, which is called the general Randi¢ index. The research background
of Randi¢ index together with its generalization appears in chemistry or mathematical chemistry and can
be found in the literature (see [2], [3], [18]). Recently, finding bounds for the general Randié¢ index of a
given class of graphs, as well as related problem of finding the graphs with maximum or minimum general
Randié¢ index, attracted the attention of many researchers, and many results have been obtained (see [2],
[3], [5]-[18]). For a comprehensive survey of its mathematical properties see the recent book of Li and

Gutman on Mathematical Aspects of Randié-Type Molecular Structure Descriptors [9].

In 1998, Bollobds and Erdds [2] proved that the Randi¢ index of a graph G of order n without isolated
vertices is at least /n — 1, with equality if and only if G is a star. In [6], Fajtlowicz mentioned that
Bollobas and Erdos asked for the minimum value of the Randi¢ index for graphs G with given minimum

degree 6(G). In 2002, Delorme et al [5] gave a conjecture, which is also mentioned in [9].

Conjecture 1.1 Let G = (V, E) be a graph of order n with §(G) > k. Then

k(n—k)  (k\ 1
r(G) = Sl +(2)n1

with equality if and only if G = K, . where K, . is obtained from a complete bipartite graph

G = K n—k by joining each pair of vertices in the part with k vertices by a new edge.

They showed that the conjecture is true for k = 2. Using linear programming, Pavlovié¢ [14] verified
the conjecture for the case of & = 2. In [1] Aouchiche and Hansen found examples showing that the
conjecture is not true, and gave a modified form. In [16] Pavlovi¢ and Divnié¢ introduced a new approach
based on quadratic programming and showed that the conjecture is true for ny > n—k (k < n/2), where
n; is the number of the vertices with degree i. There are many researches about this conjecture, see
[13, 14, 15]. In this paper, using linear programming we verify this conjecture for k = 3, which can easily
lead to the conclusion that the inequality of the conjecture holds for all chemical graphs, i.e., graphs with
maximum degree at most 4. Furthermore, we prove that for k£ > 4, the conjecture is true for any graph of
order n > %k?’ (ork <} 2?” ). For convenience, we need some additional notations and terminologies.
Denote by d(u) and §(u) the degree and the minimum degree of the vertex w, respectively. Denote by
x;,; the number of edges joining the vertices of degrees ¢ and j. Undefined notations and terminologies

can be found in [4].

2 Some Lemmas
Lemma 2.1 ([2]) Let x4 be an edge of mazimum weight in a graph G, then R(G — x122) < R(G). 1

Lemma 2.2 Let G be the graph with minimum Randié¢ index among all simple graphs with order n and

manimum degree § > k > 2. Then the minimum degree of G must be k.



Proof. Suppose 6(G) > k, we construct a new graph G’ from G by deleting an edge of maximum weight
of G. Tt is easy to see 6(G') > k. By Lemma 2.1, we have R(G’) < R(G), contradicting to the choice of
G. Thus, 6(G) = k. |

From Lemma 2.2, we can rewrite Conjecture 1.1 as the following equivalent form, and consider Con-

jecture 2.3 only in the sequel.

Conjecture 2.3 Let G = (V, E) be a graph of order n with 6(G) = k. Then

k(n — k) kY 1
R(G)Zk(n_1)+<2>n_1

with equality if and only if G = K. ., where K}, is obtained from a complete bipartite graph K, n—p

by joining each pair of vertices in the part with k vertices by a new edge.

Lemma 2.4 Let k, p, n be nonnegative integers, for k>4, 0<p<k—1andn > %k?’, we have

) o n+k72p—2_2(n—p72) 2p B 2p .
(@) g(k,p,n)=(k p)( - i) +\/k(n_1) \/(n_1>(n_2)>>0,

1 n 2p B 2 ‘
n—2 (n-p-2/(n-2)(n—-1 n+k-—2p-2
p p(k —p) k—p o
( k(n—l)+(n—p—2)\/(n—2)(n—1)+\/k(n—2)>> ’

(i) a(k,p,n) =

(¢i1) s(k,p,n) =

(%) n—p p(n—p—2) p(k —p) (k—p)n—p—2)
n—1+n+k—2p—2<\/k(n—1) +\/(n—1)(n—2)+ k(n —2) >

()t + B} o

Proof. (i) Let g1 (k,p,n) = "2 gk p ), ie.,

gilk,p,n)=Mn+k—2p—2)vV/(n—1)(n—-2)—=2(n—p—2)k(n—1) +2p\/k(n — 2) — 2pk.

Since %}’ﬂ”) =—-vn-1 (\/n -2 - \/4k) —vn—2 (\/nf - \/4k) — 2k, g1(k,p,n) is a strict de-

creasing function in p when n > %k?’ and k > 4, and then

g1(k,p,n) > g1(k, k,n)
= (n—k=2)Vn—1(Va—2-2Vk) + 2kvk (V=2 - Vk) >0,



since when n > 3k3 and k > 4, \/(n —2) — VEk > /n—2 —+/4k > 0. Then g(k,p,n) > 0.

(ii) Let a1 (k,p,n) =(n—2)(n+k —2p—2)(n —p — 2)\/k(n — 1) a(k,p,n), i.e.,

a1(k,p,n) =n+k—-2p—2)(n—p—2)\/k(n—1)+2p(n+k —2p —2)\/k(n —2)
—=2p(n=2)(n—p—2) = 2p(k = p)Vk(n - 2) = 2(k =p)(n —p - 2)v/(n = 1)(n - 2).

Then we have

ai(k,p,n)
> (n+k—2p—2)(n—p—2)VE(n—2)+2p(n + k — 2p — 2)\/k(n — 2)
—2p(n — 1)(n —p —2) — 2p(k — p)\/k(n — 2) = 2(k —p)(n —p — 2)(n — 1)
= VE(n—2)((n+k—2p—2)(n+p—2) —2p(k —p)) — 2k(n —1)(n —p —2)
:(n—p—2)((n+k—2) k(n—2)—2k(n—1))

>(n—p—2)(n—1)\/E<\/nT—\/@) > 0,

since when n > %k?’ and k>4, vVn—2—2Vk > 0. So a(k,p,n) > 0.

(iii) Let s1(k,p,n) = (n—1)(n+ k — 2p — 2)\/k(n — 2) s(k,p,n), we have

s1(k,p,n)
= () s k=2 -2 VRG =B+ pla— ) —p— DV~ DD
ol — )~ )V 1)+ (1= p = 2k~ p)n )~ 1)

- (S)(n—i—k—Qp—Z)\/k(n—Q)—k(n—k)(n+k—2p—2) (n—1)(n—2).

Then s1(k,p,n)

> k(2_2> [p(p = )0+ k —2p = 2) + 2p(k — p)(n — p) = k(k — 1) (n+ k — 2p — 2)

+lpn—p)(n—p=2)—k(n—k)(n+k—2p-2)]y/(n—1)(n-2)
+ (=1 —-p)k-p)n-—p=-2)

_k=p) 2’“(”_2) [(p+1—Fk)n+pk+ 3k — 2 — k]

+(k—=p)[-n®>+2np+1) —p? — pk — 2k — 2p + E*]\/(n — 1)(n — 2)

+ =1 -p)k-p)(n-—p-2)

Since when 0 <p<k—1and n > %k?’,



om —
—ni42omp+1)—p?—pk—2k—-2p+k*<0 and +/(n—1)(n—-2)< n2 3,

then we have

s1(k,p,n)
o Gla) Qk("_2) [(p+1— k)n+ph+ 3k —2— k2] + (k — p)
~((—n2+2n(p+l)—pQ—pk—Qk—2p+k2)2n_3+(n—1)(n—p)(n—p—2)>
:(kgp)[n2+2(k‘2fpk—2k—p—1)n—3k2+3pk+6k+p2+2p
+ ((p+1—k)n+pk+ 3k —2—k*)Vk(n — 2)]
> <k;p> [n2+2(k2—k2—2k—k)n—3kn+(—kn—k2)\/%
:W[nff%\f—(lerkz)\/ﬂ.

2 .
Let t(n, k) = (/i1 — 90y/m)’ = ((kn + K2)VE) = n® = (K*+18k)n?+ (8142 — 2 )n—k°. Whenn > 312,

t(n, k)

o= 3n? — 2k(k* +18)n — k*(2k* — 81) > 0,

then when k& > 6,

3 9 87 241
k) > o380 =1 (0t - a2 B ) 0

This implies s(k,p,n) > 0 for k > 6.

For the cases k = 4 and 5, we can verify that when 0 < p < k—1 and n > %k3, s(k,p,n) > 0 by

considering all possible values of p. |

3 Main Results

Let G be a simple graph of order n with 6(G) = k > 3. At first, we will give some linear equalities.

Mathematical description of the problem is as follows:

i
min R(G) = Z =L
k<i<n—1 Vi

i<j<n—1



subject to:

2Tk + Tkl + o2t 0 FTeao1 = kng
Thik + 2Tkt 1 k41 + Thit k2t 0 FTppin—1 = (b + 1)k
Thyok + Thpo k1 + 2Tk k42t 0 FThg2n-1 = (K +2)npy0
(3.1)
Ttk + Tno1kt1 + Tn—1 k2t - F2Tp 11 =(n—1)np
and
Ng+Ngr1+Ngyo+ - +Np_1=n (3.2)

These constraints do not completely determine the problem. In order to have a better description
for this problem we have to add the next constraints: z;,—1 = nnp—1 for i = k,k+1,--- ,n —2 and
Tp—1np—1 = (""2*1), which much more complicate the problem. Now the problem becomes a quadratic
programming. To avoid the complexity of these quadratic inequalities, we will consider all the possible

values of n,_1 solve the problem using linear programming.

We only consider the case of k < n — 2, since the graph is unique when k =n — 1.

Theorem 3.1 For a given minimum degree 6(G) = k > 4, the conjecture is true when the order of the

graph n > %k?’. That is, for a given minimum degree §(G) =k >4 and n > %k3, we have

k(n — k) kY 1
R(G) > m + (2)7?,—1’

with equality if and only if G is a graph withny =n—k, np_1 =k, npp1 = =np_2 =0, T p_1 =

k(n—k), Tn_1,n—1 = (5) and all other x; ; and z;; being equal to 0, i.c., G = K}k

Proof. Since the minimum degree is k, we have n,_1 < k. So, we will consider two cases: n,_; = k and
np—1 = p, where p is an integer such that 0 < p < k—1. Let G be a graph with order n and §(G) = k > 4.
Denote G by G if n, 1(G) =i (i=0,1,--- k). Let R®) = R(GW).

Case 1: n,,_1 =k

Since z;,,—1 = kn; fori =k, k+1,--- ,n—2and x,_1n-1 = (g), the constraints in (3.1) become:

Tjk+ -+ xij-1+225+ T 41+ FTj—2=(j—k)n;, for j=k,k+1,---,n—2. Then we have



» kn; k 1
R® = AT A S - ( )
k<lz<;7,71 Vij j=k J(n—1) 2)n—1
i<j<n—1
n—2
+1 Tik o Tail 25 Tjj+1 oy Time2
2 =\ Vik ViG=1 Vi ViG+D) j(n—2)

Tjgp+ -+ xj 1 +20, 30+ FTin—2

szjzzlj_l)+<2)n1 ;j:k j(n—1)
2
()

:G)niﬁz — (ﬁ+%>"k+w%j§1<ﬁ+¢kj)"j

By substituting ny = n — k — (ngr1 + ngyo + - + np_o) into the last equality, we have

R® > (g)ni1+f%)JFN%:il(‘/ﬂjj_Qﬁ)m'

Since /7 + % —WEk>o2Wk—2Vk=0fork+1< j < n—2, this function attains minimum for n; = 0,

ij=k+1,k+2,--- ,n— 2. Therefore, when n,_; = k, the minimum value of the Randi¢ index is

o= () + S

The extremal graph must have ny =n—Fk, ngp1 = ngyo =+ =np_a =0, np_1 =k, 1 = k(n — k),
Tp—1np—1 = (’;) and all other x; ; and x;; are equal to 0, i.e., G = K:ynik.

Case 2: n,_1=p (0<p<k-—1)

By substituting @; ,—1 =pn; fori =k, k+1,--- ,n—2and z,_1 -1 = (’2’) (ifp=0,1, (12’) =0) into
the constraints in (3.1), they become (3.3)

20k + Thkt1 + Thkr2t 0 FThn—2 = (K —p)ng
Tht1,k + 2%ht1 k41 + Thpt k2t 0 FThpin—2=(k+1—p)npp
Thtok + Tho2 k1 + 2Tkyo krot - FTppan—2 = (K +2 —p)ngyo
(3.3)
Tp_ok + Tp_2kt1 + Tnoksot - F2Tp_on2=M—2—p)n,_2

Since n,—1 = p, equality (3.2) becomes (3.4)

Nk +Nks1 +Ngy2+ ...+ N2 =n —p. (3.4)



We have the next problem: minimize R®) subject to (3.3) and (3.4). It is easy to express n; for

i=k+1,k+2---,n—3 from the constraints in (3.3) as follows

Tkt i1+ 20+ T+ T2

- - (3.5)

%

Using the first and the last constraint of (3.3), (3.4) and constraint (3.5), by some calculations, we can

obtain

n—3 .
_(n—p-2)(n—p) 22k i S (n—j —2)z,
N Tt k—2p-2 ntk-2p-2 L G-ptk—2p—2)
n—p—2 mn-—p-—2 Ti
- 3 < R ) S (3.6)
k41<i<n—2 t—p J—p ntk—2p—
1<j<n—2
)k — k—p k-
R kp)(2 p;_ 3 < Pk p) kx7j2 .
n+r—2p— k<i<n—3 t—p J—p)n+rK—2p—
1<j<n—3
w3 (k—p T2 2x
_ Z : _1> n—2,1 + n—2,n—2 ’ (3.7)
S \ip n+k—2p—2 n+k—2p—2
n—3 .
_(n=p-=2)(n—p)(k—p) (n—p—-2)(k+j—2p)
Tkn—2 = _Z - Lk,j
n+k—2p—2 j:k(j—p)(n+k—2p—2)
“p—2 n—p-2\ (k—pi,
- ¥ (”,p N ) (kp);”? (3.8)
k4+1<i<n-—2 t—p J=P nAk=2p =
i<j<n=2

By substituting «;,,—1 = pn; (i =k,k+1,--- ,n—2), 2p_1n—1 = (5), (3.5), (3.6), (3.7) and (3.8) into

R we have

n—3
R® = R 4 Z Qg j Tk, + Z Qi,jTi,j
j=k

i

where
o7 _(5) n—p p(n—p—2) p(k —p) (k—p)(n—p-2)
R()_n1+”+k2p2<\/k(n—l) +\/(n—1)(n—2)+ k(n —2) )

and

n—p=2 , n—p=2 k=p 4 k=p

aijiil - P T p _ip

TV Jkn—1) n+k—2-2  Jin-D)(n—2) nt+k—2p—2
by AR

k(n—2) n+k—-2p—2 + \/Z(;p_l) + \/]ggp_l)



We will prove that all functions a; ; are nonnegative for corresponding ¢ and j.

Let f(i,j) = (n+k —2p—2)(i —p)(j — p)ay;, then

(n+k—2p—2)(i—p)(j—p) pln—p—2)(i+j—2p)

pk—p)itj—2p) (k—p)(n—p—2)(i+j—2p)
(n—1)(n-2) k(n —2)
L ptk=2p -2 —p)  plntk-—2p—2)(i-p)
i(n—1) j(n—1) '
We have
200 a2 (ntk—2p—2)(i—p) 3p  Jj+3p
O°f(i,5)/95" = W ( — " )
<(n—|—k—2p—2)(i—p)< 3p _i+3p>
=T F i1 Vi
(n+k—2p—2)(i—p) [ 3p
= WP ( o1 3p)
_(n+k=2p-2(-p) 3 o
since % =i+ % >2y3pand n—1>k > p. Thus, f(i,7) is concave in j. We have to check that

a;; and a; ,_2 are nonnegative in order to conclude that a;; > 0for kK <i<n—-2andi<j<n-2

Let g(i,p,n) = (n+k — 2p — 2)(i — p)a,;, then

g(ipn):(n+k—2p—2)(i—p)_2p(n—p—2)_ 2p(k — p)
T i VE(n —1) (n—1)(n—2)
_2(k—p)(n—p—2) N 2p(n + k —2p — 2)
VE(n —2) Viln—1)
We have 9g(i,p,n)/0i = WL\/}SQP% % - 71171) > 0, then for i > k, g(i,p,n) > g(k,p,n), where

o n+k—2p—-2 2n-p-2) 2p B 2p
gtk.p.n) = (k p>< k Vi) | VR D) \/(n1)(n2)>'

By Lemma 2.4 (i), for k>4, 0<p<k—1and n > %k?’, we have g(k,p,n) > 0, then a;; > 0.

Let q(i,p,n) = (n+k —2p — 2)(i — p)ain—2, then

gy — PR —p) =2 240) o (k-p+ BER)
. (=21 NZTE) )

(k=p)(n—2p—2+4+1) pn+k—2p—2) p(n+k—2p—2)(i—p)

VE(n —2) * V/(n—1)i (n—p—2)y/(n—1)n-2)




Since

O2q(i. p, )07 = n+k—2p—2(i+3p 3p > <0,
’ 435 vn—2 yn-—1
and ¢(k,p,n) = 0, we only need to prove
1 2p 2

T2 —p-Jn-2n-1) n+k—2p—2

. P n (k—p) k—p >0.
kn—1) (n—p—2)y/(n—2)(n—1) \/kn—
By Lemma 2.4 (ii), for k >4, 0<p<k—1and n > %kg, we have ap_2,-2 > 0, then a; ,,_o > 0.

Since a;; > 0for k <i<n—-2andi<j<n-—2, then R®) attains minimum if we put xg,; = 0 for

j=khk+1,--- ,n—3andz;; =0fork+1<i<n-—2,i<j<n—2 The minimum value is R and
(n—p—2)(n—p) (n—p)(k—p)
= n—2 — ) n—1 =P, 120
"tk n+k—2p—2 2T+ k—2p—2 fn-1 =P, 1

fori =k+1,---,n — 3. This solution may not correspond to any graph, and the real graphical solution

R*(P) > R(). Now we only need to show that R(®) > R*(*)_ TLet

n—1+n+k72p—2 VEn—1)  /(n—1)(n—2) k(n—2)
E\ 1 VE(n — k)
_<(2>nl+ Vn—1 )

By Lemma 2.4 (iii), for k > 4,0 <p < k—1and n > %k?’, we have s(k,p,n) > 0. The proof is thus

(%) n—p (p(n—zﬁ—?)jL p(k —p) +(k—p)(n—p—2)>

complete. [

Theorem 3.2 Let G be a simple graph of order n with minimum degree k = 3. Then we have

3(n—3) 3\ 1
R(G) > m + (2)71—1,

with equality if and only if G = K} ,, .

Proof. By the proof of Theorem 3.1, we only need to prove the inequalities g(k,p,n) > 0, ap—2p—2 >0
and s(k,p,n) > 0 for k =3 and 0 < p < 2. In the following we only consider n > 6, since the graph with
4 vertices and k = 3 is unique, the number of graphs with 5 vertices and k = 3 are only two (see Figure

3.1). Now we consider all the possible values of p.

Case 1: p=0



We have

6(n—2
g(?’aoan):,n'_'_l_M Zg(37076) > 0;
3n—6

. 1 6 1 1 2v/3 ~0.
TR 9 (n+1)\/3(n—2)_\/n—2 -

Vn—2 n+l1
(3.0,m) = V3n(n—1)vn—2-3n+1)—V3n—-3)(n+1)Vn—1
= (n+Dn-1)

Let  so(n)=V3n(n—1)vn—2-3(n+1) —V3(n —-3)(n+1)vn — 1

:\/gn((n—l)\/nf f\[f(an)\/n—l)+3\/§\/nf —3.

By simple calculation, we can prove that 3v/3vn — 1—3 > 0and (n—1)vn —2—v3—(n—2)y/n —1 >0

for n > 14, i.e., so(n) > 0 for n > 14. We can directly verify that so(n) > 0 for 6 <n < 13.
Case 2: p=1

We have

(3,1,n) = 2v/n—1((n—1)v/n—2-2V3(n-3)) +4V3 (Vn—2 - V3)
e 3V - 1(n-2)
For n > 6, we have vn —2 — /3 > 0. Let g1(n) = (n — 1)vn — 2 — 2/3(n — 3), we have g} (n)

3 1
svm—s T aVn—2- 2v/3 > 2vn_2

> 0 for n > 9, then g;(n) is a strictly increasing function in n > 9 .
So g1(n) > ¢1(9) = 8V/7 — 12¢/3 > 0. By some calculations we obtain that ¢(3,1,n) > 0 for 6 <n < 8.

1 2 1 2 2

T T B - 1) <m+m)+<nl> (n—1)(n—2)
JL 2 3 ( 1 2\/§>
“n-2 3n-1 vn—-2 Vn-2\vn-2 n-1
2v3

n—2 n—1

For n > 12,

> 0, i.e., ap—2,n—2 > 0. For smaller n, we can verify it easily.

Let s1(n) = V3(n — 1)vn — 2 5(3,1,n), ie.,

s1(n) = =2(n—3)v/(n—1)(n—2)+2vV3vVn —1+2(n—3)(n—1) — 3v3v/n — 2.

By some calculations, we have

s1(n) > 2(n — 3) (nflf (n71)(n72))7\/§m
> /3(n — 2) [\/n—2<n—1— (n—l)(n—Q))—l} >0,




since 2(n—3) > v/3(n—2) and /n — 2 (n —1—y/(n—1)(n— 2)) —1> 0forn > 10. Thus, s(3,1,n) >0
for n > 10. We can directly verify that s(3,1,n) > 0 for 6 < n < 9.

Case 3: p=2

Suppose n > 8. We have

(n—3)/(n—1)(n—2) —2V3(n —4)vn — 1 +4v/3vn —2 — 12

9(3,2,m) = 3v/(n—1)(n—2)
S (n—3)(n—2)—2V3(n—4)vn —1+4v3yn —2—12 _ g2(n)

3y/(n—1)(n—2) 3v/(n—1)(n-2)
where go(n) = (n — 3)(n — 2) — 2¢/3(n — 4)v/n — 1+ 4v/3y/n — 2 — 12. Since

> —5-2V3vVn—1—-v3V/n—1=2n—-5-3V3Vn— 1,

and for n > 11, gh(n) > gh(11) > 0, we have go(n) > go(11) = 60 + 12¢/3 — 14/30 > 0. By some

calculations for smaller n, we have ¢(3,2,n) > 0 for n > 8.

. _ 1 2 ( 2 1 )+ 4
RN 2 Bm-3) \Vn—1 vin-2) (n-3)y/n-Dn-2)

N 31 1 23
“n—-2 V3n-3)Vvn-2 Vn-2\vn—-2 n-3

For n > 16, \/ﬁ — Z—g >0, i.e., ap—2,n—2 > 0. For smaller n, we can verify it easily.

Let s2(n) = v3(n —1)(n — 3)v/n — 2 5(3,2,n), where

so(n) = (n—2)(n —1)(n —4) +2v3(n — 2)v/n — 1 — 2v3(n — 3)v/n — 2
—(n? —6n+11)y/(n —1)(n — 2).

Since 2v/3(n — 2)v/n — 1 — 2v/3(n — 3)y/n — 2 > 0 for n > 8, we have

s9(n) > (n—2)(n—1)(n —4) — (n® —6n +11)y/(n — 1)(n — 2).

Then we only need to prove

9 2
((n—2)(n — 1)(n — 4)) >((n2—6n+11) (n—l)(n—Q)) ,

ie., (n—1)(n—2)((n—3)(n*~13n+29)—2) > 0. By some calculations, we have (n—3)(n?—13n+29)—2 > 0

when n > 11. Thus, s(3,2,n) > 0 for n > 8, since we can verify easily for 8 <n < 10.



For 6 < n < 7, all the graphs with minimum degree 3 and 2 < p < 3 and the values of their Randi¢

Index are shown in Figure 3.1. By easy comparisons, we can check the result of the theorem. The proof

is now complete. |
2488 2482 2.982 2.955 2.924
3.413 3.371 3.383 3.412 3.418
3.412 3.437 3.447 3.328 3.889
3.650 3.450

Figure 3.1 The graphs of order 5 < n < 7 with minimum degree k =3 and 2 < p < 3.

Theorem 3.3 The inequality of the conjecture holds for all chemical graphs, i.e., graphs with mazimum

degree at most 4.

Proof. From the the result of Delorme et al for minimum degree & = 2 and the above Theorem 3.2 for
minimum degree k = 3, we know that we only need to check the inequality of the conjecture for 4-regular
graphs. It is easy to see that a 4-regular graph of order n has 2n edges, and each edge has a weight equal
to %. So, any 4-regular graph G has a Randi¢ index equal to 5. It is then not difficult to check that

A(n —4) 4y 1 2n-4) 6
+(2>n—1_ (n,1)+n—1'

The proof is complete. |
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