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Abstract Given a Polish space E and a consistent exchangeable family of all k-point mo-
tions in E, a universal framework on related measure-valued flow (MVF) describing how
probabilities evolve under the consistent exchangeable family is given. And when E = R!
and 1-point motion is a 1-dimensional diffusion, local time and Tanaka formula for MVFs
are studied!.
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1. Introduction: Motivations for measure-valued flows

Given any Polish space F, let By(E) (resp. Cp(FE)) be the set of all bounded measurable
(resp. bounded continuous) functions on it, and || - || the uniform norm on By(E). Let Cg
(resp. Dg) be the space of all continuous (resp. cadlag) maps from [0,00) to E equipped
with the locally uniform (resp. Skorohod) topology. Note M;(E) (resp. M(E)), the set
of all probabilities (resp. finite measures) on E endowed with the weak topology, can be a
Polish space under a suitable compatible metric. Denote by

.y =nlf) = [ £ dn
E
the integral of a measurable function f on E against a measure u € M(FE) if it exists. Let

Fri(p) = (u* ) = (u®*, ) == /E fdu*, pe Mi(E), febBy(EY), k>1;

B,(Mi(E)) = {Fyi | Vk > 1, Vf € B, (E") },
Cp(My(E)) = {Fyy | Vk>1, Vf € C, (E¥) }.
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Write Cy(E) for the set of all continuous functions on E vanishing at infinity when E is
locally compact.

For any Euclidean space R!, let Cg° (Rl) be the set of all smooth functions on R! with
derivatives of any orders are bounded, and C? (Rl) the set of all bounded continuous func-
tions on R! with bounded continuous derivatives of orders one and two. Let N be the set of
all natural numbers.

Recall some notions for Markov processes. The semigroup {V;}i>0 on By(E) of an E-
valued cadlag Markov process is weakly Fellerian if

Vif € Cy(E), Vf € Cb(E), Vte Ry = [0, 00);

{Vi}i>0 is said to be Fellerian on Cy,(E) (resp. Co(E) when E is locally compact) if it is a
strongly continuous semigroup on Banach space (Cy(E), || - ||) (resp. (Co(E), | - ) -

For each k € N, let YX¥ be an exchangeable cadlag Markov process on E* with the
semigroup {V/F} _ ~on By (E*). If any n-component of Y* evolves like Y™ for any n, k

with n < k, we say the family {Yk}k>1 or {{Vtk}po} is consistent. For consistent
= 20) k>1

family {Yk}k>1 , write

k _ 1 k
Y* = ((Y:f (-171)’ 7Y; (xk))t20>(x1,"~,wk)€Ek’

where (Y;!(z1), -+, Y{*(2x)) is the position of Y* at time ¢ starting from (z1,- -+, z).

When E is locally compact, given a consistent exchangeable family {Y*}, _  in E (resp.
with the property that any two particles must stay together whenever they meet), assume
each {V/}} i~ 18 Fellerian on Cj (E*), by [25], there is a unique (in law) stochastic flow
(Ki)¢>0 of kernels (resp. stochastic flow (¢¢);>0 of measurable maps) associated to the
consistent exchangeable family, and this correspondence is one-to-one. For any p € M (E),
its transportation under the flow is given by (uf;)i>0 (resp. ((¢¢)«tt)i>0), where

(I (dy) = /E Kz, dy) u(dx) and (dr)ou(-) = o 67 ().

Note in [25], the measure-valued process (uK;);>o is constructed before constructing the
flow of kernels. The mentioned cadlag M;(F)-valued Markov process is of the semigroup
{T}}+>0 satisfying

TiFp(p) = Fyppr(p) = (WF,VEEY, Yy € By(Mi(E)), Vt > 0. (1.1)

Now the following question arises from a theoretic view point: Given any Polish space
E and any consistent exchangeable cadlag Markov process family {Y*}, _  on it. How do
probabilities are “transported” under the family? Namely, is there a unique cadlag M, (F)-
valued Markov process X = (X;);>0 with the semigroup {7}};>0 determined by (1.1)? If
yes, then study its nice properties.

Motivations for studying the above processes are described as follows.



In the deterministic situation, the flow of smooth (even measurable) maps and the (finite
or infinite) measure transported by this flow are extensively studied in ergodic theory ([8],
[1]). While for a stochastic flow (¢;);>0 of measurable maps on E (not necessarily to be
locally compact), from

<(¢t)*:u7f> = </L7f © ¢t>a Vf € Bb(E)7 vt Z 07 VN € Ml(E); (12)

(((¢¢)«1)1=0) e ar, (1) 15 @ dual of the flow and hence of its own interests (see (23] P135-147
for some interests of the process) and can be viewed as a measure-valued flow. Moreover,
there is a probabilistic notion, decay of correlations, expressing sensitivity of the dynamics,
is of importance in the characterization of complex systems ([36]); here sensitiveness means
orbits forget their initial state as time increases to oo, which may be expressed by

Cl(f.g) = /E F(2)(g 0 d0)(2)uldz) — /E f du /E gdu

should converges rapidly to zero as t — oo, for any f, g in some continuous function space F.
Where p € M;(E) (random or non-random) is a Sinai-Ruelle-Bowen (SRB) measure (note
even for stochastic dynamical systems, SRB-measure may be deterministic, see [2]). Assume
wyr(de) = f(x)p(dx) € My (E). Then

Ch(f,g) = /E 0(2) ()it (dz) — [E g du,

and the process ((¢¢)«ftr)i>0 comes into picture.
On the other hand, if F is a Riemannian manifold with x being the volume measure (not
necessarily to be a probability), the incompressibility of (¢;);>0 is defined by

(be)wpt = pt, ¥t >0, a.s..

Note incompressibility is important for vorticity and turbulence from a view point of physics
([18], [28]) and for ergodic theory; and stochastic flows are usually viewed as turbulence mod-
els. So it is interesting how measures or probabilities evolve under a stochastic flow.

Note 1-point motion of a stochastic flow can be a Markov process usually, and not every
Markov process can correspond to a stochastic flow due to “singularities”; and representation
of Markov processes by a stochastic flow is an interesting research topic. Refer to [21]
Chapter I, [23], [32], [12], [16]. For some Markov process, there might be an interesting
consistent exchangeable family of all k-point motions (liking those of a flow) such that one-
point motion is the given Markov process, but there is no corresponding stochastic flow of
measurable maps (resp. kernels).

So in order to study how probabilities are transported under flows, motivated by Exam-
ples 2.3-2.8, we need to study the M;(E)-valued processes mentioned before. Notice (1.2).
The M;(E)-valued Markov process with the semigroup {7}}:>0 satisfying (1.1) is called a

measure-valued flow given consistent exchangeable family {Yk} p>1 | or {{Vt’“} t>0}k ) .
2 2 >1

Our long aim is to establish a theory for MVFs. The present paper is at an initial stage: a
universal framework on MVFs is given by Theorem 2.1; and results on local time and Tanaka
formula for MVFs (and Fleming-Viot processes) are presented by Theorem 3.1 (and Theo-
rem 3.1’ respectively). Some interesting properties on MVF's will be studied by other papers.



2. Main result I: Framework on measure-valued flows

Theorem 2.1. Given any Polish space F and any consistent exchangeable cadlag Markov
process family {Yk}k>1 on it. Denote by {Vt’“}t>0 the semigroup of each YX. Then the

following results hold.

(1) There is a unique family of probabilities {P,},c, (k) on D, (g) such that
the coordinate process X = (X¢)i>0 on Dy, gy becomes a Markov process
under {P,},enm, (g) whose semigroup {T;}i>o satisfies (1.1); and X is
continuous under P, for any v € Mi(E) if so is each Y.

(2) If each Y¥ is strongly Markovian, then so is (X, {Py}yeMl(E)) .

(8) (X, {P.}vem (r)) is weakly Fellerian and strongly Markovian provided each

YX is weakly Fellerian.

Remark 2.2. One of the most interesting objects associated to a given consistent exchange-
able family is the stochastic flow of kernels (measurable maps)([25-26]). The present paper
limits to how probabilities evolve under the consistent exchangeable family.

The considered measure-valued process can be viewed as a measure-valued flow given a
consistent family of all k-point exchangeable processes. On one hand, measure-valued flow
is of interests for stochastic flows of measurable maps or kernels; on the other hand, an
interest in the measure-valued flows is that in some instances they may exist whereas the
general stochastic flows of measurable maps or kernels in [25-26] do not (see Examples in
section 2).

Note if F is Cosouslinian, then so are Dg and Cg ([10]). Theorem 2.1 holds for Cosouslin
space, which is left as an exercise to the interested readers.

[6] studied a class of stochastic flows connected to the coalescent processes (a class of
probability-valued Markov processes). In [6], an important auxiliary measure-valued process

viewed as a generalized Fleming-Viot process, is a measure-valued flow.

Example 2.3. There are consistent exchangeable families {Yk} x> 0 Euclidean spaces

such that one can not determine generally whether each Y¥ is weakly Fellerian.

(i) Fix d € N. For any k € N, define an operator Ay as follows:

1 k d an
Apf(a, - 2) = §Zzapq(zi)m(21f“,zk)+

1 d 2
L § DA, o
9 ‘ a (Zu Zj) - zj (Zla ,Zk) +



Here for any 1 < p,q < d,
a¥i(:) € Cy (R), ar(-,) € G, ((RY)), () € By (RY),
aP¥(z1) = a%%(z1), aP¥(z1,22) = a®(2a,21), V(z1,22) € (Rd)Q;

and there is a constant n > 0 such that for any k > 1 and any (z1,---,2;) € (Rd)k

kd d
ZZa (i) NPT + Z Zapq(zi,z]/\)\q>nzz /\p

i=1 p,q=1 1<i#j<kp,g=1 i=1 p=1

For each k > 1, use

Yk - ((Y—tl('zl)’ T Kk(zk))tz()) (21,,2K) E(RL)R

to denote the unique Ay diffusion process, where (Yt1 (21),---, Yk (zk)) is the position of the
process at time ¢ starting at (z1,- -, 2x). Note {Yk}k>1 is a consistent exchangeable family.

When b € Gy (Rd) , each Y¥ is weakly Fellerian. But for arbitrary b € B;, (Rd) \ Cp (Rd) ,
one can not determine generally whether each Y* is weakly Fellerian (For ‘bad’ coefficients,
one tends to believe Y* is not weakly Fellerian).

(ii) Assume 0 < a(-) € B, (R') and a(-)~! is locally integrable, and let
={zeR"| a(z) =0}.

Note
I(a) = {w € R

€ 1
/_Emdy:oo7 Ve>0}=@§Z<a)~

Then for any initial point, (%a( ) 8962,02 (Rl))-martingale problem has a nonexploding

solution, and it has a unique nonexploding solution if and only if Z(a) = ). See [14] and
[7]. For all strong Markov processes (and Markov processes) generated by the operator

%a(w)aa—;, refer to [14].

Let Q@ = {w € Cp1 | wp = 0}; and 9 be the Wiener measure, w = (w;)¢>0 the coordinate
process on 2. Then w is the standard 1-dimensional Brownian motion starting at 0. Let

T(s,x) =T(s,2)(w) = /OS m du,Vs € [0,00), z € R".

Then for any fixed x € R!, due to a(-) is locally integrable against Lebesgue measure,
T(s,x) < 0o is continuous in s € [0,00), po — a.S.;
and due to

T(t,x) —T(r,z) > >0, T(r,z) >

VO <r<t<oo,

- H ()II la()II"



T(s,x) strictly increases to co as s | oo, a.s.. Put
R(t,z) = R(t,z)(w) = inf{s > 0 | T(s,z)(w) > t}.
Then for fixed z € R!, almost surely,

R(t, ) is continuous and strictly increasing in t and tlim R(t,z) = oo. (2.1)
For any = € R', let
Yi(2) = 2 + WR(tw)(w), T € [0,00).
Then
Y = (i),

zER?!

is a %a(x)aa—;—diffusion process. If Z(a) # 0, define a different fa(z) aa; -diffusion process

Y = ((?t(x))t20>z€ﬁ’,1 as follows:

Yi(z) = Yipr(e)(2) with 7(z) = inf {s > 0 | Yy(z) € Z(a)}, t € [0,00).

Any two independent Y particles must meet at a finite time due to (2.1) and the differ-
ence process for the two independent particles is a continuous martingale whose quadratic
variation process tends to +oo as time goes to +o0o. For any k > 1, let YX be the process ob-
tained from k-independent copies of the process Y by letting any two particles stay together
whenever they meet. Write

Y = (V). Y1), )

(21,2 ) ERF

Clearly, {Yk}k>1 is a consistent exchangeable family. For arbitrary measurable a(-), one

can not determine generally whether each Y¥ is weakly Fellerian. For Y, if Z(a) is closed,
then

Rl\Z(a) = U Ii, Ii = (ai,bi) 7é Rl, Ii ﬂIj = @, 27&], ai,bi S Rl U {—O0,00}.
i=1

For some i # j with [a;, b;] N [a;,b;] = 0, two independent Y particles starting at I; and I;
respectively can not meet; while with positive probability, any two independent Y particles
starting at the same I; can meet at a finite time before they are absorbed at the boundary
of I;. Similarly to Y, one also can get a nontrivial consistent exchangeable family for Y with
the property that any two particles must stay together whenever they meet. The mentioned
trick can be applied to other %a(x)aa—;-diffusions.

For b(-) € By (R") such that b(-)?> < ¢ a(-) for some constant ¢ > 0, use the Girsanov
argument, one can get %a(x)aa—; + b(z)Z diffusion Y = ((V! (#))i20) ,c g from Y and
Y and other %a(x)%—diﬁusions (when Z(a) # 0). Apply the trick mentioned in previous
paragraph to %a(m)aa—; + b(:c)a% diffusions to get nontrivial consistent exchangeable families
with the property that any two particles must stay together whenever they meet.



Example 2.4. In the situation of Example 2.3(i), assume further (a??(z)),., ,<, is the

identity matrix for any 2 € R?, that is, the A;-diffusion is a d-dimensional Brownian motion
with a drift. Write

Yi(z) = (Ytl’l(m), . -,Ytl’d(x)) €RY tel0,00), xR
Then for any z € R? and t € (0,00), by the Girsanov argument,
Py (z)=01=P {Ytl’l(x) - 0} =0. (2.2)
For any = € R?, write z = (a:l, e ,xd) € R4 and for each k € N, let
Zj(x;) = Yti(l'i)[[mll?go] + 2l _g): (w1, ,m8) € (Rd)k,

7% = ((ZH (w1, . ZE @) 1oy

t€[0,00), i <k,

(@@ (RN
Then by {Yk}k>1 is a consistent exchangeable family and (2.2), we see {Zk}k>1 is also

. . . k
consistent and exchangeable, and each Z¥ is a continuous Markov process on (Rd) . But
Z! is not strongly Markovian and hence is not weakly Fellerian.

Indeed, otherwise, for any fixed z € R? with z! # 0, let
7 = inf {t >0 ‘ ZM(x) = O} , where Z}(z) = (Ztl’l(x), e Ztl’d(a:)) ;
by the strong Markov property of Z?1,
B(21(2) #£0, 7 <1] = E[Ip<yPior (Z2@), {y € RY]y" #0})] =0,
where P;(z,dy) is the transition probability for Z! which satisfies
P, (z,{ye Rd|y1 7&0}) =0 for z= (21,'~-7zd) e R* with z' = 0.

While due to (Y;}(x)),., is the d-dimensional Brownian motion with a drift and note (2.2),

>0
E [le’l(:v) £0, 1< 1} -5 [val(x) £0, 1< 1}
=Elr <1 =E[t<1, v (@) =0] >0

This is a contradiction!

Example 2.5. Subordination. Let (uf'),., be the one-side stable convolution semigroup
of probabilities on (0, 00) with order « € (0, 1], i.e.,

pg * pg = pgy, forall s,t >0, l_ir%yff = dp vaguely,

/( explyeh pi ) = exp (17} p >0
0,00

Where * is the convolution. For any Polish space E and any E-valued cadlag Markov process
of the semigroup {V;}+>0 on By(E), the following Markov semigroup is called subordinated
to {Vi}e>0 by means of (uf),-q :

Vif = ( )st pe(ds), t>0, Vof = f, f € By(E).
0,00



For any k € N, define a Markov semigroup on B, (E’“) as follows:

Vkp = / VRS us(ds), t >0, VEf = f, f € By (EY).
(0,00)

Then {{‘Z’“} } is a consistent exchangeable family, and each Markov process asso-
20 ] >4

ciated to {‘N/tk} . is cadlag. If the Markov process & = ((&(x))i>0,2 € E) is strongly
> >

Markovian, then so is each Markov process corresponding to {\N/tk} "
t>0

In fact, there is a unique (in law) R-valued cadlag process with stationary independent
increments such that

70 =0, and 7, is of the law pi' for any t € (0, 00).

Let (7¢)¢>0 be independent of &. Then ((&7,(x))i>0,2 € E) is cadlag and of the semigroup
{‘7751} " If ¢ is strongly Markovian, then by [34] P.31 Theorem 7.4.(v),
t=>

Vsf(&r(x)) is right continuous in r € Ry, a.s. for any fizved s > 0 and f € Cp(E).

Then for any fixed ¢t > 0 and f € C,(E), since
VA = [ V(e @) i (as)
(0,00)

we see Vi1 f(&,, (z)) is right continuous in r € [0,00), a.s.; which together with [34] P.31
Theorem 7.4.(v) implies that the Markov process associated to {‘N/tl} N is strongly Marko-
>0

vian. Similarly, any Markov process associated to {‘N/tk} is cadlag, and further strongly
t>0

Markovian if so is &.
Note (u¢),5 can be replaced by other convolution semigroups.

Example 2.6. Natural consistent exchangeable families for OU processes. It is
well-known that OU-process on path spaces is fundamental in Malliavin calculus ([29]). Let

W={yeC(0,1,R% | v0) =0},

where C ([O7 1],Rd) is the space of all continuous maps from [0,1] into R?. Equip W with
the uniform topology. Let v be the Wiener measure on W and define

Vip(w) = / 7 (e_t/Qw +V1l—et u) v(du), Yo € By (W), Yw € W, Vt > 0.
w
Then {V; }+>0 is the semigroup of the OU-process on W. For any p € (0,1] and k € N, define

1 d 9% f
Ao m) =5 3 Sl (- b)) 5

Z.
1<i,j<k p=1 i

vieCE((RDY), (v € (RN, 2= (2, 2) € RY,



where 6; ; is the Kronecker delta. Then all Ag-diffusions determine a unique consistent
family in R? of exchangeable diffusions. Let (w{,---,w}),_  be the Ag-diffusion and v}, the

law of ((wtl)ogtg R (wf)ogtg) with

>0

(wé,~~~,w§) =(0,---,0) € (Rd)k.
For any ¢ € By (Wk) ,any w!,---,w® € W, and any t > 0, define
Vtk@ (wl,...’wk)
:/Wkgo(e_t/2wl +mu1,---,6_t/2wk+muk> vi(duy - - - duy,).

Then it is easy to check that {V}*}
semigroup) on By, (Wk) (resp. Cyp (Wk)) , which is left to the interested readers as an exer-

is an exchangeable semigroup (resp. weakly Fellerian

cise. Clearly, the family {V;k} 150 is consistent; and {{Vtk} t>0} is of coalescence
20) k>1 20) k>1

for p = 1; and each {Vtk}t>0 is symmetric with respect to vy for p € (0, 1).

Notice time interval [0,1] can be replaced by [0,00) and any time interval [0,a] with
a € (0,00).

Example 2.7. Brownian snakes. To begin, let (({;)i>0,11z),c s be the d-dimensional
Brownian motion and II, being the law of £ = (&):>0 starting at z. For any interval I of
R, = [0,00) and any metric space E, write C (I, E) for the space of all continuous maps
from I into F equipped with the locally uniform topology. Set

w=Jc (o RY.

For any w € W, write (, =t if w € C ([O,t], Rd) and W = w(({y), and call {,, the life time
and @ the terminal point of w. The space W is a Polish space when endowed with the metric

dist (w,w") = |Cw — Cur| +sup [w(t A Cu) — W' (EA Cur)|, w,w" €W.
>0

For convenience, view R? as a subset of W by identifying a point 2 € R? with the trivial
path with initial point x and lifetime 0. Let

W, ={weW | w(0) =z}, Vo € R

Given w € W and a € [0,(y], b > a. Define the following probability measure R, ,(w, dw’)
on W:

Cwr = b, W'(t) =w(t), Vt € 0,a], Rop(w,dw’) — a.s;

(w'(a+t))o<t<v—a under Ry p(w,dw') distributes as (&)o<t<v—a under I, ).
For any wg € W, set (o = Cu,- Let Py, be the law of reflected standard Brownian motion
(the modulus of standard linear Brownian motion) starting at {y. Given f € C(Ry,Ry)

with f(0) = (o, let @{:0 (dw) be the law on WP+ of the time-inhomogeneous Markov process
in W starting at wo with transition kernel between times s and s'(> s) being

/! N :
Rys,6),5(s) (w, dw'), where m(s,s") = sgl?gfs' f@).



Then O (dw) is a probability on C(Ry, W), P;, — a.s. f ([24] P.65 lines -5 and -4).
Consider the following probability on C(R4, Ry) x C(Ry, W) :

P, (dfdw) = P, (df)O1, (dw).

The Brownian snake W = (W;)s>0 (Wo = wp) is defined under P, (df dw) by
W(f,w) = w(s), Vs € [0, 00).

Note (Ws)s>0 under P, is a (time-homogeneous) diffusion process on W, and

CS(f?w) = CWS = f(5)7 Py, — as,

so that the lifetime is a reflected Brownian motion.

Let (¢¢)t>0 (9o = the identity map) be an arbitrary stochastic flow of homeomorphisms
on R' such that 1-point motion (¢¢(x));>0 is the 1-dimensional Brownian motion and each
k-point motion (¢¢(x1),- -+, d¢(wx))i>0 is a diffusion in RF. For such flows, refer to [24].

Let P,.....z,) be the distribution of ((|¢t($1)|)t20,"n(\@bt(katzo) on C(Ry,R,)* for
any (z1,--,2x) € RY and any k € N. Define the following probability on C(Ry, R4)* x
C(RJ,_, W)k :

k ) 4
P<w(1)7,,,7w§) (dfl . dfkdwl .. dwk) _ -P(Cw1 ka) (dfl . dfk?) H@ié (dwl) ,

& i=1

where wh € W, 1 <i<k. On C(Ry,Ry)* x C(Ry,W)F, let
wi (fl,-~-,fk;w1,---,wk) =w'(s), s€[0,00), 1 <i<k.

Then W = (Wsl’ T Wf)szo ((WOI’ T W(;C) = (w(l)7 e ’wg)) under P(wéw“, 5) is a h-
point Markov coupling for the Brownian snake W. Similarly to [24] Chapter IV Section 4
Theorem 6, one can check WX is strongly Markovian. Now we have obtained a consistent

exchangeable family {Wk} x>; in Polish space W.

Example 2.8. Let E be an arbitrary Polish space and Q(xz,dy) an arbitrary probability
kernel on it. For any n € N, consider a conservative cadlag regular step process

Y0 = (), V) )

(®1,,2n)EE™

whose generator is

n

Anf(x1>”'71'n) = \/n [f(y17"'ayn)7f(x17"’7xn)] HQ(xladyl)7

V(z1, -, an) € E", Vf € By (E™).

Then {Y™} | is a consistent exchangeable family. If Q(x,-) € M;(FE) is not continuous in
x € E, then Y1, further each Y™, is not weakly Fellerian.

10



3. Main result II: Local time and Tanaka formula

Local time is one of major objects in Markov process theory and Tanaka formula gives a
semimartingale representation of local time. The local time and Tanaka formula for measure-
valued processes have been studied extensively by many authors such as E. B. Dynkin, R. J.
Adler, K. Fleischmann, I. Iscoe etc (see [30], [39] and references therein). In this section, we
derive local time for measure-valued flows and Fleming-Viot (FV) processes, and establish
the related Tanaka formula. To this end, for any k& > 1, consider the following operator in
RF .

. 0 o
Akf(zly"'azk):%z:a( )8 af (21 'n%)*‘% Z G(Zi,zj)az_ig;(zlwwzk)
1U<g

1<i#j<k

=1
k
+Zb(zi)—f(zl,~~,zk), VfeCE(RY), (21, -, 2) € RF;

and

)€ Cy (RY), a(-,") € By (R?), b(-) € By (R"),
21,2) = a(za, 21), V(21,22) € R?,

)~ 1 is locally integrable against the Lebesgue measure,
)

a(-
af
a(-
b(-)? < ca(-) for some constant ¢ > 0;

and for any k > 1 and any (z1,---, 2,) € RF,

k
Za(zl)(Al)2+ Z a’(ZiVZj))\i)\j 207 v()‘la"'7)\k) € Rk‘
1=1

1<i#j<k

Assume each Ajp-diffusion process YX = ((Ytl(zl), . ,lﬁk(zk))tm)( - exists,
= 21, ,2K)€E

and write {Vtk}tzo for its semigroup. Suppose {Yk} x>1 18 a consistent exchangeable family.
Then the measure-valued flow given the family {Yk} p>q 0 Al M, (Rl) valued diffusion

process X = (X;)¢>0 with the semigroup {7}};>0, is determined uniquely by (1.1). Recall
P, is the law of X starting at € My (R') . If

¢
/ X, ds < dz (the Lebesgue measure), ¥Vt € [0,00), P, — a.s.,
0

then define the local time ((Lf (X))t>0) o of X as follows:
- /zeR

a(Jfy X ds)

Li (X) = ———

, Vt € [0,00), P, — a.s..

Note closed subset {a(-) = 0} is of zero Lebesgue measure due to a(-)~! is locally Lebesgue
integrable. Then the following theorem is true.

Theorem 3.1. Under P,, L7(X) is well-defined for any z and any ¢ almost surely; and
the map (z,t) € {a(:) # 0} x [0,00) — L#(X) is a.s. continuous; and almost surely, the
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map z € {a(-) # 0} — a(z)L;(X) is Hélder continuous of order « for any a € (0,1) and
uniformly in ¢ on every compact interval; and given any z € {a(-) # 0}, L{}(X) is a.s.
increasing in t € [0, 00).

In addition, for any . € M (R') with f[O,oo) x p(dr) < oo (resp. f(—oo,O] |z] p(dx) < oo) ,

the following Tanaka formula holds:

LE(X)=Q(22){/[ e xt<dx>—/[ (2=2) pld

7/0 (X, Iz 00)b(-)) dst(X)}, Vt € [0,00), Vz € {a(-) £ 0}, P, — a.s.

(resp. L} (X) = a(22) {/(_ ](z —z) Xy(dz) — /(_ ](z —z) p(dx)

+/0 (X, I oo 1b()) ds+M§(X)}, vt € [0,00), Vz € {a(") £0}, P, — a.s.);

where (M7 (X)), is a continuous L"-martingale for any r € [1,00) such that
(z,t) € {a(*) # 0} x [0,00) = M} (X) is continuous a.s.,

and z € {a(-) # 0} — Mj(X) is a.s. Holder continuous of order a for any a € (0,%) and
uniformly in ¢ on every compact interval; and Lj(X) is in L" (P,) for any ¢ € [0,00) and
any r € [1,00).

Now we describe Fleming-Viot (FV) process, a model in population genetics the-
ory introduced by [17]. By [13], FV process is one of three fundamental types superprocesses:
Dawson-Watanabe (DW) superprocess, FV process, OU-superprocess. While by [22], there
is a deep connection between FV process and DW superprocess (also see [15], [31]). To
introduce FV process X, let Y be a cadlag E-valued weak Feller process with the semi-
group {V; }1>0; and for any k > 1, {Vtk}t>0 be the semigroup of cadlag E*-valued k-particle
look-down process over Y determined uniquely by

vir = e {-HET sk

S [ew{ - v oty as

1<i<j<k
vt >0, Vf € By, (EY),

with {Vt®k} />0 Deing the semigroup of k-independent copies of Y, and

eijf(xl7"'7mk) = f(l‘la"'axia"'7xj71axiaxj+17"'7$k)a
Y(z1,- -, x) € B, Vf € By (EY), V1 <i<j <k

Then FV process X over the mutation process Y is the unique M (E)-valued diffusion pro-
cess with the semigroup {7} };>0 on By(M;(E)) determined by (1.1) with each just mentioned
{Vtk}tzo (c.f. [9] and [11]).

Theorem 3.1'. For the FV-process X over A;-diffusion process in this section, if P, still
denotes the law of the process X starting at p € M; (Rl) , then the results in Theorem 3.1
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hold true for the process X.

The method for proving Theorem 3.1 is of its own interests. In Theorem 3.1, on
{a(-) = 0} which is of zero Lebesgue measure, L (X) can not be defined explicitly; and
so we do not consider Tanaka formula for L7(X) at 2z € {a(-) = 0}. The condition b(-)? <
¢ a(-) for some constant ¢ > 0 ensures that there is a Girsanov transformation theorem

between (%a(z)aa—;, C? (Rl))—martingale solutions and (A1, CZ (R'))-martingale solutions,

and the local time L} for Aj-process is continuous in (z,t) € R' x [0,00) and further the
first part of Theorem 3.1 holds. Remove the condition, Theorems 3.1 and 3.1’ still hold
true with a few modifications (see Remark 3.1.1). For Theorem 3.1, examples are taken in
Remark 3.1.2. For further remarks on Theorem 3.1 etc, refer to Remark 3.1.3.

As a contrast, recall for FV-process X = (X;);>0 over the 1-dimensional —(—A)2 pro-
cess (a € (0,2]), [22] proved that X; has joint continuous density f;(z) with respect to the
Lebesgue measure satisfying a stochastic partial differential equation; and so automatically,
the local time for X exists and a Tanaka type formula holds for the local time. While our
Theorem 3.1’ is true for any 1-dimensional diffusion described before.

3.1. Remarks on Theorems 3.1 and 3.1’

Remark 3.1.1. Remove the condition b(-)? < ¢ a(-) for some constant ¢ > 0, and replace
a(-) € Cy, (RY) by a(:) € By (R') ; if we let

1
lim—/ a(y)™! dy = \(z) € R* exists ¢,
(z—e,z4¢€)

then R\ A is of zero Lebesgue measure and
M2) = a(2)7Y, a.e. 2z € A with respect to the lesbesgue measure,

and clearly, for 2 € R! such that a(z) # 0 and a(-) is continuous at z, A(z) = a(z)~!. In this
setting, since the local time L for A;-process satisfying that (z,t) — L7 is continuous in ¢
and cadlag in z almost surely ([33] Chapter VI), the first part of Theorem 3.1 (and Theorem
3.1’) should be rewritten as follows:

Under P,, L;(X) is well — defined for any z and any t almost surely;
and (z,t) € {y € A; A(y) # 0} x [0,00) — A(2) 'L (X) is a.s. continuous
in t and cadlag in z; and given any z € {y € A; MNy) # 0}, L7 (X) is a.s.
increasing in t € |0, 00).

While the second part of Theorem 3.1 (and Theorem 3.1’) is modified as follows: for any
€ My (RY) with f[o ooy T H(dz) < 00,

L} (X) = A(2) {2/[ )(x —z) Xy(dx) — 2/[ )(:r — z) p(dx)

_/Ot (X Iy b() ds_/ot (X, Iz 00)b(4)) ds—Mf(X)},
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Vt € [0,00), Vz € {y € A; Ay) # 0}, P, — a.s;
where (M7 (X)),~q @5 a continuous L™ — martingale for any r € [1,00) such
that (z,t) € {y E_A; Ay) # 0} x [0,00) — M7 (X) is continuous a.s., and
z€{y € A; MNy) #0} = M7 (X) is a.s. Holder continuous of order a for

1
any o € (0, 2) and uniformly in t on every compact interval; and L7 (X)
isin L™ (P,) for anyt € [0,00) and any r € [1,00).

For p € My (R") with f(foo o |z| p(dz) < oo, the Tanaka formula needs slight modification,

which is left to the interested readers. Note R'\ {y € A; A(y) # 0} is of zero Lebesgue
measure; and for z in this set, either L7(X) can not be defined explicitly for 2 € R \ A or
L*(X) = 0 for z € A with A(z) = 0. It is not interesting to establish Tanaka formula for

ze R\ {y e A; Ay) #0}.

Remark 3.1.2. (i) The existence for A;-process. Assume 0 < a(-) € B, (R') and
a(-)~! is locally integrable. Recall from Example 2.3(ii),

Z(a)={z € R"| a(z) =0},

o s o2 . s ~ _ V4 s
and Y = ((Y}(oc))tzo)IER1 is a a(x)Z;-diffusion; and Y = (<Yt(x))t20>zeRl is another
1

§a(x)59—;—diﬁusion if Z(a) # (. For all diffusions (and Markov processes) generated by the

operator %a(x)aa—;, see [14].

For b(-) € B, (R") such that b(-)2 < c a(-) for some constant ¢ > 0, use the Girsanov
veR! from Y and Y
and other %a(m)éd—;—diffusions (when Z(a) # 0). Refer to proof of Lemma 5.1.

argument, one can get %a(m)aa—; +b(z) 2 diffusion Y = ((Y;}(2))t>0)

(ii) Consistent exchangeable families with coalescence. See Example 2.3(ii). In
addition, by [5] Theorem 1.3, one can construct consistent exchangeable families with coa-
lescence for b(-) therein being in By, (R') .

(iii) Consistent exchangeable families without coalescence. In the situation of The-
orem 3.1 with a(-,-) € Cy, (R?) , if there is an n € (0, 00) such that

k
dalz) )P+ D0 alznz)Aidg =0 Y (M) >0, ¥ (A, ) € R,

i=1 1<i#j<k i=1

for any £ > 1 and any (21,---,2;) € R, then each Aj-diffusion YX exists and is unique.
Clearly, {Yk}k>1 is a consistent exchangeable family without coalescence. For arbitrary
be By (Rl) , one can not determine generally whether each Y* is weakly Fellerian. Next if
b = 0, then any two particles of each YX (k > 2) must meet at a finite time because their
difference process is a continuous martingale whose quadratic variation process tends to +o0o
as time goes to +o00. Furthermore, for arbitrary b € B (Rl) , by the Girsanov argument, any
two particles of each Y* (k > 2) must also meet at a finite time. So if let Y* be obtained
from Y* by letting two particles stay together whenever they meet, then we get a nontrivial

consistent exchangeable family {Yk}k with coalescence.
>1
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Remark 3.1.3. For Theorem 3.1, the examples that each Ay-diffusion is the k-point motion
of a common stochastic flow (¢;);>0 of measurable maps (homeomorphisms) can be taken
under many well-known conditions, e.g.,
a(z) = a(z,z), Vo € R; a(-,-) € Cf (R?), b(:) € C; (RY), in1£1 a(xz) > 0.
TE

For these examples, since 1-point motion (¢¢(x));>0 for any point € R' can be given by
the flow simultaneously on the same probability space, and the 1-point motion has local
time and Tanaka formula, Theorem 3.1 on measure-valued flow ((¢;)«ut), holds is natural.
It is interesting that Theorem 3.1 (resp. Theorem 3.1') is true when (resp. since) there is no
stochastic flow of measurable maps corresponding to the (resp. look-down) family {Y*} 1

Recall 3 forms of Tanaka formulae on continuous semimartingales from [33] Chapter VI
Theorem 1.2, one can see that the condition on initial measure of Theorems 3.1 and 3.1
is optimal. Certainly, for more general a(-),a(-,-) and b(-), Theorem 3.1 still holds, this is
left to the interested readers as an exercise. The method for proving Theorem 3.1 suggests
us that when 1-point motion has local time and Tanaka formula, then the related measure-
valued flow, FV process will preserve this property under a suitable condition.

Remark 3.1.4. Recall from [11], there is an infinite-particle look-down process represen-
tation for F'V processes, which is exchangeable if so is its initial distribution. Similarly to
Theorem 3.1, one can verify Theorem 3.1’.

Remark 3.1.5. Fractional diffusion. Let (F, p(-,-)) be a complete metric space and p a
Borel measure on it. (F, p(-,-), u) is called a fractional metric space (FMS) if (1) (F, p(-,-))
has the midpoint property in the sense that

1
for each x,y € F there is a z € F satisfying p(z,z) = p(z,y) = §p(x,y);

and (2) there are dy > 0, and constants ¢, c2 such that

¥ < u((B(x,r)) < cpr®, Vo € F, 0 <r <rp:= sup p(z,y).
z,yeF

Here B(z,r) ={y € I | p(x,y) < r}. If G is the Sierpinski gasket, dg(,-) is the geodesic
metric on G, and pg is the natural fractional measure on it, then (G, dg(:, ), 1) is a FMS
with dy =log3/log2 and ro = 1. Any FMS (F, p(-,-), ) satisfies

F is locally compact, dimy(F) = dimp(F) =d; > 1.

Recall any p.c.f.s.s. set is a compact FMS ([3] Definition 5.13), where p.c.f.s.s. means post
critically finite self-similar. A Markov process Y = ((Y4)i>0, P*),p 18 a fractional diffusion
(FD) on FMS (F, p(-,-), p) if Y is a p-symmetric conservative Feller diffusion on F, and Y
has a symmetric transition density p(t,x,y) = p(t,y,z), t > 0, =,y € F, which satisfies the
Chapman-Kolmogorov equation and each p(t,x,y) is continuous in (z,y) € F?, and there
are constants a, 3,7, cy, - -, ¢4 satisfying that for any (z,y) € F? and any 0 < t < tg := rg,

Cltia exp {702p(fﬂ, y)ﬁ’ytiv} < p(ta z, y) < C3t7a €xp {704/0(:37 y)ﬁ’yti’y} .
We say above FD is a FD'(dy,a, 3,7). Particularly,

Y is a FD(dys,p) if it is a FD'(dg,ds/B,8,1/(8 — 1)) with 8 > 1.
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For these notions, see [3]. From [4] and [3], the Brownian motion on the Sierpinski gasket is
a FD(log3/log2,1og5/1log2).

When d; < d,, := 3, or equivalently d, := % < 2, by [3] Theorem 3.32, FD(ds,3) Y
on F have jointly continuous local time (LY, 2z € F,t > 0) which satisfying

| #y ds= [ 5@ £ utde), vr € Bi(E)
0 F
(see [4] Theorem 1.11 for local time of the

Brownian motion on the Sierpinski gasket).

For diffusions on p.c.f.s.s. sets, the just mentioned result is still true (c.f. [3] Theorem 7.21).

Note [9] Lemma 3.4.2.2 can be extended to fractional metric space (FDS) (F, p(-,-), p1).
Similarly to Theorem 3.1, one can show

For the FV process X over the FD'Y which is a FD(dy,3) with 1 < d; < 8 on FMS
(F, p(-,+), p) or a diffusion on p.c.f.s.s. sets F, it has jointly measurable local time L} (X) in
the sense that

b —im¥ t z,€)) ds — a.e. z ), a.s.;
L}(X) =1 (B(z,e))/OXS(B(’))d’M ez, Vt € ]0,00), a.s.;

where B(z,¢€) is the open ball centered at z of radius €; and for fizred z € F, t — L;(X) is
a.s. continuous, and Li(X) is L'-integrable for any (z,t) € F x [0, 0).

Note by [4] Corollary 1.8 and [3] Theorem 2.28, the Brownian motion on the Sierpinski
gasket is not semimartingales and hence does not have Tanaka formulae. In addition, for
fractional diffusions on fractional metric spaces F, by [3] Lemma 3.25 and Theorem 3.41,
their paths fail to be Holder continuous of order v € (O, %) ; so if F' is a subspace of an
Fuclidean space, then fractional diffusions are not semimartingales and there is no Tanaka
formula for the diffusions. So we do not consider Tanaka formulae for the FV process X

over the FD Y.

4. Proof of Theorem 2.1
Proof of Theorem 2.1(1)

To begin the proof, we need the following preliminaries. For any Polish space S, there is a
homeomorphic map from S into a Gs-subset of some compact metrizable space 7. Without
loss of generality, suppose S is a Gs-subset of 7. Hence the closure S of S in 7 is compact.
Let

Crestrict(s) = {f‘S | f € Cb (F) }’

where f|g is the restriction of f to S. Then Crestrict(S) is separable in the uniform norm
and weak convergence determining, and

o (f, [ € Crestrict(S)) equals to the Borel o — field on S.
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Write Cym (S™) for the set of all continuous symmetric functions from S™ to R! for any
n € N.

Now we are in the position to give an extended de Finetti’s theorem.

Lemma 4.1. Let S be a Polish space.

(1) Assume P € M;(M;(S)). Then there exists a probability @ on SN under which the
coordinate process Z = (Z,),>1 satisfies that {Z,},,>1 is exchangeable and (Z1,---,Z,)
has distribution

P™(day, - day) = / v(dzy) - v(de,)P(dv), Vn > 1.
M1 (S)

(2) Let {Z,,},>1 be a sequence of S-valued exchangeable random variables on probability
space (S™,Q) and W,(w) = £ Z 07,(w)- Then {W,(w)}n>1 converges to some W(w) €

M;(S) in the H-topology on Ml( ) Q — a.s. w. Where H C B,(S5) is separable in the
uniform norm, and o(H) equals to the Borel o-field on S; {v,}n>1 C M1(S) converges to
v € M;(S) in H-topology if and only if

Tm (v, f) = (v, f), Vf € H.

Let Gn =0 {fn(Z1, -+, Zpn) | fn € Coym(S™) }, and
y —J{gna n+1, n+2a' } yoo— ﬂyn

Then W is YVeo-measurable, and {Z,},, is an i.i.d. random variable sequence with marginal
distribution W conditioned on V..

Proof. (1) By Kolmogorov’s extension theorem, similarly to [9] Theorem 11.2.1 (a), Lemma
4.1(1) can be proven.

(2) Notice (Z;,Y) and (Z1,Y), 1 <i < n, have the identical law when Y is },-measurable.

So Zy,- -, Zy, are identically distributed given }),. Thus for any ¢ € By(S5), following from
that (W, ¢) is V,-measurable, we have
> < n7g0>7 Q - a.S.

Q (p(Z1)] Yn) = ( Zso

However, YV,+1 C YV and Q(p(Z1)| V») is a reverse martingale, by the reverse martingale
convergence theorem, we get as n — oo,

Z Q(p(Z1)] Vo) (W), @ — a. s. w. (4.1)

SM—‘

Note SN is a Polish space. Let W(w) be the regular conditional distribution of Z; given
YVoo. Then as n — oo,

S\H

Z = (W(w),p), @ — a. s.w
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for any fixed ¢ € By(S). Therefore from separability of H, we obtain that as n — oo,
<Wn(w)790> - <W(w)a<)0>v V‘P € Ha Q - a. s w,
which says {W,,(w)},>1 converges to W(w) in the H-topology, @ — a. s. w.
The rest of this part can be proven similarly to [9] Theorem 11.2.1 (c). a

Lemma 4.2. Given u € M1(FE), let {#};>1 be a sequence of independent random variables
with identical distribution p. Write

k
1
Xk = - D Oyt XE = (XF),50s VB> 1.
i=1

Let P[f be the distribution of X* = (Xf)tzo on Dy, (g)- Then P[f converges weakly to a

probability P, € M; (D M ( E)) in finite-dimensional distributions; and in addition, if all Y™
are continuous, then so is the coordinate process X on Dy, (g) under P,.

Proof. Since Dg is a Polish space under a suitable metric, there is a function family
Hi; C Cy(Dg) on Dg which is separable with respect to the uniform norm and weak
convergence determining, and o (H;) equals to the Borel o-field on Dg.

To prove Plf converges weakly to a probability P, € M; (DMl( E)) in finite-dimensional
distributions, it suffices to check that for any 0 <t; < -+ < t,, n < oo,

(I o), P/f converges weakly to (T, ...4.), P, on My (E)*,

where ch,,.,t LweE D]\/fl(E) — (th' N ,wtn) c Ml(E)n

For any fixed 0 <t; < --- < t,, define the following function family on Dg :
Ha(ty, - tn) = {f(wry, -+ wr,), w= (wi)izo € Dp | f € Cy(E")}.
Then Hy(t1,- -+, t,) is separable in the uniform norm. Let
H=H(t1, - ,tn) = H1 UHa(t1, -, tn).
Then (H, | -||) is separable and o (H) equals to the Borel o-field on Dg. Define
7 ¢ Mi(Dg)— Dy py,
w = m(w) = ((7)«w)io0,

where 7; is the projection from Dp to E at time ¢t. Then 7 is measurable.
From Lemma 4.1, we have that

k
. 1
on some probability space supporting Y; = (Ytl(zi))wo, i>1, z Z dy, converges
B i=1
in 'H — topology to a random probability measure Z on Dy as k — oc;
where (Ytl (Zl)7 e 7)/tk(zk))
Particularly,

>0 distributes as YX with initial distribution p* for & > 1.

k
1
almost surely, (7, )« Z Z dy, | converges weakly to (m,)«Z, ¥1 <i < n.
i=1
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Let @, be the law of Z on M, (Dg), and P, the image measure of @), under map 7. Then
Jp f@)(m)Z(dz) = [, f(v(t)) Z(dy) is cadlag in t € Ry = [0,00), for any f € Cy(E);
and ((m;)«Z),~ is cadlag in t € Ry on M;(E). So the first part of the lemma holds.

The rest of the lemma follows from a similar deduction. m|

Lemma 4.3. There is a unique family of probabilities {P, }, e, (z) on Dy, (g) such that
the coordinate process X = (X;)s>0 on Dy, gy becomes a Markov process of the semigroup
{T3}i>0 determined by (1.1) under {P,}, e, (g). Moreover, if all Y* are continuous, then
each P, is in M1 (Chy, (g))-

Proof. Step 1. For any f € B, (E™) with n € N, there is a constant C(n, f) depending on
n and f such that uniformly in u € M;(E) and ¢ € [0, 00),

‘E [<(Xf)®n,f>] - <,u®",V;"f>‘ < C(Z’ f), for large enough k.

Where X¥ is specified in Lemma 4.2.

In fact, with the consistency property, for k£ > n, we have

B[l f)] = & 5 B[ e )]

Jiyengn=1
kin Z E {f (Y;fjl (Zj1)> T ’Y;jn (Zjn))} +

(d1,dn) €L

1
o2 W),

1< # - #in<k

where IF = {(j1, -, n) | 1 < 41, -, jn <k, ji = j; for some i # [}. Note

Ly lzk(k—l)--ér(Lk—n—i-l)

1<h##in<k

We obtain that uniformly in p € M;(F) and ¢ € [0,00), for large enough k,

S e | e < A1)

1<j15 #jn <k ’
=Y B[ (e Y )]
(J1,-5dn)ETE

<Ly < ed

k
(1, +dn) ELE

Here C1(n, f) and Cy(n, f) are two constants depending on n and f. The claim holds.
Step 2. For any F' = Fy,, € B,(M(F)) and any p € M;(E), let

TiFy () = (u™, Vi f) = (u", Vi ), VE> 0. (4.2)
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Note (4.2) does not depend on the expression of F' = Fy ,, {T}}¢>0 is well defined,

TiysFyn(p) = W Vi) = W™ VIV = TilFvp pnl ()
= Tt[T-SFfﬂ](/’[’) = TthFf,n(,u)7 VS,t Z 0

Given any t € [0,00). By Lemma 4.2, PF(u,dv), the law of X¥ under Pﬁ, converges weakly
to a probability kernel P;(u,dv), the law of X; under P,, as k — oo. Therefore, by Step 1,

Ty F(u) = /M - F()P,(u,dv), VF € Cp(M;(E)).

Since for any f € By, (E™) with n € N, there is a sequence {f,,, }>°_; C Cp (E™) such that
sup Hfm” < o0, lim fm(m) = f($)7 Va € .En7
m>1 m—o0

we have
Ty F(u) :/ ( )F(V)Pt(u,dv), VF = Fy,, € B,(Mi(E)).
M, (E

Step 3. Extend T,F to any F € B,(M1(E)) by letting
T, F(u) :/ ( )F(Z/)Pt(,u,dy), VF € By(M;(E)).
M, (E

Then {T}}:>0 is a Markov semigroup on By (M (E)).

In fact, since C,(M7(E)), further B,(M;(FE)), separates points in M7 (M;(E)) and
Tt+st,n = ﬂTstJu vF‘f,n S Bp(Ml(E))ﬂ

we obtain

/ / Fy o (w) Py (1, d) Py (v, duw) = / Fyon () Pros (11, du),
My (B) My (B) My (E)

/ Pi(p, dv) Ps(v, dw) = Pyys(u, dw),
[veM:(E)]
which shows {T}};>¢ is a Markov semigroup on By (M;(E)).

Step 4. Let w = (w;)¢>0 be the unique M;(E)-valued Markov process associated to the
semigroup {T;}1>0 on By(M;(E)). Then w = (wy)i>0 has a cadlag (resp. continuous) real-
ization on Dy, () (resp. Cu, () if all Yk are continuous) .

In fact, with Lemma 4.2 in mind, it suffices to show (Xk,P,’f) converges weakly to
w = (wy)¢>0 in finite-dimensional distributions, that is to check

VO <s1 < <8 <00, and Vf; € Cp(E™), 1 <m; <oo, 1 <i<r,

WON]-

T

H <(Xl;)n afi>

i=1

r

H«w%)nl ) fl>

i=1

=b

lim P}
k—oo
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Note

<(Xf)n 7fi> = ki Z fi (Yéjl (2,),- ,Ysjn (Z])) ;

1<g1,00n; <k

() )= X TLa (7 () ()

=1 LG8, gf Sk = 1
1<u<r

1 " i
= 1 (Z1+ 5o I (Ysjf i)Y (zjn)> .
i=1

Where n =ny + -+ +n,, and in Xy, the sum is taken over all 1 < ji* #--- # jp <k, 1<
u < r such that

{]fﬂ7]xu}m{]f77]'zv}:®a Vlgu#vgra

and in Yo, the sum is taken over other indexes. For large enough k, we have that

w1 (7 (5) % (21)
i=1

T T ™ n __ _ . _ 1 s
§%221<%(1€"—E11)=C[k bk ,3 (kont )]gci(n),

where C' = nax I fi]] and C(n) is a constant depending on n. Thus, with the exchangeability
ST

and consisteﬁcgf of (Y*(z1), -, Y't’“(zk))t>0 , we obtain
i B | L T8 (vE (2 v (2,
——T 1_Hfi s %) e B
= hm —E E

L (32 (5) o o))

=FE H fl (}/;Ti71+1(zmi—1+1)7 Ty sz?% (Zmz))
i=1
— <'un1+--~+n7~’ Vg?1+"'+nr [f V:;ztl +n [f V;;BJ';2 +ny

[ rmevee, 1]

where mg =0, m; =ny+---+n;, 1 <i <r; and the Markov property has been used, and
for any pair h; € By (E'), 1 <i <2, hy ® hy is a function on E"*™"2 such that

hi @ ho(z1, -+ @1, 41,) = (@, -, @ ) ho(Tiy 415+ 5 Tiy41n )

On the other hand, by the Markov property,

E H<(w"‘z)nlv f1> wo = N]
r—1
=E H<(w51)nl7fl>‘| <(w5r—1)nr ‘/;Ti:sr 1f > wo = M]

i=1
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r—2

H<<wsi>”afi>] (a5 o @ VI, )

=1

=F

wo ﬂ]

= <Mn1+~~+nr, Vsril-&-m—&-m [fl ® Vnettns [fz ® Vnatotns

S2—3S81 §3—82

v zmat] )

We are done. O

Proof of Theorem 2.1(2)

Note FE is a Polish space, and there is a homeomorphic map ¢ from F into a Ggs-subset
(intersection of countable many open subsets) of some compact metrizable space S of metric
d(-,-). Without loss of generality, suppose E is a Gs-subset of S and ¢ the identity map on
E. Hence the closure E of E in (S,d(-,-)) is compact. Note d(-,-) is a compatible metric
on E and (E,d(-,-)) is not necessarily a Polish space in general. Recall N is the set of all

=N
natural numbers and define a metric dn(-, ) on product space E = :

[e’e} [e’e} = -n [e’¢) [e’¢) =N
dn ({zi}izi, {yitizi) = § 27"d(ws, i), V{i}iZ {uitiZi € E
i=1

. . . . =N .
Since max d(z,y) < o0, dn(-,-) is a finite metric on E" . For each n € N, introduce the
T, ye

following metric dy,(-,-) on B :

n

dn((xla T axn)a (yl,' o 7yn)) = Zd(l‘i,yi), vmi’yi € E, vl<i<n.

=1

Lemma 4.4. Let C,(E™) be the family of all bounded uniformly continuous functions on
(E",dy(-,-)) for any n € N. View each f € C,(E™) as a bounded uniformly continuous
function on (EN, dn (-, )) by letting

f({xl}?il) = f(xlv e ’xn)v V{xi '(i)il e EN.
Then |J C,(E™) is separable and dense in C,, (EN), the set of all bounded uniformly con-
n>1
tinuous functions on (EN, dn (-, )) , with respect to the uniform norm.

Proof. Notice (EN,dN(~, )) is compact, and for each f € C,(E™) (resp. C, (EN)) , there
is a unique continuous function f € Cy (En) (resp. Cy (EN>) whose restriction to E™
(resp. EN) is f and

feCLE™) (resp. Cy (EN)) — feq, (En> (resp. Ch (EN)>
is one-to-one and onto. Then through an obvious way, we can view any f € C,(E™) as

. . —=N . . . .
a continuous function on E . With that |J C,(E™) is an algebra and separates points in
n>1
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EN, and the Stone-Weierstrass theorem, we obtain |J Cy(E™) is dense in Cp (EN) in the
n>1

—N
uniform norm. Note (Cb (E ) e ||> is separable, we get the lemma at once. O

Note n-point motion process

1
Y" = (Y, ’x"))(zl,---,mn)eE" = ((Yt (ml)v"'vytn(xn))tzo)(ml @y )EET
is a cadlag E™-valued strong Markov process. Let Q... be the law of Y™(x1,---,2p)
on Dgn (resp. Cgn when Y™ is continuous) . For any {z;}2, € EN| by Kolmogorov’s ex-
tension theorem, there is a unique probability Q3= on Dpn (resp. Cgn when each
Y™ is continuous) under which the coordinate process

WN = (W'lc\l)tzo = ({wi}z?il)tzo
on D~ (resp. Cpn) starts at {z;}$2; and

wh = (Wfrzl)tZO — (/wtl7 . ’w?)tZO

distributes as Qg, ...z, for any n € N.

Lemma 4.5. The family (Q{xi}?"l){ b e is strongly Markovian on Dg~ (resp. Cpn
= Ti}i2, €

when each Y™ is continuous) .

Proof. By the Markov property of each Y™ and Lemma 4.4, we see (Q{xi}?‘ﬁ){ , o~
= T ;-)ile

is Markovian on Dgn~ (resp. Cpn when each Y™ is continuous) . To prove Lemma 4.5, by

Lemma 4.4 and [34] P.31 Theorem 7.4.(v), it suffices to verify

VI (Y (1), Y () is Tight continuous in t, a.5. — Qu,. ...z,
for any fized s >0, ne N, feC,(E") CC, (EN) )

However, by the strong Markov property of each Y™ and [34] P.31 Theorem 7.4.(v) again,
this is true. m|

Note Dg (resp. Cg) can be a Polish space because so is E, and there is a countable
weak convergence determining function family Hy C Cy(Dg) (resp. Cy(Cg)) whose bounded
pointwise convergence limit closure is By(Dg) (resp. By(CE)) . Let U be an arbitrary dense
countable subset of Ry = [0,00). For any n € N and any ¢; € U, 1 < i < n with 0 <
t1 < -+ <tp, and any f € Cy(E™), define a function Ft{7...,t7l € By(Dg) (resp. Cp(Cg)) by
letting

F () = FO05-++2,), ¥7 € Dip (xesp. Cp).

Let

o= ) U {Fn | 1€ CuEN} CBUDE) (resp. Ci(Di)),

neEN t;eu,1<i<n
t1<---<tp

H ="H1 U Hs.
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Then H is separable in the uniform norm. Endow M;(Dg) (resp. M;(Cg)) with the H-
topology as follows:

A sequence {vp};21 C M1(Dg) (resp. M1(Cg)) converges to v € My1(Dg)
(resp. M1(Cg)) in H — topology if and only if
lim (v, f) = (v, f), Vf € H.
Write Cgym (D}) (resp. Csym (CR)) for the set of all symmetric bounded continuous functions

on Dg x -+ x Dg (resp. Cg x ---x Cg) (n folds), for any n € N. On Dg~ (resp. Cgn)
define the following o-algebras:

yn =0 {f(wlv' o 7wn)7 f S Csym(D%)§ wn+17wn+27. : } , & N
(resp. yn = a{f(wl, o _’wn)’ f € Csym(cg')v wn+1,wn+27. : } , N & N) ;
n=1

N

where wN = (w{ )t>0 ({wt}Z 1)t>0 is the coordinate process on Dp~ (resp. Cpn), and

w' = (w )t>0 € Dg (resp. Cg), Vi e N.

Note
T: (w2, € DY (resp. OF) — ({wi}2,),09 € Din (resp. Cpn)

is a topological isomorphism, identify DY (resp. C’g) with D~ (resp. Cgw) by the 7.

Lemma 4.6. Note Q(,,} is measurable in {z;}32; € EN. Given any pu € My(E), let Q,~
be the probability on Dgn (resp. Cpn when each Y™ is continuous) defined by

QMN :/ Q{L o ,uN(dflileCQ c )
EN

For the coordinate process

wiN = (Wt )t>0 ({wt} )tZO

on Dgn (resp. Cgn), write
w' = (wi)po € Dg (resp. Cg), Vi € N.
n
Then Q,~ a.s.,as n — 00, Z () .= % Z wi converges to some random probability Z on Dg

(resp. Cr when each Y is contmuoub) in H-topology; Z is Voo-measurable not depending on
the choice of H; and {w’}$2, is an i.i.d random variable sequence with marginal distribution
Z conditioned on Y. Moreover for any measurable function ¢ on D (resp. Cr when each
Yk is continuous) such that

w [Jotwh)["] < oo for some r € [1,00),
the following results hold:
<Z("),¢> — (2 (WN) (dv),0), a.s. wN and in L" (Q,~) as n — oo,
Quav [(2 (W) (d),161")] = lim Qv [(2),16]")] = Qu [ow)[']
Qu [(Z (WN) (d7),0)] = Quw [p(w")] s Qv [(Z (W) (), 161)] = Qe [|o(wh)]] -
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Proof. The proof of the lemma is similar to Lemma 4.1(2). The readers may skip it. Note
(w',Y) and (w!',Y), 1 < i < n, have the same law for )),-measurable Y. So w!, .- w"
are identically distributed given )),,. Thus V¢ € H, following from that |, Dy ©o(v) ZM (dy)

(resp. fCE ©o(y) Z™(dy) if each Y¥ is cantinuous) is V,-measurable,

QMN [@(wl) | yn} = QMN l;z@(wz) |yn = <Z(n)(d7)790>7 QuN - a.s.. (43)

However, Y41 C Yy, and @~ [(w')| V] is a reverse martingale, by the reverse martingale
convergence theorem, we get that as n — oo,

<Z(n)(d7)a§0> = %Z@(wl) — Qun [@(wl) |y<x>] , a.s. wh and in L' (QMN> - (449)

Let Z (WN) be the regular conditional distribution of w! given V., under @Q un- Then @~ —
a.s. wN, as n — 00,

/D p(y) 20 (W) (dv) = %Zw(wi) — [ ely) Z (W) (dy)

Dpg

(resp- / p(y) 2™ (W) (dv) = %Zw(wi) — | ey Z(wN) (dv)> :
Cr i=1

Cg
for any fixed ¢ € H. Thus from separability of (H,| - ||), we get that as n — oo,

<Z(”) (WN) (d’y),go(~)> — <Z (WN) (d’y)7gp(-)>, VoeH, QN — a.s. wi,

which says {Z(") (WN)}Zozl converges to Z (WN) in the H-topology, Q,~ — a.s. wi.

Clearly, Z does not depend on the choice of H. Similarly to [9] Theorem 11.2.1(c), one
can prove that {w?}$°; is an i.i.d random variable sequence with marginal distribution Z
conditioned on Y.

For any measurable function ¢ on Dg (resp. Cf) satisfying
Qun [|6(w")|"] < o0 for some 1 € [1,50),
similarly to (4.3)-(4.4), we have that as n — oo,
(20,6) = Qun [6(w")| D] = (Z (WN) . 6) = Qi [6lw))| V] a5 W

and note {Q#N [¢(w1)| yn] }ZO=1 is uniformly L"-integrable due to @~ Hgb(wl)m < 00, wWe
see that

ZM oy (72 (W), ¢) in L (Q,~) as n — oo,
(Z(w7).¢) (@)

Qun [(Z (WN) (@7),0)] = lim Qv [(2,6)] = Qe [o(w")] .
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So replace ¢ by |¢|" or |¢], we obtain
Qun [(Z (wN) (@), 161")] = Tim Qux [(2,161")] = Qe [[o(w)[] .
Qun [(Z (WN) (d7), 16)] = Qe [lo (][]

O

Lemma 4.7. Define the following map E from Dg~ (resp. Cgwn) into Mi(Dg) (resp.
Ml(CE))
the limit of {}l > (5w?} in M1(Dg) (resp. M1(Cg))
_ 7 OO — 1=1 n=1
- (({wt}’zl)tzo) if it exists,
Zy € M1(Dg) (resp. M1(Cg)), otherwise,

with Zy € M1(Dg) (resp. M1(CEg)) being fixed. Then = is measurable.

In addition, define the following map © from EN into M;(E) :

I the limit o 1y (530,} mn My(F) if it exists,
O ({zi}iZy) = d {"2 ' 1(B) if

n=1

1o € My(E), otherwise,
where pg € My (F) is fixed. Then © is measurable.

Proof. Note Dg (resp. Cg) can be a Polish space, and there is a homeomorphic map
¢ from Dp (resp. Cg) into a Gs-subset (intersection of countable many open subsets) of
some compact metrizable space 7 of metric r(-,-). Without loss of generality, suppose D
(resp. Cg) is a Gg-subset of 7. Then T, the closure of Dg (resp. Cg) in T, is compact.
Let C(Dg) (resp. C,(Cg)) be the set of all bounded uniformly continuous functions on
(Dg,r(-,-)) (resp. (Cg,r(-,-))). Notice for each f € Cy(Dg) (resp. C,(CEg)), there is a
unique continuous function f € Cy(T) whose restriction to Dg (resp. Cg) is f and

f € Cu(DE) (resp. Cu(Cr)) — f € Cy(T)

is one-to-one and onto. Then (Cy(Dg),| - |) (resp. (Cu(Cr),||- 1)) is separable. Write
{gn}3Z, for a dense subset of (Cy(DEg), | -||) (resp. (Cu(CE),| - ). Define a map Zy, (1)
from Dgn~ (resp. Cgn) into M;(T) as follows:

o0

_ 100 the limit of {711 > (5w1} in My(T) if it exists,
=M, (T) (({wt}izl)tzo) = i=1 ) p=1
Zy, otherwise,

For convenience, write I = Dpn (resp. Cpn). Then

I(+) := {({wz}il)po €1 | the limit of {]i Z(Sw?} in My (T) e:cists}
- k=1

~{ (), e

- 0 {(z) e

meN

k
ILH;O — ng (w’) exists for any m € N}

k k
. 1 ; o] ;
hgisotip T ;:1 gm (w!) = lim inf A ;:1 gm (w') } ;
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which implies I(+) is a measurable subset of I. Clearly, the map

k
({ t}i 1)t>0 Iclggollcz

is measurable, for any g € Cy (Dg) (resp. C, (Cg)), which shows Zj, (1) is measurable.
Note M, (I) is a measurable subset of My (T). So E is measurable.

The measurability of © can be proven similarly. O

On Dgn (resp. Cpn when each Y™ is continuous), by Lemmas 4.6-4.7,
Z (WN) == (WN), QN — a.s..

Here and hereafter, we take

Z (W) =2 (wN), vwN € D~ (resp. Cpn when each Y™ is continuous) .

For any t € Ry, let m; : v € Dg (resp. Cg) — v(t) € E be the canonical projection at
time ¢. Note m; is measurable (resp. continuous). For any ¢t € R, define

X, =X, (WN) = (m)Z (WN) , the image measure of Z (WN) under ;.

Then [, f(2)X; (W) (dz) = [ f(y(t))Z (WwN) (dv) is cadlag (resp. continuous) in t € R,
for any f € C’b( ). So X = (X¢)¢>0 is cadlag (resp. continuous) on M;(E); and under Q,,~,
X = (X)¢>0 distributes as P,.

Lemma 4.8. Let w = (w;);>0 be the coordinate process on Dy, () (resp. C’MI(E)) and

Fi = m o(wy,u < s), YVt >0; F=oc(F,t>0).
s>t
Given arbitrary bounded (F;)-stopping time 7 := 7(w) on Dy, (g) (resp. Car,(g)) - Then on
(Dpn, Q) (resp. (Cpn, Q) when each Y™ is continuous) , as n — oo,
X:‘(X(WN)) (WN) converges weakly to X (x(wn)) (WN) , Qv — a.s. wi¥;

oo
and conditioned on Y., {wf(x(wN))} is an 7.i.d random variable sequence distributed
k=1

as X (x(wn)) (W)

Proof. Note if conditioned on Y., {wf(X(WN))}k ) is an i.i.d random variable sequence
distributed as X (xwNy) (WN); then by the law of large numbers, conditioned on Y.,
XZ(X(WN)) (WN) converges weakly to X (xwn)) (WN) , which implies

XZ(X(WN)) (WN) converges weakly to X, (xwny) (WN) L Qu — a.s. Wi,

m

So it suffices to prove that for any n € N, and any f; € Cy(E), 1 <k <mn,

n

[Hf"( x<wN>>> | y‘”] :/E [T felan) (Xroxuyy (W) (ds -+ d).

n el
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In fact, since X (WN) and 7 (X (WN)) are Jso-measurable,

/n H fre(zy) (XT(X(WN)) (WN))TL (dzy -~ dxy,)
k=1

is Voo-measurable. For any [ € N, define

irrxY)e |

By Lemma 4.6, Q,~ — a.s. wi,

i—1 i
2l 2

ul (WN) = > for some i € N.

i

?7
1 n

X, (WN) = nh—>ngo - Z(Swi in the weak topology) = ({wt} ) , Vtel.
i=1

Note U is a dense countable subset of Ry and X = (X;);>¢ is cadlag in t € Ry. Then each
7 (WN) is a bounded stopping time of the process wN = ({wi}fil)po. For any ¢ € N,

write L
Gri = {7’ (X (wN)) € [Z; 221) } Vl,i € N.

Given any F € Voo, note Gy ;[ F € Voo. By Lemma 4.6,

N [(/n H fk(l’k) (XTI(WN) (WN))n (dx1 . dl’n)> IGl,iﬂF‘|
k=1

= Q,~ (/D H fr o wﬁ({ﬁ’“) (Z (w™))" (da* - ..d{an)> IGMHF]

n
E k=1

e (Q“N lH fivomy () ‘ y“’D In}
L k=1

=Q,n (H fro WTl(wN)(wk)> IGl’inFl :
L \k=1

[(/En ﬁ Frr) (X (WN))" (das - --dxn)> IF]

k=1

QHN [(H OWTL(WN) )) IF‘| .

Let [ T oo, then 7y (WN) s ( ( N)) Q. — a.s. wNN. Note process X is right continuous
and each f € Cy(FE), by the bounded convergence theorem,

</ [T fin) (Xrexmy) (WN))n(dxl“'dfn)> IFl
k=1
= Q/LN l(H fk OWT(X(WN))(wk)> IF] = Q/LN l(H ( T(X(WN )> [F] ’
k=1 paiet
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which implies (4.5). a

Lemma 4.9. Given any dense countable subset U of R, and any 7 specified in Lemma
4.8, and any k,l € N and any constants

0<si<sg<-~<sp<ooand < u; <oo, 1 <i<I;

(need not to assume each s; € U)

then for any f; € Cp(Mi(E)), 1 < j <k, and any g; € Cp(M1(E)), 1 <i <,

Pu wT w)/\sJ H gi (WT(UJ)'HM)

wT w)/\sJ PwT(u)

.ﬁ
ahel

l
H gi(wui )‘| )

i=1
where w = (wy)¢>0 is specified in Lemma 4.8, which implies Theorem 2.1(2).
Proof. By Lemmas 4.6-4.8, we have

(C] (WN) =X, (WN) , Vield, Q,n — a.s.;

@( ﬁwamu) = X (x(wi)ru, (W), 1< <1 Qv — aus;

© (WTN(X(WN))ASJ.> =X, (xwipns; (W), 1<j <k, Qun — a.s;

for arbitrary v € M;(E). Therefore,

P/t H fj Wr(w)As; H gi wT(u)+u7

= QN ﬁf] X (X)ns;) ng F(X)+us)
L J=1
[/ &
=@ || IL55 (0 (W) ng( (o))
L J=
<0 | ([ 0 () )0y, 3= [[Tno0e)
L \7=t Tx(wN) f,_, Li=1

(note T (X (WN)) is a stopping time for process w™ = (Wt )t>0 = ({wt i:l)t>0

and {Q{mi}ml }{ N is a strong Markov family)
= T ;-);16

k l
=Qu || I 4 (@ (W7N<x<wN)>Asj)) Qun Q{ }“ [ 9i (© (WE))] Voo
j=1 Cr(x(wN)) i=1

i=1

(since any © (WrN(X(wN))Asj> s X (X (wN))As, (W) are Yoo — measurable)
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k
=Q,n 1_[1 fi (@ (WTN(X(WN))ASJ) X,x0) [H ” ]
=

<conditioned on Vo, {wf(X(WN))}k is an i.i.d random
=1

variable sequence distributed as Xr(x))

= QMN H fj T(X)/\S X, (x)ON lH g’L ul ‘|

=P, H fi (wT(W)/\Sj) Por

l
H gi(wui)‘|
i=1

(W € My(E), P,low)] = Qun [¢ (X (WN))] , Vo € By (Dary(:))) -

By a standard argument, Theorem 2.1(2) holds. o

Proof of Theorem 2.1(3). See [27]. O

5. Proof of Theorem 3.1

Note A-diffusion process is denoted by

VR (00 ) V) )

and Qu, ...z, is the law of Y on Cpx starting at (z1,---,2%) € R¥; and Qqq,y s the
unique probability on Cr~ under which the coordinate process

wi = (Wy)tzo = ({wi}jil)tzo

on Cg~ starts at {z;}2, and

wk = (W}i()tZOZ (wtl"'Wwf)tzO

is of the law Q, ..., for any k € N. For any 1 € M; (Rl) , let

Qui = [ Qo i), K Ns Qv = [ Quuye, i (dondnz-)
Rk RN

N

Then under Q,~, w* is infinite exchangeable and of initial distribution pN, and each w¥

distributes as @ .
Recall from Section 4, X; (wN) = (m).Z (W), ¢ € [0, 00); and
Z(wh) =E(w"), X= (X (W5)50 = (B (WD) 59 Qur = as. wh

and under @Q,~, diffusion process X is just the measure-valued flow given {Yk}k>1 starting
at p. B
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Notation. For any stochastic process £ = (&:)¢>0 defined on (CRN7Q#N) s (Fi(€))s> is the
natural filtration associated to € : -

Fu®) = [ oluru < 5), Vit € [0,00).

s>t

Lemma 5.1. For A;-diffusion Y = (Y;!);>0, its local time L7(Y') satisfies that almost
surely, z € R' — Li(Y?') is Holder continuous of order « for any « € (0, 1) and uniformly
in ¢ on every compact interval, and (z,t) € R! x [0,00) — L7 (Y1) is continuous.

Proof. Since b?(-) < c a(+), for any (A;,CZ (R'))-martingale solution Q,, € M (Cr1) with
any initial distribution p € M, (Rl) , if let

my(y) = exp { /Ota('ys)lb(%) dys — ;/Ot b(7s)?a(vs) ! ds}, t €[0,00), under Q,,,

where v = (v)i>0 is the coordinate process on Cri, 7 = v — Yo — fot b(vs) ds, and
a(x)7b(z) = 0 provided a(x) = 0; then (m:(y))t>o0 is a martingale by the Novikov cri-

terion; and there is a unique @u € M; (Cg1) such that for any ¢ € [0,00), when restricted
to Ft(’Y) = m O'(")/u7U S 8)7

s>t

Q

R m () Qulr, o)

and @M isa (%a(w)aa—;, C? (Rl))—martingale solution of initial distribution y. Here Q,|p, )

and éu are the restrictions of @), and Cj“ to Fy(v) respectively.

Fi(v)
Conversely, for any (%a(x)aa—;, C? (Rl))-martingale solution éu € M; (Cgr1) with any
initial distribution p € M; (Rl) , let

t

t ~
() =exp{ [ al 00) 7, - 5 [ b0 ds} o€ 0.0c), under G

where 7, = 74 — 70, then (m(7))s>0 is a martingale; and there is a unique Q,, € My (Cg1)
such that for any ¢ € [0, 00), when restricted to Fi(7),

QH|F,,(7) = My (7) Qu Fiy)
and @, is an (Al, C? (Rl))-martingale solution of initial distribution u.

Recall for a continuous semimartingale X = (X;);>0, by [19] Chapter 19 Corollary 19.6,
outside a fixed null-probability set,

t

1
local time LY (X) = liﬁ)l = pae (Xs) d(X)s, VE>0, Vo € R
€ € Jo

However, for any %a(x)aa—;—diﬁusion process ?1, almost surely, z — Lj (?1> is Holder

1
’ 9 -
Chapter VI Corollary 1.8) and (z,t) — L7 (Y1> is continuous in (z,t) € R! x [0,00) ([33]
Chapter VI Theorem 1.7).

continuous of order « for every o € (0 ) and uniformly in ¢ on every compact interval ([33]
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Note d <}71> =a (}751) ds and d(Y')s = a(Y}) ds, and the Girsanov argument for the

two processes. We see the lemma holds. O

Lemma 5.2. Given any u € M, (Rl) . For any t € [0, c0),

sup /
zER! c

and for any T € (0,00) and any r € [2,00),

(Ltz(wl))r Qu(dwl)} < 00, Vr € (0,00); (5.1)
Rl
Qu bgg |Lfl (wh) — L?(wl)q <co(T,r) {|z1 — 22" + |21 — Z2|%} , V(z1,20) € R?, (5.2)
t<
with ¢(T, r) being a constant depending on T" and 7.
Proof. Step 1. Prove (5.1). Note
t
w} = wp +/ b(w?) ds + M(w), t >0, Q. — a.s. wl € Cri;
0
where (M(w'));>0 is a continuous martingale with
¢
(M.(w')), :/ a(w?) ds, t > 0.
0
By the Tanaka formula for continuous semimartingales,
¢
Liw) = 2 (w2 = () =) = [ Ted) M)~
0
t
/o I(z7w)(w;)b(w;) ds] , Vte[0,00), Q, — a.s. wt. (5.3)
Moreover, recall from [33] Chapter VI, the following occupation time formula holds:
t o]
/ ¢ (wy)a(w)) ds= / o(z)L; (w') dz,
0 —o0

Vt € [0,00), VO<p € By (RY), Qu — a.s;

by the monotone convergence theorem,

/t 10) (w;) a (wé) ds = /OO o(z)L7 (wl) dz,
0 —0o0
Vt e [0,00), VO< ¢ € By (R'), Q. — as..

By the Burkholder-Davis-Gundy inequality, for some constant ¢, depending on r,

Qu {|Mt(w1)ﬂ <Qu [21;13 IMs(wl)!T] < eQu {(M(wl)ﬂ

= Qu K/Ota(wb ds)ﬂ <crla(’)
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]

t
JRESITDRIATS
0

] < Q;L |:Slift) / I(z,oo)(wi) dMu(wl)
s< 0

o|

Combining with (5.3) and

< 0Q, [( / Ty () afus)) ds) ] < e ()¢5,

|(wp = 2)* = (wg — 2)*| < wp —wo| <C)IIE+ [M(w?)

t
/ To oy (wh )b ds
0

)

< [loC)lit;

we see (5.1) is true.

Step 2. The case b(-) = 0. In the case, use @M to denote @, we have
Q. [Sgg L7 (w') — L?(wl)’r] <ci(T,r){lz1 — 22" + |21 — 2|2}, V(21,22) € R?,
t<
for some constant ¢1 (7, r) depending on T" and r € [2, c0).

Note for any ¢ € [0, 00),
|(wy — 21)% = (wg — 21)" — (w} — 22)T + (wh — 22) 7|
(wi —21)" = (wy — 22) | + [(wg — 21)T = (wp — 22) 7|

|21 — 22|, ¥(21,22) € R?.

[\

By (5.3), it suffices to check that for some constant ¢o(7T,7) depending on T and r,
In fact, by the Burkholder-Davis-Gundy inequality and the occupation time formula,
. T L L - z1Vza 1 %
<o | [ Temmeedatud) as) | =@ ([ 7 na0 a)
0 21 N\z2

.~ 1 z1Vzo %
=crlz1 — 2|7Q, ( Lz (wh) dz)

|Z1 - 2:2| z1N\z2

t
/0 (I(Zlvm)(w;) - I(Z2,00)(w;)) dMs(wl)

t<T

oo

S CQ(T,T)‘Zl - Z2‘57 V(Zl7z2) S RQ'

t
[ (08 = Ty () a1 0)

o o

t<T

[Nk

1 z1Vza

<e¢plzr — Z2|§Qvu [|le2| (L%(wl)) dz]
z1N\z2

(M

< cplzr — 22| sup {@# {(L%(wl))ﬂ }7 Vz1 # 22, we are done.
zER?

33



Step 3. Prove (5.2). Note the proof of Lemma 5.1,

@ [ ¥
el 1 [

e e *dsH
< exp {1+e }

Oy oo d 56 [ aquty o) a2 (2E) [ bt agud) s
e Jo 2 € 0

1 T
= exp{(—g?c}, for any € € (0,00).
€

Then by Step 2,

@ gl ) =27 | =G [t i (o1 = 1220

< {éu |:(?7~1T( }} { ; [leg!Lzl - L?(wl)‘r(lﬁ)} }ue

cr 040\ T
S Y R e e R e e

CT 1 T
< exp {26} {c1(T, (14 €)r)} T {|z1 — 2o|" + |21 — 22|7 },
take e = 1 to complete the proof.

Lemma 5.3. For any p € M; (R') with f[o 0oy T H(dz) < 00

Qun {sup /R1 (y—2)7" Xs(dy)] < Qun VC sup(ys —2)* Z (wh) (dv)] < oo

s<t r1 <t

for any t € [0,00) and any z € RY;

and for any z € R',

/R1 (y — 2)* Xy(dy) is continuous in t, Q,~n — a.s.;

and

sup | [ (=) Xuldy)— [ (- 22)" Xelay)

s<t |JR! R!

< |21 — 22, Vt € [0,00), V(21,22) € R*, Qv — a.s..
S0 [pi(y — 2)* X¢(dy) is continuous in (z,t) € R* x [0,00), Q,~n — a.s..

34



Proof. Note

Qe [sup (2 = =)

s<t

<Qu~ [Sup (w; —w§ — / b(w}) dr) + ||b||t + w(l)I{wézz} +z
0

s<t

¢
<aQu~ / a(wl) ds| + ||b||t Jr/ z p(de) + 2z < 00
0

[z,00)

(where we have used Burkholder — Davis — Gundy inequality),

for some constant ¢; > 0. By the second part of Lemma 4.6,

Qu [ /C sup(ys —2)* Z (wh) (dv)l = Qpu {sup (ws — z)ﬂ < 0.

Rl s<t s<t
Thus,
o R ]y R o L)
<Qun [/c sg}g(% —2)t Z (wh) (dv)l < 0.
Note

/ (y— 2)* Xi(dy) = / (v — 2 Z (W) (d), ¥t € [0, 00),
R Cr1

we see that for any z € R!,

/ (y — 2)" Xy(dy) is continuous in t, QN — a.s..
R1

While,
sup / (y— 21)" X, (dy) - / (y— 22)" X, (dy)
s<t |JR! R!
sSup/ (g — 20)* — (5 — 22)*| Xa(dy)
s<t JR!

<21 — 29|, Yt €[0,00), ¥(z1,22) € R?, QN — a.s..

Now the lemma holds.

Lemma 5.4. Under Q,,~, almost surely,

¢
/ X ds < dz (the Lebesgue measure), Vt € [0, 00),
0

t
) 1
L} (X) := — well — defined for any z € R* and any t € [0,00);
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and Vz € {a(-) # 0}, Li(X) € L" (Q,~), Vt € [0,00), Vr € [1,00). Moreover, under @,

((Lf (X))QO)Ze has a modified version ((if(X)) such that

{a(")#0} t20> z€{a(-)#0}

(i) the map (z,t) € {a(-) # 0} x [0,00) — L(X) is a.s. continuous;
(ii) almost surely, the map z € {a(-) # 0} — a(z)L; (X) is Holder continuous of

1
order o for any a € <0, ) and uniformly in t on every compact interval;

2
(iii) for any fized z € {a(-) # 0}, LZ(X) is a.s. increasing in t € [0,00), and

L0 = [ Li)a() ™" 2 (w™) (@), Vi€ [0,00), 0

R

(iv) given any z € {a(-) # 0}, L¥(X) is F,(X) — measurable for any t € [0,00).

Proof. Step 1. Representation of fot Xs((z —€,2+¢€)) ds for e >0 and z € R™.

Write B(z,¢) = (2 — €,z + ¢€). Since under Q,,~, each w' = (wé)s>0 is the A;-diffusion
process with the initial distribution p, w® is a continuous semimartingale with
d<w.i>s =a (wi) ds and variation part / b (wz) ds;
0

then by the occupation time formula,

oo

[otetat) o= [~ e (o) a-

Vt € [0,00), VO < ® € By (R"), Qun — a.s.,
with L () being the local time functional in z up to time ¢ for the A;-diffusion process. By

the monotone convergence theorem,

oo

/Ot ® (wl)a(w)) ds= / O(2)LF (w') dz,

— 00

Vt€[0,00), YOS ® € B, (R"), Qun — as.,

which implies

t oo
/ ® (wl)a(wl) ds z/ ®(2)L; (w') dz, Vt € [0,00),
0 —o0
for any nonnegative measurable function ® on R, QN — a.s;

t [e'e)
/0 IB(z,e) (wi’) ds :/ IB(z,e) (y)(J‘(y)_lL% (wz) dy7
oo

Vt € [0,00), Yz € RY, Ve > 0, QN — as.
Therefore,

k t k
1 . 1 )
fE Iz (Wi dSng/ LY (w) a(y)~" dy,
ki1/0 B(7)( ) ki:1 B( t( ) (¥) Y

Z,€)

Vt € [0,00), V2 € R', Ve >0, Q,~ — a.s;
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and by the second part of Lemma 4.6, we have that Q,~ — a.s., as k — oo,

1 u —1 —1
kZ_:/B( dy—>/ /B(“ dyZ (wN) (dv)
-/ / L{(0)a(y) ™ Z (w™) (d)dy,
B(z,e) /Cpr1
Y a —1 WN
Qun [ /B . /C a7 )(dwdy]
k t
lZ/ Ip(.0) (w}) dS]
= lim Q,~ [ Z/ Ipio(y lLy( )dy}

k—o0

t
= [ Vineo) ds= [ a7 (1 ()]

k t
1
%Z/ IB(ze) d5—>/ /IB(ze ’Ys dSZ )(d’Y)

// Bz (vs) Z (W) (dv) ds:/o X, (B(z,¢€)) ds.

= lim
k—o00 Q'U'N

Hence,

t
[ Xy as= [ [ 1)z @N) @)y Qu — as.
0 B(z,€) Cr1
Step 2. For any t € [0,00) and any r € [1,00),

sup Qun K/Cm Li(v) Z (W) (d7)> ]
< sup Q,n [/ (L))" Z (W) (dv)] < o0
zER! C

With Lemma 5.2 in mind, from the second part of Lemma 4.6, we obtain

Rl

1 o
P ) = [ @E0) 2 N @), @ - as.

o[
o | [

k

(L ()" Z (W) (dv)] = lim @ [,1 > (Lf(wi))T] = Qu[(ziwh)'];

1

(Li ()" Z (w™) (dv)] = sup Q, [(Li@h)"] < o0,
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Step 3. Note LZ(-) is increasing in ¢ € [0,00). By Lemma 5.1 and Step 2, for fixed 2z € R!,

/ Li () Z(wN)(dy) is continuous in t € [0,00), Qu~
c

Rl

Step 4. Under Q,,~, almost surely, the map z € R* — fC CLi(y) Z(w N)(d) is Hélder con-

tinuous of order « for any o € (0, 2) and uniformly in ¢ on every compact interval, which to-
gether with Step 3 imply almost surely the map (2,t) € R x[0, 00 fch L (7) Z( NY (dv)
is continuous.

Indeed, for any T € (0,00) and r € [2,00), by (5.2) and the second part of Lemma 4.6,

Qun [ /C sup [L;* (7) = Li*(1)[" Z (w™) (dv)]

i t<T
1 , ,
= lim Q,~ |+ Zsup |L7 (w') — sz(wl)r =Qu [sup |L7 (w') — Lf"'(wl)d
k—o0 k =1 t<T t<T
o(T,r) (|21 — 22|" + |21 — 22|%) , V(z1,22) € R%

Therefore,

t<T -

Tl

Qu~ [sup

[ ez - [ ez ) @)
Cm c

1 t<T

< Qpun [/C sup|Li* (v) = Li* ()" Z (W) (dv)l
<e(T,7) (|21 — 22|" + |21 — 22|2) , ¥(21,22) € R*.

Note Step 3. By the Kolmogorov’s continuity criterion on Banach spaces, the result of Step
4 holds.

Step 5. Given any sequence {e,}n,>1 C (0,00) converging decreasingly to 0. For any

z € {a(-) # 0}, note fot X (B(z,€,)) ds is continuous in ¢ and LY(v) is continuous and
increasing in ¢, with Steps 1, 3 and 4,

/ / 1Z( ) (dy)dy < o0, ¥t € [0,00), Q,n — a.s.,
B(z,€n)

/ / 1Z( ) (dy)dy is continuous in t, Q,~ — a.s.;
B(Z En

/X (2,€n) ds—/B(M)/ y) ' Z (W) (dv)dy,

Vte[0,00), VR EN, QN — a.s;

lim —/ Xs(B(z,€n)) ds = lim —/ / "z (WN) (dv) dy
Zew)

n—oo 2€,

= /C Li(va(z)~'Z (wN) (dy), V¥t >0, Q,~ — as.. (5.4)
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From the proof of Step 2,

Qi l /

Recall {a(-) = 0} is of zero Lebesgue measure. Then for any ¢ € Cj, (R'),

Qe | [ 000y as| = [ uvis) as=au[ [ o)) a5
~Q, [ | st ) at) dy] = [ stuat) ", (2 (w)] ay

Li(y)a(2) "' Z (W) (dv)] =a(2) 7' Qu [Li (w')], 2 € {a(") #0}.

RrR1

/C LY (y)a(y)~'Z (W) (dv)] dy.

R

- [ O; B(5) Qi

So by [9] Lemma 3.4.2.2, Q,~ — a.s., fot X ds is absolutely continuous with respect to

the Lebesgue measure dz. Combining with f; X ds is increasing in ¢ € [0, 00), we have that
Q,~ almost surely,

t
/ X ds < dz, Vt € [0, 00);
0

¢
] a(fy X, ds) ‘ 1
L} (X) = —g s well — defined for any z € R* and t € [0, c0).

Define ((Lt (X))t>0> o as follows:

F2(X) = nh_)rr;o 2; fot Xs((z — €ny 2+ €n)) ds if the limit exists,
0, otherwise.

Note fot X, ds < dz, Vt € [0,00), Q,~ — a.s.. We see that Q,~ — a.s.,

w

L:(X) = L¥(X), dz — a.e. z € R', Vt € [0,00),
1t
lim — [ X, ((z = €n, 2+ €,)) ds exists, dz — a.e. z € R*, Vt € [0, 0).
By (5.4), for any z € {a(-) # 0},

L (X) = / Li(ma(2)'Z (wN) (dy), ¥Vt >0, Q,~ — a.s., (5.5)
Cp
which implies that L7 (X) is a.s. increasing in ¢ € [0, 00).

Clearly, for any z € R, L7(X) is F;(X)-measurable for any ¢ € [0,00). So far, combin-

ing with Step 4 and (5.5), we have obtained that ((if(X))

is a version of

t>°> z€{a()#0}

((Lf (X))t>0> ta(120) under @~ specified in Lemma 5.4. The lemma holds. a
-/ zeqa(-
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Proof of Theorem 3.1. Step 1. Recall from the proof of Lemma 5.2,
t
Yt = Yo +/ b(7s) ds + My(vy), t >0, Q. — a.s. 7€ Cri,
0

where (M;(7)),~, is a continuous martingale of quadratic variation process (fg a(vys) ds) =
= >0

and
¢
I A BAYACR
0
¢
/ I(z,oo)(’Ys)b(’Ys) d81| ) vt e [0,00), Qu - a.s.7.
0
While by [20] Chapter 3 Lemma 7.5,
¢
(z,t) € R x [0,00) —>/ I(2.00)(7s) dM(7y) is continuous, Q, — a.s.y € Cpg.
0

Hence, by Lemma 5.1, @, — a.s., each term in above Tanaka formula is continuous in
(2,t) € R x [0,00); and further

L) = 2[tn=2" = 0 =2)* = [ Tay(on) diti)-
/Ot I 2,00y (75)0(7s) ds} , Vt€[0,00), V2 € R', Q. — a.s. 7.
Now without loss of generality, assume for every v € Cgu,
Li(y) =2 {(% —2)" = (w-2" - /Ot T (z,00) (7s) dMs(7)—
/Ot I(2,00) (75)(7s) ds} , Vt€[0,00), Vz € RY,

t
and / I(2,00)(7s) dM(7y) is continuous in (z,t) € R x [0,00).
0

By (5.5) and Lemma 5.3, for any z € {a(-) # 0} and p € M; (R") with f[o 0oy & wu(dz) < oo,

~, 2 _ Wi 2 B . )
Li(X) = a(z) /CR1 (ve —2)" Z(Wh) (dv) o) /CR1 (o — 2)* Z (w™) (d)
a(2z) /0 /C 00 (6)b(75) Z (W) (dy)ds —
a(2z) /C ) I2.00) (75)dM (1) Z (W) (d)

2 t
— @ {/[Z’Oo)(a: —2) Xy(dzx) — /[Z’OO)(I —z) p(dx) —/0 <XS7](Z7OO)()(.)> ds

_/c I(200)(7s)dMs () Z (WN) (dv)}, vVt € [0,00), Q,~ — a.s..

R
o
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Step 2. For any z € {a(-) # 0}, let

Mi(X) — /[ )(m—z>xt<da:>—/ (z— 2) plda) —

[2,00)
t 1 -
/ (X Teepb()) ds — a(2)EF(X), ¥i € [0, 00).
0

Then (M7 (X));>, is a (F:(X)),-adapted L"-martingale for any r € [1,00); and almost

surely, (z,t) € {a(-) # 0} x [0,00) — M7 (X) is continuous, and z € {a(-) # 0} — M} (X) is
Holder continuous of order « for any a € (O, %) and uniformly in £ on every compact interval.

Let

(Mx),, = ( /C 1 /O L (L) Z () (dv)> V2 € R

t>0

For any z € R, by the second part of Lemma 4.6, we have that for any ¢ > 0, as k — oo,
1o [
z 4 i ANT? .
M7 (k) = % Z/o Iz o0y (W0) dM, (w') — M, (X) in L' (Q,~) and almost surely.
i=1

Since (M7 (k)), is a (F (Wk))t-martimg;ale7 for any 0 < s <t < oo, n € N, and bounded
Fs (wh)-measurable function h on Cz~, we have

Qux [M;(X)h] = Jim  Qun [MF(k)A] = lim Qi [M (K)H] = Qv [ML(X)h]

n<k—oo n<k—oo

which implies that (Mf (X)) is a (?t) ,~adapted martingale, where F, is the completion

t>0

of o | U Fi (w¥) | with respect to Q.
k>1

By the Burkholder-Davis-Gundy inequality,

S
sup @, |sup / I 00y (Yu) dMy ()
0

zER? |:s§t

] < 00, Vt € [0,00), Vr € [1,00);

and further similarly to Step 2 of the proof of Lemma 5.4, we have

sup Q,~ / sup
z€ER! Cpr1 s<t

which implies (Mf (X)) is an L"-martingale, and is a.s. continuous in ¢ (note by as-
>0

r

/O Ty (va)dM, ()

Z(WN)(dv)l < o0,

sumption, fot I(zyoo)(’yu)d]\}u(y) is continuous in ¢ € [0, 00)).

It is easy to prove (c.f. Step 2 for the proof of Lemma 5.2) that for any r € [2, 00),

S T
Qu [sup / (I(zl,oo)(%t) — I(Z%oo)(wu)) dM,,(7) } <ciplzr — 22|27, V(21,22) € R2;
0

s<t
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where ¢, is a constant depending on ¢ and r. Then similarly to Step 4 of the proof of Lemma
5.4, one can show that almost surely, (z,) — M, (X) is continuous, and z € R' — M, (X) is

Holder continuous of order « for any o € (O, %) and uniformly in ¢ on every compact interval.

By Step 1 of proving Theorem 5.1, for any z € {a(-) # 0},
M; (X) = M (X), Vt € [0,00), Qun — a.s.. (5.6)

Notice that L (X), [, (@ = 2) X(de) = [, (@ = 2) p(de) and [§ (X, Iz 0b(-)) ds
are Fi(X)-measurable. So for any z € {a(-) # 0}, M} (X) is F;(X)-measurable. Recall from
Section 4, the H-topology is stronger than the weak topology on M; (Cr:1), and

1 n
as n — 0o, — E Owi — 2 (WN) in H — topology, Q,~ — a.s. wi,
n
i=1

and X, (WN) = (m).Z (W), t € [0,00); and

(wh) = the limit of {71I > (5wi} in My(Crr) if it exists,
= i=1

n=1

Zy € M1(Cry), otﬁerwise,

[1]

Z(wh) =E(WN), X = (Xi (W) 12 = ((m):Z (WN)) 5 -

Combining with 7, : v € Cp1 — v € R' is continuous for any ¢, we see that as n — oo,
1 " N . N
— E 0w — Xy (w™) (in the weak topology), Vt € [0,00), Q,~n — a.s. w™. (5.7)
n
i=1

Thus F(X) C Fy, t € [0,00). Use (5.6) to finish the proof of this step.

Step 3. For any p € M; (Rl) with f[o ooy & u(dz) < oo, by the definition of

(MEXDiz0) o

for any wiN € Cpn,

=~ 2
i (X) = [ @-aXn)- [ @2 o)
a(z) [z,00) [z,00)
t
/0 <Xs, I(z,oo)b()> dS — Mf(X)} 5
Vt € [0,00), Vz € {a(-) # 0}.
Since each term in the above equality is F;(X)-measurable for any t € [0,00), combining
with that random variable X defined on (CRN7QNN) is of the law P, and Lemma 5.4, we

have finished proving Theorem 3.1 with the Tanaka formula for initial measure u € My (Rl)
satisfying f[o o) T u(dx) < oo. Similarly, one can prove the Tanaka formula in Theorem 3.1

for p € My (R') with Ji s o |2l p(da) < oo. 0
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