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Abstract

We introduce an elementary method to give unified proofs of the Dyson, Morris,
and Aomoto identities for constant terms of Laurent polynomials. These identities can
be expressed as equalities of polynomials and thus can be proved by verifying them for
sufficiently many values, usually at negative integers where they vanish. Our method also
proves some special cases of the Forrester conjecture.
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1 Introduction

In 1962, Freeman Dyson [6] conjectured the following identity:

Theorem 1.1. For nonnegative integers ag, aq, . . ., Gy,
A\ 4+ ... |
cr ] (1 B x) -ttt to) (1.1)
z oy Zj aolar! -+ - ap!
0<i#j<n

where CT, denotes the constant term.

Dyson’s conjecture was proved independently before his paper was published by Gun-
son [10] and by Wilson [20], and an elegant recursive proof was later found by Good [9].

Similar identities for constant terms of Laurent polynomials expressed as products are of
considerable interest, and we shall discuss several of them in this paper.

First is an identity of Morris [17]. For a, b,k € N (the nonnegative integers) define

H(zo, %1, ... Tna,b,k) = f[ <1 _ Z)a (1 _ x())b I1 (1 _ i)k (1.2)

X
=1 ¢



Morris proved the following result:

Theorem 1.2.
CT H(xg,1,...,Tn;a,b k) = My(a,b, k), (1.3)
where .
T (a+ b+ kD) (k(1+1))!
b, k) . 1.4
(a ZUO (a+ kD) (b+ k) k! (14)
Since H(zo,...,Zn;a,b, k) is homogeneous of degree 0 in the x;, setting xgp = 1 in (1.3)

gives an equivalent result, which is the form stated by Morris [17].

A generalization of the Morris identity was given by Aomoto [2], who extended Selberg’s
integral to obtain a formula equivalent to the following constant term identity [12]: Let

n x(I<m)
Ap (20,21, ..., Zn;a,b,k) == H (1 — x—g) H(xo,21,...,%Tn;a,b,k),
=1

where x(S) equals 1 if the statement S is true and 0 otherwise.

Theorem 1.3.

ﬁ [a+ b+ KL+ x(L>n—m))! (k(L+ 1)!

CT A, (x0,x1,...,2pn;a,b, k) = 1.5

T Am(@o, 21, nj a,b, k) L Ta k4 x> n—m)] b+ KD)A! (15)
Another generalization was conjectured by Forrester [7]:

Conjecture 1.4. We have
C <1—> (zo,21,...,2Tn;a,b,k)
1,j= no+1Z¢J
ni—1
kE+1 b+ kno)! (kj+k k

k; ((kz—i—l)y—i—a—l—kno) ((k—i—l)j—i—b—i—/mo) ’
where n = ng + nq.

In [7], Forrester proved the special case a = b = 0 (for all k, ng, and n;) using a formula
due to Bressoud and Goulden [4], and the case k = 1 (for all a, b, ng, and n1). Kaneko
[13, 15] proved the special cases n; = 2,3 and ny; = n — 1. Moreover, Forrester and Baker [3]
formulated a g-analog of Conjecture 1.4, which was recently studied by Kaneko [14].

Our objective in this paper is to introduce an elementary method which leads to new
proofs of the Dyson, Morris, and Aomoto identities. Moreover, our method can be used to
obtain some partial results on Forrester’s conjecture.

The idea behind the proofs is the well-known fact that to prove the equality of two
polynomials of degree at most d, it is sufficient to prove that they are equal at d + 1 points.
This approach was used by Dyson [6] to prove the case n = 3 of (1.1). Dyson used Dougall’s
method [5], in which most of the points are obtained by induction, making heavy use of
the symmetry of (1.1). This approach does not seem to generalize beyond n = 4. In our



approach we use the fact that, as a polynomial in ag, the right side of (1.1) vanishes for
ap=—-1,-2,...,—(a; +--- + ay), and we show that the same is true of the left side.

The same idea was used by Gessel and Xin [8] in proving a g-analog of Theorem 1.1,
which was conjectured by George Andrews [1] in 1975, and first proved by Zeilberger and
Bressoud [22] in 1985.

In all of the proofs, it is routine to show that after fixing all but one parameter, the
constant term is a polynomial of degree at most d in the remaining parameter, say a, and
that the left side agrees with the right side when a = 0. The proofs then differ in showing
that both sides vanish at d additional points. In (1.3), (1.5) and (1.6), these polynomials
may have multiple roots. We use the polynomial approach to prove the cases in which the
roots are distinct, and use another argument, based on the form of the constant term as a
function of all the parameters (Proposition 2.4), to extend the result to the general case.

2 Polynomials, vanishing coefficients, and a rationality result

In this section we prove several lemmas that will be needed in the proofs of the constant
term identities. First, we show in Lemma 2.1 that the constant terms in these identities can
be expressed as polyomials. Next, Lemma 2.2 is useful in showing that these polynomials
vanish at certain negative integers. Lemma 2.3, which applies Lemma 2.2 to coefficients of
the Dyson product, gives Dyson’s conjecture and is also needed in the proof of Proposition
2.4, which allows us to deal with polynomials with multiple roots.

2.1 A polynomial characterization

Fundamental to our approach is the following lemma, which shows that the constant terms
we study are polynomials.

Lemma 2.1. Let ag,...,a, be nonnegative integers, d := a1+ ---+ap, and let L(xy, ..., xy,)
be a Laurent polynomial independent of ag. Then for fired aq, ..., a,, the constant term
k: n z aop Zo [e7}
R 0 — -

Q(ag, a1, ... ,an) == CIT o’ L(xy,...,2n) ll_[l <1 l‘o) <1 m ) (2.1)
is a polynomial in ag of degree at most d + ko for any integer kg > —d.
Proof. We can rewrite Q(ag, a1, ..., a,) in the following form

o — X ao+ay
Qlag,ai,...,an) = (=1)21% CT Hlml - ) —L(w1,.. ., ).
S | R

Expanding each (zo — ;)% as Y707 ((—1)" (aogal)xgow ”x?, we get

Q(ao,ai,...,an)

=CT ) (—1)Zrati <a0 * a1>

T1yeenyln <
S (—1)’fo<a°,+‘“> ~<“0+“”) zlchon” WL, ), (2.2)

1 seeerin =1

n
a0~|—an> kot (@ = ”)Hmfl_“lL(m,...,xn)
=1



where the sum ranges over all nonnegative integers i1, . . ., i, such that ¢1+- - -+, = d+kp. To
show that the degree of Q(ao,a1,...,a,) in ag is at most d+ ko, it suffices to show that every
term has degree in ag at most d+ko. This follows from the fact that ]}, /' * L(z1, ..., zp)

is a Laurent polynomial independent of ag, and the fact that the degree of (aoﬂ”) e (a°+a")

i1 in
a0+az)
i

in ag is d + ko, since ( is a polynomial in ag of degree ;. O

Some corollaries of Lemma 2.1 are given in the Appendix (Section 6).

Since Q(ag,ai,...,a,) as defined in (2.1) is a polynomial in ag, we can extend it to all
integers ag, not just nonnegative integers. It is useful to extend the meaning of the right side
of (2.1) so that (2.1) holds for negative integers ag. Since (1 — x;/x¢)® for [ > 1 is not a
Laurent polynomial unless ag is a nonnegative integer, we must expand it as a Laurent series,

but since “ " u
(-%) -2 (-%2)
) i) x]

we might conceivably expand this expression either in powers of z;/xg or of zy/x;. To make
the expansion well-defined, we need to specify the ring in which we work. We recall that for
a ring R, the ring R((z1,z2,...,xy,)) of formal Laurent series in z1,...,x, with coefficients
in R is the set of all formal series in these variables in which only finitely many negative
powers of x; appear for each j. Then it is sufficient to work in the ring C((z0))((z1,...,2n))
of formal Laurent series in z1, ..., z, with coefficients in C((z¢)). Informally, we may think
of xy as larger than all the other variables, so that x;/x¢ is small for [ > 1. Thus we have in
this ring the expansion

ao ao Iy a0 - ao ap—1 7
(xog —27)" =2 | 1 — o) = E PR (—x1)
i=0

for all integers ag; the alternative expansion
(w0 — 21)* = (=1)* (2 — 20)™ = (1) Y | < '0> " (o)’
is not valid in this ring unless ag is a nonnegative integer.

2.2 Vanishing coefficients

Our goal is to evaluate special cases of the polynomial Q(ag, a1, ...,a,) given by Lemma 2.1
by finding some of their zeroes. The following lemma helps us to accomplish this.

Lemma 2.2. Let u;; for 1 < i < j < n be nonnegative integers and let m; and v; for
1 <1< n be integers. If the coefficient of x{" x5 - - -z in

n
[Ticicjon (@i —25)" (2.3)
[T (1= )™ .
is nonzero then for some subset T of [n| :={1,2,...,n} we have
Z Uij < Zvi — ‘T’ (2.4)
ijeT i€T
1<J



and

DRTED SEUES (TR} 25)
1<i<j<n 1,J€T i€T
1<j

where T = [n] \ T.

Proof. Applying the formula
(2 — $j)m‘j — ((1 _ $j) —(1- xz))uu _ Z (—1)%s (ZU) (1— )% (1 — mj)aji
Qij 0 =Uij K

and expanding, we can write (2.3) as a linear combination of terms of the form
n n
[Ja-a™ [T a-w)w@-zp =[[a-a)™ [ @z
I=1 1<i<j<n =1 1<i#j<n

Now let «a; := Z;‘:l a;j, where a;; = 0. Then we may write this product as

n

[T =iy (2.6)

i=1

If the coefficient of x]" ---z)' in (2.6) is nonzero, then for each 4, either a; — v; < 0 or

m; < a; — v;. So if the coefficient of z]"" -+ -z in (2.3) is nonzero, there exist nonnegative

integers a;; with oy + oj; = ;5 for i # j and oy; = 0 and a subset T of [n] such that

a<v;—1, forieT, (2.7)
a; >m; +v;, forieT,

where a; = 377 ajj and T = [n] \ T.

Then
Som Yayz Y agm Yleyan- ¥ u 29)
€T €T 1,J€T i,J€T 1,7€T
jE€[n] 1<j 1<j
Similarly,
o+t oy = Z Usj - (2.10)
1<i<j<n

Summing (2.7) for i € T gives

€T €T
so by (2.9),
> uy < vi—ITl,
i,je€T €T
1<j

which is (2.4).



Summing (2.8) for i € T' gives

Zai > Z(mz +v;).

ieT ieT

Thus by (2.10) and (2.9) we have

E Ujj = E a; + E ;> E Ugj + g (m; + v;),
\<i<j<n i€l T igerl ieT
i<j

and this is (2.5). O

Next, we apply Lemma 2.2 to prove the vanishing of some coefficients related to the Dyson
product.

Lemma 2.3. Letay,...,a, be nonnegative integers and let d := a1+ - -+ay. Let ko, k1,...,ky
be integers and let k be the sum of the positive integers among ki, ..., ky. For a subset T C [n]
we define o(T) := ) . a;, and we set

= JA{eM +1,0(T) +2,...,0(T) + £},

TC[n]

where the union is over proper subsets T of [n]. Then for every ay with —ag € [d] \ J, we
have

\%i
Crafeaft -l ] (1—%> = 0. (2.11)

=
0<i#j<n J

Proof. First we note that this coefficient is well defined for any negative integer ag, as ex-
plained at the end of Section 2.1. Next, since the product in (2.11) is homogeneous of degree
0 in xg,x1,...,Zn, the constant term does not change if we set xg equal to 1, as long as
ko + -+ kn = 0. (Otherwise the constant term is 0.) Setting ap = —h and simplifying, we
need to show that

oT [Licicjcn @i —a))%t®
2 x?m—lﬂ . xzanfkn H?:l(l _ xl)h_“l

=0, forheld\J. (2.12)

We prove the contrapositive: Suppose that h € [d] but the left side of (2.12) is not 0. We
shall show that h € J; ie., o(T) < h < o(T) + k for some T C [n].

We apply Lemma 2.2 with u;; = a; + aj, m; = na; — k;, and v; = h — a;. Then for some
subset T' C [n] we have

> (aita) <Y (h—a;)—|T| (2.13)
ijer =
and v

E (a; +aj) > E (a; + a;) + E ((n—1)a; + h— k;). (2.14)
1<i<j<n ij€T T
1<)



Let ¢ = |T'|. Then (2.13) may be written as
(t=1)) ai <th—t =Y a,
i€T i€T

and this implies that for T # &,

> ai <h. (2.15)

icT
But (2.15) also holds for T' = @, since h > 1. We note that by (2.15), T # [n], since h < d.
Similarly, (2.14) gives

(=1 a;>t-1)> ai+Y (n=1Dai+(n-th-> k.
=1 i€T ieT ieT

Taking all the terms in the a; to the left side gives

(n—t)Zaiz(n—t)h—Zki

€T ieT
so since T' # [n],
h<> ai+k. (2.16)
€T

Thus by (2.15) and (2.16),

dai<h<> aitk,

€T €T
which completes the proof. O

Dyson’s conjecture is an easy consequence of Lemma 2.3:

Proof of Theorem 1.1. Fix ay,...,a, € N. Denote by Dy (ap) and Dg(ag) the left and right
sides of (1.1). It is routine to check that

1. Both Dy (ag) and Dg(ap) are polynomials in ag of degree at most d (by Lemma 2.1);

2. Dr(0) = Dg(0) (by induction on n);

3. Dpr(ap) vanishes when ag = —1,-2,...,—d.
Now apply Lemma 2.3 with kg =k = --- =k, = 0,s0 k = 0 and J = @. Then Dy (ag)
also vanishes when ag = —1, —2,..., —d. The theorem then follows since two polynomials of
degree at most d are equal if they agree at d + 1 distinct points. O



2.3 A rationality result

We denote by D, (x;ag,a1,...,a,) the Dyson product

<1 z; >aj
I I z;)
0<i#j<n

Good [9] used Lagrange interpolation to derive the following recursion in his proof of the

Dyson conjecture: for ag,ai,...,a, > 1, we have
n
Dy (z;a0,a1,...,a,) = ZDn(:L'; agy .-y @i—1,0; — 1, Qi41, ..., an). (2.17)
i=0

Using this recursion, Sills and Zeilberger [19], Sills [18], and Lv et. al [16] found explicit
formulas for some of the other coefficients of the Dyson product. Their results suggest
the following proposition, which we will need in our approach to the Morris, Aomoto, and
Forrester constant terms.

Proposition 2.4. For any Laurent polynomial L(xg, ..., x,) independent of the a;,

(ap+ay+ -+ ap)!
aolar!---ap!

CT L(zg, ..., Tn)Dn(z;ap,...,an) = R(ag, ..., an) (2.18)
x
for some rational function R(ag,...,a,) of ag,...,ay.

Proof. We proceed by induction on n. The n = 0 case is trivial. Assume the proposition
holds for n — 1, i.e.,

d!
CT L(z1,...,2n)Dp_1(z1,...,2p;01,...,a,) = R(ay, ... ,an)ﬁ,
P ail- - ap!
where d := a; + - -+ + ay, for any Laurent polynomial L(zy,...,x,) independent of a;. By
linearity, it is sufficient to show that (2.18) holds when L(xg, x1, ..., %) is a monomial. Define
f = flag,a1,...,ay) := Cg;_[’zg“:c]l"Cl = -xﬁ"Dn(:zo, ey T A0, ATy e ey ).
We construct a rational function R(ag,aq,...,ay,) so that
(ap+a1+---+ap)!
.. =R e 2.19
f(CL(), 7an) (a07a17 ,CLn) ao!a1!~-an! ( )
holds for all nonnegative integers ag, a1, ..., ay.
First we show that for each nonnegative integer ag, there is a rational function Ry, (a1, ..., an)
of ai,...,ay, such that
d!
f(ao,...,an) :Rao(al,...,an)m. (220)

By (2.2), with iy = ap+a; — j; for [ = 1,...,n we have

n
f= Z (—=1)ko <a0+a1> <a0+an>. CT Hq;?o_jl+len_1(x1,...,xn;al,...,an),
=1

) i 1 ] T1,eesTny
J1ls-5]n ] jn



where the sum ranges over all nonnegative integers ji, ..., j, such that (ag+a1 —j1)+- -+
(a0 + an — jn) = d + ko, Le., j1 + -+ + jn = nao — ko.
Therefore, by the induction hypothesis on n,
ap + ay ap + a . . d!
f: Z (—1)k0( . >( . n)R(]l,...7jn;a1,...,an)a'”'a',
Ji+-+jn=nao—ko N In I "

where for each ji,...,Jn, R(j1,--.,Jn;01,-..,ay) is a rational function of ay,...,a, (which
also depends on ag and ki, ..., ky). Then (2.20) holds with

ap +a ap + an . .
Roy(ay,...,an) = Z (—1)’“°<0. 1)~-<0. )R(jl7--~7]n;a17--~7an>-

Ji++in=nao—ko N In

Now let 81 = Bi(a1,...,apn),...,0r = Br(a1,...,an), where r = (2" — 1)k, be the linear
functions of aq,...,a, of the form o(T) + j, for T C [n] and 1 < j < k, where k and o are

as in Lemma 2.3. By Lemma 2.1, f(ag,as,...,ay), for fixed ay,...,ay,, is a polynomial in ag
of degree at most d + kg. Moreover, by Lemma 2.3, f =0 for —ag € [d] \ {f1,...,0;}. Thus
there is a polynomial p(ag) of degree at most r + ko (depending on ay, ..., a,) such that

(ap+ 1)(ap+2)---(ap +d)
(a0 + B1)(ao + B2) - -~ (a0 + Br)
since f vanishes at the zeroes of the numerator factors that are not canceled by denominator
factors. Comparing with (2.20), we obtain

(ap + a)! d!
ag) = Rgy(ai,...,a
a0t (a0 & r){ao + B) -+ (ag + ) P \40) = Hoolots o n)

flag,a1,...,a,) = p(ag), (2.21)

f=

ap!l---ap!’

It follows that

(ag + B1) - - - (ap + Br) ao! I =
= R =—R
Plao) = ([ 1) -~ (d + ag) (@ @n) = G Ra @, )
for some rational function R, (a1, ..., a,) of a, ..., ap.

Applying the Lagrange interpolation formula, we obtain that

r+ko r+ko ag — i r+ko r+ko ag — i
p(ao):Zp(l) H _Zal Ri(ay,...,an) H T
=0 1=0,i#l =0 1=0,17#£l

So by (2.21) we get

+k +k .
= (ap+1)(ap+2)---(ag +d) TZ:O S a)THO ag — 1
(a0 + B1)(ao + B2) - (a0 + Br) = a1' U e L
|
:R(ao,..-,an)(a0+a1+ +a”"
CL()! a1! e an!
where
1 T‘+k07 r+ko ag — ’L
R(ao,...,a): Rl(al,...,a) .
" (ao—i-ﬂl)...(ao—i—ﬂr); nl,zl(:l[#l—z
is a rational function of ag,...,a,. This completes the induction. ]



We note that the proof of Proposition 2.4 shows that the denominator of R(aq, ..., a,) is
a product of linear polynomials of the form a;, + --- + a;,, + 7, where j is a positive integer.
This is consistent with the explicit formulas of [19], [18], and [16].

3 The Morris constant term identity

The proof of (1.3) is similar to that of (1.1), so we omit some of the details. We denote by
M) (a,b, k) the left side of (1.3).

Lemma 3.1. For fited a € Z and b € N, if M} (a,b,k) = M,(a,b,k) for k > b, then
M) (a,b, k) = My (a,b, k) for all k € N.

Proof. For fixed a and b, by taking the constant term in xg, we can write M/ (a,b,k) as
CTy LDy—1(x1,...,xn; k,k,..., k), where D,,_; and L are as in Section 2. By Proposi-
tion 2.4, M/ (a,b,k)/M] (0,0, k) is a rational function of k. It is straightforward to check that
M, (a,b, k)/M,(0,0, k) is also rational in k. Note that M/ (0,0, k) = M,(0,0, k) follows from
the equal parameter case of the Dyson conjecture. Therefore, the hypothesis implies that
M) (a,b,k)/M](0,0,k) = My(a,b,k)/M,(0,0,k) for all k. The lemma then follows. O

Proof of Theorem 1.2. By setting ap = a,a; = b for i = 1,...,n in Lemma 2.1, we see that
M) (a,b, k) is a polynomial in a of degree at most bn for fixed b and k in N. To see that
M, (a,b, k) also has this property, we rewrite (1.4) as

M, (a,b, k) :ﬁ (a+kl+1)(atkl+2)---(a+kl+b)(k(l+ 1)

b+ kDR (3:-1)

=0

Moreover, it is easily seen that M, (a,b, k) vanishes if a equals one of the following values:

-1, -2, e —b;
—(k:+1), —(k:+2), ..:., —(k:+b); (3.2)
(= Dk+1], —[(n=1Dk+2, ..., —[(n=Dk+b]

Note that these values are distinct if k& > b.

The theorem will follow from properties of polynomials, as in the proof of Dyson’s con-
jecture, if we can show that for bn + 1 distinct values of a, M) (a,b, k) = My, (a,b, k).

Lemma 3.1 reduces the problem to showing that M/ (a,b, k) = M, (a,b, k) if k > b. First
we show that the equality holds for a = 0: From (1.2), we have

\Kk
CT H(zg,z1,...,2,;0,b,k) = H <1—xz) . (3.3)
0 1<i#j<n :

Thus by the equal parameter case of Dyson’s conjecture, M/ (0,b, k) = (nk)!/(k!")", which is
equal to M, (0,b,k).

The remaining values are obtained from the following lemma, which completes the proof
of Theorem 1.2. ]

10



Lemma 3.2. For fized nonnegative integers b and k > b, CT, H(xg, z1,...,%n;a,b, k) van-
ishes when a equals one of the values in (3.2).
Proof. We prove the contrapositive: Suppose that h € [nk] but the constant term of

Il1gi<j§n(xi“ﬂﬁ)2k

“1)k+b _
| xl(n ) [1e, (1 - x)h=b

is not 0. We shall show that (t — 1)k + b < h < tk for some t, i.e., —h is not in (3.2).

H(zg, 1, ..., an; —h, b, k) = (—1)F() 40

We apply Lemma 2.2 with u;; = 2k, m; = (n — 1)k + b, and v; = h — b. Then for some
subset T' C [n] we have

> 2k <> (h—b) - T (3.4)

ijeT ieT
and <j

> 2k> ) 2k+ ) ((n—1)k+h). (3.5)
1<i<j<n ijeT €T
1<)
Let ¢t = |T'|. Then (3.4) may be written as
(t— 1)tk <t(h—10b)—t,

and this implies that for ¢ # 0,
(t—1k+b<h. (3.6)

But (3.6) also holds for t =0, since h > 1> b— k.
Similarly, (3.5) gives

(n—1)nk > t(t —1)k+ (n—1t)((n — 1)k + h),
which simplifies to t(n — t)k > (n — t)h, so for t # n,
h < tk. (3.7)
But (3.7) also holds for ¢ = n, since h < nk. Thus by (3.6) and (3.7),
(t—Dk+b<h<tk,
which completes the proof. O

We note that it is possible to handle the case k < b directly without applying Proposi-
tion 2.4 by using the following fact: zp is a root of a polynomial P(z) with multiplicity r if

d’L
and only if WP(ZQ) =0fori=0,1,...,r —1. For instance, we can find roots of M) (a,b, k)
2

with multiplicity at least 2 by considering the constant term of

0 ) B = s\ 19 z\ Zo ’ T -
&LH(x07x17"’7xnua7b7k)—;ln<1_xo)H(l—xo> <1—$> H <1—$> .

=1

11



4 The Aomoto constant term identity

In this section we will prove Aomoto’s identity using our elementary approach. First we note
that if m < 0 or m > n, then (1.5) reduces to the Morris identity, so we assume here that
1 <m < n—1. The proof is similar to that of the Morris identity but is more complicated.
We provide only the details of the key points.

In contrast with the Morris identity, it is not easy to show that (1.5) holds when a = 0.
So instead of proving equality at a bn + 1st point, we show that both sides of (1.5) have the
same leading coefficients as polynomials in a.

Proposition 4.1.
1. Both sides of (1.5) are polynomials in a of degree at most bn.
2. The left side and the right side of (1.5) have the same leading coefficients in a.

3. The right side of (1.5) vanishes when a equals one of the values in the following table.

—1, -2, cees —b;
(bt 1), “(k+2), (k4 b);
n—m— k1], —[(n—m—Dk+2, ... —[(n—m— 1k +b]; o
—[(n —m)k + 2], —[(n—m)k+3], ..., —[(n—m)k+b+1];
=Dk +2, (i —Dk+3, ..., —[n—Dk+b+1].

Proof of Proposition 4.1 (sketch). As with the Morris identity, parts 1 and 3 are straightfor-
ward. To show part 2, we rewrite the right side of (1.5) as

H [a+kl+xU>n—m)+1]---[a+kl+ x(I >n—m)+b](k(l+1))!
(b+ k) k! ’

=0
whose leading coefficient is now clearly

n—1

kE(l+1))

b+ kD K
l:O b+kl k:

(4.2)

On the other hand, a calculation similar to that in Lemma 2.1 shows that the leading
coefficient of the left side of (1.5) equals

1 n .
et Tt T (1-2))
(nb)' x ll;Il l H xj

1<i#j<n
which is equal to (4.2) by Corollary 6.3. O
As in the proof of the Morris identity, we may assume k to be sufficiently large by

Proposition 2.4. Then we can complete the proof of the Aomoto identity by the following
lemma.
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Lemma 4.2. For fized nonnegative integers b, k > b, and m € [n], if a equals one of the
values in (4.1), then CTy Ay (xo, 21, ..., Tn;a,b, k) vanishes.

Proof. We prove the contrapositive: Suppose that h € [nk + 1] but the constant term of

H1§i<jgn(37i - xj)%

A (20,21, ..., Tn; —h, b k) = (_1)k(§)+"b
[T, xz(n_l)ker I, (- xy)h—b=x(=m)

is not equal to 0. We shall show that (¢t —1)k+b+1 < h < tk for some t with 1 <t < n—m,
or (t—1Dk+b+1<h<tk+1lfort=n—m,or (t—1)k+b+2<h<tk+1 for some ¢
with n —m < ¢ <n. That is, —h is not in (4.1).

We apply Lemma 2.2 with u;; = 2k, m; = (n —1)k+0b, and v; = h—b— x(i < m). Then
for some subset T' C [n] we have

D2k <> (h—b—x(i <m))—|T)| (4.3)
i,jeT €T
and <
> 2k> ) 2k+ ) ((n—1Dk+h—x(i <m)). (4.4)
1<i<j<n i,j€T ieT
1<)

Let ¢ = |T'|. Then (4.3) may be written as

(t— 1)tk <t(h—b) —t— > x(i <m),
€T

and this implies that for ¢ # 0,
t—1Dk+b+2—x(TN[ml=2)<h. (4.5)

But (4.5) also holds for t =0, since h > 1>b—k+ 1.
Similarly, (4.4) gives

(n—1nk > t(t — Dk + (n—t)((n — Dk +h) = > x(i <m).

€T
Taking all terms in the k to the left gives
tn—tk > (n—t)h— > _ x(i <m),
i€T
so for t # n,
h <tk + x(T C [m]). (4.6)

But (4.6) also holds for ¢ = n, since h < nk + 1. Thus by (4.5) and (4.6),
(t—1Dk+b+2—x(TNm|=2)<h<th+x(T C[m]).

Now according to the three cases t <n —m, t =n —m, and t > n —m, the minimum values
of —x(T'N[m] = @) are —1, —1, and 0, respectively, and the maximum values of x (T C [m])
are 0, 1, and 1, respectively. This completes the proof. ]
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5 On the Forrester conjecture

We can apply our method to Forrester’s constant term to obtain some partial results. It is
routine to obtain the following.

Proposition 5.1.
1. Both sides of (1.6) are polynomials in a of degree at most bn.
2. If a =0, then the left side of (1.6) is equal to the right side of (1.6).

3. The right side of (1.6) vanishes when a equals one of the values in the following table.

-1, -2, ceey —b;
—(k+1), —(k+2), ey —(k+b);
—[(no —.1)143 +1],  —[(no— .1)k: + 2], ...., —[(no —.1)/<: +bl;
(5.1)
—(nok-i-l), —(n0k+2), RN —(nok—i-b);
—[(no+1k+2], —[no+Dk+3], ..., —[(no+1)k+b+1];
= Dk4m], —[(n—Dk+nm 41, ..., —[n—Dk+n+b—1].

Note that the values in (5.1) are distinct if k& > b.

Therefore, by applying Proposition 2.4, Forrester’s conjecture would be established if we
could show that for sufficiently large k, the left side of (1.6) vanishes when a equals any value
in (5.1). However, we are only able to show that it vanishes for some of these values. Denote
by Fy,(z;a,b, k) the left side of (1.6). We obtain the following.

Lemma 5.2. Assume k is sufficiently large. For t with 0 <t <mn—1, let M := min{nq,t}.
If a = —h with h satisfying the conditions

tk+C1+1<h<tk+b, if 0 <t <y, (5.2)
th+Co+1<h<th+b+Cs ifng+1<t<n-—1,
where
n% a5
c _mJa if 5 < M,
1:
MEaMD | if >
M(n,—M) ,
D]y =
02: _4(Z§t)J’ th—n0<%<M}
\t_nov Zf%ét_n(b
On = [(t —no+1)(t —ngp)
s t+1 ’

then Fp,(x;a,b, k) vanishes.
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Proof. We prove the contrapositive: Suppose that h € [nk + n;] but the constant term of

ng
[li<icjcn (@i — $j)2(k+x”' )

Fn0($; _h7b’k) = n n—1)k+b+(n1—-1)x(I>n n ’
Hl:lxl( St =Dtz mo) [T, (1 —ay)h=?

where X% = x(i > ng)x(j > no), is not equal to 0. We shall obtain conditions on A from
which the lemma follows.

We apply Lemma 2.2 with u;; = 2(k + x;7), mi = (n — 1)k + b+ (n1 — 1)x(i > nyg), and
v; = h — b. Then for some subset T C [n] we have

> @k+2x0) <Y (h—b)—|T| (5.4)
i,J€T €T
and  <J
S @k+2x) = > k42X + > ((n—Dk+h+ (n — Dx(i >n0)). (5.5
1<i<j<n i,j€T i€T
1<)

Let t = |T'| and assume that in T there are ¢y elements less than or equal to ng and ¢; elements
greater than ng. Then (5.4) may be written as

(t — D)tk +ty(t; — 1) < t(h —b) —t,

where max{0,t—ng} < t; < min{ny,t} by its definition, and the above equation implies that
for T # @,

ti(t1 — 1)

(t—Dk+b+1+ < h. (5.6)

But (5.6) also holds for "= @ if t1(¢t; — 1)/t is taken as —1 when ¢t = 0 (hence t; = 0), since
h>1>b—k.

Similarly, (5.5) gives
(n—1nk+(ni—m >ttt — Dk +t1(t1 — 1)+ (n—t)((n— L)k + h) + (1 — 1)(m — t1).
Taking all terms in the k to the left gives
tn —t)k > (n—t)h — t1(n1 — t1),

so for T' # [n],

ti(m —t)
n—t

But (5.7) also holds for T' = [n] if t1(n1 — t1)/(n — t) is taken as n; when ¢ = n (hence

t1 =nq), since h < nk +ny.

Thus by (5.6) and (5.7),

h <tk + (5.7)

t1 —1 t —t
t1(ty ),tk;+ 1(n1 —t1)
n—t

helltt):=|(t—1k+b+1+

It follows that F),,(z; —h,b, k) vanishes if

h € [nk 4+ ni]\ U I(t,t1),

t1<t
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where ¢ ranges from 0 to n and ¢; ranges from max{0,¢ — ng} to min{n,,t}.

The above condition can be simplified further: For 0 <t <n — 1 if

ri(n1 —r1)
n —_—

J+1§h§tk+b+r2(7“2_11)1 (5.8)

tkﬂ -

holds for every r; with max{0,t—ng} < r; < min{ny,t} and ro with max{0,t—ng+1} < ry <
min{n,t+1}, then F,, (x; —h,b, k) vanishes. This is because when k is sufficiently large, the
left and right endpoints of I(¢,r1) are always to the left of the corresponding endpoints of
I(t+1,7z) for any r1 and rg in their range. Therefore, after removing the intervals |J,, 1(t,71)
and {J,, I(t +1,72), each remaining value of h belongs to an open interval (possibly empty),
from the right endpoint of I(¢,71) to the left endpoint of I(¢ + 1,72) for some 71 and ry.

By analyzing the extreme values of (5.8) among the range of r; and ry, it is straightforward

to obtain (5.2) and (5.3). O

Remark 5.3. The first two lines of (5.1) are always implied by Lemma 5.2 to be roots for
ng > 1. This follows easily by checking the casest =0 and t = 1.

Corollary 5.4. Conjecture 1.4 holds in the extreme cases n1 =2 andny =n — 1.

Proof. We verify this directly by Lemma 5.2.

If ny = 2, then ng = n — 2. The first two lines of (5.1) are roots by Remark 5.3. If
2 <t<ny=mn-—2, then M = min{2,t} = 2, and C; = 0. Thus we obtain the range
tk +1 < h < tk + b, which is consistent with the (¢ + 1)st line of (5.1). If ¢ = n — 1, then
M =2, and Cy = C5 = 1. Thus we obtain the range (n — 1)k +2 < h < (n—1)k+b+1,
which is consistent with the nth line of (5.1). Therefore, Lemma 5.2 implies that all values
of a in (5.1) are roots, and Forrester’s conjecture holds in this case.

If ny =n —1, then ng = 1. The cases t < ng =1 of (5.1) are dealt with in Remark 5.3.
If2<t<n-—1,then M =t, C3 = [t(t':llw = [(tﬂ)(tt_ﬂ_(t_l)] =1t — 1, and all three cases
of Cy are equal to t — 1. Thus we obtain the range tk +t < h < tk + b+t — 1, which is

consistent with that of (5.1). As in the case n; = 2, Forrester’s conjecture holds. O

Proposition 5.5. Forrester’s conjecture holds when n <5.

Proof. The cases n < 4 are consequences of Corollary 5.4; the case n = 5 can be verified by
Lemma 5.2. 0

Further routine calculations by Lemma 5.2 gives us the following table:

n—3 n—2 n—1

ny = 5oL
8 o 242 -5 m+|%]-6 0

2 3
M,= 0 1

4
4 (5.9)
where M, is an upper bound for the number of missing roots in (5.1), i.e., roots that are not
implied by Lemma 5.2. For brevity, we verify in detail only the case n; = 3; the other cases
are similar.

For n; = 3, we have ng = n — 3. The cases t = 0,1 are guaranteed by Remark 5.3, so
henceforth we will always assume ¢ > 2 and (by Proposition 5.5) n > 6. If ¢ = 2, then M = 2
and 5 = 3/2 < M. Therefore C; = Ll(siiﬂj =0,forn>5 If3<t<n-—3, then M = 3,
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and Ch = hdﬁ_tﬂ = L4(n9—t)J =0. Ift=n—2, then M =3 and t — ng = 1. It follows that
n—t)
% St—no, Ozzt—nQZQ, and 03:1.

In conclusion, in the case n; = 3, only one root —[(n — 1)k + b + 2] is not implied by
Lemma 5.2.

t—ng <% <M, Cy = \fl(ni%J =1,C3=1. If t =n—1, then M = 3. This implies that

Corollary 5.6. Conjecture 1.4 holds in the case ny = 3.

Proof. As we have just seen, for ny = 3 we are missing only one root. But by [3], we know
that the g-generalization of (1.6) holds when a = k. Thus if we let ¢ — 1 in this result, we
get a = k as our (bn + 1)st point. O

We conclude this paper by the following observation. Let us take the Forrester constant
term as an example. In the proof of Lemma 2.2, we made the expansion

I wi-v)® I wi—v)*=D ey,
Y

1<i<j<n no+1<i<j<n

where y; = 1 — 24, and try to show that the constant term associated with y]*---y," is
equal to 0 for each ~. However, it would be sufficient to show that for each ~, either the
associated constant term is 0 or ¢y = 0 (after cancellation). We conjecture that in our
approach to Forrester’s conjecture, ¢y = 0 when Lemma 2.2 does not apply. We have checked
our conjecture for n < 6 and k < 3.
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6 Appendix: Consequences of the polynomial approach

From Lemma 2.1 and its proof, we can deduce the following result.

Corollary 6.1. Let d and Q be as in Lemma 2.1 with kg = 0. Then the leading coefficient
of Q(ag, ..., ayn) in ag is

1 o
(ﬂCmT(:c1+--~+a:n)dlljlxl UL(21,. .., T, (6.1)
and the second leading coefficient of Q(ag,. .., ay) in ag is

n i n d—1 1 n .%'2 n d—2 n o
C;(Z(dlll)!(zmi) _2;M<2x2> )ll_[lxl L(z1,...,2,). (6.2)

=1 i=1 =1
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Proof. Taking the leading coefficient of (2.2) in ay gives

1 1—a
E 7CT||:E L(xy,...
| | 1 y L )
. 1-02-
7,1,...,’Ln =1
| ZTL
33 CC .
CT —1-2 —“n 2 x, “L(z,. ..
' ' ) 7
i,
tn

ECT(HH-F - x,)? Ha:; "Lz, ..., 2p).
=1

Taking the second leading coefficient of (2.2) gives

i1(2a; — zH—l)xl af
CT Z Z 11'22 il Hx L(x1,...,20),

'Ll’ 77fnl 1

which can be rewritten as (6.2). O

Applying Corollary 6.1 to the Dyson conjecture gives the following identity, which ap-
peared in [21, Corollary 5.4].
Corollary 6.2.
ai+--tan - —a 2\ (a1 + -+ ap)!
CxT(xl + -+ Hml H 1-— ) = - (6.3)
=1

T ailas! - ay!
1<iZj<n g poein

We omit the formula for the second leading coefficient, which is more complicated.

Applying Corollary 6.1 to Morris’s identity gives the following result, which is needed for
the proof of Aomoto’s identity. We remark that (6.4) was also obtained in [11, Proposition 2.2]
through a complicated calculation.

Corollary 6.3.

n n—1
. ~ k(L +1))
CxT(x1+-~-+xn)belb 11 (1—33) 'H b+kl|k' (6.4)
=1

1<i#j<n

nb—2
3 D e T T; - fa :
oT 1( ) I1 (1_%) :—b(nk—k—b—i—l)(nb—Z)!Hm. (6.5)

n b
T
=y 1<i#j<n

The proofs of (6.3), (6.4) and (6.5) are straightforward.
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