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Abstract

We prove Nash-Williams’ conjecture that every 4-connected, 3-indivisible, infi-
nite, planar graph contains a spanning 2-way infinite path. A graph is said to be
3-indivisible if the deletion of any finite set of vertices results in at most two infinite
components.

1 Introduction

We use the terminology in [9, 10, 11, 12]. A graph G is k-indivisible, where k is a
positive integer, if, for every finite X C V(G), G—X has at most k—1 infinite components.
Nash-Williams [4, 5] (also see [7]) conjectured that a 4-connected infinite planar graph
contains a spanning 2-way infinite path if, and only if, G is 3-indivisible. The goal of
this paper is to prove the following result, completing the proof of the Nash-Williams
conjecture started in [9].

(1.1) Theorem. Every 4-connected, 3-indivisible, infinite, planar graph contains a
spanning 2-way infinite path.

Let C be a cycle in an infinite plane graph G. If C' bounds a closed region such that
the vertices and edges of G in that region form a finite subgraph of G, then we use I (C)
to denote this finite subgraph. C' is said to be dividing in G if I¢(C) is not defined. Let
(@) denote the maximum number of vertex disjoint dividing cycles in G.

In [9, 10, 12], Nash-Williams’ conjecture is proved for 3-indivisible graphs G with
v(G) = 0 or v(G) = co. In this paper, we prove the remaining case from which Theo-
rem (1.1) follows.
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(1.2) Theorem. Let G be a 4-connected, 3-indivisible, infinite, plane graph, and assume
that v(G) is a positive integer. Then G contains a spanning 2-way infinite path.

We mention that Bruhn (see [3]) conjectured the following generalization of Tutte’s
Hamilton cycle theorem: Every locally finite 4-connected planar graph admits a Hamilton
circle. See [3] for the definitions of circle and Hamilton circle. This conjecture is verified
for 6-connected graphs with finitely many ends [1], for graphs with exactly one end [9, 10],
and for graphs with no dividing cycles [2].

This paper is organized as follows. First, we summarize those concepts and results
in [9, 10, 11, 12] that will be used in our proof of Theorem (1.2). This is done in section
2. Additional lemmas concerning Tutte paths are proved in section 3. In section 4, we
consider partial nets and show that certain partial nets can be used to extend Tutte
subgraphs. The main proof of Theorem (1.2) starts with section 5, where we investigate
the structure of 3-indivisible infinite plane graphs G for which (G) is a positive integer.
We choose an appropriate curve in the plane that separates the graph to two infinite
graphs. This curve is then used to build partial nets which can be used to extend Tutte
subgraphs. We show in section 6 that to prove Theorem (1.2) it suffices to prove the
existence of a 2-way infinite Tutte path in a certain 3-indivisible plane graph. (This is
done by using a tight partial net.) The solution of the Tutte path problem depends on
the parity of the number of steps needed to reduce the new graph. In section 7 we take
care of the odd case; and the even case is taken care of in section 8.

We conclude this section with some helpful terminology. Let H be a (finite or infinite)
subgraph of a (finite or infinite) graph G, let vy,...,v; € V(G), and {u;,w;} CV(H)U
{vi,...,ux}, i = 1,...,m. Then H + {v1,..., 05, vqw1, ..., unwy,} denotes the graph
with vertex set V(H) U {v1,...,vx} and edge set E(H) U {ujwi,...,upwg}. For any
x € V(H)UE(H), we write H + x instead of H + {z}.

A separation of a (finite or infinite) graph G is an ordered pair (G, G2) of subgraphs
of G such that E(G;) # E(QG) for i € {1,2}, E(G1) N E(G2) =0, and G1 UGy = G; and
if [V(G1 N Ge)| = k then we say that (G1,G2) is a k-separation of G.

Let C be a cycle in a plane graph and let z,y € V(C) and e € E(C). If x # y then
xC'y denotes the clockwise subpath of C' from x to y, and if z = y then xCy denotes the
trivial path consisting of the vertex x = y. If x is incident with e then xCe is the trivial
path consisting of z; if x is not incident e, then we use xCe to denote the subpath of
C — e from z to e in clockwise order on C. Also, for a (finite or infinite) path P and
x,y € V(P), xPy denote the unique subpath of P between z and y.

2 Summary of previous results

First, we recall that a net in an infinite plane graph G is a sequence N = (C1,Cy, .. .)
of cycles in G such that (1) I(C;) is defined for all ¢ > 1, (2) I(C;) C I(Cj4q) for all



i>1, (3) U2, I(C;) = G, and (4) either C;NC; =0 for all i # j, or, for i > 1, C;NCiqq
is a non-trivial path, C; N Cij41 C Cijy1 N Cyi42, and neither endvertex of C; N Ci1q is an
endvertex of Ciyq N Ciyo. If C;NC; = O for all © # j, then N is called a radial net;
otherwise, N is said to be a ladder net. Let ON = () if N is a radial net; otherwise, let
ON = J;2,(C; N Ciq1), which is a 2-way infinite path.

Let G be a plane graph, infinite or finite. If G is finite, let 0G denote the maximal
subgraph of G contained in the boundary of the infinite face of G. If G is infinite,
let OG denote the subgraph of G such that for any =z € V(G), =z € V(9G) iff x ¢
V(I(C)) —V(C) for all nondividing cycles C' in G, and for any x € E(G), x € E(0G) iff
x ¢ E(I(C)) — E(C) for all nondividing cycles C' in G. Note that if G is a 2-connected
2-indivisible infinite plane graph, then dG is a path, or a 1-way infinite path, or a 2-way
infinite path.

For a (finite or infinite) subgraph H of a graph G, we say that G is (4, H)-connected
if for any subset S C V(G) with |S| < 3, every component of G — S contains a vertex of
H. The following is Lemma (2.2) in [12].

(2.1) Lemma. Let G be a 2-connected infinite plane graph and C' be a facial cycle of
G such that G is (4,C)-connected. If G is 2-indivisible, then all but one face of G are
bounded by cycles, and OG is precisely the subgraph of G lies on the boundary of the
exceptional face of G.

Let G be a (finite or infinite) graph and H be a (finite or infinite) subgraph of G.
An H-bridge of G is a (finite or infinite) subgraph of G which is induced by either (1)
an edge of E(G) — E(H) whose incident vertices are in V(H) or (2) the edges contained
in a component of G — V(H) and the edges from that component to H.

The following result is Theorem (2.1) in [11] (its 4-connected version is given in [10]),
which describes the structure of 2-indivisible graphs.

(2.2) Theorem. Let G be a 2-connected 2-indivisible infinite plane graph with a facial
cycle C such that G is (4,C)-connected, and let S denote the set of vertices of G of
infinite degree. Then |S| < 2, and there is a set F' of edges of G such that

(1) for any f € F, f is incident with a vertex in S,

(2) G — F has anet N = (C1,Cy,...), C C I(C}), S C IN, and for any f € F both
incident vertices of f are contained in a common infinite S-bridge of ON,

(3) if |S| = 1, then either one S-bridge of ON contains all vertices incident with edges
in F' or each S-bridge of ON contains infinitely many vertices incident with edges
in F, and



(4) if |S| =2, then for any T C V(G) — S with |T'| < 3, S is contained in a component
of( G-F)-T.

Let G be a (finite or infinite) graph and H be a (finite or infinite) subgraph of G. If
B is an H-bridge of G, then the vertices in V/(H N B) are called attachments of B (on
H). The subgraph H is a Tutte subgraph of G if every H-bridge of G is finite and has at
most three attachments. For a (finite or infinite) subgraph C of G, we say that H is a
C-Tutte subgraph of G if H is a Tutte subgraph of G and every H-bridge of G containing
an edge of C has at most two attachments. A (finite or infinite) Tutte path is a (finite
or infinite) path which is a Tutte subgraph.

The following two results are due to Thomassen [8] and Thomas and Yu [6], respec-
tively.

(2.3) Lemma. Let G be a finite 2-connected plane graph with a facial cycle C'. Assume
that v € V(C), e € E(C), and y € V(G — z). Then G contains a C-Tutte path P from
x to y such that e € E(P).

(2.4) Lemma. Let G be a finite 2-connected plane graph with a facial cycle C. Let
u,v € V(C) bedistinct, let e, f € E(C), and assume that u, v, e, f occur on C' in clockwise
order. Then G contains a vCu-Tutte path P from u to v such that {e, f} C E(P).

Remark. Lemmas (2.3) and (2.4) may be applied when e or f or both are vertices.
Also, when we apply these two lemmas, we shall allow G to be the complete graph on
two vertices; in which case, we have P = G.

(a) Q' is a cycle (b) @' is a path or 2-way infinite path

Figure 1: Illustration of Lemma (2.5).

We need Lemma (3.3) from [11], which will be used to extend Tutte paths. See Figure
1 for an illustration.



(2.5) Lemma. Let K be a connected (finite or infinite) plane graph, C a facial walk of
K, Q a path between p and q on C, uw € V(C) — V(Q), L a subgraph of K — V(Q), and
Q' a cycle in L or a path in L or a 2-way infinite path in L. Suppose the following three
conditions are satisfied:

(1) for any (LU Q)-bridge B of K, [V(BNL)|<1and V(BNL)CV(Q),
(2) K — V(L) is finite and all vertices of K — V(L) have finite degrees in K, and
(3) L contains a Q'-Tutte subgraph T with v € V(T) and |[V(Q') NV (T)| > 2.

Then K —V(T) contains a path S between p and q such that SUT is a Q-Tutte subgraph
of K, and every T-bridge of L containing no edge of ()’ is also an (S UT)-bridge of K.

The following result is Corollary (3.7) in [10].

(2.6) Lemma. Let G be a 2-connected infinite plane graph with a ladder net N, and
let x € V(ON) and wv € E(ON) such that w € V(z0Nv). Then G contains a 1-way
infinite ON-Tutte path P from x such that wv € E(P) and u € V (zPv).

We also need Theorem (1.2) from [11].

(2.7) Theorem. Let G be a 2-connected 2-indivisible infinite plane graph, let C' be a
facial cycle of G, let x € V(C') and uwv € E(C') with x # v, and let () denote the subpath
of C — v between u and x. Assume that G is (4, C)-connected and v is contained in the
infinite component of G —V(Q). Then G contains a 1-way infinite C-Tutte path P from
x such that wv € E(P) and u € V(zPv).

3 Additional lemmas on Tutte paths

In this section, we prove several lemmas needed later. We begin with a variation of
Lemma (2.6).

(3.1) Lemma. Let G be a 2-connected 2-indivisible infinite plane graph with a ladder
net N. Suppose that z,y,v € V(ON) and v ¢ V(xONy) — {z,y}. Then G contains a
1-way infinite ON-Tutte path P from {z,y} such that {z,y,v} C V(P).

Proof. Let d denote the length of the shortest subpath of ON between v and {z,y}. If
d =0, then v € {x,y} and the assertion of the lemma follows from Lemma (2.6). So we
may assume d > 1. Without loss of generality, we may assume y € V(zONwv). Let N,
(respectively, Ny,) denote the infinite {x, y}-bridge of ON containing = (respectively, y).

Let Q@ = 20Ny, and let Q' be a path in G — V(Q) from 2’ € V(N,) to ¥/ € V(Ny)
internally disjoint from N, and N,. We choose @’ so that the subgraph H := I(z'ONy'U
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Figure 2: G,Q,G,Q’,x and y

Q') is minimal. See Figure 2. Let G’ := G—(V(H)—V(Q')). Clearly, G’ has a ladder net
N’ with ON' = Q"U(ONNG’). By the minimality of H, we see that every (QUG’)-bridge
of G has at most one attachment on G’, which must be on Q.

Let v' = v if v € V(G'), and otherwise, let v/ = 3. Note that the subpath of ON’
between v' and {2/,y'} either has length 0 or is a proper subpath of vONy. Hence by
induction (on d), G’ has a l-way infinite ON'-Tutte path P’ from {a/,4'} such that
{/,y/,v'} C V(P'). Moreover, if v = 3/, then by Lemma (2.6) we may choose P’ so
that P’ is from y'. If v/ # 3’ then we may assume P’ is from 3’ because in that case our
argument below is symmetric with respect to 2’ and 7/.

Let 2”,y" € V(Q) with y"Qy and 2”Qz maximal such that {y/,y”} and {2/, 2"} are
each contained in a (Q U G')-bridge of G. Let X (respectively, Y) denote the union of
2" Qx (respectively, y”Qy) and those (Q U G’)-bridges of G whose attachments are all
contained in z”’Qx + x’ (respectively, v"Qy + /).

In Y +y"y" we use Lemma (2.4) to find a y’ONy"-Tutte path P, from y' to y” such
that y € V(P,) and v € V(P,) (if o' = ¢/). In X + 22", we use Lemma (2.3) to find
an 2’ONz”-Tutte path P, from z to 2’ such that 2’2" € E(P)); then P, := P, — 2’ is a
path from z to z”.

Let K := G-V({(XUY)—{2,2"¢,y"}). With K,G",2"Qy",ON’', P', 2’ as
K,L,Q,Q’, T, u, respectively, the conditions of Lemma (2.5) hold. So by Lemma (2.5),
there is a path S from z” to y” such that P’ U S is an z”Qy”-Tutte subgraph of K
and every P’-bridge of G’ not containing an edge of N’ is a (P’ U S)-bridge of K. Be-
cause x’,y" € V(P'), we see that every P’-bridge of G’ not containing an edge of @)’ is a
(P'U S)-bridge of K.

It is now easy to see that P := P'UP,US U P, is a 9N-Tutte path of G from z and
containing {y,v}. O

The next result is a variation of Lemma (2.4).

(3.2) Lemma. Let G be a finite 2-connected plane graph, and let u,u’,v', v be vertices
on a facial cycle C of G in clockwise order. Suppose u # u’' and there is no 2-separation



(G1,G3) of G such that u'Cv' C Gy and vCu C Go. Then G contains a v'Cu'-Tutte (or
C-Tutte if v" = ') path P from u to u' and containing {v,v'}.

Proof. For convenience, we may assume that G is embedded so that C = 0G. See
Figure 3. We may assume v’ # u’; for otherwise, the assertion of the lemma follows from
Lemma (2.3). Let v” be the neighbor of v/ in «/Cv’'. Then v" # u/, for, otherwise, G
has a 2-separation (G1,G3) such that «'Cv' = G; and vCu C Go, a contradiction. Let
H denote the union of those blocks of G — V(v/Cu), each of which contains an edge of
u/'Cv". Let u” € V(H NuCu') with uCu” minimal. Let R denote the path in H induced
by cut edges of H and edges in E(0H) — E(u'Cv").

Figure 3: G and H

Let wi,...,w, denote the attachments on R of (v/Cu U H)-bridges of G, in order
from v" to w”. Then w; = v” and w, = «”. For each 1 < j < b, let s;,t; € V(v/Cu)
such that v’,s;,t;,u occur on v'Cu in order, {s;,w;} and {t;,w;} are each contained
in a (v'Cu U H)-bridge of G, and subject to these conditions, s;Ct; is maximal. For
J € {1,b}, let T; denote the union of s;Ct; and those (v'Cu U H)-bridges of G whose
attachments are all contained in s;Ct; + wj.

Clearly, v € V (tx_1Cty) for some 1 < k < b, where tyg = v'. Let T} denote the union
of t;_1Ct) and those (v'Cu U H)-bridges of G whose attachments are all contained in
tp—1Ct, + wy. Note that k # b; for, otherwise, G has a 2-separation (G1,G2) such that
V(G1NGy) = {tp—1,wp}, v/Cv' C Gy, and vCu C Gy, a contradiction.

In Ty + spu”, we apply Lemma (2.4) to find an s,Cu”-Tutte path P from u to u”
such that syu” € F(P,), and let P, := P} —u”. If k = 1, we apply Lemma (2.4) to find a
v"Ctq-Tutte path Py in Ty + t10” from v” to t; such that {v,v'} C V(P;). Now assume
k # 1. By Lemma (2.3) we find a v”Ct;-Tutte path P; in 77 +t10” from v” to t; through
o', and we apply Lemma (2.4) to find a t;_1Cts-Tutte path P] in T, + tx_qwy from ¢
to wy, such that v € V(P}) and ty_ 1wy, € E(P}), and let Py, := Pj, — wy,.

By applying Lemma (2.4), we find an R-Tutte path Py in H 4+ «/v” from v to v
such that {v”, wi} C V(Pg).



When k£ = 1, let 8" = . When k # 1, let K’ be the union of H, t;Ct;_q, and
those (v'CuU H )-bridges of G whose attachments are all contained in ¢1Ct;_1 U H. With
K' H,t1Ctx_1, R, Py, wi as K, L,Q,Q', T, u, respectively, the conditions of Lemma (2.5)
hold. So by Lemma (2.5), there is a path S’ in K’ — V(Pg) from t; to t;_; such that
S"U Py is a t1Cty_1-Tutte subgraph of K’, and every Py-bridge of H not containing
any edge of R is also an (S’ U Py)-bridge of K.

Recall that k # b. Let K" be the union of H, ¢,C'sp, and those (v'Cu U H)-bridges
of G whose attachments are all contained in ¢,Cs, UH. With K", H,t,C'sp, R, Py, wy, as
K,L,Q,Q T, u,respectively, the conditions of Lemma (2.5) hold. Thus, by Lemma (2.5),
there is a path S” in K" —V (Py) from tj, to s, such that S”UPy is a t;C'sy-Tutte subgraph
of K", and every Pp-bridge of H not containing any edge of R is also an (S”U Py )-bridge
of K”.

It is easy to verify that P := Py U P, US" U P, US” U Py is a v'Cu/-Tutte path in G
from u to ' such that {v,v'} C V(P). O

When we remove the 2-separation requirement from Lemma (3.2), we have a weaker
conclusion (to be used in section 6).

(3.3) Lemma. Let G be a finite 2-connected plane graph, and let u,u’,v', v be vertices
on a facial cycle C of G in clockwise order such that u # u' or u # v'. Then there is a
v'Cu/-Tutte (or C-Tutte if v" = u') path P in G from u to {u’,v'} such that {u,v,u',v'} C
V(P).

Proof. For convenience, we may assume that G is embedded in the plane so that C' = 0G.
We may assume u,u’,v’,v are all distinct; for otherwise, the assertion of the lemma
follows from Lemma (2.3). See Figure 3 for illustration. We may also assume that there
is a 2-separation (Gp,G3) of G such that «/Cv’ C G and vCu C Gy; otherwise, the
assertion of the lemma follows from Lemma (3.2). Let V(G1 N Ga) = {u”,v"} such that
v’ € V(uCu') and v" € V(v/Cv). Moreover, we may select (G1,G2) such that Gy is
minimal.

Case 1. Gy is 2-connected and u # u”.

Then by minimality of G5, we may apply Lemma (3.2) to find a v”Cu”-Tutte path
Py in Gy from u to u” such that {v”,v} C V(P,).

If {u”,v"} = {u/,v'}, then P := P, gives the desired path. So we may assume
that {u”,v"} # {u/,v'}. We may further assume {u”,v"} N {u',v'} = 0; for otherwise,
we may apply Lemma (2.3) to find a u”Cv”-Tutte path P; in Gy + v”v” from v” to
{u';v"} — {u”,v"} through «"v", and it is easy to see that P := (P —v"”) U P, gives the
desired path.

Let H denote the union of those blocks of G7 — v”, each of which contains an edge
of u"Cv'. Let v* € V(H Nv'Cv") with v*Cv” minimal, and let v* € V(H Nu”Cv’) with



u*Cu' minimal. Let H* denote the u*-bridge of H containing u*Cv*, and let @ denote
the path induced by cut edges of H* and edges in E(0H*) — E(u*Cu’).

Suppose no vertex of v/Cv’ — v’ is a cutvertex of H. Then u* # u' and H* is a
2-connected plane graph. So we apply induction to find a (v'Qu* U u*Cu’)-Tutte path
Py in H from u* to {u/,v'} such that {u*,u/,v',v*} CV(P}). Let P* = {u*} if u* = u”;
otherwise, we apple Lemma (2.3) to the blocks of H—V (H* —u*) and find a v”Cu*-Tutte
path P* from «” to u*. Then P} := P U P* is a path from «” to {v/,v'} containing
{u v/ v, v*}. Tt is easy to see that P := P, U P, gives the desired path.

Now assume that some vertex of v/Cv’ — v’ is a cut vertex of H. In this case, the
block of H containing v’ and v* cannot contain any edge of v”Cu’. Hence, we may apply
Lemma (2.3) (to each block of H) to find a Q-Tutte path P; in H from u” to v’ such
that v*,u’ € V(P;). Now P := P; U P, gives the desired path.

Case 2. Gy is not 2-connected or u = u”.

By the minimality of G, all cut vertices of G2 must be contained in vCu — {v, u}.
Thus we may apply Lemma (2.3) to the blocks of G5 and find a v”Cu”-Tutte path Py
from u to v” containing {v,u"}.

If {u”,v"} = {/,v'}, then P := P, gives the desired path. So we may assume that
{u" 0"} # {u/,v'}. We may further assume {u”, 0" }n{u/, v} = 0; for otherwise, we apply
Lemma (2.3) to find a u”Cv”-Tutte path P, in Gy + v"v" from u” to {u/,v'} — {u”,v"}
through u”v”, and it is easy to see that P := (P, —u”) U P, gives the desired path.

Let H denote the union of those blocks of G7 — u”, each of which contains an edge
of W'Cv". Let u* € V(H Nu”Cu') with «”Cu* minimal, and let v* € V(H Nv'Cv") with
v'Cv* minimal. Let H* denote the v*-bridge of H containing v*Cv*, and let Q denote
the path induced by cut edges of H* and edges in F(O0H*) — E(v'Cv*). By applying
the same argument as in Case 1, with v”, v*,v’, v/, u* playing the roles of u”, u*,u/,v', v*,
respectively, we can show that there is a (v'Cv* Uv*Qu')-Tutte path P} in H* from v* to
{v',;u'} containing {v*,v', v/, u*} and there is a v*Cv”-Tutte path P* in H — V(H* — v*)
from v* to v”. Now P, := Py U P* is a path in Gy from v” to {v',u'} containing
{v" v 4/ u*}. Tt is easy to see that P := P; U P, gives the desired path. O

We conclude this section with a lemma which is needed to deal with graphs that are
not locally finite. Its notation is chosen to facilitate its applications. See Figure 4 for
illustration.

(3.4) Lemma. Let B* be a finite connected plane graph drawn in a closed disc in the
plane, let by, be, 2, 2’ * be vertices of B* which are distinct except possibly ' = x*, and
let @ be a path in B* — {by,be, 2|} between ' and x*. Assume that by, x},2’',Q,x*, bo
occur on the boundary of the disc in clockwise order, x} has a neighbor in B* — by, and
B* is (4,Q + {, b1, ba})-connected. Moreover, assume B* —V(Q + ) has a path from



Figure 4: Illustration of Lemma (3.4).

by to by, and B* — V((Q — ') + {z,b2}) has a path from 2’ to by. Then one of the
following holds:

(1) there is a path Pg in B* — {z,b1,ba} from 2’ to x* such that Pg + {z),b1,ba} is
a Q-Tutte subgraph of B*; or

(2) there is a path Pg in B* —{b1,bs} from | to «* through x’ such that Pg+ {b1,b2}
is a Q-Tutte subgraph of B*.

Proof. We may assume x* # z/. For, suppose z* = 2/. By Lemma (2.4), we find

a Tutte path Pj from by to by in B* + {b1x},boz*} containing biz}] and bez*. Now
Pp := Pp — {b1, b2} gives the desired path for (2).

Let B denote the minimal union of blocks of (B* — z}) — V(Q) containing a path
from by to by. Note that every (B U Q)-bridge of B* — 2 has at most one attachment in
B. Let vq,..., vy be the attachments on B of (B U Q)-bridges of B* — 2/, and assume
that by, v1,...,Um,bs occur on OB in order. See Figure 4.

We may assume vy # by. For, suppose v1 = by. Let 2’ € V(Q) with 2/Qz" maximal
such that {b1,2'} is contained in a (B U Q)-bridge of B* — z}. Let (B’, B”) denote a
separation of B* such that V/(B'NB") = {by, 2"}, {z},2'} CV(B’) and {z*,bs} C V(B").
We apply Lemma (2.4) to B” + {bja”,2*by} to find an z”Qx*-Tutte path P” from
by to be containing bjz” and x*by, and apply Lemma (2.4) to B’ + bjz” to find an
2'Qx"-Tutte path P’ from 2 to by containing z/ and byz”. It is now easy to see that
Pp := (P"—b1) U (P"” — {b1,b2}) gives the desired path for (2).

We may also assume v, # bs. For otherwise, let 2’ € V(Q) with 2”Qx* maximal
such that {z”,ba} is contained in a (B U Q)-bridge of B* — 2. Let B” denote the union
of 2"Qz* and those (B U Q)-bridges of B* — z{ whose attachments are all contained
in 2”"Qz* 4+ be. In B” + box” we apply Lemma (2.3) to find an z”Qx*-Tutte path P”
from x* to by through boz”. Let B’ denote the {2, by }-bridge of B* containing {z/,b1}.
Applying induction to B’ (with 2" playing the role of 2*), we find a path P’ such that
P’ is a path from 2” to 2/ in B’ — {z,b1,b2} and P’ + {,b1,b2} is an 2’Qz"-Tutte
subgraph of B’, or P’ is a path from 2 to 2 through 2’ in B’ — {by, by} and P’ + {b1,b2}
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is an 2’ Qx"-Tutte subgraph of B’. Then Pg := P’ U (P” — by) gives the desired path for
(1) or (2).

We may further assume vy, # v1. For, suppose v,, = v1. Let B’ and B” denote the
{x),v1}-bridges of B* containing B and @, respectively. Suppose x) has no neighbor
in B —b;. Then, since B* is (4,Q + {2, b1, b2})-connected, no cut vertex of B” — 2}
separates ) from vy. In B” — 2| we apply Lemma (2.3) to find a 9(B” — 2/ )-Tutte path
Pgp from 2’ to 2* through vy, which gives the desired path for (1). Now assume that
has a neighbor in B — b;. By Lemma (2.4) we find a Tutte path P’ in B’ + {b12), v1ba}
from by to by through bz} and v1by. By Lemma (2.3) we find a 9(B” — 2))-Tutte path
P" in (B" — z}) 4+ z*v; from z* to vy through 2/. Then Pp := (P’ — {b1,b2}) U P" gives
the desired path for (2).

Let Bj,...,By denote the blocks of B — {b1,b2}. By planarity and since B* is
(4, Q+{z), b1, b2})-connected, we may choose appropriate notation so that B;NB; = () for
1<i<j-2<k-2, V(BimBiJrl) = {wl} for 1 <7 < k-1, by has a neighbor in By —w1,
and bs has a neighbor in By — wg_1. When k =1, we set By —w; = B; = B — wg_1.
Also by planarity and since B* is (4,Q + {z], b1, b2 })-connected, vy, € V(By — wg_1).

We may assume that v; € V/(By — wi). This is true when k£ = 1. Now assume k > 2
and v; ¢ V(By —wi). Since B* is (4,Q + {, b1, ba})-connected, both z} and by have
neighbors in By — wy. By planarity, b; has no neighbors in B; — wy for all 2 <4 < k.
Let B” be obtained from the {wq,by}-bridge of B* — 2} containing @ by adding the
edge bax™ (so that wy, ', Q,z*,x*by occur on OB in order). By Lemma (2.4) we find
a (w10B"x*)-Tutte path P” from w; to be through x*by and z’. Let B’ denote the
{z!, w1, by }-bridge of B* containing by. In B’ + {b1z!, bow;}, we apply Lemma (2.4) to
find a Tutte path P’ from by to be through b1z and byw;. Now it is easy to check that
Pp := (P" — {b1,b2}) U (P" — by) gives the desired path for (2).

For the rest of the proof, we distinguish two cases.

Case 1. by has no neighbor in B; — wy.

In this case, k > 2. Let 2” € V(Q) with 2’Qa” minimal such that 2" is contained in
a (B U Q)-bridge of B* — 2 with an attachment not in By. Let B” be the {z”, w1, b }-
bridge of B* containing {z*,bo}. If all neighbors of by are contained in By + 2/, then
we use Lemma (2.4) to find an 2”Qxz*-Tutte path R in (B” — by) + {baz*, 2"w;} from
by to wy through z”w; and byz*, and let P” := R — {wq,be}. In this case, P” is in
B" — {wy,b1,b2} and from z* to x”, and P” 4+ {w1,b1,ba} is an 2"’ Qx*-Tutte subgraph
of B”. Now assume that b; has a neighbor not contained in B; + zj. Note that B” is
(4, 2" Qx* +{w1, b1, by })-connected, so we can apply induction to B” (with wq, 2" playing
the roles of x, 2/, respectively). Thus either B” —{wy, b1, ba} contains a path P” from z*
to 2 such that P” + {wy, b1, by} is an 2’ Qx*-Tutte subgraph of B”, or B” — {b1, by} has
a path P” from x* to w; through x” such that P” + {b1,be} is an 2" Qx*-Tutte subgraph
of B”.
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Thus we consider two cases.

Subcase 1.1. The path P” above is in B” — {wy,b1,be} and from x* to z”.

Let B’ be obtained from the {z”, w1, by }-bridge of B* containing {z}, 2’} by adding
{brwy, ba, bowr }. Then B is (4, 2'Qx" +{x}, b1, by })-connected, so we can apply induction
to B’ (with 2” playing the role of z*). Hence either B’ — {z/, b1, bs} contains a path P’
from 2" to 2’ such that P’ + {z,b1,b2} is an 2/Qz”-Tutte subgraph of B’, or B’ —
{b1,b2} contains a path P’ from z” to 2} through 2’ such that P’ + {b1,be} is an 2'Qz"-
Tutte subgraph of B’. Note that in both cases we must have w; € V(P') since B’ is
(4,2’ Qz" + {x,b1,ba})-connected and wiby, w1be € E(B’). Hence, it is easy to check
that Pp := P"U P” gives the desired path for (1) or (2).

Subcase 1.2. The path P” above is in B” — {b;, b2} and from x* to w; through z”.

Suppose 2’ = 2. Let B’ be obtained from the {wy,z”}-bridge of B* — by containing
{2}, 2"} by adding edges z"w; and 2|2/, so that x|, )2’ 2", 2'w; occur on B’ in order.
We apply Lemma (2.3) to find a 9B’-Tutte path P’ from z to z” through z"w;. Now
Pp := (P"— 2") U P” gives the desired path for (2).

Therefore, we may assume 2’ # 2. Let v € V(2'Qz" — 2”") with vQz"” maximal such
that v is contained in a (BUQ)-bridge of B* — 2 with an attachment, say w, in By —wy
and such that each (BUQ)-bridge of B* — | with an attachment v’ in wdByw, —{w, w; }
must be induced by the edge w'z”. See Figure 5. Note that v, w are defined since B* is
(4, Q +{x, b1, ba})-connected. In B; we apply Lemma (2.3) to find a B;-Tutte path Py
from wq to w through a vertex which separates the neighbors of by and z} in 9B; — wy.
We shall extend P” U P; to the desired path by finding a path from w to v, and a path
from v to 2’ or z].

Note that v; need not be in P;. Let J = {v1} if v; € V(P,); otherwise, let J denote
the Pj-bridge of By containing v; (in which case J has just two attachments on P;). Let
v' € V(2’Qu) with v’ Qv minimal such that v is contained in a (B UQ)-bridge of B* — z
with an attachment in (J — V(PN J)) + v1.

Figure 5: Finding paths @1, Q2, Q3.

We define a path @1 (from v’ to {2/, 2'}) as follows. If v; € V(P,), let J; denote the
union of 2'Qv’" and those (BUQ)-bridges of B* — 2} whose attachments are all contained
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in 2’Qu + v1. Let J] := J; + v1v’ so that vy, 2’Qv’,v'v1 occur on 9J] in order. We
apply Lemma (2.3) to J{ to find a 0.J;-Tutte path @ from v; to 2’ through v1v’, and let
Q1 := Q) — v1. Note that @ is a path from v’ to 2/. Now assume v; ¢ V(P;). Let J*
be the union of J, 2}, and those ((Q + z}) U B)-bridges of B* whose attachments are all
contained in (z'Qv’' + ) U (J =V (P1NJ)). Let b}, b, be the vertices of Py NJ such that
b, b, wy occur on OBy in clockwise order. If ) has no neighbor in J* — b}, then 2’ # v/
(since B* is (4,Q + {z/,b1,b2})-connected). In this case, we use Lemma (2.4) to find
an z’Qu’-Tutte path Q) in (J* — z) + {bj2’,b50"} from ) to b, through bjz’ and bho',
and let Qq := Q) — {b},bs}. Then @y is a path from z’ to v' and Q1 + {z},b},b5} is an
2’'Qu'-Tutte subgraph of J*. Now assume z; has a neighbor in J* — b}. Note that J* is
(4, 2/ Qv +{x), V], b5 })-connected. By applying induction to J* (with v/, b}, b, playing the
roles of *, by, b, respectively), we find either a path @i from v’ to o’ in J* — {z], b}, b5}
such that Qq + {2, b}, b5} is an 2/Quv'-Tutte subgraph of J*, or a path Q1 from v’ to 2}
through 2 in J* — {b}, b5} such that Q1 + {b},b,} is an 2’Qv’-Tutte subgraph of J*

Let J, denote the union of vQz” and those (B U @Q)-bridges of B* — x| whose at-
tachments are all contained in v@Qx” + w. In J, + wz” we apply Lemma (2.3) to find a
vQx”-Tutte path QY from z” to v through z”w, and let Q2 := Q4 — 2”. Then Q2 is a
path from w to v.

We apply Lemma (2.5) to find a path Q3 from v’ to v. Let K denote the union of
v'Qu, By, and those (B U Q)-bridges of B* — 2 whose attachments are all contained in
v'QuUB;. By Lemma (2.5), with K, By,v'Quv,0B1, Pi,was K, L,Q,Q’, T, u, respectively,
we find a path Q3 from v’ to v in K —V(P;) such that Q3 U P; is a v'Qu-Tutte subgraph
of K, and any P;-bridge of B; containing no edge of 0B is a (Q3 U P;)-bridge of K.

Now Pp := P"U P, UQ2UQ3UQ; is the desired path for (1) or (2).

Case 2. by has a neighbor in By — wy.

First, assume k > 2. Let 2” € V(Q) with 2’Qx” minimal such that " is contained
in a (B U Q)-bridge of B* — 2 with an attachment not in B;. Let B’ and B” denote
the {2”, w1, by }-bridges of B* containing {by, |, 2’} and {be,x*}, respectively. In B’ +
{bowy, " w1}, we apply induction (with z” playing the role of z*) to find a path P’ such
that either P’ is from z” to 2/ in B’ — {, b1, b2} and P’ + {z,b1,b2} is an 2’Qz"-Tutte
subgraph of B’ 4 bawy, or P’ is from z” to 2} through 2’ in B’ — {b1, by} and P’ + {b1,b2}
is an 2’Qz"-Tutte subgraph of B’ 4 baw;. Suppose 2wy ¢ E(P’). Then w € V(P'). In
B" +{w12",2*bs} we apply Lemma (2.4) to find an 2"’ Qx*-Tutte path P” from w; to by
through wyz” and x*by. Now Pp := P'U(P” —{w1,ba}) is the desired path for (1) or (2).
So we may assume z"w; € E(P’). Then in B” 4 bex* we apply Lemma (2.4) to find an
2" Qz*-Tutte path P” from wj to by through 2" and 2*by. Now Pp := (P'—a")U(P" —by)
is the desired path for (1) or (2).

So we may assume k = 1. Let y denote a vertex in v,,0B1v; separating the neighbors
of by and be, and let z denote a vertex in v,,0Bjv; separating the neighbors of by and .
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Let s be maximum such that s < m and vy is contained in a (B U Q)-bridge of B* — 2
with an attachment in Q) — z*.

Suppose s < m — 1, or the only (B U Q)-bridge of B* — 2 containing vy, is induced
by edge z*v,,. Then let B be obtained from the subgraph of B* induced by V(By) U
{z*} by adding the edge vsz*, such that 0B| = v,,0B1vs + {a*, v*vs, 2*vy, }. We apply
Lemma (2.4) to find an x*0Bjvs-Tutte path Py in Bj from vs to z* through y and z.
Now by the same argument as for the case when 2’ # z” in Subcase 1.2, with vg,z*
playing the roles of w, z” there, we can find paths Q1, Q2, Q3 so that P, UQ1 U Q2 U Q3
gives the desired path for (1) or (2).

So assume s = m — 1 and if x*v,, € E(G) then z*v,, does not induce the unique
(B U Q)-bridge of B* — 2} containing v,,,. Let P; be as in the preceeding paragraph.
Let v € V(Q) with 2’Qu minimal such that {v, v} is contained in a (B U Q)-bridge of
B* — z). Let J, denote the union of vQx* and those (B U Q)-bridges of B* — zj whose
attachments are all contained in vQx* + {vs, v }. In J, + vsvy, we apply Lemma (2.3)
to find a vQz*-Tutte path P, from v to «* through vsv,,. By the same argument as in
Subcase 1.2 we find paths @1 and Q3 so that (P} —z*) U Q1 U Q3 U (P, — vsvy,) is the
desired path for (1) or (2). O

4 Partial nets

In this section we shall see how tight partial nets may be used to extend Tutte paths.
The results discussed here are either from [12] or similar to those in [12]. Let G be a
2-connected infinite plane graph. A partial net in G is a sequence (F1,..., F},) of vertex
disjoint non-dividing cycles in G, where n is a positive integer, such that I(F}) = F}
and [(F;) C I(Fiyq1) for all 1 < ¢ < n—1. If in addition, for 1 < i < n — 1, every
(I(F;) U Fj41)-bridge of I(F;41) has at most one attachment on Fjyj, then (Fi,..., F,)
is called a tight partial net. The following observation is Lemma (4.1) in [12].

(4.1) Lemma. Let G be a 2-connected infinite plane graph and let (Fy,...,F,) be a
tight partial net in G. Then the following properties hold.

(1) There is a plane embedding of G such that I(F,,) is contained in the closed disc in
the plane bounded by F,.

(2) For any distinct x,y € V(F,,), there is a separation (M, M) of I(F,) such that
|V(My N Ms)| <2n, yFrpz € My, and 2F,y C M.

For a subgraph H of a graph G, we use Ng(H), or N(H) if there is no danger of
confusion, to denote the set of vertices in V(G) — V(H) adjacent to vertices of H. We
need Lemma (4.2) from [12]. See Figure 6 for an illustration.
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Figure 6: Illustration of Lemma (4.2)

(4.2) Lemma. Let G be a 2-connected infinite plane graph and (Fi,F») be a tight
partial net in G such that G is (4, Fy)-connected. Suppose I(Fy) is contained in the
closed disc bounded by F», v; and u; are distinct vertices on F; for 1 < ¢ < 2, and
wv € E(viFiuy) with vi,v,u,u; on viFjuy in order. Assume there exist two vertex
disjoint paths in I(Fy), both from vy Fiv to vaFaug or both from uFjuy to vaFaug, which
are internally disjoint from Fy U Fy. Then there exist p € V(v1 Fiu; — {uy,v1}), distinct
x,y € V(vaFyug), and f € {pz,py} such that

(1) vo,x,y,us occur on vaFyug in order and N(xFyy — {z,y}) NV (I(Fy)) C {z,y,p},
and

(2) if G == (G- V(I(F2) — (V(Fy) U{p})) + {px,py} has a 2-way infinite (yFrx +
{p, px, py})-Tutte path Q) through f then G contains a 2-way infinite Fy-Tutte path
P through uv.

Remark. The proof of Lemma (4.2) in [12] actually shows that @ —p C P and that
we only need G to be (3, F1)-connected. Moreover, if there are two disjoint paths from
v Flv (respectively, uFiui) to veFhug, then we may choose p € V(v Fiv) and f = px
(respectively, p € V(uFju1) and f = py). Hence, when Lemma (4.2) is applied we allow
G to be (3, Fy)-connected, and we shall feel free to use the stronger conclusion. The proof
of this stronger conclusion is (almost) identical to the proof of the following variation of
Lemma (4.2).

Let G be a 2-connected 3-indivisible infinite plane graph and F' a facial cycle of G
such that F' bounds a finite face of G, G — V(F') has a unique infinite component, and
G is (3, F)-connected. Let H be the minimal union of blocks of G — V(F') containing
all infinite blocks of G — V(F), let R be the face of H containing F', and let D denote
the maximal subgraph of H in the boundary of R. Note that H is 2-connected or
contains two infinite blocks. Assume in the former case, D is a 2-way infinite path (see
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Figure 7: Illustration of Lemma (4.3)

Figure 7(a)), and in the later case, D contains a cycle D’ from one infinite block and a
2-way infinite path from the other infinite block (see Figure 7(b)). Let z € V(D') such
that z is a cut vertex of D. For convenience, let D’ := D when H is 2-connected. Note
that every (H U F')-bridge of G is finite and has all attachments contained in F'U D, but
with at most one on D. Let vy, u; be two distinct vertices of F', let vy, us be two distinct
vertices on D’ such that u; and us are incident with a common face of G and v; and vy
are incident with a common face of G, and assume z ¢ V (vaD'us).

(4.3) Lemma. Let G,F,H,R,D,D’, z,uj,v1,ug,vy be defined as above. Let uv be an
edge of v1 Fuy such that vy, v,u,u; occur on viFuy in order and there exist two vertex
disjoint paths from vi Fv (respectively, wF'uy) to voD'uy internally disjoint from F U H.
Then there exist p € V (v1 Fv) (respectively, p € V(uFu,)) and distinct x,y € V(vaD'usy)
such that

(1) vg,x,y,uy occur on voD'uy in order and N(xzD'y — {z,y}) — V(H) C {p}, and

(2) if H := (H + {p, px,py}) + {edges of G from p to xD'y — {x,y}} has a connected
(D) = V(zD'y — {z,y}) + {p,px, py})-Tutte subgraph @ such that pr € E(Q)
(respectively, py € E(Q)) and p has degree 2 in @), then G contains a connected
F-Tutte subgraph P containing uv such that Q —p C P, and P —V(Q — p) is a
path between the two neighbors of p in Q.

Proof. Let wy, ..., wp be the attachments on voD'ug of (H U F)-bridges of G. Without
loss of generality, we may assume that vo, w1, ..., wp, us occur on voD'us in order. For
each wy, 1 <t <b, let p;,q € V(F) with p,Fg; maximal such that v, p¢, ¢, u; occur on
F' in clockwise order, {p;, w:} and {q;,w;} are each contained in an (H U F')-bridge of G.

We consider only the case when there are two vertex disjoint paths from v Fv to
vy D'ug internally disjoint from H U F’; the other case can be taken care of in the same
way. Then uwv € E(pgFpgy1) for some wy € V(veD'ug — v3). Let Jy denote the union
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of prFpr+1 and those (H U F)-bridges of G whose attachments are all contained in
PkFpr+1 + wg. Then there is some w, € V(voD'wy) such that Ji — p, contains a path
from wy to pgyq through wv. Select w, so that w,D’'wy is minimal. Let w; = w, if
wy, # wg; otherwise, let w; = wg_1. Note that w; € V(voD'wy). Let J; denote the
union of p;Fpy and those (H U F')-bridges of G whose attachments are all contained in
piE'pr + wy.

Since H is (3, F)-connected, we see that all (H U F)-bridges of G containing some
w; € V(wFhwy — {wy, wy}) are induced by the edge pyw;. Let p := py, x := w;, and
y := wg. Then H' := H + {pk,pkwj Twj € V(’U)lF’U)k)}. Let F' := (D — V(wlD’wk —
{wi,wi})) + {pw, prwr, prwy }-

Assume that H' contains a connected F'-Tutte subgraph @ such that prw; € E(Q)
and p; has degree 2 in ). We show next that G has the desired Tutte subgraph P.
Note that Q — py is a D-Tutte subgraph of H. Moreover, w; € V(Q); for otherwise,
wy, is contained in a @-bridge with three attachments (namely, py and two on D), a
contradiction.

First, let Dy (respectively, D2) be the 1-way infinite path in D — w; (respectively,
D —wy,) from wy, (respectively, w;) with R on the same side of D; (respectively, D). Let
2" € V(uFv) such that every (HUF)-bridge with an attachment in Dj —wy, (respectively,
Dy — wy) has all its attachments on F' contained in pg1Fz" (respectively, 2/ Fp;). Since
Q is a connected Tutte subgraph of H', no Q-bridge of H' contains edges from both Dy
and Dy. This enables us to apply Lemma (2.5) to find a path from py; to 2’ and a path
from 2’ to p;.

Let G; denote the union of py1F2', H, and those (H U F)-bridges of G whose
attachments are all contained in Dy U pgy1F2’. By applying Lemma (2.5) to Gy (with
G1,H,pp1F2',D1,Q — pr,wy as K, L,Q,Q’, T, u, respectively), we find a path Sj from
pr+1 to 2/ in Gq — V(Q — pi) such that (Q — pg) U S is a pgy1 F'2’-Tutte subgraph of Gy,
and every (@) — pg)-bridge of H not containing an edge of Dj is a ((Q — pg) U S1)-bridge
of Gl.

Let Gy denote the union of 2/Fp;, H, and those (H U F)-bridges of G whose at-
tachments are all contained in Dy U 2'Fp;. By applying Lemma (2.5) to Gy (with
Go,H,2' Fp;, D2, Q — pr,w; as K, L,Q,Q’,T,u, respectively), we find a path Sy from
pr to 2" in Gy — V(Q — pi) such that (Q — px) U Sy is a 2’/ Fp;-Tutte subgraph of Gy, and
every (@ — pg)-bridge of H not containing an edge of Dy is a ((Q — px) U S2)-bridge of
Gs.

Since p; has degree 2 in Q, let pyw; € E(Q) with w; # w;. We shall complete
(Q — pr) US1USy to the desired path in G by finding a path from w; to py41 and a path
from w; to p;.

Suppose pr # p;. In J; + wipr we apply Lemma (2.3) to find a p;Fpg-Tutte path
P/ from p; to py such that wip, € E(P]), and let P, := P/ — p;. If w, = wj, then in
Jk + wipr+1 we apply Lemma (2.4) to find a pgFpgy1-Tutte path Py from wy to priq
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through py and wv. If wy # wj, then in Jy + {wipk, wrpr+1} we apply Lemma (2.4)
to find a pg Fpiy1-Tutte path P,é from wy to prr1 through wgpr and wv; and let Py :=
(P — wg) + {wj,prw;}. Let P:=(Q —pg) UP, US1USU P Tt is easy to verify that
P is the desired F-Tutte subgraph of G.

Now assume pj, = p;. Then w; = w1, w; = wy, J; is induced by the edge w;p;, and
Jy —pr = Ji — pi. Since Ji, — p; has a path T from wy, to pyy;1 through wv, we let Jj,
denote the union of blocks of J, — p; each of which contains an edge of T'. Let 7" denote
the path from wy to py1 containing uv such that 7" is on the boundary of the face of
Ji, — p; containing R. Let p’ € V/(F'NJ}) with p,Fp' minimal. By applying Lemma (2.4)
we find a T'-Tutte path Py in J; + wgpr41 from wy to pyi1 through p' and wv. Let
P:=((Q —pr) UP,US1USy) +wp;. It is easy to verify that P is the desired F-Tutte
subgraph of G. a

Remark. If @ in Lemma (4.3) is a 2-way infinite path then so is P.

H

SCA B\

(a) (b)

Figure 8: Illustration of Lemma (4.4)

The next lemma is Lemma (4.3) in [12]. Let G be a 2-connected infinite plane graph
which is 3-indivisible but not 2-indivisible, let (Fi,..., F),) be a tight partial net in G
such that G is (4, F})-connected, and assume that I(F},) is drawn in the closed disc
bounded by F),. For 1 < i < n, let u;,v; be distinct vertices of F; such that any two
consecutive vertices from wu,,...,uq,v1,...,v, are contained in a facial cycle of I(F},)
(and hence, of G), and assume that there is no separation (Hy, Hs) of I(F,) such that
|V (H1 N Hy)| < 2n, {up,v,} CV(H| N Hs), vy, Fou, C Hy, and u, Fpv, C Ho.

(4.4) Lemma. Let G, (F,...,F,), and u;,v;, 1 <1 <n, be defined as above. Suppose
either (1) (G — V(I(F,) — V(F,))) — {un,vn} has two infinite components, or (2) G —
V(I(Fy,)) has two infinite blocks, say H and H', such that the face of H containing I(F,)
contains H' — V(H N H') and is bounded by a cycle, and such that no path in G from
H' to vy, Fyuy — {vn, uy} is internally disjoint from I(F,)U H. Let uv € E(vyFyuy) such
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that v1,v,u,uq occur on viFiuy in order, and assume when n > 2 there exist two vertex
disjoint paths in I(Fy), both from vy Fiv to vaFaug or both from uy Fiu to vaFaug, which
are internally disjoint from Fy U Fs. Then there is a 2-way infinite Fy-Tutte path in G
through uv.

5 Structure

We now start with the proof of Theorem (1.2). Let G be a 4-connected 3-indivisible
infinite plane graph such that v(G) is a positive integer. We first use a dividing cycle C in
G to divide the graph G into two infinite plane graphs G’ and G” whose intersction is C'.
Now both G’ and G” are 2-indivisible graphs, and therefore we may use Theorem (2.2)
to describe their structures in terms of ladder nets. We then pick a curve in the plane to
define a separation (K’, K”) of G, and show that (K’, K”) may be chosen to minimize
K’ (in terms of subgraph containment). Using (K’, K”) we construct a partial tight net
F which, then, is used to construct a sequence (H;, R;, z;,vy;, D;) for 1 <i < ¢, where H;
is an infinite plane graph, R; is a 2-way infnite path in H;, x; and y; are distinct vertices
on R;, and D; = z;R;y;. This sequence will be used in the next section to reduce our
proof of Theorem (1.2) to a Tutte path problem in some infinite plane graph.

First, we use Theorem (2.2) to derive structural information about G.

(5.1) Structure of G. Let C be a dividing cycle in G, let G” be the subgraph of G
contained in the closed disc of the plane bounded by C, and let G’ := G—(V(G")-V (C)).
(Note that G’ is the subgraph of G contained in the other closed region bounded by C'.)
Then G' N G” = C, and both G' and G” are 2-indivisible and (4, C')-connected.

Let S’ denote the set of vertices of G’ of infinite degree. By Theorem (2.2), there is
a set F/ C E(G") whose elements are incident with vertices in S’ such that G’ — F” has
a net N' = (C7,C%,...) satisfying the conclusions of Theorem (2.2) (with G',S’, F', N’
as G, S, F, N, respectively).

Similarly, let S” denote the set of vertices of G” of infinite degree. By Theorem (2.2),
there is a set F” C E(G”) whose elements are incident with vertices in S” such that
G" — F" has anet N” = (C{,CY,...) satisfying the conclusions of Theorem (2.2) (with
G", 8", F" N" as G, S, F, N, respectively).

Since (@) is a positive integer, G does not contain infinitely many vertex disjoint
dividing cycles. So both N/ and N” are ladder nets. Note that G’ C ON’ and 9G” C
ON".

(5.2) Description of a curve 3 and a separation (K', K"). There exist vertices z,y in
G (not necessarily distinct) and a simple curve (3 in the plane between x and y such that

(i) z,y € V(0G") or z,y € V(0G"), NG C V(G), and G — (8 N G) has two infinite

components,
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(ii) subject to (i), | N G| is minimum, and
(iii) subject to (ii) and, if possible, z # y.

For any two points a,b on 3, we use af3b to denote the subcurve of § between a and
b. (In the case of z =y, it will be clear from context which subcurve of 5 that a/b refers
to.) Without loss of generality, we assume that {z,y} C V(9G"), and let the notation of
x and y be chosen so that

(iv) 20G'y = xCjy for all j.

Let (K', K") be the separation of G such that V(K'NK") = NG, and if z # y
(vespectively, z = y) yClz C K’ (respectively, C; C K') for all sufficiently large j.

(5.3) We may assume that there are only finitely many separations (L', L") such that
xr,yy C NnL"), N = N , CL" an contains C’, for a
vL'nL"), |v(L'nL" V(IK'nK")|, K" C L" dr i CJ/ for all
sufficiently large j.

Proof. When [(6NG) — {x,y}| is even, let & = tp, U1, -+, U1, V1, ** , Um—1,Um = Y be
the vertices of L' N L” that occur on (3 in order, and when |(3NG) — {z,y}| is odd, let
T = Uy, U1, UL, W, V1, "+ Um—1,Vm = Yy be the vertices of L' N L” that occur on 3
in order.

Suppose (5.3) is not true. Then we may choose (L', L") so that V(L' L") is disjoint
from Ic/(C;, . 5) — {z,y}. Next we show that G has a spanning 2-way infinite path, and
hence Theorem (1.2) holds.

Let G* := G if |(BNG) — {z,y}| is even, and let A; be the facial cycle of G* incident
with both u; and v;. When [(8NG) — {z,y}| is odd, let A be the facial cycle of G —w
incident with both u; and vy, let wy, we be two distinct neighbors of w in vy Auy —{v1, u1 }
such that vy, wy, wa,u; occur on A in order and w has no neighbors in wy Awg — {wy, ws},
and let Ay 1= woAw + wiwe and G* := (G — w) + wywy. Note that the cycles A, Ay
exist by Lemma (2.1), because u1,v1 ¢ V(0G'UOG"). Also note that {uy,v;} is disjoint
from IG/(C{ﬂH).

We construct a tight partial net in G* as follows. Suppose we have constructed a
tight partial net (Fi,...,F;) in G* for some 1 < ¢ < m such that {u;,v;} C V(F}) for
1 <j <t and {uj,v; : i+1 < j < m} is disjoint from Ig«(F;). Since V(L'NL") —{z,y}
is disjoint from I (C),,5) and by the minimality of |3 N G| = V(L' N L")| in (5.2)(ii)
(and by Lemma (2.1)), we see that G* — V (Ig+(F;)) has a unique infinite block whose
face containing Ig«(F;) is bounded by a cycle Fjyi. Clearly, (F,...,F;+1) is a tight
partial net in G*, {u;y1,vi+1} € V(Fiq1), and {uj,vj 1 i+ 2 < j < m} is disjoint from
I (Fit1).

If  # y, then the above process produces a tight partial net (Fi,...,F,,) in G*
such that (G* — V(Ig«(Fy,) — V(F,,))) — {z,y} has two infinite components. If z = y
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then the above process produces a tight partial net (Fi,...,F,—1) in G* such that
G* =V (Ig+(Fyn—1)) has two infinite blocks. Therefore, (1) or (2) of Lemma (4.4) holds. I
is easy to verify that other conditions of Lemma (4.4) hold for some edge uwv € E(vi Fiuy),
with uv = wiwy when [(5 N G) — {z,y}| is odd. Thus, by Lemma (4.4), G* contains a
2-way infinite F;-Tutte path P through wv. Since G is 4-connected, P or (P — wiws) +
{w, ww;,wwsy} is a spanning 2-way infinite path in G. O

By (5.3) above, we may choose 8 and (K', K") so that

(5.4) K’ is minimal (with respect to subgraph containment).

(5.5) Description of H, R, D and vertices & = U, ...,u1, (W), V1, ..., 0m =Y.

When |[(8NG) — {z,y}| is even, let & = wp, Upm—1, ", UL, V1, "+, Um—1,Um = Y be
the vertices of G that occur on (3 in order, let H := G — F”, let R be the face of
H whose boundary is ON”, and let D := ON”. When |(8 N G) — {z,y}| is odd, let
T = Uy, Upm—1," ", UL, W, V1, " ,Um—1,Um = Yy be the vertices of G that occur on 3 in

order, let H := (G —w) — F”, and let R denote the face of H whose boundary is a 2-way
infinite path D containing ON” — w. See Figure 9 (with or without w).

Y="Un

Figure 9: The graph H, face R, and 2-way infinite path D

Since G is 4-connected, m > 2. We now construct a (possibly empty) tight partial
net F := (F1,...,F,) for some 0 <n < m.

(5.6) Construction of F. If R is the face of H that is incident to both u; and v; and
intersects 3, then {u1,v1} C V(D) and v1Duy C K’ (by the minimality of K in (5.4)),
and let F = (). See Figure 9(b).

Now assume that R is not the face of H that is incident with both u; and v; and
intersects D. Since G is 4-connected and uq,v; ¢ V(OG’) and by Lemma (2.1), the face
of H intersecting 8 and incident with both w; and v; is bounded by a cycle, say F;. See
Figure 9(a). By the minimality of K in (5.4), v1 Fiu; # viuy and vi Flug C K'.
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Suppose that we have constructed in H a tight partial net (Fi,...,F;) for some
integer [ > 1. If | = m (Figure 10(a)), or H — V(I (F})) contains two infinite blocks
(Figure 10(b)), or F; N D # O (Figure 10(c)), then we stop this construction, and let
n:=1and F := (F1,..., F)).

Otherwise, | < m, and H — V(Ig(F;)) has a unique infinite block whose face con-
taining I (F}) is bounded by a cycle, say Fj+1. By the minimality of [N G| in (5.2)(ii)
and by applying Lemma (4.1), {uj+1,v+1} € V(Fj41), and each (Ig(F;) U Fy4q)-bridge
of Iy (Fi+1) has at most one attachment on Fii1. So (F1,..., F}, Fi41) is a tight partial
net in H.

v om Y =Um

Figure 10: Tight partial net F.

Let F := (F4,...,F,) be the maximal tight partial net constructed in this way. If
n = m (Figure 10(a)) then F is a tight partial net in G and (G—V (I(F,,)—F,))—{un, vn}
has two infinite components (condition (1) of Lemma (4.4)). If H — V(I (F,)) has two
infinite blocks (Figure 10(b)), then we can verify that condition (2) of Lemma (4.4) holds.
Therefore, if w is not defined, then by Lemma (4.4) and since G is 4-connected, G has a
spanning 2-way infinite path. Now assume w is defined. Then by the minimality of K’, w
has two neighbors w, we in vy Fu; —{v1,u; } such that vy, w1y, we, u; occur on Fj in order
and w has no neighbor in wy Fiwy — {wy,ws}. Let F| := weFlwy + wiws. It is easy to
verify that H +wjws has a tight partial net (F], Fy, ..., F},) such that F,NK" = F;NK".
Note that conditions (1) or (2) of Lemma (4.4) holds for (Fy, ..., F)). So by Lemma (4.4),
H + wyws has a 2-way infinite F{-Tutte path P through wjws. Since G is 4-connected,
(P — wiws) + {w, ww;, wws } is a spanning 2-way infinite path in G. So we may assume

(5.7) n <m, and H — V(Ig(F),)) has a unique infinite block.

Hence, if F # () then D = ON” and D N F,, # (. See Figure 10(c). By the choice of
B in (5.2) and by Lemma (4.1), it is easy to see that {u;,v;} C V(F;) for 1 < i < n.

(5.8) Construction of (Hy, R1,21,y1,D1). We proceed by considering two cases.
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Case 1. If F # 0 and |S" NV (F,)| = 2, then let x1,y; € S” such that u,,x1,y1, vy
occur on F, in order, and let Dy := y;F,x1. See Figure 11(a). Now assume F # ()
and S” NV (F,) has exactly one vertex, say z, with infinitely many neighbors in both
z-bridges of 9N”. By the minimality of [N G| in (5.2)(ii), there exists a path from some
2 € V(upFpv, — 2) to D — vp41 Duy 4 internally disjoint from DU F,. If 2/ € V(zF,vy,)
then choose 2’ so that zF),2’ is minimal and let 1 = z and y; = 2’; otherwise, choose 2’
so that z'F},z is minimal and let 1 = 2’ and y; = 2. See Figure 11(a). Let Dy := y1 Fj, 1.

Let H; be the {x1,y; }-bridge of H — V (Ig(F,,) — V(F,)) containing Dy, and let R;
denote the 2-way infinite path in the boundary of the face of H; containing R. Then
D; = y1Ryz. For convenience, let ) := u;yn—1 and v, := v, for 1 <i <m—(n—1).

Yy=1vunm

T = Up

(a)
Figure 11: Ry, x1,y1 and D;.

Case 2. F =0,0or S"NV(F,) =0, or S”" NV (F,) consists of one vertex and only
one (S" NV (F,))-bridge of 9N contains infinitely many neighbors of S” NV (F,).

If F=01let Hy := H and Ry := D. If F # (), then by (5.7) let H; be the unique
infinite block of H—V (I (F,,)), and let R; denote the 2-way infinite path in the boundary
of the face of H; containing R. See Figure 11(b).

We now define x1,y;, D;. By the minimality of |3 N G| in (5.2)(ii), {tun+1,vnt+1} C
V(Ry1). Let x1 (respectively, y1) be the vertex in the w1 Riv,+1-bridge of Ry containing
Un+1 (respectively, v,41) with one of the following properties:

(1) &1 € S” (respectively y; € S”); or
(2) x1 (respectively, y1) is a neighbor of the unique vertex in S” NV (F,); or

(3) 1 = upy1 (respectively, y1 = wv,41) or 1 (respectively, y1) is contained in an
(H1UIg(F,))-bridge of H, and subject to this, x1 Ryu,+1 (respectively, y1 R1v,+1)
is maximal.

Let Dy := y1Rix;. See Figure 11(b). Let u} := w4y, and v} := viyy for 1 <i <m —n.
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(5.9) Construction of (H;, R;, x;,y;, D;) for 1 <i <gq.

Suppose for some k > 1 we have constructed (H;, R;, z;,v:, D;), 1 <i <k, such that
for 2 <14 < k, H; is the unique infinite block of H;_1 — V(D;_1), R; is the 2-way infinite
path in the boundary of the face of H; containing R, {u},v;} C V(R;), x; (respectively, y;)
is contained in the u}R;v}-bridge of R; containing u/ (respectively, v}), and D; = y; R;x;.

_ — _ — o/
Y = Um =1, Y =uUm =1,

Figure 12: Construction of Hy.

If {u},,v.} = {tm,vm}, we stop, and let ¢ := k. See Figure 12(a). Now assume
{wy v} # {tm, v }-

Suppose Hy —V(Dy) has two infinite blocks, say M’ and M", with M’ containing C
for all j. See Figure 12(b). Let Hjy1 denote the minimal union of blocks of Hy — V' (Dy)
containing M’ and M". Let Ry denote the maximal subgraph of Hy 1 in the boundary
of the face of Hy,; containing R. Note that Rji; contains dM"” and a facial cycle of
M'. If k =1 and 1 € S” (respectively, y1 € S”), we let xp1 (respectively, yri1)
be a neighbor of xj (respectively, yx) in M” N Ry;. Otherwise, let z1 € V(Rg41)
(respectively, yrt+1 € V(Rg41)) such that g1 (respectively, yg41) is incident with R,
and {xy, xp+1} (respectively, {yk, yr+1}) is in a (Dy U Hyy1)-bridge of Hy. Let ¢ := k+1
and D1 = (), and we stop this process.

Now suppose Hj — V(Dy) has a unique infinite block, say Hyi1. See Figure 12(c).
Let Rj11 denote the 2-way infinite path in the boundary of the face of Hy 1 containing
R. If k =1 and z; € S” (respectively, y; € S”) then let x;11 (respectively, yj41) be
a neighbor of x; (respectively, y1) in the vj_ | Rgy1uj -bridge of Ry containing uj_
(respectively, vy ;). Otherwise, let zx41 € V(Rgy1) (respectively, yri1 € V(Rp41)) such
that {41, 2} (respectively, {yk, yr+1}) is contained in an (Hy41UDy)-bridge of Hy, such
that zx Rgy12k+1 (vespectively, yp Rk yr1yk+1) is maximal. Let Dgy1 := g1 Rei1Ypa1-

If {u}, 1,V 1} = {Um,vm}, then we stop; otherwise, we repeat this process. Let
(H;, Ri,zi,yi, D;),1 < i < g, be the maximal sequence constructed in this way. Thus
H, has two infinite blocks, and H;, 1 < i < g — 1, are 2-connected. Note that for
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1<i<q-—1,every (Hj41 U D;)-bridge of H; has at most one attachment on H ;.
Without loss of generality (by symmetry between 1 and 1), we may assume that
(5.10) if S” # 0 then either y; € S”, or F =0, w € §”, and yyw € E(G).

We note here that in our later reductions, H; N K” will remain unchanged.

6 Reduction

The goal of this section is to use the sequence (H;, R;, x;,y;, D;) to reduce the proof
of Theorem (1.2) to a Tutte path problem. Our reduction depends on the existence of
certain Tutte subgraphs in H, N K", which we analyze first.

(6.1) Descriptions of M,B and Py in Hy N K”. This will be done in two cases
according to whether or not H is 2-connected; and in each case, we consider two subcases
according to the parity of q.

Case 1. H, has two infinite blocks. See Figure 13(a).

Let M’ and M" be the infinite blocks of H, such that C} C M’ for all large j and
M" C K". Let v/ (respectively, v"") be the cut vertex of H, contained in M’ (respectively,
M"). Let M denote the v'-bridge of H, containing M".

We must have {zg,y,} NV (M" — ") # 0; for, otherwise, S” U {v"} is a cut set in
G (see (5.8) and (5.9)), a contradiction, since G is 4-connected and [S”| < 2. In fact,
we must have {z,,y,} C V(M"). For, otherwise, it follows from definitions in (5.8) and
(5.9) that, unless ¢ = 1 and x = y = v/, we would have a simple curve 3’ between two
vertices of dG” through v” such that |’ NG| < [N G| and G — (8’ N G) has two infinite
components. In the case where ¢ = 1 and z = y = v/, we see from the definition of z, y,
in (5.8) that we may choose 3 between two distinct vertices of dG” (one of which is v"),
contradicting the choice of 4 in (5.2)(iii).

Subcase 1.1. q is odd.

By applying Lemma (2.6) to M” (and Lemma (2.3) to other blocks of M), we find
a l-way infinite 9M-Tutte path Py in M from v’ through y,. We require y, € V(Ppr)
because of (5.10).

If zg € V(Py) let B = {z4}, and if 24 ¢ V(Pu) let B denote the Pps-bridge of M
containing x, (which has exactly two attachments on Pjys). See Figure 13(b).

Subcase 1.2. q is even.

Then ¢ > 2. Hence {z4,y,} C V(M" —2"). For, otherwise, there is a simple curve
B between vertices of dG” such that G — (' N G) has two infinite components and
|6 NG| < |BN G|, a contradiction.

Let M* denote the minimal union of blocks of M” — V(z,0M"v") containing a 1-
way infinite path from y,. Let y € V(M* Ny,0M"v") with yoM"v"” minimal, and let
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M .

(a) (b) ¢ is odd. (c) q is even.

Figure 13: Construction of Py; and B in Case 1.

z € V(M*NOM") such that {x,z,} is contained in an (M* U z,0M"v")-bridge of M".
See Figure 13(c).

Note that M* has a finitely many blocks and exactly one of which is infinite. More-
over, the infinite block of M* contains a l-way infinite subpath of dM* N dM"”. By
applying Lemma (2.6) to the infinite block of M* (and Lemma (2.3) to finite blocks of
M*), we find a 1-way infinite OM*-Tutte path Pj; from y, through y.

Let B = {z} if € V(P};); otherwise, let B denote the Pj,-bridge of M* containing
z. Let z* € V(z,0M"v") with 2*0M"v"” minimal such that z* is contained in an
(M*Uzq0M"v")-bridge of M” with an attachment in B—V (P, NB). Next, we complete
Py, to Py by finding a path from v” to 3/, a path from ¢’ to z*, and a path from v” to
v, where y' € V(2,0M"0v") with y’OM"v"” maximal such that {y/,y} is contained in an
(M* U z,0M"v")-bridge of M".

Let J,, denote the union of v"0M"y" and those (M*Uxz,0M"v")-bridges of M" whose
attachments are all contained in v"0OM"y' +y. In J, + yy' we apply Lemma (2.3) to find
a yOM"y'-Tutte path P, from v” to y through yy'.

Let K be the union of M*, z*0M"y', and those (M* U z,0M"v")-bridges of M"
whose attachments are all contained in 2*0M"y’ U M". By applying Lemma (2.5) (with
K, M*,x*0OM"y',0M*, Py;,y as K, L,Q, Q', T, u, respectively), we find a path P, in K —
V(Py;) from y' to x* such that P, U Py, is an 2*0M"y'-Tutte subgraph of K and every
Py,-bridge of M* containing no edge of OM™ is also a (P?)’, U Pj,)-bridge of K.

By applying Lemma (2.3) to the blocks of M other than M” (possibly none), we find
a (OM — (OM" — v"))-Tutte path P} form v” to v’

Then P, := (P, —y) U P, U P, is a path from 2* to v/, and P, N Py; = (. Let
Py := P, UPy;. Then Py is a 0M-Tutte subgraph of M, with the exception of the Py;-
bridge containing BUxz,0M" xz*, which has three attachments, z* and two in V (P, NB).

Case 2. H, is 2-connected.

Then {uy, vy} = {um,vm}. See Figure 14. Let M := H, N K". Let ug,v; €

V(ug0G'vy,) with uy0G'v; maximal such that ug,uy, vy, vy occur on G’ in order, and
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the {ug, vy }-bridge of M, say M’, containing u;0G"vy is 2-connected.

Subcase 2.1. q is odd.

If y, ¢ V(M') then by Lemma (2.6) we find a 1-way infinite 9M'-Tutte path P, from
vy through wuy. Otherwise, by Lemma (3.1), M’ contains a 1-way infinite 9M’-Tutte path
Py from {ug, vy} through yq- See Figure 14(a).

If Py, is from vy, then we can find a path Py, as follows. If v, = vy then let Py, = (;
otherwise, in the vy brldge of M contalnlng vy, We apply Lemma (2. 3) (to its blocks)
ﬁf,ld a vy Ryvy- Tutte path Py, :f,rom Vg t? vy t}r,lrough yq (if Yq ¢ V(M’))./ If 'P]’V[ is from
ug, then we can find a path Py; from Ug to ug through =, (if z, ¢ V(M’)) in the same
way.

Let Py = Py, U Py;. Then Py is a 1-way infinite (R, N M )-Tutte path in M from
{ug,vg} through y,.

Let B = {z,} if x4 € V(Pum); and otherwise, let B be the Py/-bridge of M containing
z4. Note that B has at most two attachments on P,s; and in the case it has just one
attachment, B is the u '_bridge of M containing u

/
! (a) qliL§ odd. ) qis qeven

Figure 14: Construction of Py; and B in Case 2.

Subcase 2.2. q is even.

Let M* denote the minimal union of blocks of M — V(x,R,uy) containing a 1-way
infinite path from y,. Let y € V(M* N, Ryy,) with yRyv, minimal. Let 2 € V(M*NRy)
such that z, € V(u;Ryz) and {x,2,} is contained in some (M* U z,R,uy)-bridge of M.
See Figure 14(b). Note that M* has finitely many blocks exactly one of Wthh is infinite.

In M*, we use Lemma (2.6) (and Lemma (2.3) for the finite blocks of M*) to find
a l-way infinite OM*-Tutte path P, from y, through y. Let B = {z} if z € V(DP,);
otherwise, let B denote the P,-bridge of M* containing .

If B = {z}let 2* =z, If B# {x} let z* € V(z,Ryuy) with z*R 2, maximal
such that z* is contained in some (4R ug U M*)-bridge of M with an attachment in
B—V(P,NB). Let u € V(2" Ryuy) with ¥ Rju maximal such that u,y are incident with
a common face of G. Clearly, u = uy, if y = vy
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Let K denote the union of x*Ru, M*, and those (M* U z,R uy)-bridges of M
whose attachments are all contained in z*RyuU (OM* — (V(B) — V(PM))) By applying
Lemma (2.5) (with K, M*,z*Rqu,0M*, P,y as K,L,Q,Q', T, u, respectively), we find
path P, in K — V(Py) from x* to u such that P, U P, is an z* Ryu-Tutte subgraph of K
and any P,-bridge of M* containing no edge of x*aM*u is also a (P, U P,)-bridge of K.

If u= u; then let P, := P, and Py := P, U P; in this case, Py is a OM-Tutte sub-
graph of M, except for the Py/-bridge containing BUx,R,x* which has three attachments
(in V(P, N B) U {z*}). So assume u # uy. Then x4,y € V(M') and u € V(z,Rquy).
See Figure 14(b). Let M” denote the {u,y}-bridge of M’ containing uydG"vy. Let
N := M" + {v,vy,vu}, where v is a new vertex, such that uZ@G’vg vg’,y,yv v vu,u
occur N in clockwise order. By applying Lemma (3.3) (with y,v,uy, vy as u,v,v', v/,
respectively), we find a uy0G"v;-Tutte path Py in N from y to {uq, vy} contalmng
{ug,vy,v}. Clearly, yv,vu 6 E(PN) Let P, := Py — {y,v}. Then P, is a path from u
to {uy, vy} containing {uy,v;} and av01d1ng Y.

Suppose P, is from wu to u;. Let P, := {ug} if uj = ug; and otherwise, in the wuy-
bridge of M containing uj, we use Lemma (2.3) (to all its blocks) to find a uy R u,-Tutte
path P/ from u;’ to u; Let P, :== P, UP,U P, and Py := P, UP,. If P, is from u to

vy, the we find P} from vy to vy, in the same way as for P, and let P, := P, U P, U P,
and Py =P, UP,.

Note that P, is a l-way infinite path from y,, and P, is a finite path from z* to
{ug, vy }- Clearly, Py is a OM-Tutte subgraph, with the exception of the Pp;-bridge of
M containing B U z,R,z*, which has three attachments (all in V/(P, N B) U {z*}).

q

The rest of the proof of Theorem (1.2) is the same, no matter if Py is from v, or uj,

(when ¢ is odd) and no matter if P, is from z* to ug or v;. So we shall assume that

(6. 2) if ¢ is odd then Py is from v (Figure 14(a)), and if ¢ is even then P, is from
x* to v, (Figure 14(b)).

Recall the definitions of (H;, R;,x;,y;,D;) from (5.8) and (5.9). We now use
(H;, Ri, i, v, D;) to reduce the proof of Theorem (1.2) to a Tutte path problem.

(6.3) Reduction through F when F # (.

First, we construct a sequence of (G;, F/,e;, f;), 1 <i < n.

If w is not defined let G1 = G, F| := Fi, e; be the edge of vy F{u; incident with vy,
and fi be the edge of e; F{u; incident with e;. If w is defined, let u,v be two distinct
neighbors of w on vy Fiu; —u1 such that vy, v, u, uq occur on v Fjuq in order and, subject
to this, v1 Fiv and v Fyu are minimal. Let e; = uv, Gy = G + e, F| := uFyv + e, and
let f1 denote the edge of uFjuy incident with e;. The existence of v, u, f1 is guaranteed
by the minimality of |3 NG| in (5.2)(ii) and of K’ in (5.4). Let uv be added in the open
disc bounded by v18u; U vy Fiu.
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Note that any vertex of vy Fje; is connected to v by a simple curve, say (', in the disc
bounded vy Suq Uvy F{uy such that |3 NG| < |v1fu1 NG|. Also note that Gy — F” = H,
and G; — {e1, f1} is a subgraph of G — V(Ig(F1) — V(F1)). Moreover, if G has a
2-way infinite Fj-Tutte path P; through e, then since G is 4-connected, either P; or
(P1 — wiwsg) + {w, ww;,wws} is a spanning 2-way infinite path in G.

If n =1, we stop. Now assume n > 2.

Suppose for some 1 < i <n — 1, we have constructed (G}, Fj(, ej, fj), 1 < j <1, such
that each Gj is a 2-connected 3-indivisible plane graph, G — V (Ig(F};) — V(F})) € G,
and G;NK" = (G-V(Iq(F;)—V(F;)))NK", G;—{ej, fj} is a subgraph of G, e; and f;
are edges of v;Fju; incident with a common vertex p;, ujFyv; C F] — pj, Fj is contained
in the disc bounded by Fj, every vertex of ijJ{ej N ij]{ fj is connected to v; by a simple
curve (' in the closed disc by v;fu; Uijj{uj such that |3’ NG| < |v;Bu; NG|. Moreover,
for 2 < j <4, if G has a 2-way F](-Tutte path through e; then Gj_; has a 2-way infinite
FY_-Tutte path through e;_;.

Let G} denote the unique infinite block of G; — V(Fj), and let F} | denote the cycle
bounding the face of G} containing F;. By the minimality of |5 NG| (in (5.2)(ii)) and K’
(in (5.4)), there exist two disjoint paths from a component of v;F/u; —e; to G internally
disjoint from F} U G}.

Hence by Lemma (4.2), there exist piy1 € V(viFju; — {u;,v;}), distinet z,y €
V(vig1Ffuiv1), and eip1 € {pit17,piv1y} such that wii1,2,y,u;41 occur on
vit1F w1 in order and Ng, (zF} y — {z,y}) N Vg, (F},)) € {z,y,pi+1} and such
that if Giy1 := (G} — Ve, (F1) — (V(Fir1) U{pit1})) + {pi+17, piy1y} has a 2-way
infinite (yF}" ;2 +{pit1, pir17, pir1y})-Tutte path through e; 11 then G; contains a 2-way
infinite F;-Tutte path through e;. Let Fy, | := yF;" &+ {pit1, pit12, pit1y}, and let fi g
be the edge in {p;+1x, pi+1y} other than €itl-

When two disjoint paths in the above application of Lemma (4.2) can be chosen
from v;F}e;, we have e;y1 = pjy1z and p;y1 € V(v;F]e;). Therefore, by the choice of
el,...,ei+1, each vertex of v F] 11€i+1 N V41 /Jrlfiﬂ is connected to v;y1 by a simple
curve 3 inside the disc bounded by vj, ,fuj ; U v§+1F+1uz+1 such that |8/ NG| <
|vi 1 Bu;j N G|. This completes the construction of (G, Fj, e;, fi), 1 <i < n.

We now reduce (G, F), e,, fn) to (H{, Ry, D}, €}, f1) as follows.

If {z1,y1} C V(F,) (Figure 11(a)), then let H{ be obtained from G,, by deleting the
finite {x1, y1 }-bridge of G,, containing x1F),y1, but not deleting x1 and y;1. Let R} be the
2-way infinite path in the boundary of the face of H] containing R, let D} := y1 Rjz1,
and let €} = e, and f{ = f,,. Note that H{ N K" = H; N K".

Clearly, if H] has a 2-way infinite R}-Tutte path containing {z1,y1, €]} then it is also
a 2-way infinite F)-Tutte path in G,, containing e,. Hence (from the above arguments)
each G;, 1 <i <n, has a 2-way infinite F/-Tutte path through e;. So G has a spanning
2-way infinite path.
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Now assume {z1,y1} € V(F,). Let G} denote the unique infinite block of G,,—V (F),),

and let F);,, denote the 2-way infinite path in the boundary of the face of G, containing
F). See Figure 11(b).

By Lemma (4.3) there exist ppi1 € V(opFlu, — {up,v,}), distinct z,y €
V(vns1F) juny1), and e € {pn+1x Pn+1y} such that v,41,2,y,up41 occur on
Ung1Fy Uuns1 in order, Ng, (xF; 1y — {z,y}) — V(G;1) € {pns1}, and if H] :=
(G 1 H{Pn+1, Prg 1, Prg1y ) +{edges of Gy, from p,1 to 2F) 1y — {z,y}} has a 2-way
infinite ((Fy, —V(zF; 1 y—{7,y})) +{Pnt1, Pntr17, pny1y})-Tutte path through €] then

n

G, contains a 2-way infinite F},-Tutte path through e,. Let R} := (Fy | — V(aF, 1y —
{x,y})) + {anrlaanrlxyanrly}’ Dl = lelxla and let fl € {anrlxyanrly} {61} Note
that v} = vp41 and ©} = uy41 (see Case 2 of (5.8)) and H{ N K" = Hi N K".

When two disjoint paths in the above application of Lemma (4.3) may be chosen to
be from vy, 11 F}, 2, we can assume €] = p,412. Therefore, by the choice of ey, ..., ey, €],
each vertex of v Riej Nv] R f{ is connected to v,41 by a simple curve [ inside the disc
bounded by v} fu} U vi fu) such that |3’ NG| < |v)pu) NG|

Clearly, if H; contains a 2-way infinite R}-Tutte path containing {z1,y1, €]}, then
(), contains a 2-way infinite F),-Tutte path through e,,. Hence, by the above reduction,
G has a spanning 2-way infinite path.

L/
5

Figure 15: H{, R}, €.

To summarize, we have constructed (Hj, R}, D}, €}, f1) when F # (), such that

(6.4) HHNK" = HiNK", and if H{ contains a 2-way infinite R}-Tutte path containing
{€},z1,y1} then G has a spanning 2-way infinite path.

The reduction through (H;, R;, zi,yi, D;),1 < i < ¢ is based on the parity of ¢. In
Section 7, we consider the case when ¢ is odd, and the even case is treated in Section 8.
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7 ¢ is odd

In this section, we consider the case where ¢ is odd. Recall Py, B from (6.1). We
refer to Figures 13, 14, and 15 for illustration.

Suppose ¢ > 3 and B # {z,}. We define 2} = 1 when z; € S”; define 2} = w when
F=0,wes” and zyw € E(G); and for all other situations, define 2} = z,_;. Define
z* € V(vg—1Dg-1uqy_;) so that z* is contained in an (Hy U Dy—1)-bridge of Hy—; and
subject to this, 41 Dy—12* is maximal. Let B* denote the union of B, !, z4_1Rq_12",
all edges of G from x| to BUxyRq_124_1, and those (Hy,U D,_1)-bridges of H,_; whose
attachments are all contained in z4_1Rq—12* U (B — V(Py N B)). Note that B* C K.
Let V(Py N B) = {b1,b2} such that by, x4, by occur on R, in order. By Lemma (3.4)
(when z # z4—1) and Lemma (2.4) (when z} = x4—1) and since G is 4-connected, we
have

(7.1). If ¢ > 3 and B # {z,}, then (1) B* — {by, b, 2} } has a spanning path Pp from
x* to xg_1 # ), or (2) B* —{by, ba} has a spanning path Pp from z* to 2} through z,_;.

Next, we extend Pjs to a spanning 2-way infinite path in G. We consider two cases
according (7.1).

(7.2) If g =1, or B = {4}, or ¢ > 3, B # {z4}, and Pp in (7.1) is from z* to x4_1,
then G has a spanning 2-way infinite path.

Proof. Our strategy is to construct a sequence of graphs H/, 1 < i < ¢, find a 2-way
infinite path in H;, and extend that path to paths in H] so that the path in Hj can be
used to give a spanning 2-way infinite path in G. Recall the notation from (5.5), (5.8)
and (5.9).

(a) Construction of (Hj, R}, D}, €y, f1).

When F # 0, (Hy, R}, Dy, ¢, f1) is defined as in (6.3). Now assume F = (). In this
case, u; = u; and v) = v; for 1 <i <g.

Suppose w is not defined. Define H{ := Hy = H (see Case 2 in (5.8)), R} = Ry,
D = Dy, and let €] denote the edge of v} Dju incident with v].

Now suppose w is defined. Let v, u be distinct neighbors of w in v} Rju) — u) such
that v}, v,u,u} occur on R; in order and, subject to this, vj Ryv and v} Rju are minimal.
Let Hj := Hy +wv, R} := (R1 — V(vRiu — {u,v})) + uwv, D] := y1 R|x1, and €} := uv.
Let uv be added in the open disc bounded by v} fu} U vi Riu].

In both cases, we let f{ be the edge of €| Dju} incident with ¢]. Note that each
vertex of v| Dje} Nv|D]f] is connected to v| by a simple curve 4’ in the disc bounded
by v fu) U v Dju} such that |/ NG| < |[vjpu] NG].

(b) Construction of (H., R., D}, e, f]),i=1,....,q.

17 7
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Suppose for some odd integer i, 1 < ¢ < ¢, we have constructed (H/, R}, D, €., f]),
where H! is a 2-connected infinite plane graph, H; C H/, H/ N K" = H;N K", R]
is the 2-way infinite path in the boundary of the face of H] containing R, yl,vg,u;,xi
occur on R; in order, D) = yzR’xZ, {uf, v} CV(D}), R; — V(v Riul, — {u},v}}) = R, —

V (v, Rju {uz, vi}) €K " ,and €] and f/ are consecutive edges of v} D}ul,. Moreover, every
vertex of viDlel N D fl is connected to v} by a simple curve ' in the disc bounded by

v} pul U v, Diw} such that |5/ NG| < |vipu; N G].

(b1) Construction of (H |, Ri,1,Dj 1 €1, fit1)-
Let H]' denote the unique infinite block of H, — V(D}). Let R/ be the 2-way infinite

path in the boundary of the face of H) containing R. Note that H N K" = H;1; N K",
Vi1, Viyq, Wi, Tip1 occur on R} in order, and R} — V(vj  Riwj  — {uj q,vi,,}) =
Riy1 — V(v ;+1RZ+1u;+1 {uj 1,vi1}). Let wy,...,w, be the attachments on R} of
(H! U D})-bridges of H], and let s;,t; € V(D)) with s;D/t; maximal, such that {s;, w;}
and {t;,w;} are each contalned in an (H} U D})-bridge of H/. Without loss of generality
we may assume that s1,%1,...,sp,t, occur in this order on D}, with s; = y; and ¢, = ;.
Clearly, w1 = y;41 and wp, = x;41.

By the choice of # in (5.2)(ii), there exists w; € V(vj,Rju;, ;) such that either
e; € E(s;Djsiy1) or € € E(t;Djt;_1). We choose such w; so that v, Rfw; is minimal.
Let e;,; be the edge of v R}u;, incident with wl such that le R}e;,, is minimal, and
let f{,; be the edge in ej,; R{w] | incident with €], ;. Let H’ 1= H] and R} | :== R},
and let D} := yiy1 R 1 wiq1. Clearly, z+1 CH{ ,and H{ ,NK" = H;;; N K". This
completes the construction of (Hj, ,,Rj ,Dj 1, ¢€j,, le)

From the choice of w; and the properties of vertices of v;Dje; N v.D.f!, we see that
every vertex of vj, Dj ej Nuvj Dj  fi  is connected to vj by a snnple curve ' in
the disc bounded by vjBuj  Uvj, Dj jui, , such that |8’ NG| < |Jvj,fu; NG|

Claim. If H{H contains disjoint 1-way infinite paths X;i1, Y41 from 11, vi41,
respectively, such that X;;y UY;y1 is an R -Tutte subgraph of Hj , through e,
then H; has a 2-way infinite R}-Tutte path P/ containing X;; UY;1; and {e}, z;, y;}.

To prove this claim, we need a path from z;11 to s, through z;, a path from ;11 to
t1 through y;, and a path from ¢; to s,.

Let J,; denote the union of s,Djt, and those (H, ; U Dj)-bridges of H] whose attach-
ments are all contained in s,D}t, + z;11. In Jg + spziy1, we apply Lemma (2.4) to find
an x;+1R;sp,-Tutte path Py from z;41 to s, through z; and ¢ (if e} € E(Jy)).

Let .J; denote the union of s1Djt; and those (H;,, U Dj)-bridges of H] whose attach-
ments are all contained in s D/t) + yi+1. In J; + tlyHl, we apply Lemma (2.4) to find a
yi+1Rjt1-Tutte path P, from y;11 to ¢; through y; and €} (if e, € E(J;)).

Let K := H!—V((Js —{xi+1,sp}) U (J: —{yit1,t1})). By applying Lemma (2.5) to K
(with K, H+1,t1D§sp,Rg+1,Xi+1 UYii,was K, L,Q,Q,T,u, respectively), we obtain
a path S from ¢; to sp in K —V(X;41 UYj1;) such that X;41 UY;41US is a t1D]s)-Tutte
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subgraph of K, and every (X;41UYj;1)-bridge of H; ; containing no edge of R;_ is also
n (X;+1 UYj41 US)-bridge of K.

Next, we modify S. Let S’ := S if € ¢ E(t1Dsp). Now suppose €; € E(t;D.sp).
We consider the case ¢, € E(s;D.s;41); the case €, € E(t;Djt;_1) is similar. Let W
denote the union of s;D;s;;1 and those (H; _, U D;)-bridges of H; whose attachments are
all contained in s;D}s;y1 + w;. Note that slSsl+1 CW —uw. In W + wys;+1 we apply
Lemma (2.4) to find an s;D/s;1-Tutte path S” from s; to w; through €] and w;s;+1, and
let S” be obtained from S by replacing s;5s; 11 with " — wy.

It is now easy to verify that P/ := X;11 U P; US" U P, UY;y is the desired 2-way
infinite R-Tutte path in H]. This proves the above claim.

(b2) Construction of (H, o, R o, D 9, €i 0, fz+2)

Let H} ; be the minimal union of blocks of Hj ; — V(D;j ;) containing all infinite
blocks of Hj,, — V(D;j,,). Since H;1 C Hj,,, we have Hii o C H . Let R/, be
the maximal subgraph of H}' ; in the boundary of the face of H;’ ; containing R. Since
Hi \NK" = Hi 1NK", we have H' \NK" = Hi;»NK". Note that y;y2,v] 5, u_ o, Tito €
V( i+1)- Moreover, if H} | has two infinite blocks, then R} ; contains a facial cycle D}, |
of the infinite block of H}’ | intersecting K', {v] 5, uj, o} C V(D;’H) and v}, Dy jui 5 C
K'. For convenience, for any a,b € V(v ZJF2D’+1uz+2) with v} 5, a,b,uj, 5 on Dj | in cyclic
order, we write vj o R’ Ui 9 = Vo Dy 1t

We wish to apply Lemma (4.3). Let H' be the 2-connected infinite plane graph
obtained from Hj ; by adding the edge x;1yi+1 (in the face of H; , containing Dj),
such that F’ := DZ 41 + Tit1yi1 is a facial cycle of H'. Because of the choice of 3 in
(5.2)(ii), there exist two disjoint paths in H’ from a component of v F'uj ; —ej ; to
Vi o R} uj, 5 and internally disjoint from F'U H, ;.

Then by Lemma (4.3) there exist p € V(vj F'uj , — {uj ;,vj,,}), distinct
r,y € V(i R jui,), and € , € {px,py} such that vj ,,2,y,uj, , occur on

Vi o R jui o in order and Ng/(zR} 1y — {z,y}) — V(H],) C {p}, and if Hj , :=
H! | + x + {edges of H' from p to xR/ x has a 2-way infinite
(Hi ) + {p.pz, py g p fy —{zy y

(R, — V(zR}, 1y — {z,y})) + {p,px,py})-Tutte path P/ , through e} , then H’
contains a 2-way infinite F’-Tutte path P’ through ej , such that P/ , — p C P’
Let fi., € {px,py} — {€j,o}. Let pr,py be added in the open disc bounded by
Vi o Bui o Ui o Ry uj 5 so that R is contained in a face of H,

Note that, if in the above application of Lemma (4.3) the two disjoint paths may
be chosen to be from v,  F'e] ; then we have ej , = pr. Therefore, every vertex
of vj oR 1€ 5 Nvj R | fi o is connected to vj, , by a simple curve ' in the disc
bounded by vz+25uz+2 U vZ_FQRZJrluZ+2 such that |3 N G| < |vj,o0u; o NG

Let R o := (R, — V(2R] y — {z,y})) + {p, px, py}), which lies in the boundary
of the face of Hj , containing R. Let Dj_ , := y;jyoR o%iy2 when H] , is 2-connected;
otherwise, let DZ o =0.
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Claim. If Hj _, contains a 2-way infinite R;_ ,-Tutte path P/ _, through y; 2 and €],
and if Py C PJr2 when ¢ + 2 = ¢, then there are disjoint 1-way infinite paths X1, Yiq1
in H 41 from xzﬂ,yzﬂ, respectively, such that X;; UY;y; is an R] 41~ Tutte subgraph
of Hj , containing €] .

To see this, we note from the above argument that under the hypothesis of the above
claim, H’ contains a 2-way infinite F'-Tutte path P’ through ej_ ; such that P/ ,—p C P'.
Therefore, since y;42 € V(P,), zit1yiv1 € E(P'), where 2;1y;11 is added in order
to apply Lemma (4.3). Let X;11,Y;41 be the component of P’ — z;11y;41 containing
Zi+1,Yi+1, respectively. When ¢ + 2 < g, X;t1,Y;+1 give the desired paths for the above
claim. So assume i + 2 = g. Then 2*X, 12,1 € B* — {2/, b1,b2} since P,y C P'. So
we can modify X; 1 such that 2*X, 12,1 = Pg. Then X,_; and Y,_; give the desired
1-way infinite paths in H _, for the above claim.

(c) H, contains a 2-way infinite R;-Tutte path P, through ej such that Py, C Py.
(Since Py C Py, if B # {xy} then B is also the P-bridge of H, containing x,.)

Suppose H,, has two infinite blocks. See Figure 13(a). Let L denote the infinite block
of H, that intersects K'. In L, we use Lemma (2.7) to find a 1-way infinite (R} N L)-Tutte
path P, from ¢" through ej. Then Py U Py, gives the desired P, for (c).

Now assume H, has a unique infinite block. See Figure 14(a). Then {ug, v} =
{tm,vm} and Py is a 1-way infinite path from vj containing {uq,yq} Let L denote the
{uq, v, }-bridge of Hj intersecting K'. Let e = u'v’ such that vg,v',u’, u; occur on Ry
in order. Recall that every vertex of v Rge; N vy Ry fy s connected to vy by a simple
curve ﬁ’ in the closed disc bounded by vgﬁu; U vg Ryug such that |6 NG| < [vyBuy NG
Also, vy, ey, fq,u occur on qufl y in this order, unless there do not exist two disjoint
paths from vy Ry qug_y to Hy ; internally disjoint from D;_; U H; ;. Thus, by the
minimality of |ﬂﬂG| in (5 2)(ii) and of K'in (5.4), L—uy has a 1 -way infinite path from vy,
through e;. We apply Lemma (2 7) to L+ugy ; and ﬁnd a 1-way infinite (vy Ry uy +vguy)-
Tutte path Py, from uy through e such that v € V (uj Pru’). By planarity, ujv, € E(Pr).

Now P, := Py U (PL —uy) is the desired path for (c).

Since y, € V(Puy), yq € V(P,). By applying claims in (b1) and (b2), we conclude
that H{ contains a 2-way infinite Tutte path P| containing {€},z1,y1}. If F # ), then
by (6.4) G has a spanning 2-way infinite path. Now assume F = (). Then by (a) and
since G is 4-connected, P or (P — w) + {w,wu,wv} is a spanning 2-way infinite path
in G. O

(7.3) If ¢ > 3, B # {x4}, ©} # x4—1, and Pp in (7.1) is from z* to 2 through z,_1,
then G has a spanning 2-way infinite path.

Proof. We use a similar approach as in (7.2) to complete Py; U Pp to the desired path.
(a) Construction of (Hy, R}, D}, €}, f1).
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When F # 0, (H{, R}, D}, ¢}, f1) is defined as in (6.3). Now assume F = .
Suppose w is not defined or 2§ = w. Define H| := H; = H (see Case 2 in (5.8)),
! := Ry, D] := Dy, and let €] denote the edge of v} D|u) incident with v].

Now suppose w is defined and x| # w. Let v, u be distinct neighbors of w in v] Ryu) —
u) such that v}, v,u,u} occur on Ry in order and, subject to this, vj Rjv and v} Rju are
minimal. Let H{ := Hy +wv, R} := (R1 — V(vRiu — {u,v})) + uwv, D} := y1 Rjz1, and
e} := uv. Let uv be added in the open disc bounded by v fuy U viRlu’l

In all above cases, we let f{ be the edge of €} Dju} incident with €}. Note that each
vertex of v} Rje] N v D] f{ is connected to v} by a simple curve 3’ in the disc bounded
by U v Dju) such that |5 NG| < |vjpu) NG|.

(b) Construction of (H., R, D}, €., f1), 1 <i<q.

RRZR)

Suppose we have constructed (H}, R}, D}, e}, f!) for some integer i, where 1 <1i < g,
H! is a 2-connected 3-indivisible infinite plane graph, H; C H] and H;N K" = H/ N K",
R} is the 2-way infinite path in the boundary of the face of H] containing R, y;, v}, ul, x;
occur on R/ in this order, R;—V (viRju,—{u},v.}) = R,—V (v] R’ L—{ul,vi}) C K” D’ =
yiR.z;, and €}, f] are consecutive edges on v, D/u};. Moreover, each vertex of v/ D/e] ﬂv’ D’ f!
is connected to v} by a simple curve ' in the dlSC bounded by v}fu, U v, D’ u’ such that

18/ NG| < o} N G,

(bl) For 1 < i < g — 2, we use exactly the same construction in (bl) of (7.2) to
construct (H/, ,, R 1, D;,,e; , fi,1) from (H], R, Dj, e, f}).

Let H :== H{UB* for 1 <i < ¢g—1, let R’ be the face of H} intersecting R but not
bounded by a cycle, and let R} denote the maximal subgraph of H in the boundary of

R

Claim. If i is odd (respectively, even) and H} ; contains disjoint 1-way infinite paths
X/ from 2} and ZZ+1 from y;11 (respectively, xz+1) such that Xj U Z;;; is an R, -
Tutte subgraph of H; ; containing {e;, ;,2i11,¥i+1}, then H} contains 1-way infinite
R;-Tutte path Z; from x; (respectively, y;) containing Z;iq and {€},x;,y;} such that
XN Z; C{zi}n{x1} and X| U Z; is an R;-Tutte subgraph of H}.

We deal with the case when ¢ is odd; the other case can be dealt with in exactly the
same way. Let H! denote the unique infinite block of H, — V(D).

Let t € V(D)) with tD}y; maximal such that {¢,y;+1} is contained in some (H]' U D})-
bridge of H/. Let J; denote the union of ¢tDjy; and those (H;' U D))-bridges of H] whose
attachments are all contained in tD}y; + yi+1. In J; + y;41t we use Lemma (2.4) to find
a yi+1Rit-Tutte path S; from y;41 to ¢ through y; and ¢} (if €, € E(tDjy;)).

Let s € V(D}) with sD]z; maximal such that {s,z;;} is contained in some (H]'UD})-
bridge of H!. Let Js denote the union of sD}xz; and those (H U D!)-bridges of H, whose
attachments are all contained in sDjz; + zj11. In Js + 2,415, we use Lemma (2.3) to
find an ;4 R}s-Tutte path S, from s to x; through z;11s and €] (if e, € E(sD.x;)); and
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let Ss = S, — x;+1. From the choice of w; (in the paragraph before the claim in (bl) of
(7.2)) and by the minimality of K’ in (5.4), we have €} ¢ E(Jy).

Let H* := Hf — V((J: — {yi+1,t}) U (Js — {xi+1,s})). We apply Lemma (2.5), with
H* Hf ,tDjs, R} |, X{ U Zj11,xi41 as K, L,Q,Q", T, u, respectively. There is a path S
in H*—V(X{UZ;41) from ¢ to s such that SUX|UZ;11 is a tD]s-Tutte subgraph of H*,
and every (X{ U Z;11)-bridge of H}, ; containing no edge of Dj_; is an (SUX{ U Z;11)-
bridge of H*. Moreover, because e;,; € E(X] U Z;;1), we may assume, as in (bl) of
(7.2), e, € E(S) (if €, € E(tD.s)).

Let Z; :== Z;1+1 US;USUS,. Then it is easy to verify that Z; is the desired path for
the above claim.

(b2) Now we consider the case where 1 <i=¢q— 1.

Let H, ; be the minimal union of blocks in H; ; — V(Dj;_;) containing all infinite
blocks of Hy_; —V/(D;_;), and R;_; be the rnaxnnal subgraph of H, ; in the boundary
of the face of H; ; containing R.

We make use of Lemma (4.3). Define H* := (Hy_, — V(B* = V(B + %)) + 2"yg—1.
Let F* := x*D;_1yq—1+2"ys—1. By the choices of 3 in (5.2)(ii) and of K’ in (5.4), there
exist two disjoint paths in H* from a component of vy ;D;_ju; ey—1 to ve Ry _quy
internally disjoint from F* U H{ ;.

q—1

Then by Lemma (4. 3) there exist p € V(vj_1Fuy_ 1 — {ug_y,v;_1}), distinet
z,y € V(vgRy_qug), and e € {px,py} such that vy, z, y,u occur on v, R” ug, in or-
der and Ny (xRj_1y {x y}) — V(H, 1) € {p}, and if H’ = HJ —|— {p pa: Py}t +
{all edges of G from p to xRy _,y — {x,y}} has a 2-way inﬁnite (( ;’_1 V(zR]_y —

{z,y})) + {p, px, py})-Tutte path P, through e; then H* contains a 2-way inﬁnite Fy-
Tutte path P* through e;_; such that P, —p C P*. Let f; € {px,py} — {e;}.

Let R := (Ry_y —V(zR]_1y —{x,y})) +{p,px, py} denote the maximal subgraph of
H, in the boundary of the face of H containing R, and let Dy := (y,R]_ 24—V (zR_1y—
{x y})) + {p,pr,py}. Note that we may choose e; = px unless there do not exist two
disjoint paths from v;_;D;_qe;_; to HY internally disjoint from F* U H/. Hence, every
vertex of vy Ry eq Ny R’ ufq is connected to v, by a simple curve 3’ in the disc bounded by
vy Buy, U v Ry such that 18" NG| < |vyBuy, ﬂG|

By exactly the same argument used for (c) of (7.2), H, contains a 2-way infinite
Rj-Tutte path P, through e}, such that Py; € P;. Hence, by our assumption of Py,
yqs € V(P,) and B is the Py -bridge of H, containing x,. Thus by above conclusion,
H* contains a 2-way infinite F*-Tutte path P* through e;_; such that P, —p C P*.
Clearly, P* uses *y,—1. Let X* and Z,_; denote the 1-way infinite paths in P* —x*y,_1
containing z*,y,—1, respectively. Now X/ := X*U Pp and Z,_; are the desired paths for
H;_l

Therefore, using Pé and by the claim in (b1), H; contains 1-way infinite paths X|, Z;
such that X1 N Z; C {z{} N{x;} and X| U Z; is an R}-Tutte subgraph of Hf. If F # ()
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then 2} = z; and X| U Z; is a 2-way infinite R}-Tutte path in Hj, and by (6.4), G has
a spanning 2-way infinite path. Now assume F = (). If 2} = 21 then again X{ U Z; is a
2-way infinite R}-Tutte path in H{; and since G is 4-connected, it is a spanning 2-way
infinite path in G. So assume zj = w # x;. Then (X] U Z;) + wz; is a 2-way infinite
R;-Tutte path in H. Since V(HY) = V(G) and G is 4-connected, it is a spanning 2-way
infinite path in G. a

8 ¢ is even

In this section, we complete the proof of Theorem (1.2) by considering the case
where ¢ is even (and hence g > 2). The argument is similar to that in Section 7. Recall
Pyr, Bz, z* from (6.1), and see Figures 13(a), 14(a) and 15 .

Let o) =z ifzp € S let ) =wif F =0, w € S”, and xyw € E(G); for other
situations, let #j = x,. Let B* be obtained from the {b1, bg, 2*}-bridge of H, containing
B+ z4R,z* by adding 2 and all edges of G from ) to BU xR x*. When B # {z}, let
{b1,b2} = V(Py N B). By Lemma (3.4) and since G is 4-connected, we have

(8.1). If B # {x}, then (1) B* — {by, b2, 2} has a spanning path Pp from z* to z,
r (2) B* — {b1,b2} has a spanning path Pp from z* to z} through z,.

As in section 7, we distinguish two cases according to (8.1).

(8.2) If B={z} or Pp in (8.1) is a path from z* to x4, then G has a spanning 2-way
infinite path.

Proof. The argument here is essentially the same as for (7.2); so we only give a
sketch. We first construct (H{, R}, D}, €}, f]) as in (a) of (7.2). Now suppose we have
constructed (H, R}, D, e}, f/) for some odd integer 7, 1 < i < g. As in (bl) of (7.2) we
construct (H; i, R |, Dj ., ej,, fi,1) and we have

Claim. If HZ{_H contains disjoint 1-way infinite paths X;i1, Y41 from 11, vi41,
respectively, such that X; 1 UY;y, is an R; ,-Tutte subgraph of H; , containing ej, ,,
then H contains a 2-way infinite Rj-Tutte path P containing X;1 UY;11 and e} ;.

As in (b2) of (7.2), we construct (H;, o, Rj o, D o,€; 5, f{,5) and we have

Claim. If H] , has a 2-way infinite R;_ ,-Tutte path P/ , containing {z;2,yit2, €} 5},
then there are disjoint 1-way infinite paths X;11, Y;+1 in H{H from x;41,yi+1, respec-
tively, such that X; 1 UYjy; is an R; ;-Tutte subgraph of H; , containing €]_ .

Next we show that H, (’1 contains disjoint 1-way infinite paths X, and Y, from z, and
Yq» respectively, such that X, UY] is an Rj-Tutte subgraph of H, containing e],.

If H, has two infinite blocks, then let L = M’. See Figure 13(a)(c). In L, we use
Lemma (2.7) to find a 1-way infinite (R}, N L)-Tutte path P, from v’ through e;. Clearly,
P, U Py U Pp is the union of the desired disjoint 1-way infinite paths X, Y, from x4, yq,
respectively.
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Now assume H,, is 2-connected. See Figure 14(b). Let L denote the {uy,v; }-bridge
of H, intersecting K’. We use exactly the same argument as in (c) of (7.2) to find a
l-way infinite (R;, N L)-Tutte path Pr, in L + ugvy, from ug through e} and uyvy. Then
(Pr — ug ) U Py U Pp is the unioon of the desired disjoint 1-way finite paths X, Y, from
T4, Yq, TESpectively.

Finally, by the same argument as in the end of (7.2), we conclude that G has a

spanning 2-way infinite path. O

(8.3) If B # {z}, x| # x4, and Pp in (8.1) is a path from x* to x| through x,, then
G has a spanning 2-way infinite path.

Proof. We proceed as in (7.3). First, we construct (Hi, R}, Dj,¢€}, f1) as in (a) of
(7.3). Then, as in (b1) of (7.3), we construct (H], R}, D}, e}, f!) for 1 <i < g— 1. Let
H} := H!UB*, and let R} denote the subgraph of H} in the boundary of the face of H}
intersecting R but not bounded by a cycle. Again as in (bl) of (7.3), we have

Claim. For 1 <i < g —2,if ¢ is odd (respectively, even) and H}, | contains disjoint
1-way infinite paths X and Z;;1 from z and y; 41 (respectively, x;41), respectively, such
that X] U Z;1 is an R, -Tutte subgraph of H}  containing {€j |, i1, ¥iy1}, then Hf
contains a 1-way infinite R’-Tutte path Z; from x; (respectively, y;) containing Z; 1 and
e; such that X{ N Z; C {z}} N{x1} and X{ U Z; is an R}-Tutte subgraph of H}.

By the argument in (b2) and (c) of (7.3), we can show that Hj (respectively, H;_;)
contains a 1-way infinite path Z, (respectively, Z,_1) from y, (respectively, z,_1) such
that X1 N Z, C {z1} N {21} and X U Z, is an R;-Tutte subgraph of H containing e,
and X1 N Z;—1 =0 and X] U Z,; is an R;_;-Tutte subgraph of H;_;.

Therefore, the existence of a spanning 2-way infinite path in G follows from the above
claim and the arguments in the end of the proof of (7.3). 0

We now have completed the proof of Theorem (1.2).
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