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In this paper we study how o-finite measures on R? evolve under a class of “stochastic flows”
associated to stochastic differential equations with (resp. without) jumps in R?. First we show
the related measure evolution processes are cadlag (resp. continuous), strongly Markovian and
weakly Fellerian. Then we extend the existing results on incompressibility in Harris [8] and
Kunita [14], and prove strong Markov property of the process describing how compact subsets
evolve under incompressible “stochastic flows” under a certain condition.!
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Notation. For any separable metric space E, the following notations will be used.

M(E) (resp. P(E)) : all finite (resp. probability) measures on E endowed

with the weak topology.
Cy(E) (resp. By(E)) : all bounded continuous (resp. measurable) functions on E.
C.(E) : all bounded continuous functions on E with compact supports.

-1 : the uniform norm on By(E).
k

FEF e @y, ) = [ f @), V@, k) € BX; V€ By(E), Yk > 1.
i=1

uF o the k — fold product of a measure pon E, ¥ k > 1.
(u, f) =u(f) = / fdup o the integral of a measurable function [ against
E

a measure p on E provided it exists.

Frp(p) = <uk, f> = u*(f) : for any measure p on E and any measurable
function f on E* provided the integral exists.

Cp(P(E)) (resp. Bp(P(E))) : all functions F on P(E) of forms F = Fy,
fed, (Ek) (Tesp. By (Ek)) , k> 1.

Dg (resp. Cg) : all cadlag (resp. continuous) maps from [0,00) to E endowed

with the Skorohod (resp. compact — open) topology.
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1. Introduction

Recall a stochastic flow (¢)¢>0 of measurable maps for a cadlag Markov process on R%is a
stochastic process on the space of measurable maps from R? to R? satisfying

Vg s(@) (W) = i (Vs () (W) (Bsw) a. s. —w for any x € R, t,5 >0,
the 1 — point motion ((Zﬁt(ﬂﬁ))@o,x € Rd) is the given cadlag Markov process;

where § = (05)s>0 is a shift operator on some probability space and 1)y is the identity map.
Assume further each k-point motion

(@i, @) io (@1, i) € (RY))

of (¢¢)>0 is a cadlag Markov process of the semigroup {Vtk Clearly, each k-point motion

}tZO .
of the flow is exchangeable in the sense that for any permutation 7 of {1,---,k},

k
‘/;k [foﬂ (xffl(l)a"WxT*l(k)) = V;k[f](xlf"aka v(l'l,"'7l‘k) € (Rd) )
k ~
VfebB ((Rd) ) , YVt >0, where foT (x1, -+, 2k) = (@), Trk));

and satisfies the consistency that each r (< k)-component of k-point motion is just the r-point
motion, and any two particles in R? must stay together whenever they meet. For such stochastic
flows (¢1)>0, refer to [14], [16], [17].

Given a consistent family of all exchangeable k-point motions in R? with the property that
any two particles must stay together whenever they meet, assume each k-point motion is of a

Feller semigroup {Vtk} >0 01 Co ((Rd)k) , namely,
k . k
VEfe ((Rd) ) , V>0, 17}%]|ka]0_ f|| =0, Vfe(Cy ((Rd) ) 7

where Cy ((Rd)k) is the set of all continuous functions on (Rd)lc vanishing at infinity; by [16],

there is a unique (in law) stochastic flow (1;);>0 of measurable maps associated to the consistent
exchangeable family and this correspondence is one-to-one (the conclusion holds on any locally
compact separable metric space).

For any initial measure p on R?, its transportation under the flow (1;);>o is given by
(1)) 4> » where (1), pr denotes the image measure of y under v;. For the time being, assume
p€ P (RY). Then (((v¢)sp)ez0, 1 € P (R?)), which we call a measure-valued flow, is a cadlag
Markov process of the semigroup {T}};>¢ determined by

T, Fy (i) = Fyrpp(p), Yu € P (RY), VFyi € B, (P (RY)). (1.1)

See [18], [16]. Due to the exchangeability and consistency of any n-point motion, (1.1) does not
depend on the expression of F' = F .

Interests for studying (((¢¢)«t)i>0, 1 € P (R?)) are as follows.
From

(Ye)sps £) = (p, f o), Vf € By (RY), ¥t >0, Vue P (RY);

we obtain that (((wt)*u)tzo,u epP (Rd)) is a dual of the flow and hence of its own interests
(refer to [14] P135-147 for some interests of the process). Moreover, there is a probabilistic
notion, decay of correlations, expressing sensitivity of the dynamics, which is of importance in
the characterization of complex systems ([20]); here sensitiveness means that orbits forget their
initial state as time increases to oo, which may be expressed by that

ctro) = [ roaev)@ua - [ ra [ gd



should converges rapidly to zero as ¢ — oo, for any f,¢ in some continuous function space
F, and p € P (R?) (random or non-random) is a Sinai-Ruelle-Bowen (SRB) measure (note
even for stochastic dynamical systems, SRB-measure may be deterministic, see [2]). Assume
pg(dz) = f(z)u(dx) € P (R?). Then by assumption, [p, f dpu =1 and

ctiro) = [ o wonsdn - [ g,
Rd Rd
and the measure-valued flow ((¢¢)«tf):>0 comes into picture.

Remove the restriction p € P (Rd) and suppose p is o-finite. When R? is endowed with a
Riemannian structure, for a stochastic flow (¢;);>0 of homeomorphisms (measurable maps) on
RY, its incompressibility is defined by

(Yt)ep = p, V¢ >0, a.s.,

where y is the volume measure of the manifold R?. Note incompressibility is important for
vorticity and turbulence from a view point of physics ([7], [19]); and stochastic flows are usually
viewed as turbulence models. Particularly, whether the Lebesgue measure on R¢ is preserved by
the stochastic flows is of important interests. However, R can be endowed with various Rieman-
nian structures and various corresponding volume measures. Hence it is interesting to consider
how o-finite measures are transported under the stochastic flows. On the other hand, for d
dimensional Brownian motion, its unique invariant measure (up to a constant) is the Lebesgue
measure, in order to consider their entrance laws, stationary distributions and ergodicities,

the space M (R?) is small for Markov processes (((wt)*,u)tzo JEM (Rd)) corresponding to

stochastic flows for Brownian motions, which also suggests us to study measure-valued flows
describing how o-finite measures evolve under the stochastic flows.

For fixed 7 > 0, let ¢,(z) = (1 + |2|*) ", Va € R% and

f(@) T
W)‘ < oo}, 1l = H¢

Let M, (Rd) be the set of all Radon measures j on R? satisfying (u, ¢,.) < 400, and endow
M, (Rd) with the following 7, topology:

sup
z€R4

o (RY) = {fer (rRY)

. Vfed(RY).

pn = pif and only if lm (s, f) = (. f), Vf € Ce (RT) U {0y}

Note the Lebesgue measure is in M, (Rd) if and only if r > %; and M, (Rd) has been used

as the state space for (2,d,3) superprocesses with 8 € (0,1] when r > %, and for («,d, )
superprocesses with « € (0,2), 8 € (0,1] when d+a > r > % (refer to [4]).

As mentioned before, measure-valued flows describe how measures evolve under “stochastic
flows” (see [14], [18], [16] for some existing results). Recently, stochastic differential equation
(SDE) with jumps has been received much attention ([3]). In this paper we study SDE with
jumps by measure-valued processes, namely, study related measure-valued flow which takes
values in M, (Rd) .

Clearly, (¢1).p is cadlag in ¢ for any p € M (Rd) . But for any u € M, (Rd) \ M (Rd) , due
to we need to check

(Y1)sp € M, (R?), t € [0,00), a.s., (1.2)

it is not obvious (t)4).p is cadlag in 7, topology in ¢ (note the dominated convergence theorem
and (1.2) imply the cadlag property).
Recall (((1/1t)*u)t20 S EM (Rd)) is Markovian because of (1.1) ([18], [16]). Let F be the

space of measurable maps ¢ on R? satisfying

Pt € M, (R?), Ve M, (RY),



and equip F with the o-field generated by the maps ¢ — ¢(x) for every x € R%. Even if (¢;);>0
is Markovian, namely, for any bounded measurable function f on F and any ¢, s > 0,

Elf(Y11s) [ 0(o,v < 8)] = Ef (drvs) | 9], (1.3)

because the following formulae may hold:

O-((’(/} ) v < S) (%,U < S) ((wv)*uav < S) 7é 0(%70 < 5)7
o{(a)ott) € 0(05), o(()on) £ 00, where € My (R) \ M (RY),

though g(¢.u) : ¢ € F — R! is a bounded measurable function for any g € By (M,. (Rd)) ,
one can not obtain directly from (1.3) that if each (). is M, (R?)-valued, then

Elg((Vr4s)ept) | o((o)sp, v < 5)] = Elg((Yegs)spt) | (s)<p]. (1.4)

In addition, the set of all functions of the forms Fyj on M, (Rd) does not separate points in
M, (R?), (1.4) can not be obtained directly from a formula like (1.1).

Therefore, we first show the M, (R?)-valued measure-valued flows associated to SDE (2.5)
with (resp. without) jumps in R? are cadlag (resp. continuous), strongly Markovian and weakly
Fellerian. Then we extend the existing results on incompressibility in Harris [8] and Kunita
[14] Theorem 4.3.2, and prove strong Markov property of the process describing how compact
subsets evolve under incompressible “stochastic flows” under a certain condition (note for some
diffeomorphism stochastic flow (1¢)¢>0, in [11] an It6 formula is obtained for (¢;(D)):;>¢ for
any smoothly bounded domain D). For details, see Theorem 2.1 of present paper. In section
3, we give remarks on Theorem 2.1. While in section 4, we present proof of Theorem 2.1.

2. Main result

Let U and Uy (C U) be two measurable subsets in R\ {0}, and n(du) a o-finite measure on
R4\ {0}, and h(-,) = (R'(,), -+, h%(-,-)) an R%valued measurable map on R? x U; and

() = (07(-))1cpza and b(-) = (b (), -+, b())

1<4<1

d x [ matrix-valued and R?valued continuous maps on R? respectively. Assume

n(Up) < oo; H(u) := sup |h¢5 @ ))| < 00, Yu e U, / H(u)? n(du) < oo; (2.1)
zeR  Pr
sup H(u) < oo for some n(du) — zero measurable subset N' C U; (2.2)
ueU\N
lo(a)|* + [b(z)[* < C1 (1 + |2]?) (2:3)

() — o) + [b(z) — b(y)[* + / [z, w) — h(y, u)|? n(du)
U\Uo
< O e —yl?, Via| <m,ly| < m, Ym € (0,00); (2.4)

where C71, C’Q(m) are constants. Consider the following SDE in R? which has been studied
extensively by [9].

dX, = o(X,) dB, +b(X,) dt + [, h(Xe—,u) Mdbdu)+
S, P(Xo—w) n(dedu); (25)
Xy = x € R

Where B = (Bt)t>0 (Btl, . Bllf)tzo
at 0; and A(dtdu) is the counting measure for a stationary Poisson point process p = (pt)¢>0 on

is the standard /-dimensional Brownian motion starting



R\ {0} which is of the o-finite Lévy measure n(du) on R*\ {0} and independent of B = (B;);>0,
and measure 7(dtdu) on [0,00) x R%\ {0} is given by

n(dtdu) = A(dtdu) — dt n(du).

By (2.2) and (2.3), the linear growth condition
jo()]* + [b(x)]” +/ [h(a, u)|* n(du) < Cs (1+ [a]?) (2.6)
U\Uo

holds for some constant Cs. Remembering (2.4) and (2.6), by the standard SDE theory (c.f.
[9]), we see SDE (2.5) has a unique strong solution (X;(z));>o for any x € R? such that

X, (z) is measurable in z € R? for any ¢t > 0, a.s.;

X:(y) tends to X;(x) in probability as y — « for any ¢ > 0; and ((Xt(x))tzo , X € Rd) is a

cadlag (resp. continuous) strong Markov process (resp. when n = 0) with the following weak
generator: For any f € CF (Rd) and x = (xl, S md) € R,

d 2 X d . X
A f(z) = %Zaij(x)af().+sz($)8£§31,)+

where for any natural number &, le (Rk ) is the set of all bounded continuous functions on R*
with bounded continuous derivatives of orders one and two;

a(z) == (a” (z))lgi,jgd = o(z)o” (x), Vo € R,

oT(x) is the transpose of o(z); V is the gradient operator. Clearly, ((Xt(x))tzo,x € Rd) is
weakly Fellerian in the sense that its semigroup {V,!'};>0 satisfies

Vi'f e Cy (RY), hg)lvslf(x) = f(x), ¥t >0, Vz € R?, Vf € Cy (R).

To state our main Theorem, we need some preliminaries. Given a measure p on R?, we say
(Xt)i>0 is p-incompressible if

(Xt)ept = p, Yt €10,00), a.s.;

and use S(u) to denote the support of measure p (S(0) = 0). Here we point out, in 8] and
[14], p-incompressibility means that for any fixed ¢, (X;).pu = p, a.s.. Refer to [8] P236, [14]
P135 and P139-140 (the proof “(v) implies (i)” of Theorem 4.3.2 in [14]). Let & (R?) be the
set of all closed subsets of R? endowed with the Hausdorff topology, which is induced by the
following metric on & (Rd) :

B e oyl
A max {?eaf?jrelg ng, I;leagzlgg 1+\w1y| , VA, BeS(RY)\ {0},
pAB) =9 VA €S (RY)\ {0}, B=0,
0, A=B=0.

For any closed subset C of R?, let K¢ be the space of all compact subsets in C. Then K¢ is a
closed subset of & (Rd) .



Since p € M, (R?) — ¢, (2)pu(dz) € M (R?) is a topological homeomorphism,
S: peM(RY) — S e (Rd) is measurable ([4] Theorem 9.3.1.2(a)),

and S(p) = S(¢r(z)pu(dz)); S pe M, (RY) — S(u) € S (R?) is measurable.
Let H be the set of all bounded continuous functions ' on M, (Rd) such that

F(p) = G, f1), -+ (s, fr)) with G € CZ (RY), k>1, fi e C2(R?), 1 <i <k,
and C2 (R¥) = C. (R*) nC¢ (RY).

For any z; = (9,3117 ... ,xf) € R, i=1,2, and any f € Cf ((Rd>2) , let
52 2 d

2 d f of
2 z:: (i, 7;) 9270z q(l’lvx2>+Zsz($i)w($17$2)+

/ [F (@1 + h(en,w), 2 + h(za,u) — f(a1,22) —
U\Uo

Vi(z1,z2) - (h(z1,u), h(za,u))] n(du) +
/U [ (@1 + by, ),z + hlza,w)) — f(a1,22)] n(du):

Az f(x1, x2)

N)\»—l

where
l

a"(z,y) = Y o (0)o"i(y), V(w,y) € (R, V1 <p,q <d.
k=1

Write 9
a(z,y) = (@"(2,9))1<p <> V(@,y) € (RY).

Now our main Theorem is stated as follows:

Theorem 2.1. (i) (((Xi)«pt)i>0, 1t € M, (R?)) is the unique (in law) cadlag (resp. contin-
uous) M, (Rd)—valued weakly Fellerian and strongly Markovian process (resp. when n = 0)
satisfying its weak generator A is determined by that for any F(u) = G({, f1),- -, {1, fx)) € H

k
i=1

7

k
5 32 G e ) (1, VA ) (V1500 +
‘/U{G(Oj’a fl(x + h(axu))), Ty <,U,7 fk(x + h(m,u))>) - G(<:u7 f1>7 Ty <:U/7 fk:>) -
k
S 0G i)+ i) i+ ) = i) ),

and {u eM (Rd) ’ I (Rd) = c} is an invariant sub state space for any ¢ € [0,00). For the

mentioned process, F((X¢).p) — F(u) — fg AF((Xs)sp) ds, t € [0,00), is an L2-martingale for
any F' € H and any u € M, (Rd) i

(ii) Given any p € M, (R?) \ {0}, (X¢)¢>0 is p-incompressible if and only if

(i ALf) =0, (42, Asf®2) =0, Vf € C2 (RY).



(iii) If
lim X,(y) = X¢(z), lim X,(y) = X¢_(z), V(t,z) € [0,00) x R, a.s.;
sTt

slt
y—x Yy—xT

and a.s., X, is a continuous injection for any fixed v > 0; and (X;)¢>0 is p-incompressible for
some p € M, (R?) \ {0}; then ((X¢(D))i>0,D € Kg(y)) is a cadlag (resp. continuous) Kg,)-
valued strong Markov process (resp. when n = 0).

Remark 2.2. Theorem 2.1 still holds if (2.1) is replaced by
n(U) < oo, h € By (R* x U) and h(y,) — h(z,-) in measure n as y — x in R (2.1)

Though the cocycle property is needed to define flows of maps, it was not shown to hold and
not used in proving Theorem 2.1. The reason is that the law of the measure-valued flow does
only depend on the laws of all k-point motions (for example, see (1.1)).

Remark 2.3. Note the unique strong solution to SDEs can generate a stochastic flow of
measurable maps under a certain condition. For Theorem 2.1, the weak generator Aj of the

k-point motion ((Xt(ml), < Xo(xk))eso0, (1, - -, k) € (Rd)k) is specified in Lemma 4.1 with

a(2,9) = (@(2,9))1< y<a = (@) (0(®)T, Y(z,y) € (RY)®.

For more general infinitesimal covariance a(-,-) on (Rd)2 which is of C%-class and satisfies the
linear growth condition, if there is a unique (in law) stochastic flow (X;);>¢ of measurable maps
with Ag-process as its k-point motion for any k > 1, here Ay is of the form specified in Lemma
4.1 for this more general a(-,-); then Theorem 2.1 is still true for this (X¢)¢>o.

For certain diffeomorphism stochastic flows (¢;);>0 on R%, in [11] an It6 formula is obtained
for domain-valued process (;(D));>0, for any smoothly bounded domain D in R?. Theorem
2.1 gives strong Markov property of the cadlag (resp. continuous) process (resp. when n = 0)
describing how compact subsets evolve under incompressible “stochastic flows”, such a result
does not appear before and its applications are given in section 3.

Recall p-incompressibility of (X;);>0 in [8] and [14] means for any fixed ¢, (X¢).p = 1, a.s..
However, for any p € M, (RY) with r > £, the p-incompressible flows (X;);>o in [8] and [14]
Theorem 4.3.2 in fact satisfy

(Xi)ept = p, YVt €10,00), a.s., because (Xy).p is continuous in t € [0,00).

Note in [14] Theorem 4.3.2, the infinitesimal covariance a(-, -) is of C3-class, the equivalences on
incompressibility for measures I1(dz) = 7(x) dx with that m(z) is of C3-class and strictly positive
are obtained. In this paper, even if 7(-) (not necessarily strictly positive) and af(-,-) are of C?-
class, the corresponding equivalences on incompressibility for II(dz) = 7(x) dz € M, (Rd) \ {0}
still hold. Refer to Remarks 3.2 and 3.2’ behind. For incompressible flows in [8] and [14] Theo-
rem 4.3.2, the process describing how compact subsets evolve under the flows is a diffusion by
Theorem 2.1.

Remark 2.4. There are many papers and results on stochastic flows and associated measure-
valued flows which go beyond Kunita’s results. In [14] (as well as [16] and this paper), the
solutions to the SDEs do not depend on the mass of the flow. In contrast, many authors consider
flows of SDEs driven by general Brownian noise (including infinitely many Brownian motions)
where the coefficients depend on the total mass of the flow which were first studied by [12];
and accordingly, the associated measure-valued flow is the solution to a quasilinear stochastic
partial differential equation (SPDE) (see [12], [15], [5], [6], [13] and references therein).

If one considers infinitely many Brownian motions as driving terms, one obtains the same
results (under suitable local Lipschitz and linear growth conditions) including Kunita’s flows
as a special case. Theorem 2.1 is not in its most possible form. What we emphasize is that
measure-valued processes and “fows” can make valuable contributions to each other, and ideas
used to study “flows” by measure-valued processes.



3. Remarks on Theorem 2.1

Remark 3.1. Let n = 0 and » > 1. Then the 2-dimensional Lebesgue measure dzx is
in M, (RZ). Note the k-point motion of Brownian flows (Z;);>0 (not necessarily stochastic
flows for Brownian motions) in [8] (see [8] (3.4)) satisfies Lemma 4.3 in this paper. Then
(((Ze)«p)i0, 1 € M, (R?)) is a continuous strongly Markovian and weakly Fellerian process
on M, (R?). So any incompressible flow (Z;);>0 of [8] in the sense that Z; preserves the
Lebesgue measure for any fixed ¢ > 0 in fact satisfies

(Z4)wdx = dz, YVt >0, a.s..

Recall from [8], Z;(z) is continuous in (¢,z) € [0,00) x R? and Z;(-) is a homeomorphism of
R? onto itself for all ¢ > 0. Hence, ((Z;(D))¢>0, D € Kga) is a Kga-valued diffusion process for
any incompressible Brownian flow (Z;);>0 in [8].

Remark 3.2. Let (¢;)i>0 be the Brownian flow of diffeomorphisms on R? specified in [14]
Theorem 4.3.2. Let II(dz) = m(z) dz with that 7(x) is of C®-class and strictly positive. Then
[14] Theorem 4.3.2 (c.f. Harris [8]) states the following statements are equivalent.

(a) (p )H—H a.s. for any t > 0.

Zaxz{ﬂ- ”xy}:O, vl<j<d, V(x,y)e(Rd)z,

div{n(b—c)}(z) =0, Vo € R%.
(¢) IT and II x II are invariant measures of A; — diffusion process

and A, — diffusion process respectively.

Where a(z,y) = (a”(z,y)) 1<ij<q @0d b(z) = (b*(x),---,b%(x)) are the infinitesimal covariance
and infinitesimal mean of (@;)tgo respectively; and

1 d i 1 d aa’”(mvy)
c(z) = (c'(z), -, (2), (z) == Z G| (Lsi<d
j=1 y==
LA 52
Ag f(z1, 7xk):§ Z Z a (x’tvxj)a paxq( 1 Tk) +
1,j=1p,q=1 g
d
7]
Z bp(xi)ai:j;(xl7”'7xk)a
i=1 p=1 i
2 a\k
V(o an) € (RY)", vr e ¢ ((R)"), vh = 1.
Remember (((sot) W)e>0, b € M, ( )) is an M, (Rd)—valued diffusion process of weak Feller

property. We claim if 7(x) (not necessarily strictly positive) is of C2-class and

II(dz) = n(x) de € M, (Rd) \ {0},
then the following statements are equivalent.

(a)" (¢ )H—H vVt >0, a.s..

Z@xl{ﬂ- ”xy}zO, Vl1<j<d, V(x,y)e(Rd)Q,

div{r(b - ¢)}(z) =0, Vx € R%.
(€)' (ILALf) =0, (I?, Ao f?) = 0, Vf € CZ (R?).

(even if a(x,y) is of C? — class, the equivalences still hold)



For such a II-incompressible flow (¢;)¢>0, ((got(D))tZO, D e ICS(H)) is a diffusion on Kg ).

In fact, the proof of Theorem 2.1 shows that (a)’ and (c¢)’ are equivalent (c.f. Lemma
4.7). Tt suffices to prove (c¢)’ and (b)’ are equivalent. Integrating by parts, it is easy to see that
(I, A1 f) =0, Vf € C? (Rd) is equivalent to

d 210 (x)aPd(z. ©
Z 97 (a;c)l’a:c(q 2)] div(mb)(z) = 0.
p,g=1

However,

d 2lm(x)aP(z,
%Z 8[ () ( ) )]—di’l}(ﬂ'b)(x)

OxPOrd
P,q=1
d d
1 0 »a on(z)  0aPi(y,x)
—QZWDZ{@ (@2) Fpr * ~gaa _ mlw) o+
p=1 q=1 Yy=x
div(m(c —b))(x)
d d
1 0 a» or(xz) = 0a%(x,y)
N 52 OxP Z {a (z,2) X _ mlw) o+
p=1 q=1 Yy=x
div(m(c —b))(x)
(since a’(z,y) = a®(y,x), V1 < p,q <d, Y(z,y) € (Rd)Q)

} + div(m(c — b)) (x).

y=z

So (Il A1 f) =0, Vf € C? (Rd) is equivalent to

} + div(m(c —b))(z) = 0.

y=x

1< o0 | & o
5 Z P {Z Dzd {m(z)a®(z,y)}
)

Note for any f € C}? (Rd ,

d
Ao P2 (w1, m9) = f(w1) A1 f () + f(w2) Ar f (1) + ) a”q(azl,zz)ag(?) 82%2),
p,q=1 1 To
(c)’ is equivalent to
d
(I, A1 f) =0, <H2, Z apq(ml’%)ag;?) 6J;EE€2)> —0, v/ e C? (RY).
p,q=1 1 2

In the situation of [14] Theorem 4.3.2, a(z,y) is of C3-class. Let ((G'(z),-- '7Gd($)))m€Rd
be the centered R?-valued Gaussian random field with the covariance matrix a(x,y). Then by
the standard Gaussian random field theory (refer to [1] Theorem 1.4.2 or reproducing kernel
Hilbert space method in [1] Chapter 3), one can get each G*(z) is of C3-class in z. Therefore,
by integration by parts,

d
<H2, Z apq(xhxz)ai;;?) 8{;5;212)> =0, Vf € C? (RY)
p,q=1



is equivalent to

= Pq davd
’ /(Rd)2 flz2) Z 8:611’6952 wy)m(x2)a? (21, )] drydy

pql

/md) it 3 axpaxz ) (w2) B [GP (1) G (2)] derydlry

p,q=1

d 52
=F /(Rd)2 f(m)f(m)p;l m [ﬂ(zl)w(xQ)G (x1)G (IQ)} dx1dxs

(c.f. [1] Theorem 1.4.2)

d 2
=E ( f(I1)Z%[7T($1)Gp($1)] dl‘l) ] , Vf e C2(RY)
I Rd =1 911

< Z 88;0 xl)Gp(J)l)] =0, Vx; € R

d

Z {E1 Gp .’L‘l)Gq({EQ)]

1

d
Gq LL’Q E p 3?1 Gp 1‘1
p=1 T

= Z ({ﬁﬁ)E[w(xl)Gp(xl)Gq(mg)] (c.f. [1] Theorem 1.4.2)
9

2

d
= Z 97 [m(z1)aP? (21, x2)], V(21,22) € (Rd) .

1
So (¢)’ implies (b)’. From deduction above, one easily see (b)’ implies (c)’.

Remark 3.2'. Let n = 0 in Theorem 2.1. If a(z,y) = o(x)o(y)?, o is of C¢-class and b is of
Cj-class, then similarly to Remark 3.2 (using a(z,y) = o(z)o(y)? directly and without using
Gaussian random fields), one can check for II(dz) = 7(z) dz € M, (R?) \ {0} with 7(z) of
C?-class, the following statements are equivalent.

()"(Xt)H—H Vt >0, a.s..

Zaxz {m(@)a®(z,y)} =0, V1 < j <d, V(z.y) € (RY)",
div{m(b—¢c)}(z) =0, Yz € R%.
(€)" (ILALf) =0, (I, A, /%) =0, Vf € CF (R?) .
For such a II-incompressible flow (X;);>0, ((X¢(D))ez0, D € Kgan) is a Kgqm-valued diffusion.

Remark 3.3. In the situation of Theorem 2.1, let
o) =0, b(zx)=0; Up=U, 0<n(U) < o0;
h(z,u) = e for some vector e = (e!,---,e?) € R\ {0};
0 < 7(x), l(dz) = n(z) dz € M, (R%) \ {0}.

Then (((Xt)*,u)tzm uwe M, (Rd)) is an M, (Rd)—valued cadlag strongly Markovian and weakly
Fellerian process. We assert that

lim X,(y) = Xy(z), lim X,(y) = X,_(z), ¥(t,z) € [0,00) x R, a.s.;
slt sTt

y—x y—x

10



and a.s., X, is a continuous injection for any fixed v > 0. Moreover,
(ILAsf) =0, (II%, A2f%%) = 0, Vf € C7 (R)

if and only if
m(y)=n(y+e), dy —as. y¢e R,

Hence, ((X¢(D))i>0, D € Ksqr)) is a cadlag Kgam-valued strong Markov process when
m(y) =n(y+e), dy —a.s. y€E R<.
More generally, if

h(z,u) = h(u), h € By(U), {h(u) |ue U} C{ke | k=0,£1,£2,---},
m(y) =7(y+e), dy —a.s.y € R,

then (X;);>¢ is II-incompressible and ((X.(D));>0, D € Kga)) is a cadlag Kg(m)-valued strong
Markov process.

Indeed, the first part of assertion follows easily from the SDE
dX(z) = / e Adtdu), Xo(z) = x.
U
Since for any f € C? (Rd) ,
A = r+e)— f(x)] n(du) () dz
i) = [ [ (#e+e) = @) n(an) n(a) d
() [ f@)lrta - ) - n(a) da.
Rd
(I1?, Ay f22) = TL(U)/ f(x1) f(zo)[m(z1 — e)m(zg — €) — m(21)7(22)] dridry;

(R4)?

one can easily get the rest of the assertion holds true.

Remark 3.3'. In the case of Theorem 2.1, let

a(x)=0, b(z)=0; Uy=0, 0 <n(U) < oc;

h(z,u) = h(u), h € By(U), {h(u) |ue U} C{ke|k=0,£1,%2,--}
for some e = (e',---,e?) € R4\ {0};

0 < 7(x) is of C'-class, 7(y + €) = n(y), Yy € R,

I(dz) = n(z) dz € M, (R?)\ {0}.

Then (((Xt)*,u)tzo, we M, (Rd)) is a cadlag strongly Markovian and weakly Fellerian process
on M, (Rd) . We claim that

lim X,(y) = X;(z), lim X,(y) = X;_(z), Y(t,z) € [0,00) x R, a.s.;
slt sTt
Yy—x Yy—x

and a.s., X, is a continuous injection for any fixed v > 0. Further,
(I, A f) =0, (IT?, A, f®%) = 0, Vf € C2 (RY)

is equivalent to

Vr(zx)- /Uh(u) n(du) = 0, Yz € R%.

11



So under Vm(z) - [, h( =0, Vo € R, (Xi(D))i0,D € Ksamy) is a cadlag Kgqm)-
valued strong Markov process

In fact, from
dX;(z) = /Uh(u) A(dtdu) —&—/Uh(u) n(du) dt, Xo(z) = z,

one can see the first part of the claim is true. However, for any f € C? (Rd) , it is easy to check

M) = Rdf(x)[VW(:r)' (w)] den(du)

5@ [ [ e ]

(0, apgen) = [ [ S e Trte) - b+ @) Vr) b))

dzydzon(du)

/(Rd)Qf(xl)f( ){ mw(x1) Vr(za) /h

m(20) V(1) - / h(u) n(du)}dwldxg;

U

which implies the second part of the claim holds.

Remark 3.4. Fix r > %. Take 1) : R? — R? as follows:

Write x = (gcl, e 7xd) € R? into the polar coordinate form
k—1 d—1
¥ =p (H sin9i> cosbly, VE<d—1, 2¢=p (H sin9i> ,
i=1 i=1

where (p, 01, +,04-1) € [0,00) x [0,27)9~1. Choose

0 € OL(0,00), sup { (146 Ie (o)} < oo

Define
P(x) = (V' (x),- -, 9% (x)) € RY, Vo e RY;

sin(6; + <p(p))> cos(By 4+ ¢(p)) — z*, Vk < d -1,
=1
1

d
P (x) = p <H sin(6; + <p(p))> — 2,

i=1
In the setting of Theorem 2.1, let o(z) =0, b(z) =0, n(U) < oo; and
h(z,u) = ¢(x), V(z,u) € R x U.

Then (((Xt)* W0, b € M, (Rd)) is a cadlag strongly Markovian and weakly Fellerian process
on M, (R%). Use polar coordinate and the integration by parts formulae, similarly to Remark
3.3 and 3.3', one can check (X;);>0 is dz-incompressible if and only if

div p(z) = 0,Yz € R or n(U \ Upy) =0

12



Under additional suitable conditions, (X;):>¢ can be a homeomorphic stochastic flows, and
((X¢(D))i>0,D € Kra) is a cadlag Kre-valued strong Markov process for dz-incompressible
flow (X;)i>0. For example, if further

Up = {|z| <1} C U, ¢ € CZ(]0,00)),
then (X;)¢>0 is a stochastic flow of locally C'-diffeomorphisms (see [21] section 4).

Remark 3.5. From remarks above, diffusion-jump type examples can be constructed, we leave
this to the interested readers.
In Theorem 2.1, jumps are bounded. Note a-stable process is of big jumps for a € (0, 2).

Choose 7 € (4,4 + 2), then ([4])

Ay | < constant ¢, |Aa¢2| < constant gbf.

One can check (see Lemma 4.3) the semigroup {tha} generated by A, must satisfies

>0

sup (V0] | < o0, sup (V2 (62} / 2] < o, ¥ 0

For the 2-point motion of any stochastic flows for a-stable processes, write {Vfa} >0 for its

semigroup. Then
sup H{V?a‘ﬁ?z} /¢§2H < oo, YT > 0.
t<T

Indeed, by the Cauchy-Schwartz inequality, for any ¢ < T

V2 6522y, ) < (Vi [62] (e0)}E (VL [67] (22) )
< {Cré¥(w1)}? {Cre(2:)}?

= Cr ¢r(x1)dr(x2), for some constant Cr depending on T

So the method for proving Theorem 2.1 can be applied to this setting except that the corre-
sponding M, (R%)-valued process is cadlag (new method is needed to verify this).

4. Proof of Theorem 2.1

Note (2.5) satisfies local Lipschitz and linear growth assumptions. Then the system of k SDEs

(2.5) as an It6 SDE in (Rd)]C with initial points (z1,- -+, 2x) has a unique strong Markov solu-
tion which is weakly Fellerian. Combining with the Itd’s formula, we obtain the following

Lemma 4.1. For any natural number k, the k-point weakly Fellerian process
k
((Xel@r), -+ Xe(@a))iso s (o1, -+ an) € (RY)")

is the unique strong Markov processes with the semigroup {V;k} >0 corresponding to the fol-
lowing weak generator B

Apf(zr, - )
kood ko d
1 o°f of
i PA(g g SN (e
2 mz'::l p;l ) O 0 o) i=1 p=1 v O} (o)

/ [f (le + h’('rhu)a e, Tk + h(l‘k,’u)) - f(xlv e 7I’k) -
U\Uyp
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Vf(iﬁ, T 7xk) : (h(xlvu)v v 'vh(xkvu))} n(du) +
/U [ (21 + hl1,0), - 2p + h(wp, w) — F(@a,- - 2x)] n(du),

Vo= (ale,af), 1<i <k, v e Cf ((RY").

R [iad?

Lemma 4.2. Endow M (Rd) with the weak topology. Then (((Xt)*ﬂ)tzo e M (Rd)) is a

cadlag (resp. continuous) M (Rd)—valued weakly Fellerian processes (resp. when n = 0) such
that

t
PUX0)o) = F0) = [ AP(X)op) ds, ¢ € 0,00),
is a martingale for any F' € H.

Proof. Since for any ¢t > 0, (X;).0 =0 and

(Xo)ope = p (RY) (X0), - 1 MY\ {0},

it suffices to prove the lemma for initial measures p € P (R?). It is known ([16], [18]) that
(((Xt)*ﬂ)tzo ,ueEP (Rd)) is a P (R?)-valued cadlag (resp. continuous) weakly Fellerian pro-

cesses (resp. when n = 0) with the following semigroup {Ttp} >0 determined by
TP Fri(n) = Fyrpp(n), Yu € P (RY), Vf € By ((Rd)’“) L VE>0, V> 1.

Now we are in the position to verify that F'((X;).u) — F(p) — fot AF((Xg)«p) ds, t € ]0,00),
is a martingale for any p € P (Rd) and

Fv)=G((v, f1), . (v, fr)) € 1.

In fact, by the 1t6’s formula, for any f € C? (Rd) ,
t t

fX() = fl@)+ / Ay f(X(2)) ds + / VF(Xo(2) - o(Xa(x)) dB, +
0 0

|45 (@) X (o)) = £ (2) )
0 Ju
Write Y; = (X¢)«p, t > 0. Then (Y3, f;) is a semimartingale. By the It6’s formula, we get
G (<Yta fl>7 T <}/tv fk>)
k t
=Gt ln )+ [ OGO ), e ) Y+
i=1

k t
3 20 [ OO ) o ) R 1

ij=1

> AAG(Ys, f1), oo (Vs fr)) —

VG (Yl f1)s Yl f)) - AUYa £, e (Ve )
=G (s f1)y - (s fr) + K (t) + Ka(t) + K3(t);
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where (Y., f;)¢ is the continuous martingale part of semimartingale (Y7, f;); and for a cadlag
map g from [0, 00) into some RP, Ag(t) = g(t) — g(t—), Vt > 0.
However, due to (Ys,1) = (u, 1) =1, Vs € [0, 00),

k t
ki) = Z<“ [ G e e BN A0 ) +

k t
> <u, [ OGUYe )e Var 0) VA 0) o (X)) )+

Z/Rd//é‘G (Ve f2),- o Yam i)

[fi(Xs—(2) + W Xs—(2),u)) = fi(Xs—(2))] n(dsdu)p(dz)
= Ki1(t) + K12(t) + K13(t)

k t
=% [ DG i O SO A+ in)+ Kot

(where (K12(t))i>0 and (K13(t)):i>0 are two L2-martingales) ;

Kg(t) = < / Y fl <Y:S‘—afk>)

zi: z_:apq ))dB? Za 10.¢ Zaf’q qu>s>

M\H /\

/ G((Yar fi)y- - (Yo, fi)) (Y2, V fi(@)a(z, y)(V £5)T () ds;

k
//{AG(<n7f1>,-~-,<n,fk>>—Z&»G«Ys,f1>7---,<Ys,fk>)A<Ys,fi>}
A(dsdu)
/ [ 4G £ (X)X @) e X (0) + (X (). 0))

G £ Ko e @) -

Z{aiG(Q’s—,fl)r“a<Ys—7fk>)

K () B ()0 — Fa ()} M)
/ t J AW et ). (Vi o+ )

G(Yas Fi @, Ve, fu())) —

zk:{&G((Yg_,fl),u,(YS_,fk>)
T s e+ B 0) — F@N} n(dsdu) +

/ t JAGcs flat ), (e fulo o+ ha))
Vo o) s o) -

Z{@G s— 7f1 <}/—sfvfk>)
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(Yoo, filz + h(z,u)) — fi(z))}} dsn(du)
= Kz (t )+K32( )
(where (K31(t))t>0 is an L2-martingale)

— Kt / / (G(Yar Fala + B, w))), - (Ve il + b, ) —
G(Yar fr(@))s - (Yar fi(2))) —

k

D ABG(Ya ), (Ve fi)

(Ys, file + h(x,u)) — fi(z))}} dsn(du).

Now it is easy to show that

P(0)) = ) = [ AP(X).p) ds = FY) = (o) = [ AP(Y) ds, ¢ € 0.00),
is an L2-martingale, and

lim 7{E[ (<}/t7f1>a 7<Ytafk>)]_G(<,u7f1>a ’<M7fk>)}:AF(u)

t—0+ t

Lemma 4.3. There is a sequence {O[Ek)}k> of positive constants such that V¢ > 0,Vk > 1,
>1

| Aok < CF o2k, |4 [¢2]] < OV g2

VEgek < etC‘Ek)(ﬁ@k’ V2 [¢2] < Jleie >¢2.
Moreover, Vu; € M, (R?), V1 <i<k, Vk>1, Vt >0,

k k
<H Mi?‘/tkd)?k> S etcik) H</’L’L7¢T> < o0,

i=1 i=1
(p, Vit [o7]) < s (1, 07y < 0.

Proof. Step 1. By (2.3), forany 1 <i# j <k and any 1 < p,q < d,

o2t
83:’783:‘1 (@1,

aP(z;, x5) Ly Tk)

o2 Rk

— ‘(Z O-Pm qu xj)) %(xlf”,mk)
l % l % 2 ) Y
(Z (O-Pm(xi))2> (Z (O'qm(l‘j))2> 0 [(]5,(:80@257( J)] H ¢r($s)

<
— vy q
m=1 m=1 Ox; axi 1<s#£i,j<k
a¢r Zi a¢r T4
<Ot ) o) 22D OO | T )
i I l1<s#i,j<k
227 217?-

T o)

1<s7#i,j<k

:r2cl\/(1+|xi|2)(1+lsvjlz) (@) dr(5) 1+ |22 1+ |z
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4]xPy?| k
S 7/.2(71 sup ¢§ (xla'”axk)
((w,we(m)z VA [z + [yl?)

Azty!|
o o I
@yeryz /(1 +[z2)(1 + [y]?)

- 51 ¢§k(x17"'7$k)7 V(l’l,"',xk) € (Rd)k

Similarly, for any 1 <i < k and any 1 < p # g < d,

a2¢®k

BawT (1)
K2 2

aP(x;, x;)

2 x;
carrinP) | T et |55

0zP ozl
1<s£i<k et

4]zl dlatz?|\ ok
r(r+1)C <H¢r Zs ) m <r(r+1)C (mseu};d 1+ 22 ¢r (@1, k)

k
= 02 ¢§k($1,“-,$k)7 V(x17~-~,:vk) S (Rd)

and for any 1 <7 < k and any 1 < p <d,

a2¢®k 82¢r($i)
aPP (23, 0) —55 (21, -+ w)| < Cr (14 |2]?) or(zs) ‘
02a? 1<£[i<k 02zl
k 2
4r(r+1) (a¥
e (H d)r(xs)) % — W < (2 +4r(r +1))C16%% (z1, -+ )
s=1 g

~ k
= C'3 ¢§k(xl7"',$k)7 V(Z‘l,"'7$k) S (Rd> ;

®k L
bp(xi)(%Tr(%;-wm) < VO (1 |zif?) IT ortw) '8(;2;2))

i 1<s#i<k

2|} | ron 2Jz|
= ] ———— ®k RN < C sup ———— ®k];7---’gj
o k) < ! <:v€1§d L+ ]z[? o g

~ k
= C’4 ¢§k(x17"'7zk)a V(Il,"',l‘k) € (Rd) .

Therefore, for some positive constant C’iﬁ) depending on k,

15 D2 ek ¢®k
3 >y apq(l’z',fﬂj)m T, +Zsz (z1,° @)
i O

4,j=1p,q=1 i=1 p=1

k
< OF) 6P (1, i), Va1, - ap) € (R

Step 1’. Similarly to Step 1, one can verify that for some positive constant aﬁll) ,
2

d
1
3 2 (@) mpaxq +pr (@) < C{) ¢2(x), ¥z € RY.

p,q=1

Step 2. For any (z1,---,2) € (Rd)]C and any u € U \ Uy, by the remainder formula on the
Taylor expansion,

¢§k(m1 + h(xlvu)v TRt h(xkvu)) - ¢§>k(x1a T 7xk) -
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V(;S?k(xl, o) (h(xg,u), - h(xg, )

k d 62¢®k
= Z Z hp(mi’u) ﬁ(ylﬂayk) hq(xj,u)
8%‘ 6yj B
(ylv"'ryk)*(glv'”:gk)

1,7=1p,q=1

for some (&1,--+,&) € (Rd)k satisfying

k
|(£1a"'7£k) - (Ilﬂ"'axk” < A Z“L(IZ?U‘)P

<H(u) < sup H(v)=Cs < oo, n(du) — a.e..
veU\N

(where we have used (2.1) and (2.2))

However, it is easy to check that for some positive constant 56 not depending on k,

62¢§k(y17 T ayk)
dy; 0y}

S 56 dj?k(ylv e 7yk)a

v(yla"'ayk) € (Rd)ka V]-Spaqu’ VJ-SZa]Sk

Hence,
82 ?k [ ~
¢ (zi)l q yk) SCG ¢§k(€17"'a§k)
Jy; 0y
J (1, ye)=(81,,8k)
~ ®k Z 7...72
§06¢§>k(x17“'7xk) < sup W)
|5_w*|§55 (rb"" (w17 e ,’U_)k)
= 57(k:) (b?("gk(xlv e 7$k) < 00,
where 2= (21,---, 2x) € (Rd)k, W= (wy, ,wg) € (Rd)k . Therefore,

/\ |2* (@1 + By, u), -+ w + (g, w) — FF (w1, -+ 2x)—
U\Uo
V¢§k(x1,~~,xk)- (h(:z:l,u),~~,h(xk,u))| n(du)

k d
<GS Y [ Wl 68 o) )

i,j=1p,q=1

k d

i,j=1p.q=17U\Uo

= k*d*Cr(k) H(u)® n(du)g* (z1,- -, w)
U\Up

k
= O 6% (ar, - ), V(ay, o ) € (R

Remembering (2.1) and (2.2), similarly, we can show that for some positive constant Ci?
depending on k,

’ |62% (x1 + h(zy,u), -, 2 + Mg, w) — ¢2F (21, -+, 2k) | n(du)

k
< Cig) ¢;®k($1""7xk)a v(xlv"WIk?) € (Rd) '
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Step 2’. Similarly to Step 2, there are positive constants 6492) and 54&13) such that
2 2 . 2 ~(1) 2
g, 62+ b)) = 620) = V62w - b i) < O ),
0

/U |63 (z + h(z, w)) — 62(x)| n(du) < O ¢2(a),

vz € R

Step 3. By Steps 1-2 and Steps 1/ — 2/, it is not difficult to see that there is a sequence
{Cik)}k of positive constants such that
>1
| Ak < ok, vk > 15 |4y 7] < OV,

So
t t
VEgRh = ¢2* +/ V, Apd® ds < ¢2F + Cﬁ’“)/ VEG®E ds, Vit > 0,
0 0

and by the Gronwall inequality,
()
VIEgRR < €' g2k, vt > 0.

Similarly, we can prove
1
Vi 62 < e g2 vz 0.

Therefore, Yu;, € M., (Rd) , V1<i<k, Vk>1, Vt>0,

k k
<H ,uiv‘/tkd)?k> S etcik) H</’L’L7¢T> < o0,

=1 i=1
(p, Vit [o7]) < s (1, 02y < 0.

a

Lemma 4.4. For any fixed t € [0,00) and p € M, (R?), (X¢).p is M, (R?)-valued. Define a
family {T};}+>0 of operators from (C’b (/\/l,. (Rd)) Wl ||) into (Bb (./\/lr (Rd)) - ||) as follows:

T,F(p) = E[F((X:)«p)], YF € Cyp (M, (R?)), Y€ M, (RY); V¥t > 0.

Then {T}};>0 is a weakly Fellerian semigroup on C, (./\/lr (Rd)) .

Proof. Step 1. For any fixed ¢ € [0,00) and p € M, (Rd) , by Lemma 4.3,
B 0] = B | [ 6060 ntan)| = [ Blor (i) uta)
Rd R4
:/ Vit or(2)u(de) < etc‘il)/ ¢r(2) p(dr) < +oo,
R4 R4
which implies (X¢).p is M, (R?)-valued.

Step 2. Endow M (Rd) with the weak topology. Since pu € M, (Rd) — ¢p(z)u(dx) €
M (Rd) is a topological homeomorphism, it is not difficult to see that

[y = g in M, (Rd) implies lim {(u,, f) = (u, f), Vf € @ (Rd) .
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For any ¢ € [0,00) and any f € ® (Rd) , remembering Lemmas 4.3 and 4.1, we have

‘/th@Q
o

vEret e ((rY)?), < 13 ey @ < 0. (4.1)

So

B [[{(X0)en = (X0 P

= B [((Xe)ep2)?, £2%) + ((X0)av)?, fO2)] = 2B [((Xe)ep x (Xp)av, f&2)]
_ <M27V752f®2> n <1/2,Vt2f®2> _ 2<H X v, Vt2f®2>
— 0, as,u—>uin/\/lr(Rd),

which implies that (X;).u is continuous in p € M, (Rd) in probability. Therefore, for any
F € Cy (M, (RY)), T,F(u) is continuous in p € M, (R?).

Step 3. For any s, € [0,00) and any F € C, (M, (RY)),
LTF(p) = lim TiTF (u)
= lim BT F((Xy).pn)] = lim E(TF) | ara) (Xe) )]
(since (X¢).pp is M (R?) — valued)
Jim B [TMF((X0)epr)] = T TMTE ()

(blnce (T F)|M(Rd) —T (F|M(Rd)))
Jim TP () = T BIF((Xess)epue)] = BIF((Xors) o) = oo F (),

where (T3F)|pqgay and F|aq(gra) are the restrictions of T,F and F to M (R?) respectively,
{T#}qpo is the semigroup of M (Rd)-valued process in Lemma 4.2, px(dr) = Igjg<pyp(de).

Step 4. For any f € ® (R?) , Lemma 4.3 implies that |V,' f| < etCs" ¢r, note (4.1) and

lim V2 [%2(,y) = [ (2.9). Im V! f(2) = f(2), V(r.y) € (RY)",

by the dominated convergence theorem,

B [[((X0)en— . ]

= B (X 52 + 2, £92)] — 2 (X x 1 £52)]
= (WL VA2 + (W2 122) = 2(u, VL ) (i ) — 0, as & — 0+

which says (X;).pu — p € M, (Rd) in probability as ¢ — 0+ . Now for any F' € C} (MT (Rd)) ,
lim T,F(u) = lim B[F((X0).)] = F(u), Y € My (RY).

t—0+ t—0+

Lemma 4.5. For any p € M, (R?), ((X;)«pt)¢>0 is cadlag (resp. continuous when n = 0) on
M., (Rd) ; and

F((Xy)ap / AF(( ) ds, t €]0,00),

is an L2?-martingale for any F' € H. Further, the processes (((Xt)*,u)t>0 e M, (Rd)> is
strongly Markovian.
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Proof. Since the second part of the Lemma is a consequence of Lemma 4.4 and the first part
of the Lemma, it suffices to prove the first part of the Lemma.

Step 1. Given any u € M, (Rd) , recall
pr(dx) = Ifjz<pyp(de) € M, (Rd) for any k> 0.

Clearly, for any fixed ¢t € [0,00), as k T 0o, (X¢)spir — (Xt)spt € M, (Rd), a.s.. Note each
((X¢)spur)e>0 is cadlag (resp. continuous) on both M (R%) and M, (R?) (resp. when n = 0),
and {((X¢)«ttk)i>0};>, converges weakly to ((X¢)«t)i>o0 in finite dimensional distributions. In

order to prove ((X;).u)i>o is cadlag (resp. continuous) on M, (R?) (resp. when n = 0), it
suffices to show that for any f € C? (Rd) noé (Rd) and any T € [0, 00),

lim sup [{(Xe)osin, £) = ((Xe)ettms £)] = 0, as.

k—
m—oo t<T

In fact, since

f(Xi(2)) p(dx)

sup [((X¢)wptre, [) — ((Xe) s, f)| = sup
t<T i<

/{k\/m>|m|>k/\m}

< flle(rey sup ¢r(Xi(x)) plde)

t<T /{ka>1|>1€/\m}
<1 lo(rey /{ sup v (X, (x)) p(da),

kvm>|z|>kAm} t<T

it only needs to check

B[ suwon (i) ntan)| = [ 8 sups, (o) utae) < .

d t<T t<T

However, by the Ito’s formula,
t t
60 (Xo(2)) = b0(z) + / A16,(X.(2)) ds + / V6,(Xo(x)) - o(X.(2))dBy +

/0 /U [60(Xo— (2) + h(Xo_ (2), 1) — dr(Xu(2)) -
Vo (Xoe (@) - h(Xo_ (), )] n(dsdu) +

/) /U V(X (2)) - (X (x), ) 1(dsdu)

(

= ¢T(x)+/o A9 (Xs(2)) ds—l—/o Vo (Xs(z)) - o(Xs(x))dBs +
[ 1000 @) B @).) = 6 (X )] ()
Hence,

sup ¢ (Xs(z)) < ¢ () + Cil)/o sup ¢, (X, (z)) ds +

s<t v<s

s / /U (60 (Xo () + h(Xy_ (), 1)) — 6,(Xo_(2))] 7(dvdu)| +
sup / Vo (Xo(x)) - o(Xo(z))dBy|:
0<s<t|Jo
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s<t v<s

E [sup mxs(x))} < dua) + O OtE [sup m(xv(x))] ds+

{ e / / (60 (Xo (2) + h(Xy_ (2),1)) — 6 (X (2))] n(dudu) } +
27y 3
{2 [ woriron- ecxonas[

< ¢p(x) + 041) | E |:blip qu(Xv(a:))} ds +
2 {E

By the Doob s maximal inequality of martingales)

o+ cf | [sup@( m»} ds+

v<s

{ U/"Z” v X, (2),0)) = ¢r(Xy () dm(du)” +
{ {/ > @ (Xo(@)) Db (X, (2))0; 6 (X, () dU]}

7,7=1

Nl

2

+ h(Xv—(x)v u)) - ¢T(X’U— (.23))] U(dvdu)

ba

2
Xy(x))dBy

Nl

[N

Since there are positive constants Cs, Cg such that Vz,y € R?,

|¢r(z +y) — ¢-(2)| < C5 ly| (c.f. Step 2 of proof of Lemma 4.3),

Z }a” 0idr(y ]gbr(y)} < Cs ¢r(y)* (cf. Step 1 of proof of Lemma 4.3);

7,7=1

by Lemma 4.3, we have

B [ / t / 6:06,-(2) + H(Xo-(2), 1) = 6, (X, (@))” don(a)]
el o]
[ / / H(u)?6,(Xo—(2))? do n(du)]
— (C5) /Hu n(du) /E[qs,«(Xv,(m))?]dv

<te (@ / H(u)? n(du) 6, (x
[/ Z 2))0;pr (Xo(2))0; 0 (Xo (2)) dv]

< Cs / E [6r(X0(2))?] dv <t e Cg 6,(x)2.
0
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Therefore, for any t < T,

B [swpor (X, 0)] <o)+ ¢tV [ g sup g, (X, (a)) | ds +

Cs {/UH(u)2 n(du)}2 VCO(T) ¢.(z) + /CsC(T) ¢, ()

where C(T) =Te rcy! ; and by the Gronwall inequality, there is a positive constant C'; satisfying

E {sup qﬁr(XS(z))} < C7 ¢p(x), VELT.

s<t

B[ swon(xito) )] = [ B [spon (i) uide) < o0

d t<T t<T

Step 2. For {ur}r>1 specified in Step 1, for any F(v) = G({v, f1), -+, {V, fm)) € H, the
proof of Lemma 4.2 gives that

PU)) = Fl) = [ AP(C).gu) ds
= Klg(t,,uk) + Klg(t,uk) + K31(t,,uk), YVt € [0, OO),

with (Kia(t, uk))e>0, (Kis(t, pk))e>o0 and (K31 (t, pg))e>o are three L2-martingales given by

Kot ) = Z<uk, / AGUYE i) (VE fiu) foxs(x)»a(xs(z))d&)

Kualt ) = Z/R/ /aG (V5L V)
[F(Xem (@) + h(Xo— (@), 0) — fi(Xo— ()] nldsdu)ps(da),
Kot ) = / J AW Al ). 0 ffa b))
GV @) (s ) -
Z{aG R (YR )

(Y, file + h(z,w) = filz))}} n(dsdu);
where Y = (X).px, Vs € [0,00). Write

o V@@ ) (VAW _
Co= o { 6:(2)6r (1) =

(z,y)€(RD)2
1<i<m

Then by the Doob’s maximal inequality and Lemma 4.3, for any k > 1,

E [Slili {K12(57Mk>2}:| <AE [Kia(t, u)?]
<am? 38 | (110617 [ VA )o@ (VAW ds)]
< am*Ca (o 10.G17) [ (it Blo (X, ()0 (X, ) s
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¢
—amCs (max 10GI) [ 2. v2 [62%]) as

0
< 4m3Cy ( max. [10; G|2> tetCs” (12, 6%*) < 00, Vt € [0,00).

By the remainder formula of the Taylor expansion,

max |fi(@ + h(x,u)) — fi(x)] < Cy |h(z,u)|, Vo € R, for some constant Cy.

Using again the Doob’s maximal inequality and Lemma 4.3, we have

E [Slilt) {K13(57Mk)2}:| <AE [Ki3(t, )]

g4m2§E{[/Rd/ot/UaiG<<nk_7f1>,---,<Ys’i,fm>>

(X () + A(X o (2),0)) = fi(Xom (@))] n(dsdu)p(do)]” |

-
/Rd>z/ /36" (Y frs o (Y fin)

(X ae () + M(Xa— (), 0)) — Fi(Xo—(2))] n(dsdu)
/ / DG(YE  fi) - (VE fu))
() + h(X e (y),0)) — Fi(Xue ()] m(dsdu) 2 (dudy)]

—4m22E/Rd)2/ /86‘ Y fu)?

X (@) + WX (2),u)) — fi X (2))]
[fl( s— (y) + h(Xs— (y)a u)) - fz(Xs—(y))] dsn(du) ui(da:dy)

<4m? < max ||31G||2> C3

<uk,//h O] (X, (), 0] dnla) )

< 4m? (@fggﬂ ||3iG||2> Cs
B (i [ [ 6r0@)on X ) H () )
= am (e 10.G1°) €3 [ 107 nta) [ (Bl (K)o (X))

—4m22E

< 4m3 <121_:1X ||3iG||2> C’g/ H(u)? n(du) tet€i” (12, 68%) < 00, Vk>1, Vt>0.
<i<m U
Similarly to {K13(-, ptx) }x>1, one can check that
sup B |:Sup{K31(8,,U/k)2}:| < +o0, Vt € [0, 00).
k>1 Ls<t

Now combining with Step 1, let k¥ — oo, we can obtain that

F((X / AF(( ) ds, t €]0,00),
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is an L2-martingale. O

Lemma 4.6. If Y = (Y});>0 is a cadlag (resp. continuous) M, (Rd)—valued weakly Fellerian
process (resp. when n = 0) with the weak generator (A, H) such that

{ne M(RY) | n(R) =c}

is its invariant sub state space for any ¢ € [0, 00), then for any p € M, (R?),Y (Yy = p) and
((Xt)«p);>( have the same law.

Proof. Step 1. Let {i} . be the semigroup of Y and ﬁt(,u,dzx) (resp. Pi(u,dv)) the kernel
t>

probability measure associated to Tt (resp. T3) for any ¢ > 0. Then by assumption, {ﬁ} is
>0

a weakly Fellerian semigroup on C (/\/lr (Rd)) , and ﬁt(u, dv) and P;(u,dv) are continuous in
1€ M, (RY) for any t > 0.

Note M (R?) is dense in M, (R?). So {ﬁt(,u,dz/)} MR and {Py(p, dv)} e pm, (ray are
ne r "

uniquely determined by {Ist(u, dy)}
0. Recall

MR and {P;(u, dV)}ueM(Rd) respectively, for any ¢ >

=(0) 1= {n € M, (B) | u(R") = o)

is an invariant sub state space of both Y and (((X¢).p)i>0, 0 € M, (R?)) for any ¢ > 0. In
order to prove Lemma 4.6, it suffices to verify that for any u € M (Rd), Y (Yo = p) and
((Xt)*,u)tzo have the same law on DE(M(Rd))'

Step 2. Given any p € M (Rd) , k>1,and f; € C? (Rd) , 1 <i<k. Write § :=p (Rd) .
Note (2.1)-(2.2), one can check that

Aif; € Ce (RY), V1< i<k

Recall sup H(u) = Cs < co. Let
ueU\N

Nl

i=1

m = 5{2 (||fi\| +55)2} +1.

Take G := G™) ¢ C? (Rk) satisfying

k .
Iz if |z <m+1,
i=1

, if || > m+ 2.

G(zx) =

Let
F(V) = G(<V’ f1>a ) <Va fk>) €H.

Then for any v € Z(9),

|(<V’f1>a"'7<yafk>)| <m,
|, frle + R, w)), -5 (v, frle + bz, w))| < m, nldu) —ae..

Therefore, for any v € Z(4), by a straightforward calculation,

AF(v) = Z (v f5) | (v, Avfi) +

i=1 \1<j#i<k
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DN | =

( <V,fs>) (V2 V fi(@)a(z,y)(V;(w)") +
1<i#j<k \1<s#i,j<k

k
/U H( , filxs + h(zg,u H

i=1 =1

k
Z ( I fj>) (v, fi(wi + h(w;, u)) _fi(xi»} n(du)

k d
- z(:n wm)QQE:w i+ > e )

p,g=1

% ( H <V’ fs>) <1/2,Vfl(x)a(x,y)(ij(y))T> +
1<i#j<k \1<s#i,j<k
k k
/U\UU gizwerhmz giz

INIERT

(II )“V”W-<mmﬁ7MM+
i=1 \1<j#i<k

k
< fl(xz‘i‘h Ti, U Hyfl }

:jw

/UO{

i=1 i=1
While for any (x1,---,2%) € (Rd)k )
A |® [ o fi) (@, a)
: 1§ Pfilwi) af(m)}
fi x]) { a?(x;) pZ Lq + b (x;) . pz +
1 ¢ Ofi(x;) 0f; (x;
5 Z [T )] X o) 2 J;ff )y
1<i#j<k \1<s#i,j<k p,q=1
k
/U\UO {ZHIJ‘} z; + h(wi,u Hfz Ti)—
k af,
ZZ( I1 m) fi?h(w)} n(du) +
i=1p=1 \1<j#i<k ?
k k
/U {H filzi + h(z;,u)) — Hfz(xl)} n(du),
0 \i=1 i=1
where ®F_, fi(z1,- -+, 2x) = f[l filxy), Y(x1, -, x) € (Rd)k . Therefore,

AF(v) = (VF, Ay [®F_1 1)), Vv € Z(9).

Step 3. Given u € E(4). Write

Hy = { - fk()‘uea(é), Vf e C2(RY), V1 <i<h, sz1}.
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Let H; be the algebra generated by Hy. Then H; and H; separates points in P (2(8)) ([18)),
and (A, H1) is uniquely determined by (A, H1>

Note each (Ak, Cc? ((Rd)k>)—martingale problem is well-posed. Remembering Step 2, sim-

ilarly to the standard dual method for proving that the martingale problem of Fleming-Viot
processes is well-posed ([4]), one can check that (A,H;)-martingale problem on Dz is well-
posed. While the laws of ((X¢)«)i>0 and Y (Yo = p) on Dgs) are martingale solutions to
(A, H1)-martingale problem on Dzs) for initial point p. Therefore, ((X¢)«p)i>0 and Y (Yo = p)
have the same law on Dz s). O

Lemma 4.7. Given pu € M,.(R%)\ {0}, (X;):>0 is p-incompressible if and only if

(1, Arf) =0, (?, A5 f*%) =0, Vf € CF (R?).

Proof. Recall Lemma 4.3. (X;);>0 is p-incompressible if and only if (X;).u = u, Vt €
[0,00), a.s.; which is equivalent to that

B [[(X0)u, /) = (1 )P =0, vf € C2 (RY), ¥t € [0,0), (4.2)
because ((X;)«/t)i>0 is cadlag in ¢ € [0, 00). Note that for any f € C2 (R?),
E{(X0)ap, )] <w; £, E[ Jotts )] = (W2 VEF#2),
E (X0t ) = (s AIP] = B [(X0wrts £)2] + i1, £) = 2000, £YEL(X )t )]

il
=B [{((X) 2>} + s F)EL(X0) e £)]
= (% Vﬁm> ( 2= < Nme>
It is not difficult to obtain that (4.2) is equivalent to that

(W2 V2FE2) = (W, 19%) . (Vi) = (. f), Vf € C2Z(RY), vt > 0. (4-3)

While for any f € C? (R?), note (2.1)-(2.2), one can check
Ao e o ((RY)), Arf € C. (RY).
Hence, for any f € C? (Rd) , remembering
¢
‘/;2‘](‘@2 _ f®2 +/ ‘/'32A2f®2 dS, tZ 07
0
by Lemma 4.3,
Liaer g2 L] [ 24 o2
VPSR = 12 = S| | VEAfPR ds
0
< / V2692 ds HAzf®2

Azf

t
< [ v llaare as
0

t ®2
< 1 esCiz) ¢§)2 ds A2f
t), e

(2)
< ec4

(when t <1).

Therefore, by the dominated convergence theorem and Lemma 4.3, for any f € C? (Rd) ,

.1 .1
ltlir(r)lE <,u'27‘/t2f®2 _ f®2> — <lu‘2’1tll%lt {‘/;2]0@2 _ f®2}> _ <,L"27A2f®2>~
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Similarly,
1 1
11m7<u7‘/tlf_f> = </1'7hm {V;flf_f}> = <N7A1f>a Vf € Cc2 (Rd) :
tl0 1 tl0 ¢

Thus, it is easy to see that (4.3) is equivalent to

(1, Arf) = 0, (u*, Ao f*%) = 0, Vf € CF (R?).

Lemma 4.8. Assume

lim X, (y) = Xi(z), lim X, (y) = X;_(z), V(t,z) € [0,00) x R%, a.s.;
st sTt
Yy—x Yy—x

and a.s., X, is a continuous injection for any fixed v > 0; and (X;);>¢ is p-incompressible
for some p € M, (R?) \ {0}. Then ((Xy(D))i>0,D € Ks(,,)) is a cadlag (resp. continuous)
Ks(u)-valued strong Markov process (resp. when n = 0).

Proof. Step 1. Define the following map:
T Ksg — M (RY),
D — P,
where pP(dz) = Ip(x) p(da). Then T is continuous and Z (Kg(,)) is a measurable subset of

M., (Rd) sand Z: Kgy — 1 (ICS(#)) is a measurable homeomorphism.

Indeed, for any f € ® (RY), (uP, f) = [, f(z) p(dx) = [ f(x)Ip(2) p(dz) is continuous
in D € Kg,), which implies the continuity of Z. In order to prove Z (Kg(,)) is a measurable
subset of M,. (Rd) , note

Ks = U {D|DCS(uwn{zeR” ||z| <k}, Discompact in R?} := U /C(Sk()“y
el k=1

and {D | DC{z€R? | |z| <k}, Discompact in R} is separable and compact with re-
spect to the Hausdorff topology, we get that Ké’&) is also separable and compact with respect

to the Hausdorff topology. Combining with the continuity of Z, we have 7 (IC(;(L)) is closed in
M, (R%) . Thus

T (Ksn) = U T (K%,

k=1

is a measurable subset of M, (R?).
Clearly, T : Kg() — (ICS(“)) is bijective and onto, and its inverse map is the support map
S:veI(Ksyy) — SW) € Ks
that is a measurable map. So Z: Kg,) — T (IC S(u)) is a measurable homeomorphism.

Step 2. Clearly,
S (uP) =D, VD € Kg.

For any continuous injection ¢ : R — R? that preserves ,

p’P) =4, (uP) and Y(D) = S (¢ (u")), VD € S(p).
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In fact, for any f € ® (Rd) )

[ @) 0 (1”) t0) = [ $wl) i)
O (dx T dz) = x) Y u(dr
[ @) w2 as) - Lwﬁﬁu()t&mﬂ)wM)

:/ fwwnwwz/fwwnmw
Y=1(1p(D)) D

Mib(D) =1, (MD) )

Therefore,

Step 3. For any D € Kg(,), (X¢(D))i>o is cadlag (resp. continuous when n = 0) in
t € [0,00).

Indeed, for any 0 < s < t < 00,

o (e i K@ =X @ X ()~ Xu@)
pr£ﬁh+wm>meﬁ%£lﬂ&u &@O
X, (2) — X, (x)] X, (y) — X (y)]
‘“W@£1HXQ> @] pen T [ Xoly) — &@J
E

< sup [ X(z) — Xs(2)];
zeD

sup (Sup inf X (@) — X(v)l sup inf Xe)~ X ) )
2epyeD 1+ [Xi () = Xs ()" yepweD 1+ | Xs(y) — Xi—(2)]

< sup | Xi—(z) — Xq(2)].
zeD

Since lim X;(y) = Xs(x), lim X;(y) = X¢— () (resp. X¢(z) when n = 0), and D is compact,

tls sTt

Yy—x Yy—x
we have
|X¢(2) — Xs(y)] | Xs(y) — Xi ()] )
sup | sup inf sup inf
p(megy6D1+|Xt( ) = Xs(y)l yegweD1+|Xt( ) — Xs(y)l
< lim sup | X¢(x) — Xs(x)| = 0;
tls zeD
o (g g LKL V)X (o) Y

2eDyeD 1+ [X;— () — Xs(y)|” yepweD 1+ |Xs(y) — Xo— ()|
< lim sup | X _#(x) — X(x)] =0

sTt zeD

(note X;_ () = Xi(z) when n=0);

which verifies (X;(D))¢>0 is cadlag (resp. continuous when n = 0) in ¢ € [0, 00).

Step 4. Clearly, Kg(,) is the sate space of process ((Xt(D))tZO,D € ICS(M)) . While by
Step 2, 7 (ICS(M)) is the state space of process (((Xt)* (uD))t>0,uD el (ICS(H))> . Since by
Steps 1-3, ((Xt(D))7520 ,D e ICS(M)) is the image process of

(((Xt>* ('UD))tZO WP el (’CS(u)))
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under the measurable homeomorphism map Z~! : I(ICS(#)) — Kg(u; and I(ICS(u)) is an
invariant sub state space of strong Markov process

(((X0)a0)i50,v € M, (RY)).
Hence, ((Xt(D))tzo, D e ICS(M)) is a Kg(y)-valued strong Markov process. O

Proof of Theorem 2.1. Theorem 2.1 follows from Lemmas 4.4-4.8 immediately (Similarly,
one can prove Theorem 2.1 under (2.1)’, (2.2)-(2.4)). O
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