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Abstract

Thomassen recently proved, using the Tutte cycle technique, that if G is a 3-connected
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Keywords: bipartite subgraph; Tutte subgraph; cubic planar graph; triangle-free
AMS Subject Classification: 05C38, 05C35

“E-mail addresses: allen_cq@mail.nankai.edu.cn (Corresponding author)
fwangjian@cfc.nankai.edu.cn



1 Introduction

Erdos [4,5] and Edwards [3] showed that for any graph G there is a bipartite subgraph of G

with at least 1ZG) + V@=L
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cubic graph and G # K4 then G has a bipartite subgraph with at least edges. Hopkins

and Staton [6] showed that every cubic triangle-free graph G contains a bipartite subgraph
4E@G)|
5

edges. Staton [8] and Locke [7] proved that if G is a connected
7|EE§G)\

with at least edges. Bondy and Locke [1] extended the result of Hopkins and Staton to
all subcubic graphs, and proved that the Petersen graph and the dodecahedron are the only
cubic triangle-free graphs G whose maximum bipartite subgraphs have exactly |E( ) edges.

The result of Hopkins and Staton may be rephrased as follows: If G is a cubic trlangle free
graph then G contains a bipartite subgraph with at least w edges. Recently, Thomassen [12]
improved the lower bound of Bondy and Locke for planar graphs. More precisely, Thomassen
proved that if G is a 3-connected cubic triangle-free planar graph then G contains a bipartite
subgraph with at least 29|V(G)| - £ edges It is easy to see that if G is a plane graph and
S C E(G) such that G — S is blpartlte then we obtain an even graph from the dual graph
of G by deleting its edges corresponding to edges in S. (A graph is said to be even if all its
vertices have even degree.) With this observation and by using the Tutte cycle technique (to
be described in the next section), Thomassen proved the following equivalent result: If G is
a planar triangulation with minimum degree at least 4, then G has a set of at most w
edges whose deletion results in an even graph.

In this paper, we extend Thomassen’s technique by proving stronger results on the Tutte
cycles, and we show

Theorem 1.1 If G is a planar triangulation with minimum degree at least 4, then G has a
9|V(G)| 9 . .
set of at most 16 edges whose deletion results in an even graph.

The dual version of Theorem 1.1 is

Theorem 1.2 Let G be a 3-connected cubic triangle-free planar graph. Then G has a bipartite

subgraph with at least 39|V( I 1% edges.

Thomassen [12] provided a class of graphs showing that the coefficient 2

g in Theorem 1.1
cannot be improved to less than 12, and hence the coefficient 32 in Theorem 1.2 cannot
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be improved to more than 3. Holv?fever, it seems possible to im?grove the coefficient 1% in
Theorem 1.1 to g.

The main technique in [12] is the Tutte subgraph technique. Let G be a graph and H be
a subgraph of G. An H-bridge of G is a subgraph of G which is either (1) induced by an edge
of E(G) — E(H) with both incident vertices on H or (2) induced by the edges contained in a
component of G — V(H) and the edges from this component to H. An H-bridge of G defined
by (1) (respectively, (2)) is said to be trivial (respectively, nontrivial). If B is an H-bridge of
G, then the vertices in V(H N B) are called the attachments of B (on H). We say that H is a
Tutte subgraph of G if every H-bridge of G has at most three attachments on H.

The Tutte subgraph technique has been used extensively to prove the existence of Hamilton
cycles in graphs embeddable on surfaces. We also mention that Thomassen [11] used the Tutte
subgraph technique to edge-partition a planar graph into an outer planar graph and a bipartite
graph. This work is related to a conjecture of Chartrand et al. [2] that every planar graph can
be edge-partitioned into two outer planar subgraphs.



This paper is organized as follows. In Section 2, we state a few results about the Tutte
subgraphs, including two results from [12] (Lemmas 2.4 and 2.5) concerning the existence
of the Tutte cycles of certain lengths. In Section 3, we prove three lemmas which improve
Lemma 2.4 and generalize Lemma 2.4 to certain near triangulations. In Section 4, we improve
Lemma 2.4 and Lemma 2.5 by increasing the lengths of cycles by 1, which are further improved
in Section 5. We complete the proofs of Theorem 1.1 and Theorem 1.2 in Section 6.

We conclude this section with some notation and terminology. It is well known that the
faces of a 2-connected plane graph are bounded by cycles, called facial cycles. The cycle that
bounds the infinite face of a plane graph is called its outer cycle. A planar triangulation is
a plane graph in which all facial cycles are triangles. A near triangulation is a plane graph
whose faces are bounded by triangles, except possibly its outer cycle.

Let G be a plane graph and C be a cycle in G. Then by the Jordan Curve Theorem,
C' divides the plane into two closed regions Ry and Ry whose intersection is C', where R; is
bounded and Ry is not bounded. Let Int(C') and Ext(C') denote the subgraphs of G' contained
in Ry and Ry, respectively.

Let G be a graph. For any S C V(G)UE(G), define G— S to be the subgraph of G with ver-
texset V(G)—(SNV(G)) and edge set {e € E(G) : e ¢ S or e is not incident with any vertex in S}.
Let H be a subgraph of G. We define H+ S as the graph with vertex set V(H)U(SNV(G)) and
edge set E(H)U{e € E(G) : e € S and e is incident with two vertices in V(H)U (SNV(G))}.
When S = {s}, we simply write G — s and H + s instead of G — {s} and H + {s}.

We write A := B to rename B as A. For any graph G and any S C V(G), we use G[S] to
denote the subgraph of G induced by S. For any subgraph H of G, we write G[H| := G[V (H)].

2 Tutte subgraphs

Let G be a graph and H C G. For any subgraph S of G, we say that H is an S-Tutte subgraph
of G if H is a Tutte subgraph of G, and every H-bridge of G containing an edge of S has at
most two attachments on H.

Note that if C' and C” are subgraphs of a graph G such that V(C) = V(C’), then any
nontrivial C-bridge of G is also a nontrivial C’-bridge of G, and vice versa. Hence, we have
the following.

Proposition 2.1 Let C and C" be subgraphs of G such that V(C) = V(C"). Then C is a Tutte
subgraph of G iff C" is a Tutte subgraph of G. Moreover, for any S C G, C is an S-Tutte
subgraph of G iff C" is an S-Tutte subgraph of G.

A Tutte cycle in a graph is a cycle that is a Tutte subgraph. The following result is
proved in [9], which generalizes earlier results of Tutte [13] and Thomassen [10]. This result
was proved for the purpose of finding Hamilton cycles in graphs embeddable on surfaces,
see [9,14]. Thomassen used it in [12] to give a lower bound on max-cuts in 3-connected cubic
triangle-free planar graphs. It was also used by Thomassen in [11] to edge-partition a planar
graph into an outer planar graph and a bipartite graph.

Theorem 2.2 (Thomas and Yu [9]) Let G be a 2-connected plane graph with outer cycle S,
and let ey, ez, e3 be three edges of S. Then G has an S-Tutte cycle C such that {ey,ea,es3} C
E(C).



Note that if C' is a connected subgraph of a plane graph G, and if B is a C-bridge of G
with three attachments, then any two attachments of B are incident with a common face of
G. Hence, we have the following observation.

Proposition 2.3 Let H be a planar triangulation, and let C be a Tutte subgraph of H. If B
is a C-bridge of H, then any two attachments of B on C' are adjacent in H.

When proving a lower bound on the max-cuts in 3-connected cubic triangle-free planar
graphs, Thomassen [12] proved the following lemma for the purpose of extending the Tutte
cycles.

Lemma 2.4 (Thomassen [12]) Let H be a planar triangulation with outer cycle S = xyzx,
and assume that |V (H)| > 4 and every vertex of H not in S has degree at least 4. Then H — z
has a cycle C such that xy € E(C),|V(C)| > 5, and CUS is a Tutte subgraph of H. Moreover,
if H is not the octahedron (see Figure 1), then |V (C)| > 6.

Figure 1: The octahedron.

Thomassen [12] also proved the following lemma, which is used in [12] to find a Tutte

subgraph whose blocks are cycles of length at least 7. (This was crucial to get the lower bound
in [12].)

Lemma 2.5 (Thomassen [12]) Let H be a planar triangulation with outer cycle S, and assume
that |V (H)| > 9 and every vertex of H not in S has degree at least 4. Then H has a cycle C
such that [V(CNS)| =1, |V(C)| >7, and CUS is a Tutte subgraph of H.

3 Cycles of length at least 6

In this section, we prove three lemmas that generalize Lemma 2.4 to certain near triangulations.
These results will be used in the next two sections to improve Lemma 2.5.

Lemma 3.1 Let H be a triangulation with outer cycle S := xyzx, and assume that |V (H)| > 4
and every vertex of H not in S has degree at least 4. Then H contains a Tutte cycle C such
that xy € E(C), V(S) CV(C), and |V(C)| > 6.

Proof. Since |V(H)| > 4 and every vertex of H not in S has degree at least 4, we have
|[V(H)| > 6. Let G:= H — {yz, zz}, and we consider two cases.

Case 1. G is 2-connected.
Then G is a near triangulation. Let D denote the outer cycle of G. Note that |V (D)| = 5.
Let e; = zy and choose edges eo, e3 from D so that z is incident with both e, and es. By



applying Theorem 2.2, we find a D-Tutte cycle C’ in G such that {e1, e2,e3} C E(C”). Clearly,
V(S) CV(C’) and |V(C")| > 5. If [V(C")| > 6, then C := C’ gives the desired cycle.

So we may assume |V (C')| = 5. Then C/ = D. Since |V(H)| > 6, there is a nontrivial
C’'-bridge in H. Let H' be an arbitrary nontrivial C’-bridge of H. Then, H' C Int(C") and H’
has three attachments on C’. Note that V(H' N C") # {x,y, z}; for otherwise, the finite face
of GG incident with both x and z is not bounded by a triangle, a contradiction.

Therefore, there exist two vertices in V(H' N C”) that are joined by an edge f of C' — zy.
Let u denote the vertex in V(H' N C’) not incident with f. We apply Lemma 2.4 to find a
cycle C" in H[H'] — u such that f € E(C"), |V(C")| > 5, and C” + u is a Tutte subgraph of
H[H']. Now C := (C"UC") — f gives the desired cycle in H.

Case 2. G is not 2-connected.

Since H is a triangulation and |V (H)| > 6, we see that H — z is 2-connected and z has a
unique neighbor, say w, in H — {z,y}. Moreover, H — z is a triangulation, |V (H — z)| > 5,
and every vertex of H — z not in {w, z,y} has degree at least 4. So (H — z) — wz is a near
triangulation whose outer cycle has length 4.

By applying Theorem 2.2 to (H — z) — wz, we obtain a Tutte cycle C' in H — z such that
zy,yw € E(C"). Clearly, |V(C")| > 4.

If |[V(C")| > 5, then C := (C" — yw) + {z,wz,yz} gives the desired cycle. So we may
assume |V(C")| = 4. Then C’ is the outer cycle of (H — z) — wx. Since |V (H)| > 6, there is a
nontrivial C’-bridge in (H — z) — wa.

Let H' denote an arbitrary nontrivial C’-bridge of (H — z) —wz. Clearly, H' C Int(C") and
H’ has three attachments on C’. Note that V(H' N C") # {z,y,w}; as otherwise, the finite
face of (H — z) — wx incident with both w and z is not bounded by a triangle, a contradiction.

Therefore, there exist two vertices in V(H' N C’) that are joined by an edge f of C' —
{zy,yw}. Let u denote the vertex in V(H' N C”) not incident with f. By Lemma 2.4 we find
a cycle C" in H[H'] — u such that f € E(C"), |V(C")| > 5, and C” + u is a Tutte subgraph
of HH']. Now C := ((C"UC") = {f,yw}) + {z,wz,yz} gives the desired cycle in H. 1

The next result deals with near triangulations whose outer cycles have length 4.

Lemma 3.2 Let H be a near triangulation with outer cycle S := wxyzw, and assume that
\V(H)| > 6 and every vertex of H not in S has degree at least 4. Then H contains a Tutte
cycle C such that xy € E(C), V(S) CV(C), and |V(C)| > 6.

Proof. Let G := H — {wz,yz}. Note that G is connected. Suppose that G is 2-connected.
Let D denote the outer cycle of G. Then |V (D)| = 6, and we may pick a matching {e1, e2, ez}
on D so that e; = zy, and each of {w, z} is incident with ey or e3. By Theorem 2.2, G has
a Tutte cycle C such that {e1,e2,e3} C E(C). Clearly, V(S) C V(C). Since {e1,e2,e3} is a
matching in D, |V (C)| > 6. Therefore, we may assume that G is not 2-connected.

Case 1. One of {w,z,y,z} is a cut vertex of G.

First, assume that x or y is a cut vertex of G. By symmetry, assume that y is a cut vertex
of G. Then dy(x) = 2, and H — x is a triangulation with outer cycle wyzw such that every
vertex of H — x not in {w, y, z} has degree at least 4. Thus |V (H — z)| > 6. By Lemma 3.1,
there is a Tutte cycle C’ in H — x such that wy € E(C”), {w,y,z} C V(C"), and |V (C")| > 6.
Now C := (C'" — wy) + {x,zw, zy} gives the desired cycle in H.

So we may assume by symmetry that z is a cut vertex of G. Then dy(w) =2, and H — w
is a triangulation with outer cycle zyzx such that every vertex of H — w not in {z,y, z} has



degree at least 4. Thus |V (H —w)| > 6. Moreover, (H —w) — yz is a near triangulation whose
outer cycle has length 4. So by Theorem 2.2, we can find a Tutte cycle ¢’ in (H — w) — yz
such that {zy,zz} C E(C"). Clearly, {z,y,2} C V(C’) and |V (C")| > 4.

If |[V(C")| > 5 then C := (C" — zz) + {w, zw,wz} gives the desired cycle in H. So we
may assume |V (C’)| = 4. Then C’ is the outer cycle of (H — w) — yz. Since |V(H — w)| > 6,
there is a nontrivial C’-bridge in (H — w) — yz. Let H' be an arbitrary nontrivial C’-bridge
of (H —w) —yz. Then H' C Int(C”"). Moreover, H' has three attachments on C’. Note that
V(H'NC") # {z,y, z}; for otherwise, the finite face of (H —w) —yz incident with both y and z
is not bounded by a triangle, a contradiction. Therefore, there exist two vertices in V(H'NC")
that are joined by an edge f of C'—{zy, zz}. Let u denote the vertex in V(H'NC") not incident
with f. We apply Lemma 2.4 to find a cycle C” in H[H']—u such that f € E(C"), |[V(C")| > 5,
and C” 4+ u is a Tutte subgraph of H[H']. Now C := ((C'"UC") —{f,zz}) + {w, 2w, wz} gives
the desired cycle in H.

Case 2. None of {w, z,y, z} is a cut vertex of G.

Then there is a vertex v € V(H) — {w, z,y, z} such that v is a cut vertex of G. Since H is
a near triangulation, G has exactly two v-bridges, say G; and Ga, such that {w,z} C V(G1)
and {z,y} C V(G2). Note that G; is a triangulation with outer cycle S} := vwzv, and G3 is
a triangulation with outer cycle Sy := zyvz. Since |V (H)| > 6, we know that |V (G;)| > 4 for
some i € {1,2}. Moreover, if |[V(G;)| > 4 then |V (G;)| > 6, since every vertex of G; not in S;
must have degree at least 4.

Suppose |V(G1)| > 6. Then by Lemma 3.1, we find a Tutte cycle C; in G; such that
vz € E(Cy), V(S1) CV(C1), and |V(Cy)| > 6. Now C := (C1 —vz) + {z,y, vz, zy,yz} gives
the desired cycle in H.

So we may assume |V (G2)| > 6. Then G2 —vx is a near triangulation whose outer cycle has
length 4. So by Theorem 2.2, we find a Tutte cycle C in G —va such that {zy, vy} C E(Cs).
Clearly, V(S2) C V(C3) and |V(C2)| > 4. Now C := (Cy — yv) + {w, z,vw, wz, zy} gives the
desired cycle in H. |

Our final lemma is about near triangulations whose outer cycles have length 5.

Lemma 3.3 Let H be a near triangulation with outer cycle S := vwzyzv, and assume that
\V(H)| > 6 and every vertex of H not in S has degree at least 4. Then one of the following
holds:

(i) dp(2) = du(w) = 2, and H contains a Tutte cycle C' such that z ¢ V(C), zy € E(C),
V(S —2) CV(C), and |V(C)| > 6; or

(i) H contains a Tutte cycle C' such that xy € E(C), V(S) C V(C), and |V (C)| > 6.

Proof. Suppose dp(z) = dg(w) = 2. Then since |V(H)| > 6, H — {w, z} has a vertex not
contained in {v,z,y}. Since every vertex of H — {w, z} not in {v,z,y} has degree at least 4,
|[V(H — {w, z})| > 6. By applying Lemma 3.2 to H — z, we see that (i) holds.

So we may assume by symmetry that dg(w) > 3. Let G := H — vw.

Suppose that G is 2-connected. Then G is a near triangulation whose outer cycle, say D,
has length 6. We may choose a matching {ej, e2, es} from D such that zy € {e1, ez, €3}, and
every vertex of S is incident with some edge in {e1, ea,e3}. By applying Theorem 2.2, we find
a Tutte cycle C' in G containing {ej, e2,e3}. Clearly, V(S) C V(C) and |[V(C)| > 6. So C
gives the desired cycle for (ii).



Therefore, we may assume that G is not 2-connected. Then by planarity, one of {x,y, z}
is a cut vertex of G. Since dy(w) > 3, x cannot be a cut vertex of G.

Case 1. y is a cut vertex of G.

Since H is a near triangulation, G has exactly two y-bridges, say G1 and Ga, with{v,y, z} C
V(G1) and {w,z,y} C V(G2). Moreover, G is a triangulation with outer cycle S; = vyzv,
and Gy is a triangulation with outer cycle Sy := wzyw. Since |V (H)| > 6, |V(G;)| > 4 for
some i € {1,2}.

Suppose |[V(G1)| > 4. Then by Lemma 3.1, there is a Tutte cycle C; in G7 such that
vy € E(Cy), V(S1) CV(Ch), and |V (C1)| > 6. Now C := (Cy —vy) + {w, z,vw, wz, zy} gives
the desired cycle for (ii).

So we may assume |V (G2)| > 4. Then Gy — wzx is a near triangulation whose outer
cycle has length 4. By applying Theorem 2.2 we find a Tutte cycle C in G2 — wzx such
that {zy,wy} C E(Cs). Necessarily, {w,z,y} C V(C3) and |[V(C3)| > 4. Hence, C :=
(Cy —wy) + {v, z, wv, vz, zy} is the desired cycle for (ii).

Case 2. y is not a cut vertex of G.

Then dy(z) > 3, and z is a cut vertex of G. Since dy(w) > 3 < dy(z) and y is not a cut
vertex of G, H — v is a near triangulation with outer cycle S’ := wryzw. By Theorem 2.2 we
find a Tutte cycle C’ in H — v such that {zy,wz} C E(C"). Clearly, {w,z,y,z} C V(C’) and
V(C")| > 4. If |[V(C")| > 5, then C := (C" — wz) + {v, wv, vz} gives the desired cycle for (ii).

So we may assume |V(C’)| = 4. Then C’ must be the outer cycle of H — v. Since
|V(H)| > 6, there is a nontrivial C’-bridge in H — v. Let H' denote an arbitrary nontrivial
C’'-bridge of H — v. Clearly, H' C Int(C"). Since |V(H' N C")| = 3 and |V(C’)| = 4, there
exist two vertices in V(H' N C") that are joined by an edge f of C' — {zy,wz}. Let u denote
the vertex in V(H' N C’) not incident with f. We apply Lemma 2.4 to find a cycle C” in
H[H'] — u such that f € E(C"), |V(C")| > 5, and C” + u is a Tutte subgraph of H[H']. Now
C:=((C'"ul") —{f,wz}) + {v,wv,vz} gives the desired cycle for (ii). ]

4 Cycles of length at least 8

The aim of this section is to improve Lemmas 2.4 and 2.5, increasing cycle lengths by 1. First,
we give the following improvement of Lemma 2.4.

Lemma 4.1 Let H be a planar triangulation with outer cycle S := xyzx, and assume that
\V(H)| > 8 and every vertex of H not in S has degree at least 4. Then H — z has a cycle C
such that xy € E(C), |[V(C)| > 7, and C'U S is a Tutte subgraph of H.

Proof. Since |V(H)| > 8 and by Lemma 2.4, H — z has a cycle D such that zy € E(D),
|[V(D)| > 6, and DU S is a Tutte subgraph of H. We may assume that

(1) for any cycle C’ in H —z such that zy € E(C") and V(C") = V(D), and for any nontrivial
(C"U S)-bridge H' of H, no two vertices in V(H' N C") are joined by an edge of C' — zy.

For otherwise, let C’ be a cycle in H — z such that zy € E(C") and V(C') = V(D), let H' be a
nontrivial (C'US)-bridge of H, and assume that 2'y’ € E(C')—{zy} and {2/, y'} C V(H'NC").
Let 2/ € (V(H)NV(C'US)) —{2',y'} and S" := a’y'2'2’. Then H[H'] is a triangulation with
outer cycle S’. By applying Lemma 2.4 to H[H'],S’,2'y’, we find a cycle C” in H[H'] — 2/



such that 2’y € E(C"), [V(C")| > 5, and C” U S’ is a Tutte subgraph of H[H']. Now it is
easy to see that C := (C"UC") — 2’y is a cycle in H — z, |[V(C)| > 9, and C U S is a Tutte
subgraph of H. Clearly, C gives the desired cycle in H. This completes the proof of (1).

If |[V(D)| > 7, C := D gives the desired cycle. So we may assume that |V (D)| = 6, and
let D = ujugugugusugui, with u; = x and ug = y. Since |V(H)| > 8 and |V (D)| = 6, there
is a nontrivial (D U S)-bridge of H. Let H' be an arbitrary nontrivial (D U S)-bridge of H.
Let V(H)NV(DUS) = {a/,y/,2'} and §" := 2'y/2'2’. Note that S’ is the outer cycle of the
triangulation H[H']. We claim that

(2) E(D)NE(S') = 0.

Otherwise, it follows from (1) that zy € E(S’). By choosing appropriate notation we may
assume 2’ = x and ¢y = y. Then H' C Int(D), since xy is an edge in the outer cycle of H.
So 2/ € V(D). By (1), 2’ € {ug,us}. Therefore, we may further assume by symmetry that
2 = uy, and hence, S’ = ujusugu.

We claim that ugus, usug ¢ E(H). For otherwise, let

' — U1ULUAUIUSUEUT , if usus € E(H),
' U1U2U3UEU5ULUT , if ugug € E(H)

Then C" and H' contradict (1).

We now show that uguy,usz € E(H). This is true if ugz is not contained in any nontrivial
(D U S)-bridge of H (since dg(ug) > 4). If us is contained in some nontrivial (D U S)-bridge
of H, then such a (D U S)-bridge must also contain {ui,z} and ugui,usz € E(H) (by (1),
planarity and Proposition 2.3). (For convenience, any argument similar to this will simply be
referred to as “since dy(ug) > 4 and by (1), planarity and Proposition 2.3”.)

By planarity, uszu;,u3z must be contained in Ext(D). Therefore, since ugus ¢ E(H) and
by (1), planarity and Proposition 2.3, the only (D U S)-bridge of H containing us must be the
edge usuj. Hence dp(us) < 3, a contradiction. So we have (2).

We further claim that
(3) ze {2y, 7'}

For, suppose z ¢ {2',4/,2'}. Then {2/,¢/,2'} C V(D). By (2) and without loss of generality,
we may assume that S’ = ugugugus.
Then usuy, usus, usu; ¢ E(H). Otherwise, let

U U2UEUEULUIUT , if uguq € E(H),
C = U ULUALUZUSUGUT if ugus € E(H),
U1UU3U4LUEUFUT , if usul € E(H)

Then C" and H' contradict (1).

Suppose H' C Int(D). Then usug,usz € E(H) (since dg(ug) > 4 and by (1), planarity
and Proposition 2.3). Therefore, because usus ¢ E(H), dg(us) = 2 (by (1), planarity and
Proposition 2.3), a contradiction.

So H' C Ext(D). But now, since ugui,usus ¢ E(H), dg(usz) < 3 (by (1), planarity and
Proposition 2.3), again a contradiction. This proves (3).



By (3), we may assume by symmetry that S” € {ugugzug, ususzus, ugugzug, usus2us, Usugzus .

So we consider five cases. Note that H' C Ext(D).

Case 1. S" = uguqzus.

Then by (1) and planarity, uz has no neighbor in Ext(D) — V(D). Note that ugus ¢ E(H);
since otherwise, C' := ujugugususuguy and H' contradict (1). Then ugug, ugu; € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3). But now C’ := ujusususugugu; and
H' contradict (1).

Case 2. S = uguszus.

Then usug ¢ E(H); for otherwise, C' := ujugusugusugu; and H' contradict (1). Therefore,
ugus, uguy € E(H) (since di(ug) > 4 and by (1), planarity and Proposition 2.3). By planarity,
uzuj must be contained in Int(D). Then uguz ¢ E(G) by planarity. Hence ugus, ugz € E(H)
(since dg(ug) > 4 and by (1), planarity and Proposition 2.3). But then C’" := ujususugusuguq
and H' contradict (1).

Case 3. S" = ugugzus.

Then uzu; ¢ E(H); as otherwise, C' := ujugugususuzu; and H' contradict (1). Therefore,
usus, usug € E(H) (since dg(us) > 4 and by (1), planarity and Proposition 2.3).

Suppose that ugus is contained in Int(D). Then uqug, uqug € E(H) (since dg(ug) > 4 and
by (1), planarity and Proposition 2.3). By planarity, usug is contained in Int(D). But now
dr(us) = 3 (by (1), planarity and Proposition 2.3), a contradiction.

So wusus is contained in Ext(D). Suppose uqug € E(H). Then usus € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3). By planarity, usug is contained in
Int(D). This forces dy(us) = 3 (by (1), planarity and Proposition 2.3), a contradiction.
So ugug ¢ E(H). Then ugqui,uqus € E(H) (since dg(ug) > 4 and by (1), planarity and
Proposition 2.3). Now C’ := ujusugusugugu; and H' contradict (1).

Case 4. S = uzuszug.
Then by (1) and planarity, u4 has no neighbor in Ext(D)—V (D). We claim that uqusg, uqug ¢
E(H); otherwise, let

C, . U1U2ULU3USUEUT , if UqUo € E(H),
' ujugugusuquuy,  if ugug € E(H),

and then C” and H' contradict (1). But now dg(us) < 3 (by (1), planarity and Proposition 2.3),
a contradiction.
Case 5. S" = ugugzus.

Then uguy, usug ¢ E(H); otherwise, let

o . | wmuzusugusuus, if ugu; € E(H),
' U1U2U5ULUIUEUT , if usug € E(H),

and then C’ and H' contradict (1). Therefore, uqus,uqug € E(H) (since dy(ug) > 4 and
by (1), planarity and Proposition 2.3). But then, since usus ¢ E(H), dg(us) < 3 (by (1),
planarity and Proposition 2.3), a contradiction. |

We now prove an improvement of Lemma 2.5.



Lemma 4.2 Let H be a planar triangulation with outer cycle S, and assume that |V (H)| > 10
and every vertex of H not in S has degree at least 4. Then H has a cycle C' such that
V(NS =1, |V(C)| =8, and CUS is a Tutte subgraph of H.

Proof. Let S := zyzz. By Lemma 2.5, there is a cycle D in H such that [V(D N S)| = 1,
|[V(D)| > 7, and DU S is a Tutte subgraph of H. If |V(D)| > 8, then C := D gives the
desired cycle. So we may assume |V(D)| = 7. Let D = ujugugugusuguru; and, without loss
of generality, assume that z € V(D). Let B denote the block of H — {y, z} containing D, and
let u denote the vertex of B — x which is adjacent to both y and z in H. Then |V(B)| > 7.
Since D U S is a Tutte subgraph of H, u € V(D) and D is a T-Tutte subgraph of B, where T'
denotes the outer cycle of B.
We may assume that

(1) Int(uyzu) = uyzu.

Otherwise, assume Int(uyzu) # uyzu. Suppose zu € E(G). Since |V(B)| > 7, Int(zyuz) #
zyuz or Int(xzux) # xzux. By symmetry we may assume Int(xyuz) # zyuz. Since every
vertex of H not in S has degree at least 4, we can apply Lemma 2.4 to Int(xyux) and yu, and
to Int(uyzu) and yu. Then there exists a cycle C; in Int(xyuxr) — x such that yu € E(Cy),
|[V(C1)| > 5, and Cy U zyuzx is a Tutte subgraph of Int(zyuz); and there exists a cycle Co
in Int(uyzu) — z such that yu € E(Cs), |V(Cy)| > 5, and Co U uyzu is a Tutte subgraph of
Int(uyzu). Now C := (Cy UCs) —yu is a cycle in H such that [V(C N S)| =1, |[V(C)| > 8,
and C'U S is a Tutte subgraph of H; and the assertion of the lemma holds.

So we may assume zu ¢ FE(G). By planarity, the blocks of B — z may be labeled as
Bi...Bysuch that forall 1 <i < j<mn, BNBjy1 #0and BiNB; =0 if j > i+ 2. Let
u € V(By) for some 1 < k < n. Since zu ¢ E(H), u ¢ V(B;) for all i # k. So |V(By)| > 3.
Let K := Ule B; and L :=J!"_, B;. Note that |V (K)|+|V(L)| > |V(B)|+2 > 9. So we may
assume by symmetry that |V(L)| > 5.

By planarity, L is contained in a block of H — {z, 2z} containing y, or is contained in a
block of H — {z,y} containing z. By symmetry we may assume that L and y are contained in
a block of H — {x, z}, say G. Then G also contains Int(uyzu) — z. Clearly, {y,u} is a 2-cut
of G. Let G’ denote the subgraph of G that is the union of the edge yu and the nontrivial
{y, u}-bridge of G containing L. Then G’ is a near triangulation. Since |V(L)| > 5, we must
have |V (G')| > 6. Let T denote the outer cycle of G'.

Next, we find a cycle C’ in G. If [V(T")| > 6 then we can pick a matching {ej, e2, e3} from
T’ such that e; = yu and the common neighbor of 2 and z in V(T") —y is incident with es or eg;
and we use Theorem 2.2 to find a T'-Tutte cycle C’ in G’ such that {e1,e2,e3} C E(C’) (and
hence |V (C")| > 6). If |V(T")| < 4, then we apply Lemmas 3.1 and 3.2 to find a Tutte cycle
C’" in G’ such that yu € E(C"), V(T') C V(C'), and |V(C")| > 6. Now assume |[V(T")| = 5.
Note that if a vertex in V(T”) — {y,u} has degree 2 in G’ then it must be adjacent to both x
and z (since such a vertex has degree at least 4 in H). Therefore by planarity, at most one
vertex in V(T") — {y,u} has degree 2 in G’. So by Lemma 3.3(ii), there is a Tutte cycle C' in
G’ such that yu € E(C"), V(T'") CV(C"), and |V (C")| > 6.

Let Cy be the cycle in Int(uyzu) — z found above. Then C' := (C"UCy) —yu is a cycle in H
such that [V(C'NS)| =1, [V(C)] >9, and CUS is a Tutte subgraph of H; and the assertion
of the lemma holds. So we have (1).

We may also assume that
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(2) for any cycle C’ in B such that V(C") = V(D), and for any nontrivial (C’ U S)-bridge
H' of H, no two vertices in V(H' N C") are joined by an edge of C".

For otherwise, let C’ be a cycle in B such that V(C") = V (D), let H' be a nontrivial (C"U S)-
bridge of H, and assume that z'y’ € E(C’) and {2/,y'} C V(H'nC’). Let 2/ € (V(H')N
V(C'US))—{2',y'} and S’ := 2'y/2’2’. By applying Lemma 2.4 to H[H'], S’, 2"y, we find a
cycle C” in H[H'] — 2’ such that z'y' € E(C"), |[V(C")| > 5, and C"” U S’ is a Tutte subgraph
of H[H']. Now it is easy to see that C := (C" U C") — 2’y is a cycle in H — {y, 2z}, z € V(C),
|[V(C)| > 10, and C' U S is a Tutte subgraph of H; and the assertion of the lemma holds. So
we have (2).

Since |V(H)| > 10 and |V(D)| = 7, there is a nontrivial (D U S)-bridge of H. Let H’
denote an arbitrary nontrivial (D U S)-bridge of H. Let V(H')NV(DUS) = {2/,y, 7'} and
S":i=a'y'2'2’, and assume {2/,y'} C V(D). We may assume that

(3) 2" ¢ {y,z}.

Otherwise, we may assume by symmetry that 2z’ = z. By applying Lemma 2.4 to H[H'], S’ 2'y/,
we find a cycle C" in H[H'] — 2’ such that 2y’ € E(C"), [V(C")| > 5, and C" U S’ is a Tutte
subgraph of H[H'].

Let D’ denote the outer cycle of H[Int(D)]. Clearly, 2’y € E(D'), z,u € V(D'), and
H[Int(D)] C Int(D’). Further, Int(D’) is a near triangulation. If Int(D’) has a D’-Tutte cycle
C’ such that 2y’ € E(C"), {z,u} CV(C"), and |V(C")| > 6, then C := (C'UC") — 2’y gives
the desired cycle, with V(C' N S) = {z}. So we may assume that such a cycle C’ does not
exist.

Then |V (D')| < 5; for otherwise, C’ exists by applying Theorem 2.2 to Int(D’) (by choosing
a matching {e1, e2,e3} on D’ so that e = 2'y/, and z, u are incident with edges in {e1, e3,e3}).
Again by the nonexistence of C’, it follows from Lemmas 3.1-3.3(ii), we must have |V (D')| = 5,
and the vertices of V(D’) can be labeled as v, w1, x1, y1, 21 such that D' = vjwiz1y1 2101, and
wy and 21 have degree 2 in Int(D’), where 1 = 2’ and y; = ¢/'.

Therefore, D' — 2’y C D and, since D C Int(D’), D’ U S is a Tutte subgraph of H. So for
any nontrivial (D’ U S)-bridge H” of H, no two vertices in V(H"” N D’) are joined by an edge
of D' —z'y/; as otherwise, H” is also a nontrivial (D US)-bridge of H such that two vertices in
V(H" N D) are joined by an edge of D, contradicting (2). Hence, each vertex in {w, z1} — {z}
must be adjacent to both y and z (since it has degree at least 4 in H and by planarity and
Proposition 2.3). So {wi, 21} = {x,u}. By symmetry, we may assume = = z;.

Then by Lemma 3.3(i), there is a Tutte cycle Cy in Int(D’) such that z; ¢ V(Cy), 2y €
E(CY), {z1,y1,v1,w1} C V(Cy), and |[V(Cy)| > 6. In H[H'], we apply Lemma 3.1 to find
a Tutte cycle Cy such that 2'y’ € E(Cy), {2/,y,2 = z} C V(C2), and |[V(C3)| > 6. Let
C':=(C1UCy) —a'y'. Since D' — 2’y C D, C"US is a Tutte subgraph of H. So C’ gives the
desired cycle (with V(C' N S) = {z}). This proves (3).

By (3), {«/,v/,2'} C V(D). By (2) and by symmetry, we may assume x’ = uy, y = us,
and 2/ = us.
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Then uguyg, ugug, uguz, usug, ugur ¢ E(H). For otherwise, define

uUzUUAUsUGUT UL,  if ugug € E(H),
ujuTuguusususuy,  if ugug € E(H),
C':={ wusurugusuqusuy, if usur € E(H),
U1 UUIURULUEUTUT , if uqug € E(H),
ujUguzUsUTUGUs U,  if uguy € E(H).

It is then easy to verify that C’ and H' contradict (2).

We claim that uoy, usz € E(H). Suppose this is false. Then since z and u are adjacent to
both y and z, we have uy ¢ {z,u}. Also, any nontrivial (DUS)-bridge of H containing ug must
also contain us and one of {y,z} (by (2), planarity and Proposition 2.3). So usus € E(H),
and ugy € E(H) or ugz € E(H) (since dg(uz) > 4 and by (2), planarity and Proposition 2.3).
By symmetry, we may assume ugy € E(H). So ugus is contained in Ext(D), and up lies
in Int(ugusugususg); for otherwise, because ugus ¢ E(H), dg(us) = 2 (by (2), planarity and
Proposition 2.3). Then by planarity H' C Int(D). Now, since ugus ¢ E(H), di(us) < 3 (by
(2), planarity and Proposition 2.3), a contradiction.

By the same argument as above, we also conclude that ugy,usz € E(H) (by exchanging
the roles of uy and ug and by exchanging the roles of u; and us).

Therefore, {us,us} = {x,u} and H' C Int(D) (by planarity). By symmetry, we may
assume D C Ext(ugugugyus). Then ugy € E(H) (since ugugy ¢ E(H) and by (2), planarity
and Proposition 2.3). Hence, because uguz, ugus ¢ E(H), ugui, ugz € E(H) (since dp(ug) > 4
and by (2), planarity and Proposition 2.3). Now, because uyus ¢ FE(H), dg(u7) < 3 (by (2),
planarity and Proposition 2.3), a contradiction. |

. ©

Figure 2: An extremal graph for Lemma 4.2.

The graph in Figure 2 shows that Lemma 4.2 is best possible. We show in the next section
that Lemma 4.2 can be further improved if H is not the graph in Figure 2.

5 Cycles of length at least 9

In this section we improve Lemmas 4.1 and 4.2, increasing cycle lengths by 1. The approach
we take is the same as in the previous section, but the arguments are more complicated. First,
we give the improvement of Lemma 4.1.
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Lemma 5.1 Let H be a planar triangulation with outer cycle S := xyzx, and assume that
\V(H)| > 9 and every vertex of H not in S has degree at least 4. Then H — z has a cycle C
such that xy € E(C), |V(C)| > 8, and CUS is a Tutte subgraph of H.

Proof. By Lemma 4.1, H — z has a cycle D such that zy € E(D), |[V(D)| > 7,and DU S is a
Tutte subgraph of H. If |[V(D)| > 8, then C := D is the desired cycle. So we may assume that
|[V(D)| = 7. Let D = ujugusugusuguruy, with uy = z and ug = y. By the same argument as
for (1) in the proof of Lemma 4.1, we may assume that

(1) for any cycle C’ in H —z such that zy € E(C") and V(C") = V(D), and for any nontrivial
(C"U S)-bridge H' of H, no two vertices in V(H'NC") are joined by an edge of C' — zy.

Since |V(D)| = 7 and |V (H)| > 9, there is a nontrivial (D U S)-bridge of H. Let H' be an
arbitrary nontrivial (DUS)-bridge of H. Let V(H')NV(DUS) = {2, ¢/, 2’} and S’ := 2'y/2'2/,
and assume {z’,y'} C V(D). We may further assume that

(2) E(D)NE(S") = 0.

Otherwise, suppose E(D) N E(S") # 0. Then by (1) and without loss of generality, we may
assume z'y’ = zy. So H' C Int(D), since xy is contained in the outer cycle of H. Then
by planarity, z/ € V(D). Therefore, we may assume by (1) and by symmetry that S’ €
{uruguguy, uyususug }.

Suppose S" = ujuguguy. Then ugus, usuy ¢ E(H); otherwise, let

= ULU2ULU3USUEUTUL , if ugus € E(H),
' ujuguzUTUGuUsUsu,  if usuy € E(H),

and then C’ and H' contradict (1). So ugug ¢ E(H); as otherwise, usuy, usu; € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3), and C’ := wjusugusugusuru; and
H' contradict (1). Therefore, ugui,usz € E(H) (since dg(usz) > 4 and by (1), planarity
and Proposition 2.3). Then, because usus,urus ¢ E(H), usuy,usui,urug € E(H) (since
di(us) > 4 < dy(uy) and by (1), planarity and Proposition 2.3). But now dg(ug) < 3 (by
(1), planarity and Proposition 2.3), a contradiction.

Now assume S’ = ujugusui. Then usug, ugur ¢ E(H); otherwise, define

o . | wmuzususuzuguruy, if ugug € E(H),
’ UL U2UIUAUTUGUSUT , if uquy € E(H),

and then C’ and H' contradict (1). So ugur ¢ E(H); as otherwise, ugug, ugu; € E(H) (since
dp(ug) > 4 and by (1), planarity and Proposition 2.3), and C’ := ujususugusurugu; and
H' contradict (1). Therefore, usu; ¢ E(H); for otherwise, dg(u7) < 3 (by (1), planarity
and Proposition 2.3), a contradiction. Hence ugus,usz € E(H) (since dg(us) > 4 and by
(1), planarity and Proposition 2.3). If usus is contained in Ext(D), then dy(us) < 3 (by
(1), planarity and Proposition 2.3), a contradiction. So ugus is contained in Int(D). Now
ugug ¢ E(H); otherwise, C' := ujugususuquguru; and H' contradict (1). Hence, because
ugus ¢ E(H), ugui,usz € E(H) (since di(ug) > 4 and by (1), planarity and Proposition 2.3).
But now dg(u7) < 3 (by (1), planarity and Proposition 2.3), again a contradiction. This
completes the proof of (2).

We now prove
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3) 2 ==z

Suppose 2z’ # z. Then V(S') C V(D). By (2) and by symmetry between z and y, we
may assume that S’ € {ugugugusg, usugurug, ususurug, ususuzug}. So we have four cases to
consider.

Suppose S’ = ugugugug. Then ugus, usuy, usuy ¢ E(H); otherwise, let

UUUgUsUsUGUTUY,  if usus € E(H),
C = U1 UUUSULUIUTUT , if uguy € E(H),
uugugusugusuTUy,  if usuy € E(H),

and then C’ and H’' contradict (1). So H' C Int(D); as otherwise, ugug, usu; € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3), and this forces dg(us) = 2 (by (1),
planarity and Proposition 2.3), a contradiction. If ugug € E(H), then because usus ¢ E(H),
we have dp(us) = 2 (by (1), planarity and Proposition 2.3), a contradiction. So ugug ¢ E(H).
Then ugui,usz € E(H) (since dg(ug) > 4 and by (1), planarity and Proposition 2.3). But
since usug, usuy ¢ E(H), dig(us) < 3 (by (1), planarity and Proposition 2.3), a contradiction.
Now assume S’ = ugugurus. Then usuq, usus, ugug, usuy ¢ E(H); otherwise, define

U1 UUTUEUSFULUIUT , if uguy € E(H),
UUgUugusUsUcUTUY,  if usus € E(H),
U1 UUIUU5ULUTUT , if ugug € E(H),
ujuguzusUTUGUs U,  if usuy € E(H),

.=

and then C" and H' contradict (1). Hence, usuz,usz € E(H) (since dy(us) > 4 and by (1),
planarity and Proposition 2.3), and H' C Int(D) (by planarity). But now, since usus ¢ E(H),
dp(us) < 3 (by (1), planarity and Proposition 2.3), a contradiction.

Suppose S’ = ugusurug. Then uguy, ugus, ugug, usu; ¢ E(H); otherwise, define

uuguzususuTUeU,  if ugu; € E(H),
U1UUFULUIUEUTUT , if ugug € E(H),
ujugugusugusuTUy,  if ugug € E(H),
UL U2UTUEUFULUIUT , if uguy € E(H)

C' =

and then C’ and H' contradict (1). So ugug,usz € E(H) (since dg(ug) > 4 and by (1),
planarity and Proposition 2.3), and H' C Int(D) (by planarity). Now, since uqug ¢ E(H),
dp(us) < 3 (by (1), planarity and Proposition 2.3), a contradiction.

Finally, let S’ = ususuzus. Then uquq, uqug, ugug, ugui, ugue ¢ E(H); otherwise let

U1UUIUTUGUFU4LUT , if uquq € E( ),
UUUgUsUsUGUTUY,  if ugugy € E(H),
C = UTUUU5ULUEUTUT , if ugug € £ H),

ujUugugususuTUeU,  if uguy € E(H),
UTU2UEU5ULUIUTUT , if ugug € E(H)

and then C’ and H' contradict (1). So uguz,usz € E(H) (since dg(ug) > 4 and by (1),
planarity and Proposition 2.3), and H' C Int(D) (by planarity). But since ugus ¢ E(H),
dp(ug) =2 (by (1), planarity and Proposition 2.3), a contradiction. This completes the proof

of (3).
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By (2) and (3) and by symmetry, we may assume that S’ € {uguszusg, uguszus, ugugzus,
U7 2Ug, UUs2Us, UsUEZUS, UsUTZUS, Usugzuy }. Note that H' C Ext(D). We have eight cases
to consider.

Case 1. S" = usugzus.

Then usus ¢ E(H); otherwise, C' := ujusugususuguru; and H' contradict (1). Moreover,
ugug € E(H); otherwise, ugur,ugu; € E(H) (since dy(ug) > 4 and by (1), planarity and
Proposition 2.3), and C' := ujusugusugurugu; and H' contradict (1).

Now usu; ¢ E(H); otherwise, C' := ujusugugugusuru; and H' contradict (1). Hence,
because usus ¢ E(H), usui,usz € E(H) (since dg(us) > 4 and by (1), planarity and Proposi-
tion 2.3). So ujug, urus € E(H) (since di(u7) > 4 and by (1), planarity and Proposition 2.3).
But then C := ujusugusurugusu; and H' contradict (1).

Case 2. S' = uguszus.

Then usug ¢ E(H); otherwise, C' := ujususuqusuguru; and H' contradict (1).

We claim that usu; € E(H). For, suppose ugur ¢ E(H). Then ugus,usu; € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3). If usus is contained in Int(D), then
dr(ug) < 3 (by (1), planarity and Proposition 2.3), a contradiction. So wusus is contained in
Ext(D). Now uqug ¢ E(H); otherwise, C' := ujususususuguru; and H' contradict (1). So
ugur,ugu; € E(H) (since di(ug) > 4 and by (1), planarity and Proposition 2.3). But now
C" = ujugusuguruguguy and H' contradict (1).

Thus uguy ¢ E(H); otherwise, C' := ujugusugusurugu; and H’' contradict (1). There-
fore, because ugug ¢ E(H), ugus,usz € E(H) (since dg(ug) > 4 and by (1), planarity and
Proposition 2.3). But then C" := ujususugugusuru; and H' contradict (1).

Case 3. S" = ugugzus.

Then usu; ¢ E(H); otherwise, C' := ujusugusuquguru; and H' contradict (1).

We claim that usu; ¢ E(H). For, suppose usuy € E(H). If uzus € E(H), then C" :=
uugugurususuzu; and H' contradict (1). So uyus ¢ E(H). Hence, because urus ¢ E(H),
urug,u7z € FE(H) (since dg(u7) > 4 and by (1), planarity and Proposition 2.3). Then
usuz, usug € E(H) (since dg(us) > 4 and by (1), planarity and Proposition 2.3). But now
C' := wyugugurugusugu; and H' contradict (1).

Therefore, ugus, usug € E(H) (since dg(us) > 4 and by (1), planarity and Proposition 2.3).
Suppose that ugus is contained in Int(D). Then uqug,uqug € E(H) (since dy(us) > 4 and
by (1), planarity and Proposition 2.3). By planarity, usug is contained in Int(D). But now
dp(us) =3 (by (1), planarity and Proposition 2.3), a contradiction.

So ugus is contained in Ext(D). Then usug is contained in Ext(D); otherwise, dg(u4) < 3
(by (1), planarity and Proposition 2.3), a contradiction. We claim that urus, urus ¢ E(H);
otherwise, define

C, _: { U1 UUGUSU3ULUTUT , if Uruy € E(H),
' ujuguguzugusuruy,  if urus € E(H),

and then C’" and H' contradict (1). Then, because urus ¢ E(H), urug,urz € E(H) (since
dp(uz) > 4 and by (1), planarity and Proposition 2.3). Moreover, because usu; ¢ E(H),
usug € E(H) (since di(us) > 4 and by (1), planarity and Proposition 2.3). Hence dg(u4) < 3
(by (1), planarity and Proposition 2.3), a contradiction.

Case 4. S = ugurzus.
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Then usu; ¢ E(H); otherwise, C' := ujugurugususuguy and H' contradict (1). So uy is
adjacent to at least one vertex in {ug,us,us}; otherwise, since uguy is contained in Ext(D),
the finite face of H incident with both u; and ws is not bounded by a triangle, a contradiction.

We claim that wyugy ¢ E(H). For, suppose ujugy € E(H). Then uzus ¢ E(H); oth-
erwise C' := ujugusugususuqu; and H' contradict (1). Therefore, because usu; ¢ E(H),
usug, uguy € E(H) (since dy(us) > 4 and by (1), planarity and Proposition 2.3). But then
C' := uyugurugugusuguy and H' contradict (1).

We further claim that wjus ¢ E(H). Otherwise, suppose that ujus € E(H). Note
from planarity that ujus is contained in Int(D). Then ugug ¢ E(H); as otherwise, C’' :=
uugurugugugusuy and H' contradict (1). So because uguy ¢ E(H), usus, uguy € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3). Then usus must be contained in
Int(D); otherwise, since uqu; ¢ E(H), dg(ug) < 3 (by (1), planarity and Proposition 2.3),
a contradiction. By planarity, usuy is contained in Ext(D). Now ugqug, uquy; € E(H) (since
dp(ug) > 4 and by (1), planarity and Proposition 2.3). Hence C’ := ujusurugusugusus and
H' contradict (1).

Therefore ujug € E(H). Then usu; ¢ E(H); otherwise, C' := ujugurusuqusugu; and H'
contradict (1). Hence, because ugu; ¢ E(H), usus,usug € E(H) (since dg(ug) > 4 and by
(1), planarity and Proposition 2.3). Suppose that usus is contained in Ext(D). Then, because
uguy ¢ E(H), uqua, usug € E(H) (since di(us) > 4 and by (1), planarity and Proposition 2.3).
By planarity, ugug is contained in Ext(D). This forces dy(us) = 3 (by (1), planarity and
Proposition 2.3), a contradiction. So usus is contained in Int(D). Note that uquy ¢ E(H);
otherwise C' := wjusususususugu; and H' contradict (1). Thus ugus, usug € E(H) (since
dp(ug) > 4 and by (1), planarity and Proposition 2.3). By planarity, usug is contained in
Int(D). But again, dg(us) = 3 (by (1), planarity and Proposition 2.3), a contradiction.

Case 5. S' = ususzus.
We claim that ugug, ugug ¢ E(H). Otherwise, we define

C, L UL U2ULUZUFUEUTU] , if Uqguy € E(H),
' ujuguzUsugueurul,  if ugug € E(H).

Then C’ and H' contradict (1).
Therefore, uguz, uquy € E(H) (since dg(uyg) > 4 and by (1), planarity and Proposition 2.3).
Then C” := ujusugusuguruguy and H' contradict (1).

Case 6. S" = usugzus.
We first show that uquz, usus ¢ E(H). For otherwise, let

o . | wususususuguTUL, if ugur € E(H),
' UL U2UFUAUIUEUTU] , if usuo € E(H)

Then C" and H' contradict (1).

We now show usu; € E(H). Suppose usu; ¢ E(H). Then usus,usuy € E(H) (since
dp(us) > 4 and by (1), planarity and Proposition 2.3). By planarity, usuy is contained in
Int(D). If usug is contained in Int(D), then dg(us) < 3 (by (1), planarity and Proposition 2.3),
a contradiction. So usug is contained in Ext(D). Therefore, because uqur ¢ E(H), we have
ugul, uqgug € E(H) (since dpi(uq) > 4 and by (1), planarity and Proposition 2.3). But now
C' := wyugugugurusuguy and H' contradict (1).
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So urus,urz € E(H) (since dg(u7) > 4 and by (1), planarity and Proposition 2.3). If
uguy € E(H), then C" := ujugusugurusugu; and H' contradict (1). So uguy ¢ E(H). There-
fore, uqua,uqug € E(H) (since dg(uq) > 4 and by (1), planarity and Proposition 2.3). But
then C' := ujugusugususuru; and H' contradict (1).

Case 7. S" = usurzus.
First, uquy, ueus ¢ E(H). Otherwise, define

C, L UL U2UIUTUEU5U4LUT , if Uquy € E(H),
' ujuQueUsugusuruy,  if ugug € E(H).

Then C’ and H' contradict (1).

We now show wgug € E(H). For, suppose uqug ¢ E(H). Then, because uqu; ¢ E(H),
uguz, uguy € E(H) (since di(ug) > 4 and by (1), planarity and Proposition 2.3). By planarity,
uqug is contained in Int(D). If uguz also lies in Int(D), then because uqug ¢ E(H) we must
have dp(ug) < 3 (by (1), planarity and Proposition 2.3), a contradiction. So u4uy is contained
in Ext(D). Since ugug, usus ¢ E(H), du(ug) < 3 (by (1), planarity and Proposition 2.3), a
contradiction.

Suppose that uqug is contained in Int(D). Then usus,usu; € E(H) (since dp(us) > 4
and by (1), planarity and Proposition 2.3). Further, ugus ¢ E(H); as otherwise, dg(ug) = 3
(by (1), planarity and Proposition 2.3), a contradiction. Therefore, because ugus ¢ E(H),
ugu; € E(H) (since dy(ug) > 4 and by (1), planarity and Proposition 2.3). Now C’ :=
urugugurususugu and H' contradict (1).

So ugug is contained in Ext(D). Then usui,usug ¢ E(H); for otherwise, we define

C, B U1UU3UTUEUAUFUT , if usUl € E(H),
UTULUSUGUALUIUTUT , if usug € E(H),

and it is easy to check that C" and H' contradict (1). So usus,usuy € E(H) (since dp(us) > 4
and by (1), planarity and Proposition 2.3). Then uqu; € E(H) (since dg(u4) > 4 and by (1),
planarity and Proposition 2.3). But now dg(us) = 3 (by (1), planarity and Proposition 2.3),
a contradiction.

Case 8. S' = usugzua.
Then usus, usuy ¢ E(H); otherwise, define

C, . UL U2UIU5UAUGUTUT if UsuU3z € E(H),
uuguzUsugusuTU,  if usuy € E(H),

and then C" and H' contradict (1). So wusuy,usus € E(H) (since dg(us) > 4 and by (1),
planarity and Proposition 2.3). Then, because ugus ¢ E(H), dig(ug) < 3 (by (1), planarity
and Proposition 2.3), a contradiction. 1

We can now improve Lemma 4.2.
Lemma 5.2 Let H be a planar triangulation with outer cycle S, and assume that |V (H)| > 11
and every vertex of H not in S has degree at least 4. Suppose that H is not the graph in

Figure 2. Then H has a cycle C such that [V(CNS)| =1, |[V(C)| >9, and CUS is a Tutte
subgraph of H.
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Proof. By Lemma 4.2, there is a cycle D in H such that |[V(D N S)| =1, |V(D)| > 8, and
D U S is a Tutte subgraph of H. If |[V(D)| > 9, then C := D gives the desired cycle. So we
may assume |V (D)| = 8. Let D = ujususugusugurugu; and S := zyzz, and without loss of
generality assume that z € V(D).

Let B denote the block of H — {y, z} containing D, and let u denote the vertex of B — x
which is adjacent to both y and z in H. Then |V (B)| > 8. Since DU S is a Tutte subgraph of
H,u e V(D) and D is a T-Tutte subgraph of B, where T" denotes the outer cycle of B. Note
that by planarity, x and u are the only vertices of B that are adjacent to both y and z. We
may assume that

(1) if Int(uyzu) # uyzu then zu ¢ E(G).

Suppose Int(uyzu) # uyzu and xu € E(G). Then Int(zyur) # ryux or Int(zzur) # rzux,
and we may assume by symmetry that Int(xyuz) # xyux. Since every vertex of H not in S
has degree at least 4, we can apply Lemma 2.4 to Int(zyuz) and yu, and to Int(uyzu) and
yu. Then there exists a cycle C in Int(xyuz) — = such that yu € E(C1), |V(C1)| > 5, and
C1 Uzyuz is a Tutte subgraph of Int(zyuz); and there exists a cycle Co in Int(uyzu) — z such
that yu € E(Cs), |V(C2)| > 5, and Co Uuyzu is a Tutte subgraph of Int(uyzu). We choose Cy
and Cj as long as possible. Now C’ := (C1UC3y) —yu is a cycle in H such that |V (C'NS)| =1,
|[V(C")| > 8, and C" U S is a Tutte subgraph of H.

If [V(C")] > 9, then C := C’ gives the desired cycle for the lemma. So we may assume
|[V(C")| = 8. This implies that |[V(C1)| = |[V(C3)| = 5. By Lemma 2.4 again, both Int(zyux)
and Int(uyzu) are the octahedron. Since H is not the graph in Figure 2 and |V(H)| > 11,
Int(zxzux) # xzux and Int(xzux) is not the octahedron. Hence, we can apply Lemma 2.4 to
Int(zzuz) and zu, and find a cycle D; in Int(zzuz) — 2z such that zu € E(Dy), |V(D1)| > 6,
and Dj Uzzuz is a Tutte subgraph of Int(zzuz). Let Dy be a Hamilton cycle of Int(zxyuz) —y
containing zu. Then |V (D3)| = 5. Hence, C' := (D1 U D) — zu is a cycle in H such that
V(CcnS) =1, |V(C) >9,and CUS is a Tutte subgraph of H; and the assertion of the
lemma holds. This completes the proof of (1).

We may further assume that
(2) Int(uyzu) = uyzu.

Otherwise, suppose Int(uyzu) # uyzu. Then by (1), zu ¢ E(H).

By planarity, the blocks of B—x may be labeled as B ... B, such that forall 1 <i < j < n,
BiNBjy1 # 0 and B;NB; = 0if j > i+2. Let u € V(By) for some 1 < k < n. Since zu ¢ E(H),
w ¢ V(B;) for all i # k. So [V(By)| > 3. Let K :=J"_, B; and L := (JI_, B;. Note that
[V(K)|+ |[V(L)| > |[V(B)| 4+ 2 > 10. So we may assume by symmetry that |V (L)| > 5.

By planarity, L is contained in a block of H — {x, 2z} containing y, or is contained in a
block of H — {x,y} containing z. By symmetry we may assume that L and y are contained in
a block of H — {z,z}, say G. Then G also contains Int(uyzu) — z. Clearly, {y,u} is a 2-cut
of G. Let G’ denote the subgraph of G that is the union of the edge yu and the nontrivial
{y,u}-bridge of G containing L. Note that G’ is a near triangulation. Since |V (L)| > 5, we
must have |[V(G’)| > 6. Let T" denote the outer cycle of G.

Next, we find a cycle C" in G'. If |[V(T")| > 6 then we can choose a matching {e1, e2, €3} on
T’ such that e; = yu and the common neighbor of z and z in V(T") —y is incident with ez or e3;
and we use Theorem 2.2 to find a T’-Tutte cycle C’ in G’ such that {e1,e2,e3} C E(C’) (and

18



hence |V (C")| > 6). If |V(T")| < 4, then we apply Lemmas 3.1 and 3.2 to find a Tutte cycle
C’ in G’ such that yu € E(C"), V(T') C V(C'), and |V(C")| > 6. Now assume |V(T")| = 5.
Note that every vertex in V(T") — {y, u} with degree 2 in G’ must be adjacent to both z and
z (since such a vertex has degree at least 4 in H). So by planarity, at most one member of
V(T') — {y,u} has degree 2 in G'. Therefore, by Lemma 3.3(ii), we find a Tutte cycle C’ in
G’ such that yu € E(C), V(T") CV(C"), and |V (C")| > 6.

By Lemma 2.4, there is a cycle Co in Int(uyzu) — z such that yu € E(Cs), |V (Cq)| > 5,
and Cy Uuyzu is a Tutte subgraph of Int(uyzu). Then C := (C" U Cy) — yu is a cycle in H
such that [V(CNS)| =1, |[V(C)| >9, and C' U S is a Tutte subgraph of H; and the assertion
of the lemma holds. So we have (2).

We may also assume that

(3) for any cycle C" in B such that V(C") = V(D), and for any nontrivial (C’ U S)-bridge
H' of H, no two vertices in V(H' N C") are joined by an edge of C".

For otherwise, let C’ be a cycle in B such that V(C") = V(D), let H' be a nontrivial (C"U S)-
bridge of H, and assume that z'y’ € E(C’) and {2/,y'} C V(H' N C’). Let 2/ € (V(H')N
V(C'US))—{2',y'} and S’ := 2'y/2’a’. By applying Lemma 2.4 to H[H'], S’, 2"y, we find a
cycle C" in H[H'] — 2’ such that 'y’ € E(C"), [V(C")| > 5, and C" U S’ is a Tutte subgraph
of H[H']. Now it is easy to see that C := (C"UC") — 2y is a cycle in H — {y, z}, z € V(C),
|[V(C)| > 11, and C'U S is a Tutte subgraph of H; and the assertion of the lemma holds. This
proves (3).

Since |V(H)| > 11 and |V(D)| = 8, there is a nontrivial (D U S)-bridge of H. So let H'
denote an arbitrary nontrivial (D U S)-bridge of H. Let V(H')NV(DUS) = {2/,y/,2'} and
S":=a'y'2'2’, and assume {2/, y'} C V(D). Then by the same argument as for (3) in the proof
of Lemma 4.2, we may assume

(4) 2" ¢ {y,z}.

Therefore, {z',y/,2'} C V(D). By (3) and by symmetry, we may assume that =’ = uy,
y' = ug, and 2’ € {us,ug}.

Case 1. 2 = us.
We claim that uguy, usug, usus, uqug, ugug ¢ E(H). Otherwise, we define

UUQU4UsUsUGUTUSUT, i uguy € E(H),
UL USULUZULUGUTULUT if ugug € E(H),
C':={ wjusugurugusuqusuy, if usug € E(H),
UTUUIU5ULUGUTULUT , if uqug € E(H),
ujugugugugUTUgUsul,  if uqug € E(H).

Then C’ and H' contradict (3).

We also claim that ugus ¢ E(H). Otherwise, suppose ugus € E(H). Assume that ugus is
contained in Int(D). Then H' C Ext(D) (by planarity). Since ugus ¢ E(H), the finite face of
H incident with both uy and ws, which is also a face of Int(usugugususg), is not bounded by
a triangle, a contradiction. So ugus is contained in Ext(D). Then by planarity, H C Int(D).
Moreover, u; lies in Int(ugugusususz); otherwise, since uqus ¢ E(H), du(us) = 2 (by (3),
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planarity and Proposition 2.3), a contradiction. Now, ugus,ugu; € E(H) (since dg(ug) > 4
and by (3), planarity and Proposition 2.3). Suppose that ugug is contained in Ext(D). Then
uruy, uruy € E(H) (since di(u7) > 4 and by (3), planarity and Proposition 2.3). By planarity,
ugu is contained in Ext(D). But then dg(ug) = 3 (by (3), planarity and Proposition 2.3),
a contradiction. So wugug is contained in Int(D). Furthermore, ugu; is contained in Int(D);
otherwise, dy(u7) < 3 (by (3), planarity and Proposition 2.3), a contradiction. Then, because
ugug ¢ E(H), ugus € E(H) (since dg(ug) > 4 and by (3), planarity and Proposition 2.3). But
again, dg(uz) < 3 (by (3), planarity and Proposition 2.3), a contradiction.

We further claim that uoy,usz € E(H). Otherwise, ug ¢ {z,u}. Then uguy € E(H),
and ugy € E(H) or ugz € E(H) (since dg(uz2) > 4 and by (3), planarity and Proposi-
tion 2.3). By symmetry, assume ugy € E(H). Now wugu7 is contained in Ext(D) and ug lies
in Ext(ujuguruguy); otherwise, because uqug,uqug ¢ E(H), dig(us) < 3 (by (3), planarity
and Proposition 2.3), a contradiction. Hence H' C Int(D). Then, because ugus ¢ E(H),
ugus, ugug € E(H) (since dg(ug) > 4 and by (3), planarity and Proposition 2.3). But now
C' := wyugugusugugurugu; and H' contradict (3).

By the same argument as above, we can prove that usy,usz € E(H).

Now {ug,us} = {z,u} and H C Int(D) (by planarity). Without loss of generality, we
may assume uy = x and D C Ext(ugususyug). So ugy € E(H) (since uguy ¢ E(H) and
by (3), planarity and Proposition 2.3). By Lemma 2.4, there is a cycle D" in H[H'| — w
such that usus; € E(D'), |V(D")] > 5, and D’ U S’ is a Tutte subgraph of H[H']. Now
C = ((D — {ugus,us}) U (D" — usus)) + {y, yus,yus} gives the desired cycle for this lemma
(with V(C'nS) ={y}).

Case 2. 2/ = ug.
We claim that uoug, usus, ugur, ugus, usguy, usug ¢ E(H). Otherwise, we define

U1U3U2ULUSUEUTUIUT , if UgUy € E(H),
UL UUSULUSUgUTUSUT,  if usus € E(H),
U UEUSU4U3ULUTULUT if uguy € E(H R

(H)

C/ . ( )
' ujuzugUsUgUTUgUQUT,  if ugug € E(H),
(H)

(H)

UTUUIUEUSULUTULUT if uguy € E(H ,
U UgUTUSUS U4 U3 U U,  if usug € E(H).

Then C" and H' contradict (3).

We also claim that uy € {z,u}. Otherwise, us ¢ {z,u}. Then usus € FE(H), and
ugy € E(H) or ugz € E(H) (since dy(uz2) > 4 and by (3), planarity and Proposition 2.3).
By symmetry, assume usy € E(H). Then usug is contained in Ext(D), and wug lies in
Ext(ujusuguruguy); otherwise, because usus ¢ E(H), dg(us) < 3 (by (3), planarity and
Proposition 2.3), a contradiction. Hence H' C Int(D). But now, since urus ¢ E(H),
drr(ur) <3 (by (3), planarity and Proposition 2.3), a contradiction.

Therefore H' C Int(D); as otherwise, since usug, usus, uguz, ugug ¢ E(H), the finite face
of H incident with both ug and wug, which is also a face of Int(D), is not bounded by a triangle,
a contradiction.

Next we show that {uq,us} N {x,u} # 0.

First, we show ug ¢ {z,u}. Otherwise, assume ug € {x,u}. By planarity, usy,ugz are
contained in Ext(D). By symmetry, we may assume D C Ext(ugusuqusugyus). Hence, because
ugug ¢ E(H), ugug, uay € E(H) (since dp(usa) > 4 and by (3), planarity and Proposition 2.3).
But now dg(us) < 3 (by (3), planarity and Proposition 2.3), a contradiction.
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Now we show ug,u; ¢ {x,u}. For, suppose by symmetry that us € {x,u}. By planarity,
usy, usz are contained in Ext(D). Then D C Ext(ugusuqusyus) or D C Ext(usuguguszusg).
So by symmetry between y and z, we may assume D C Ext(uguguqusyus). Therefore, because
ugug ¢ E(H), ugug, usy € E(H) (since dg(usa) > 4 and by (3), planarity and Proposition 2.3).
Then uyus ¢ FE(H); otherwise, C' := ujususugugusurugu; and H' contradict (3). Hence,
because uruy ¢ E(H), uyui,urz € E(H) (since di(ur) > 4 and by (3), planarity and Proposi-
tion 2.3). But then, because ugus ¢ E(H), di(ug) < 3 (by (3), planarity and Proposition 2.3),
a contradiction.

It remains to show that ug,us ¢ {z,u}. Otherwise, we may assume by symmetry that
ug € {x,u}. By planarity, usy, usz are contained in Ext(D). By symmetry between y and z,
we may assume D C Ext(ugususyus). Now usu; ¢ E(H); for otherwise, since ugus ¢ E(H),
we would have dg(ug) < 3 (by (3), planarity and Proposition 2.3), a contradiction. Suppose
usug ¢ E(H). Then, because usug,usug ¢ E(H), usur,usz € E(H) (since dg(us) > 4 and
by (3), planarity and Proposition 2.3). Since H is a triangulation and we assume usus ¢
E(H), ugug is contained in Int(D) (by (3), planarity and Proposition 2.3). But now C’ :=
uiugusugususurugul and H' contradict (3). So usug € E(H). By planarity, usus is contained
in Int(D). Then uguy ¢ E(H); otherwise, C’ := ujugugusugugurugu; and H' contradict (3).
Therefore, because ugugz,ugus ¢ E(H), usug,ugz € E(H) (since dg(ug) > 4 and by (3),
planarity and Proposition 2.3). If ugug is contained in Ext(D), then dg(u7) < 3 (by (3),
planarity and Proposition 2.3), a contradiction. So ugug is contained in Int(D) and, because
urug ¢ E(H), urus,urz € E(H) (since dg(u7) > 4 and by (3), planarity and Proposition 2.3).
But in this case, C" := ujugugugusuruguguy and H' contradict (3).

Therefore, we have shown that either ug € {z,u} or u; € {z,u}. By symmetry between u;
and u3 and by symmetry between y and z, we may assume ug € {x,u} and D C Ext(ugugyus).

Then usu; ¢ E(H). Otherwise, since ugus ¢ E(H), dg(ug) < 3 (by (3), planarity and
Proposition 2.3), a contradiction.

We claim that usz ¢ E(H). Otherwise, suppose usz € E(H). Then, because ugusg, ugus ¢
E(H), we have ugug, ugz € E(H) (since di(ug) > 4 and by (3), planarity and Proposition 2.3).
If ugug is contained in Ext(D), then dy(u7) < 3 (by (3), planarity and Proposition 2.3), a
contradiction. So ugug is contained in Int(D). Hence urus,uyz € E(H) (since dg(u7) > 4 and
by (3), planarity and Proposition 2.3). But then C' := ujususususurugugu; and H' contradict
(3).

Therefore, because usuz, usug ¢ E(H), we have usus, usuy € E(H) (since dg(us) > 4 and
by (3), planarity and Proposition 2.3). Moreover, usus is contained in Int(D); for otherwise,
dp(ug) < 3 (by (3), planarity and Proposition 2.3). Then uqus ¢ E(H); otherwise, C' :=
urugugusuguguruguy and H' contradict (3). Hence, because uqug, usur ¢ FE(H), we have
ugui,usz € E(H) (since dg(us) > 4 and by (3), planarity and Proposition 2.3). But now,
since uguq, ugus ¢ E(H), di(ug) < 3 (by (3), planarity and Proposition 2.3), a contradiction.
]

6 Maximum cuts

In this section, we prove the main result of this paper. For a vertex v in a graph H, we
use 07 (v) to denote the set of edges of H incident with v. We show that given a planar
triangulation H with outer cycle S such that 4 < |[V(H)| < 10 and every vertex of H not in
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S has degree at least 4, we can delete at most w edges from H — E(S) so that all
vertices not in S have even degree in the new graph, and the degree of at most one vertex in
S changes parity.

Lemma 6.1 Let H be a planar triangulation with outer cycle S, and assume that 4 <
\V(H)| < 10 and every vertez of H not in S has degree at least 4. Let H' := H — V(S5).
Then there exists M C E(H) — E(S) such that

(i) | M| < G
(it) for any v € V(H'), dg(v) = |0g(v) N M| (mod 2), and
(111) {v e V(S) :|6g(v) N M| =1 (mod 2)}| < 1.

Proof. Since |V(H)| > 4 and every vertex of H not in S has degree at least 4, |V(H)| > 6.
If H' has no odd vertex of H, then the assertion of the lemma holds with M := (. So we
may assume that H' has at least one odd vertex of H. Then |V(H)| > 7. Therefore, since
|[V(H)| < 10, we have

() 4<|V(H) <T.
For convenience, let S := xyzzx. We may assume that
(2) H' has at least four odd vertices of H.

Otherwise, at most three odd vertices of H are contained in H'.

First, assume that H’ has just one odd vertex of H, say w. If w is adjacent to some vertex
of S, say x, then M := {wx} gives the desired set. So we may assume that w is not adjacent
to any vertex of S. Then by (1), dg(w) = 5, and at most one vertex of H' is not adjacent to
w. Since |V(H)| > 7, we may assume without loss of generality that dg(z) > 4. Hence, z is
adjacent to some neighbor of w, say v. Then M := {wv, vz} gives the desired set.

Now assume that H' has exactly two odd vertices of H, say w and v. If wv € E(H)
then M := {wv} gives the desired set. So we may assume wv ¢ E(H). Since |V(H)| < 10,
Ny (w) N Ny (v) # 0. Let w € Ng(w) N Ny (v). Then M := {wu,uv} gives the desired set.

Therefore, we may assume that H' has exactly three odd vertices of H; otherwise, (2)
holds. Let u, v, w be the odd vertices of H that are contained in H’.

We claim that each of {u, v, w} is adjacent to some vertex of S. Otherwise, assume without
loss of generality that w is not adjacent to any vertex of S. Then by (1), dg(w) = 5 and
|V(H')| > 6. Moreover, at most one vertex of H' is not adjacent to w. By symmetry, we may
assume v € Ny (w). If u is adjacent to some vertex of S, say x, then M := {wv, ux} gives the
desired set. So we may assume that u is not adjacent to any vertex of S. By (1), dg(u) =5
and at most one vertex of H' is not adjacent to u. Since |V(H)| > 7, some vertex of S, say
x, has degree at least 4 in H. Then z is adjacent to some neighbor of u, say t. Now, since
\V(H")| > 6, M := {wv,ut, tz} gives the desired set.

Since |V(H)| < 10, either vw € E(H) or Ny(v) N Ny(w) # 0. Therefore, let P be a
path in H of length at most two that is from v to w. Note that if no two vertices of {u, v, w}
are adjacent, then |V(H’)| > 6. So we may further assume that |E(P)| = 1 if |[V(H')| < 5.
Without loss of generality, let ux € E(H). Then M := E(P) U {uxz} gives the desired set.
This completes the proof of (2).

We may also assume that
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(3) if there exists w € V(H') such that wz,wy € FE(H), then Int(wzyw) = wryw or
Int(wzzyw) = wrzyw.

Suppose there exists w € V(H') such that wx,wy € E(H), and assume K:=Int(wzyw) #
wryw and L := Int(wzrzyw) # wrzyw. Since every vertex of K not in {w, x,y} has degree at
least 4, |[V(K)| > 6.

Suppose that one or two vertices in V(L) — {w, z, z,y} have odd degree in H. Then
|[V(L)| > 7. By (2), at least one vertex in V(K )—{w, z,y} has odd degree in H. So |V (K)| > 7,
and |V(H)| > 11, a contradiction.

If at least three vertices in V(L) — {w, z, z, y} have odd degree in H, then |V (L)| > 8, and
hence, |V(H)| > 11, a contradiction.

Therefore, no vertex in V(L) — {w,z, z,y} has odd degree in H. Let S’ := wryw and
K':= K —V(5'). Note that K is a triangulation with outer cycle S, 4 < |V(K)| < |V (H)|,
and every vertex of K not in S’ has degree at least 4. So by applying induction to K, we find
a subset M’ C E(K) — E(S’) such that

. V(K'
(i) |M7] < KDL

(ii) for any v € V(K'), dx(v) = |dx(v) N M'| (mod 2), and
(iii) {v e V(9" : |0x(v) N M'| =1 (mod 2)}| < 1.

Since we assume L # wxzyw, |V(K')| < |V(H")| —2. Let M := M’ if dg(w) = |dg(w) N
M’| (mod 2), and otherwise let M := M'U{wu}, where u € {z,y} and, if {z,y}N{v e V(5'):
|0k (v) " M'| =1 (mod 2)} # 0, then |[0x(u) N M'| =1 (mod 2). Then M is the desired set.
So we have (3).

By the same argument, we may assume that

(4) if there exists w € V(H') such that wy,wz € E(H), then Int(wyzw) = wyzw or
Int(wyzrzw) = wyzrzw, and

(5) if there exists w € V(H') such that wz,wz € E(H), then Int(wzzw) = wzzw or
Int(wzyzw) = wzyzw.

Note that H' must be connected. Indeed,

(6) H'is 2-connected.

Otherwise, let w be a cut vertex of H'. Then w is adjacent to at least two vertices of S.
We may assume wx,wy € E(H); the cases when wy,wz € E(H) or wz,wx € E(H) can be
treated in the same way by using (4) or (5) instead of (3). By (3), Int(wayw) = wzyw or
Int(wzzyw) = wrzyw. If Int(wrzyw) = wrzyw, then H' C Int(wxyw), which is impossible,
since w is a cut vertex of H'. So Int(wzyw) = wryw. Then H' C Int(wzzyw). Since w is a cut
vertex of H', wz € E(H), Int(wyzw) # wyzw, and Int(wzzw) # wzzw. Since every vertex of
H not in S has degree at least 4 and by (1), we see that both Int(wyzw) and Int(wzzw) are
the octahedron. But now, w is the unique odd vertex of H contained in H’, contradicting (2).

Let C denote the outer cycle of H'. Since H is a triangulation, H' is a near triangulation
and each vertex on C' must be adjacent to at least one vertex of S. We may assume that
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(7) H' —V(C) has an odd vertex of H.

Otherwise, suppose that H' — V(C') has no odd vertex of H. If V(C) = V(H') then at least
two vertices of H' have degree 2 in H', and at least one of these vertices must have degree 4 in
H; hence H' has at most 6 odd vertices of H, and all lie on C. If V(C) # V(H') then, since
we assume that H' — V(C) has no odd vertex of H, H' has at most 6 odd vertices of H, and
all lie on C.

Suppose that H' has exactly four odd vertices of H. If there is a matching M of two edges
in C' which saturates these four odd vertices of H, then M gives the desired set. So we may
assume that such a matching does not exist. Then |V (C)| =6 or |V (C)| = 7. Now these four
odd vertices can be labeled as t,u, v, w such that vw € E(C) and C — vw has a subpath tsu,
where s is a vertex on C. Then M := {vw,ts, su} gives the desired set.

Now assume that H’ has exactly five odd vertices of H. Note that each odd vertex of H,
being on ', must be adjacent to some vertex of S. So these five odd vertices can be labeled
as s,t,u,v,w such that st,uv € E(C), and w is adjacent to some vertex of S, say x. Now
M := {st,uv,wx} gives the desired set.

Finally, assume that H’ has 6 odd vertices of H. Then we see that these vertices can be
labeled as r, s, t,u, v, w such that rs, tu,vw € E(C). Now M := {rs, tu,vw} gives the desired
set. This proves (7).

By (1) and (7), [V(C)| < 6. We now consider four cases according to the length of C. Note
that in arguments below, some cases might not occur at all; but it is more convenient to treat
them than to prove their nonexistence.

Case 1. |V(C)| = 6.

Then by (1) and (7), let w be the unique vertex in H' — V(C') which is an odd vertex of
H. Let C = wjwowswawswgwi, and assume that wy is the unique vertex of C not adjacent to
w. Then wowg € E(H). Since dy(w1) > 4, wy is adjacent to at least two vertices of S.

Suppose that w; is adjacent to all vertices of S. Then w; is an odd vertex of H. Without
loss of generality, assume C' C Int(wjzyw;). Now each w;, 2 < i < 6, is adjacent to some
vertex of {x,y}, and exactly one of {ws,...,ws} is adjacent to both z and y. If wy or wg is
adjacent to both x and ¥, say ws, then w, w1, wg are the only odd vertices of H contained in H’,
contradicting (2). So some w;, i € {3,4,5}, is adjacent to both z and y. Then w, w1, we, we, w;
are the odd vertices of H that are contained in H'. Now M := {ww;, wowg, w1z} is the desired
set.

So we may assume that wiz, w1y € E(H) and w1z ¢ E(H). Then w, is an even vertex of
H. Clearly, C C Int(wjzzyw;). By planarity, at least one of {ws, w4, ws} has degree exactly
4in H. So H' contains at most five odd vertices of H.

Suppose that H’ has four odd vertices of H. Then three of them are on C' — w1, say t,u, v,
and two of them must be adjacent, say t and u. Now M := {tu,wv} gives the desired set.

Now assume that H’ has five odd vertices of H. Then four of these vertices are on C' — wy,
say s,t,u,v. Note that each vertex of {s,t,u,v} is adjacent to some vertex of S. So we may
assume that st € E(C) and u is adjacent to some v’ € V(S). Then M := {st,uu’,wv} gives
the desired set.

Case 2. |V(C)| = 5.
Let C = wywowswswswy. Let w € V(H') — V(C) such that w is an odd vertex of H. By
(1), w is adjacent to at least four vertices of C.
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Suppose |V (H')| = 6. Then ww; € E(H) for 1 <i < 5. By planarity, at least two vertices
of C have degree 4 in H. So by (2), H' has exactly four odd vertices of H. Then three of
these odd vertices are on C, say t,u, v, and two of them must be adjacent, say ¢t and u. Now
M := {tu,wv} gives the desired set.

So by (1), [V(H')| =7. Let v € V(H') — V(C) such that v # w. Since dg(v) > 4, w is
not adjacent to all vertices of C'. Therefore, we may assume without loss of generality that
ww; € E(H) for 1 <1i <4, and vw,vw; € E(H) for j € {1,4,5}. Then v is an even vertex of
H. By (2), H' contains 4 or 5 or 6 odd vertices of H, and all of which, with the exception of
w, lie on C.

Suppose that H' has exactly four odd vertices of H. If ws is an even vertex of H, then the
odd vertices of H' on C' can be labeled as s, ¢, u such that st € E(C), and M := {st,wu} gives
the desired set. So ws is an odd vertex of H. If wy or wy, say wi, is an odd vertex of H, then
M := {wws, ww;} is the desired set, where w;, i € {2,3,4}, is the other odd vertex of H. So
wa, w3 are odd vertices of H. Then M := {waws, wv, vws} gives the desired set.

Now assume that H' has exactly five odd vertices of H. Note that each vertex on C' is
adjacent to some vertex of S. If w; is an even vertex of H, then M := {ww, wows, waw'} gives
the desired set, for some w’ € V(S). So ws is an odd vertex of H. By symmetry between w;
and wy, we may assume that w; is also an odd vertex of H. Then the other two odd vertices
of H on C are w;, w; with ¢ # j and {7,7} € {2,3,4}. Now M := {wws, ww;, wjw'}, for some
w' € V(8S), gives the desired set.

Finally, assume that H’ has 6 odd vertices of H. Then M := {ww, wows, wsws} gives the
desired set.

Case 3. |V (C)| = 4.

Let C = wiwawswaw;. By (7), let w € V(H') — V(C') such that w is an odd vertex of H.
Then by (1), w is adjacent to at least three vertices of C. Without loss of generality, assume
ww; € E(H) for 1 <14 <3.

Suppose wwy € E(H). Then since every vertex of H not in S has degree at least 4 and
by (1), Int(ww;w;+1w) = ww;w; 41w for every i € {1,2,3,4}, where ws := w;y. But this forces
dp(w) =4, a contradiction.

Therefore we may assume wwy ¢ FE(H). Since w is an odd vertex of H and by (1),
[V(H")] = 7. Let u,v be the two vertices of H contained in H' — (V(C) U {w}). Then
wu,wv € E(H). Since dy(u) > 4 < dg(v), both v and v are contained in Int(ww;wswsw).
Moreover, u,v are even vertices of H. So by (2), H' has 4 or 5 odd vertices of H. Note that
each vertex on C' is adjacent to some vertex of S.

If H' has five odd vertices of H, then M := {ww;, wows,wst} gives the desired set, for
some ¢t € V(S5). So we may assume that H' has four odd vertices of H. Then three of them
are on C, which may be labeled as r,s,t so that rs € E(C) and ¢t # ws. Now M = {rs, wt}
gives the desired set.

Case 4. |[V(C)| = 3.

Let C' = wywowswi. By (1), (2) and (7), |V(H')| = 7.

Suppose there is a vertex w € V(H') — V(C) such that w is adjacent to all vertices of C.
Then since |V(H')| = 7 and every vertex of H not in S has degree at least 4, Int(ww;w;+1w) #
ww;w; 1w for exactly one ¢ € {1,2,3}, where wy := w;. By symmetry, assume Int(ww;wow) #
wwjwow. Then Int(wwiwow) is the octahedron. So by (2), w, wy, we, w3 are the odd vertices
of H contained in H'. Clearly, M := {ww1,waws} gives the desired set.
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Therefore, we may assume that no vertex of H' — V' (C') is adjacent to all vertices of C. Let
u1,ug, us be distinct vertices in H — V(C') such that ww;, u;w;4+1 € E(H) for 1 <i < 3, with
wyg := wy. Since |V(H')| =7, let w € V(H') — (V(C) U {u1,uz,us}). Then since every vertex
of H not in S has degree at least 4, wu; € E(H) for 1 <i < 3 and w is adjacent to exactly
one vertex of C'. This shows that w is an even vertex of H. So by (7) and by symmetry, we
may assume that u; is an odd vertex of H, and hence ujug, ujus, wws € E(H). Hence by (2),
u1, w1, wa, w3 are precisely the odd vertices of H contained in H'. Now M := {ujwi, wows}
gives the desired set. |

The following result immediately implies Theorem 1.1.

Theorem 6.2 Let H be a planar triangulation with minimum degree at least 4. Let F' be a
smallest set of edges such that H — F' is an even graph. Then |F| < %ﬁ — 1%.
Proof. If H is the graph in Figure 2, then the assertion of the theorem is obvious. If |V (H)| <
10, then the assertion of the theorem follows from Lemma 6.1. So we may assume that
|V(H)| > 11 and H is not the graph in Figure 2. Let zyzx denote the outer cycle of H.

By Lemma 5.1, H — z has a cycle C such that zy € E(C), |V(C)| > 8, and C U zyzz is a
Tutte subgraph of H. Now T := (C' — zy) + {#,xz,yz} is a Tutte cycle in H and |V (T)| > 9.
Note that T may be viewed as a connected Tutte subgraph of H such that every block of T is
a cycle of length at least 9. So we may choose a connected Tutte subgraph T of H such that

(1) every block of T'is a cycle of length at least 9, and subject to this, |V (7')| is maximum.
We claim that
(2) for any T-bridge H' of H, either |[V(H')| < 10 or H[H'] is the graph in Figure 2.

For, suppose H' is a T-bridge of H such that |V(H’)| > 11 and H[H'] is not the graph in
Figure 2. Let V(H'NT) = {2/,y/,2'}, and let S’ := 2'y/2'2’. Then H[H'] is a triangulation
with outer cycle S’. By Lemma 5.2, there is a cycle C’ in H[H'] such that |V (C' N S")| =1,
V(C"| > 9, and C" U S’ is a Tutte subgraph of H[H']. Clearly, T'U C’ is a connected Tutte
subgraph of H such that every block of TUC" is a cycle of length at least 9. But this contradicts
the choice of T" with (1).

Let r denote the number of blocks in T'. Note that |[E(T)| = |V(T)|+r—1and |E(T)| > 9r.
Therefore, we have

(3) |E(T)| < LDI=9,

Let Hy,. .., Hy denote the nontrivial T-bridges of H. For each 1 <14 < k, let S, denote the
outer cycle of H[H;], and let H, := H[H;| — V(S}). By applying Lemma 6.1 to each H[H;],
1 <i <k, we obtain a set of edges M; C E(H;) such that

. |V (H)|

(i) |M;i| < =5,
(ii) for any v € V(H]), dm,(v) = |0m,(v) N M;| (mod 2), and

(iii) |{v € V(S) : |6, (v) N M| =1 (mod 2)}| < 1.
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Note that for all v € V(H]) (1 < i < k), dg(v) = dg,(v) and dg,(v) = dg(v). Let
M = Ule M; and G := H — M. Then all odd vertices of G are contained in 7" and

S VH))|
(4) [M] < ===

Since T is connected and every block of T' is a cycle, T is an Eulerian graph. Let vivs ... vsv1
denote an Eulerian circuit in 7. If G has no odd vertex, then let M’ := () (that is we need not
delete more edges to make all vertices of H even). Suppose that G does have odd vertices.
Then the odd vertices of G may be labeled as v;,,vi,,..., v, such that if we start from
vy and proceed along the Eulerian circuit viva...vsv1, v, is the first odd vertex of G we
encounter, and for any 2 < j < 2¢, v;, is the first odd vertex of G we encounter that is not in
{Vigs 05, )

Let P; (defined in the order j = 1,2,...,t) denote the subsequence of vivy...vsv1 be-
tween vy, , and vj,;. Let Q; (defined in the order j = 1,2,...,t) denote the subsequence
of vyvy...vsv1 between Viy; and Vigji1s where vj,,,, := v;;. Then P; and Q;, 1 < j <, are
edge-disjoint trails in 7" whose union is 7.

Clearly, G — E(U;:1 Pj) and G — E(U;:1 ();) have no odd vertex. Let M’ denote the

smaller (in size) of E(U;z1 P;j) and E(U;:1 Q). Then

E(T
(5) |M') < B

By (3) and (5), we sce that [M'] < 2D Now let F := M U M. Then |F| <
SELVHEDL L 9VT)=9 _ V)=V | 9VD)=9 _ 9IV(H)|-9
16 - 2 16 — 16

. Clearly, no vertex of H — F'

2
has odd degree. 1
Proof of Theorem 1.2. Let H be the dual graph of G. Then H is a planar triangulation
with minimum degree at least 4. By Euler’s formula, |V(H)| = &f)' + 2. By Theorem 6.2,

H has a set F' of edges such that H — F' is an even graph and |F| < %. Therefore,

the dual edges of H — F' form a bipartite subgraph in G. Clearly, the number of edges in this
V(G 9IVH)[=9 _ 39V(G) _ 9

bipartite graph is at least =— 16 = = — g 1
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