ON SUBSEQUENCE SUMS OF A ZERO-SUM FREE SEQUENCE II
WEIDONG GAO, YUANLIN LI, JIANGTAO PENG, AND FANG SUN

ABSTRACT. Let G be an additive finite abelian group with exponent exp(G) = n. For a
sequence S over G, let f(S) denote the number of non-zero group elements which can be
expressed as a sum of a nontrivial subsequence of S. We show that for every zero-sum
free sequence S over G of length |S| = n + 1 we have f(S) > 3n — 1.

1. INTRODUCTION AND MAIN RESULTS

Let G be an additive finite abelian group with exponent exp(G) = n and let S be a
sequence over G (we follow the conventions of [5] concerning sequences over abelian groups;
details are recalled in Section 2). We denote by X(S) the set of all subsums of S, and by
f(G, S) = f(S) the number of nonzero group elements which can be expressed as a sum of
a nontrivial subsequence of S (thus f(S) = [3(5) \ {0}]).

In 1972, R.B. Eggleton and P. Erdds (see [2]) first tackled the problem of determining
the minimal cardinality of 3(S) for squarefree zero-sum free sequences (that is for zero-
sum free subsets of G), see [7] for recent progress. For general sequences the problem was
first studied by J.E. Olson and E.T. White in 1977 (see Lemma 2.5). In a recent new
approach [16], the fourth author of this paper proved that every zero-sum free sequence S
over G of length |S| = n satisfies f(S) > 2n — 1. A main result of the present paper runs
as follows.

Theorem 1.1. Let G = Cp, @ ... Cy, be a finite abelian group with 1 < ny | ... |n,. If
r > 2 and n,_1 > 3, then every zero-sum free sequence S over G of length |S| = n, + 1
satisfies f(S) > 3n, — 1.

This partly confirms a former conjecture of B. Bollobds and I. Leader, which is outlined
in Section 6. All information on the minimal cardinality of ¥(S) can successfully applied
to the investigation of a great variety of problems in combinatorial and additive number
theory. In the final section of this paper we will discuss applications to the study of
¥|(S), a topic which has been studied by many authors (see [14], [3], [13], [12], [10],
[11] and the surveys [5, 8]). In particular, Theorem 1.1 and a result of B. Bollobas and I.
Leader (see Theorem A in Section 6) has the following consequence.
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Corollary 1.2. Let G be a finite abelian group with exponent exp(G) = n, and let S be a
sequence over G of length |S| = |G|+ n. Then, either 0 € };/(S) or | }2¢(S)] = 3n—1.

This paper is organized as follows. In Section 2 we fix notation and gather the necessary
tools from additive group theory. In Section 3 we prove a crucial result (Theorem 3.2)
whose corollary answers a question of H. Snevily. In Section 4 we continue to present some
more preliminary results which will be used in the proof of the main result 1.1, which will
finally be given in Section 5. In Section 6 we briefly discuss some applications.

Throughout this paper, let G denote an additive finite abelian group.

2. NOTATION AND SOME RESULTS FROM ADDITIVE GROUP THEORY

Our notation and terminology are consistent with [5] and [9]. We briefly gather some
key notions and fix the notation concerning sequences over abelian groups. Let N denote
the set of positive integers and let No = N U {0}. For real numbers a,b € R, we set
[a,b] ={x €Z|a<z<b}.

Throughout, all abelian groups will be written additively. For n € N, let C,, denote a
cyclic group with n elements.

Let A, B C G be nonempty subsets. Then A+ B ={a+b|a € A,b € B} denotes
their sumset. The stabilizer of A is defined as Stab(A) ={ge G| g+ A= A}, Ais
called periodic if Stab(A) # {0}, and we set —A ={—a | a € A}.

An s-tuple (eq,...,es) of elements of G is said to be independent if e; # 0 for all

i € [1,s] and, for every s-tuple (mq,...,mg) € Z°,
mie; +...+mges =0 implies mie; = ... =mges =0.
An s-tuple (eq,...,es) of elements of G is called a basis if it is independent and G =

(e1) ®... D (es).
Let F(G) be the multiplicative, free abelian monoid with basis G. The elements of
F(Q) are called sequences over G. We write sequences S € F(G) in the form

S = H g"7%) | with vg(S)eNy forall geG.
geG
We call vg4(S) the multiplicity of g in S, and we say that S contains g if v4(S) > 0. A
sequence S is called a subsequence of S if S1]S in F(G) (equivalently, v4(S1) < vg(S)
for all ¢ € G). Given two sequences S, T' € F(G), we denote by ged(S,T) the longest
subsequence dividing both S and 7. If a sequence S € F(G) is written in the form
S=g1-... g, we tacitly assume that [ € Ny and ¢1,...,9; € G.

For a sequence

S=g ... = [[9"® €F©),

we call
IS|=1= ng(S) e Ny the length of S,
geG



ON SUBSEQUENCE SUMS II 3
h(S) =max{vy(S5) | g € G} € [0, S]]
the maximum of the multiplicities of S,
supp(S) ={g € G | vy(S) >0} C G the support of S,

l
o(S) = Zgi = ng(S)g €ed the sum of S,
i=1

geG
u(8) ={D_ g
el
the set of k-term subsums of S, for all kK € N,
Sa(s)= |J Zi(9), () = Zi(9),

JE[1,k] j>k

[ C[1,1] with |I] = k}

and
Y(S) =2>1(S) the set of (all) subsums of S.

The sequence S is called
o zero-sum free if 0 ¢ X(S5),
e a zero-sum sequence if o(S) =0,
e a minimal zero-sum sequence if 1 # S, 0(S) = 0, and every S’|S with 1 < |S'] < |S]
is zero-sum free.

We denote by A(G) C F(G) the set of all minimal zero-sum sequences over G. Every
map of abelian groups ¢: G — H extends to a homomorphism ¢: F(G) — F(H) where
©(S) = p(g1) - ... - @(g1). If ¢ is a homomorphism, then ¢(5) is a zero-sum sequence if
and only if o(5) € Ker(yp).

Let D(G) denote the smallest integer I € N such that every sequence S € F(G) of
length |S| > [ has a zero-sum subsequence. Equivalently, we have D(G) = max{|S|| S €
A(G)}), and D(G) is called the Davenport constant of G.

We shall need the following results on the Davenport constant (proofs can be found in
[9, Proposition 5.1.4 and Proposition 5.5.8.2.(c)]).

Lemma 2.1. Let S € F(G) be a zero-sum free sequence.
1. If |S| = D(G) — 1, then X(S) = G\ {0}, and hence f(S) = |G| — 1.
2. If G is a p-group and |S| = D(G) — 2, then there exist a subgroup H C G and an
element x € G\ H such that G\ (S(S)U{0}) C z+ H.

Lemma 2.2. Let G = C,, @ Cp, with 1 < ny|ng, and let S € F(G).
1. D(Cn1 @CnQ) =nj+ng — 1.
2. If S has length |S| = 2n1 4+ no — 2, then S has a zero-sum subsequence T' of length
‘T’ S [1, ng] .
3. If S has length |S| = ni + 2ng — 2, then S has a zero-sum subsequence W of length
|W| S {77,2,2712}.

Proof. 1. and 2. follow from [9, Theorem 5.8.3].
3. See [5, Theorem 6.7]. O
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Proofs of the two following classical addition theorems can be found in [9, Theorem
5.2.6 and Corollary 5.2.8].

Lemma 2.3. Let A, B C G be nonempty subsets.
1. (Cauchy-Davenport ) If G is cyclic of order |G| = p € P, then |A+B| > min{p, |A|+
B -1}
2. (Kneser) If H = Stab(A 4+ B) denotes the stabilizer of A+ B, then |A + B| >
|A+ H|+ |B+ H|— |H|.

We continue with some crucial definitions going back to R.B. Eggleton and P. Erdés.
For a sequence S € F(G) let
f(G,S)=1(S) =1|2(5)\ {0} be the number of nonzero subsums of S.
Let k € N. We define
F(G,k) =min{|S(5)| | S € F(G) is a zero-sum free and
squarefree sequence of length |S| = k},

and we denote by F(k) the minimum of all F(A, k) where A runs over all finite abelian
groups A having a squarefree and zero-sum free sequence of length k. Furthermore, we set

f(G, k) = min{|S(S)| | S € F(G) is zero-sum free of length |S| = k} .

By definition, we have f(G, k) < F(G, k). Since there is no zero-sum sequence S of length
|S| > D(G), we have f(G, k) =0 for k > D(G). The following simple example provides an
upper bound for f(G,-) which will be used frequently in the sequel (see also Conjecture
6.2).

Example 1. Let G =C),, ®...®C,, withr > 2,1 <ni|...|n, and let (e1,...,e,)
be a basis of G with ord(e;) = n; for all i € [1,7]. For k € [0,n,_1 — 2] we set

S =erleftl ¢ F(@).
Clearly, S is zero-sum free, |S| = n,+k and f(S) = (k+2)n,—1. Thus we get f(G,n,+k) <
(k+2)n, — 1.

Lemma 2.4. [9, Theorem 5.3.1] Ift € N and S = Sy -...- S, € F(G) is zero-sum free,
then
f(S) > f(S1) + ... +1(S).

Lemma 2.5. [15] Let S € F(G) be zero-sum free. If (supp(S)) is not cyclic, then
()] > 21| ~ 1.

Lemma 2.6. [7, Lemma 2.3] Let S = 5152 € F(G), H = (supp(S1)) and let p: G — G/H
denote the canonical epimorphism. Then we have

f(S) > (1 + f(©(52)))f(S1) + f((S2)) -

Lemma 2.7.
1. F(1) =1, F(2) =3, F(3) =5 and F(4) = 8.
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2. If S € F(QG) is squarefree, zero-sum free of length |S| = 3 and contains no elements
of order 2, then f(S) > 6.

3. F(5) = 13 and F(6) = 19.
Proof. 1. See [9, Corollary 5.3.4.1].

2. See [9, Proposition 5.3.2.2].
3. See [7]. O

The proof of the following lemma follows the lines of the proof of {7, Theorem 1.3].

Lemma 2.8. Let S € F(G) be zero-sum free of length |S| > 2. If f(S) < 3|S| — 5, then

h(S) > max{2, 2555},

Proof. Let ¢ € Ny be maximal such that S has a representation in the form S = S¢57-.. .-,
with Sy € F(G) and squarefree, zero-sum free sequences Si,...,S; € F(G) of length
|Sy| = 6 for all v € [1,q]. Among all those representations of S choose one for which
d = |supp(Sp)| is maximal, and set Sp = gi* - ... g,?, where g1,...,gq € G are pairwise
distinct, d € Ny and r; > -+ > r4 € N. Since ¢ is maximal, we have d € [0, 5].

Assume to the contrary that r; < 1. Then either d =0 or ry = ... = ry = 1, and for
convenience we set F(0) = 0. By Lemmas 2.4 and 2.7, we obtain that

f(S) > f(S1) + ... +f(S,) + F(d) > 19¢ + F(d) = 3|S| — 4 + ¢ + F(d) — 3d + 4 > 3|S| — 4,

a contradiction.

Therefore, h(S) > r1 > 2, and we set g = g1. We assert that v4(S;) > 1 for all i € [1,¢].
Assume to the contrary that there exists some i € [1,¢q] with g t S;. Since |S;| = 6 > d,
there is an h € supp(S;) with k1 Sp. Since S may be written in the form

S = (hg’lSo)Sl el Si_l(ghflSi)SZ-H oSy,

and | supp(hg~1Sp)| > | supp(So)|, we obtain a contradiction to the maximality of | supp(Sp)|.
Therefore, h(S) > vy(S) =q+r1 > 2.
Clearly, Sy allows a product decomposition

5
Sy = HTz% ,
=1

where, for all i € [1,5], T; = g1 -...-g; and ¢; = r; — ri+1, with r¢ = 0. Thus we get
a1+ ...+ g5 =711 =v4(S0), @1 + 292 + 3q3 + 494 + 5g5 = |So| and

Q1+ 2q2 + 3¢3 + 4q4 + 5g5 + 69 = |S].
By Lemma 2.4 and Lemma 2.7 we obtain that
q1 + 3q2 + 5q3 + 8qs + 13¢5 + 19¢ < f(S) < 3|S|—5.
Using the last two relations we infer that
17q + 17g5 + 16g4 + 13¢3 + 9¢2 + 5q1 =
6(q1 + 292 + 3¢3 + 4q4 + 5g5 + 69) — (q1 + 3g2 + 5g3 + 8¢ + 13¢5 + 19¢) > 3[S| + 5,

and therefore

3|S|+5
h(S)>vy(S)=q+rm=q+qa+...+q¢ > ’1’7 ) O
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3. SUMS AND ELEMENT ORDERS

Theorem 3.2 in this section will be used repeatedly to deduce Theorem 1.1 and it also
has its own interest. Moreover, its corollary answers a question of H. Snevily. We first
prove a lemma.

Lemma 3.1. Let A C G be a finite nonempty subset.
1. If e + A=A for some x € G, then |A|lz = 0.

2. Letr € N, y1,...,yr € G and k = min{ord(y;) | i € [1,7]}. Then |> (0y1-... yr)+
Al > min{k,r + |Al}.

Proof. 1. Since x + A = A, we have that

|A[:c+Za:Z(az—l—a):Za.

acA acA acA
Therefore, |A|z = 0.

2. We proceed by induction on 7. Let r = 1. If | > (0y;) + A| > 1 + |A] then we are
done. Otherwise, > (0y;)+ A = (y1 + A)UA = A. This forces that y; + A = A. By 1., we
have |Aly; = 0. Therefore, k < ord(y1) < |A|, and thus | > (0y1)+A| = |A| > ord(y1) > k.
So, | >-(0y1) + A] > min{k, 1 + |A[}.

Suppose that » > 2 and that the assertion is true for r — 1. Let B = > (0y; - ... -

Yyr—1) + A IF > (0yy - ... yr) + Al > 1+ |B|, then by induction hypothesis, we have
that |> 0y ... y) + Al > 14+ |B| > 1+ min{k,r — 1 + |A|} > min{k,r + |A|}
and we are done. So, we may assume that |Y (Oy; - ...-y,) + A] < |B|. Note that

220y1- - yr)+A = (yr+ (2 (Oy1- - yr—1)+ AU (0y1 - - -yr—1)+A) = (yr+B)UB. We
must have y, + B = B. By 1., we have |B|y, = 0, and thus k£ < ord(y,) < |B|. Therefore,
|>>(0yy - ... yr) + A| > |B| > k. This completes the proof. O

Theorem 3.2. Let S =ay-... -a; € F(G\{0}) be a sequence of length |S| =k > 2, and
set ¢ = [{0} U3 S(9)].
1. If T is a proper subsequence of S such that [{0} U> (U)| = [{0} U (T)]| for every
subsequence U of S with T|U and |U| = |T| + 1, then {0} U > (T) = {0} U > (S).
2. For any nontrivial subsequence Vi of S, there is a subsequence V' of S with V|V,
such that [{0} U3 (V)| = V| = {0} U3 (Vo) — Vol and {0} U3 (V) = {0} U (S).
3. Suppose that ¢ < |S|. Then there is a proper subsequence W of S such that {0} U
S (W) = {0}uUd(S) and |W| < g—1. Moreover, qgx = 0 for every term x € SW 1.
4. If ¢ < |S| and a; & {a1,—a1} for some i € [2,k|, then we can find a W with all
properties stated in (3) such that |W| < q — 2.
5. Suppose that q < |S|. There is a subsequence T of S with |T| > |S| — q + 2 such
that [(supp(T))! | ¢-

Proof. 1. Let ST~! =g -...- g;. By the assumption,

{0}UD (9:T) ={0}u> (T)

holds for every i € [1,1], or equivalently,
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{0} U{gi} +{0}ud () ={0}ud (T)

for every i € [1,t]. Therefore,

{03 U (5) = {0} U{gn} + {0} U {g2} +... + {0} U {g} +{0}UD (1) ={0}u) (T).

2. Let V be a subsequence of S with maximal length such that V|V and [{0}UD (V)| —
V| > {0} U > (Vo)| — |Vb|- If V =S, then clearly the result holds. Next, we may assume
that V is a proper subsequence. It is not hard to show that V satisfies the assumption in
1.. By 1. we conclude that {0} U > (V) = {0} U > (9).

3. Let W be a subsequence of S with maximal length such that [{0}UY (W)| > |[W|+1.
Then [W| < [{0}U> (W)|—1 < [{0}U> (S)|—1=¢—1 < |S|. Therefore, W is a proper
subsequence of S.

Using the maximality of W, we can easily verify that W satisfies the assumption in
1.. Tt follows from 1. that {0} U S (W) = {0} U > (S). Since for each z € SW!,
2+ {03 UX2(S)] = {0} U >_(S)| and & + {0} U 3 2(S) = = + {0} U > (W) < {0} U 3 (S5),
we obtain that x +{0}UY (S) = {0} UD>_(S). It now follows from Lemma 3.1 that gz = 0
holds for every z € SW1.

4. Let Vo = aja;. Then {0} U D (Vo) — |Vo| = 4 — 2 = 2. By 2., there exists a
subsequence W such that [{0} U (W)| — |W]| > 2 and {0} U (W) = {0} U> (S). Thus
|[W| < q—2 < |S|—2, and therefore, clearly W is a proper subsequence of S. As in 3., we
can prove that gz = 0 holds for every x € SW—1.

5. If a; € {a1,—a1} holds for every i € [2,k], then by 3. we have that ga; = 0 for
some i. Since a; = +aj, we have ga; = 0 and ord(ay) divides q. Let T' = S. Then
|(supp(T"))| = |{a1)| = ord(a;) divides q. Next we assume that a; ¢ {a1, —a1} for some
i € [2,k], by 4. there is a proper subsequence W of S with {0} U > (W) = {0} U > (5)
and |W| < q—2. Let T = SW~!. Then,

T =S| = W[ =S| —q+2.
For every term y in 7', as shown in 3. we have that
y+{0}ud (V) ={0}ud (U).
Therefore,
(supp(T)) + {0} U > (W) = {0} U D _(W).

Since the left hand side is a union of some cosets of (supp(7’)), we conclude that |(supp(T))]
divides [{0} U > (U)| = q as desired. O

The following result answers a question of H. Snevily, formulated in a private commu-
nication to the first author.

Corollary 3.3. Let S =a;-...-a, € F(G), and suppose that ord(a;) > r holds for every
i € [1,7]. Then, [{a;} U (a; + 3(Sa;"))| > r holds for every i € [1,r].
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Proof. Let ¢ = [0U Y (Sa; ')|. If ¢ < r — 1, then by Theorem 3.2.3, ga; = 0 for some
j # 1. Thus ¢ > ord(a;) > r, giving a contradiction. Therefore, ¢ > r and thus |[{a;} U
(a; +32(Sa; 1) = [0U S (Sa; )| > r as desired. O

4. ZERO-SUM FREE SEQUENCES OVER GROUPS OF RANK TWO

Lemma 4.1. Let G = C,,, ® C,, with 1 < m|n. Suppose that f(Cp, & Cpp,m + k) =
(k+2)m—1 for every positive integer k € [1,m —2] and n > m(1+ f(N,m+kf717;ﬁ—(k+2)m)'
Then f(G,n+k) = (k+2)n — 1.

Proof. Clearly, we have n > 2m. Let k € [1,m — 2] and let S € F(G) be zero-sum free of
length

() !S!=n+k=(%—3)m+(3m—2)+2+k.

By Example 1, we obtain that f(G,n + k) < (k+2)n — 1, and so we need only show that
f(S) =1>2(5)] > (k+2)n — 1. Let ¢: G — N be an epimorphism with N = C,,, ® Cy,
and Ker(p) = Cxn.

By (*) and Lemma 2.2.1 (for details see [9, Lemma 5.7.10]), S allows a product decompo-
sition S = S1-.. .Sy /0T, where S, ..., Sy /o, T € F(G) and, for every i € [1,n/m—2],
©(S;) has sum zero and length |S;| € [1,m]. Note that |T'| > 2m + k. We distinguish two
cases.

Case 1: |T|>3m —2.
Applying Lemma 2.2.1 to ¢(T'), we can find a subsequence of T', say S%_l, such that

1<[Saq|<m  and o(Sz_;) € Ker(p).

We claim that cp(TSf_l) is zero-sum free. Otherwise, if go(TSgl_l) is not zero-sum

free, or equivalently, if TS;I_1 has a nontrivial subsequence S» (say) such that o(S») €
Ker(y), then the sequence [/~ 0(S;) of £ elements in Ker(¢) is not zero-sum free. There-
fore, S is not zero-sum free, giving a contradiction. Hence, ¢(T'S ;1_1) is zero-sum free as

claimed. Note that |90(TS’£1_1)| >2m+k—m = m+ k. By the hypothesis of the lemma,

f(p(TSzh ) > f(N,m+k) > (k+2)m — 1.
Let Ry = il_l o(S;). Then |Ry| = X —1and Ry is zero-sum free. Thus, |(supp(R1))| >
f(R)) +1> |Ry| +1 =2 = |Ker(p)| and then (supp(R;)) = Ker(p). Let Ry = TS

m n
m

1
Now applying Lemma 2.6 to the sequence RiRo, we obtain that

f(S) 2 F(R1Rs) = (1+ F(p(R2))F(Ry) + F(o(Ra))
> (14 (TS5 ) = 1)+ He(TS3" ) 2 (h+2)n - 1.

Case 2: |T| € [2m+ k,3m — 3].
If ¢(T') has a nontrivial zero-sum subsequence of length not exceeding m, then by repeating
the argument used in the above case we can prove the result, i.e. f(S) > (k+2)n—1. So,
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we may assume that ¢(7") has no nontrivial zero-sum subsequence of length not exceeding
m.

Next, consider the sequence T0%" =271 of 3m —2 elements in G. Then (7032171 is
a sequence of length 3m—2in N = C,,, ®C,,. By applying Lemma 2.2.2 to ¢(T03™~2=IT]),
we obtain that T0%"~2~I71 has a subsequence W such that o(p(W)) = 0 and [W]| €
{m,2m}. If [W| = m, then ¢(T") has a nontrivial zero-sum subsequence (W NT') of
length not exceeding m, a contradiction. Therefore, |IW| = 2m and

o(W) € Ker(yp).
Let Wi = ged(W,T). Then |Wi| > [W| - Bm —2—|T|) > m+k + 2, and (W) is a

minimal zero-sum sequence. Since ¢(7") has no nontrivial zero-sum subsequences of length
not exceeding m, we can choose a subsequence Wy of Wi with [Ws| = m+ k+ 1 such that
the subgroup generated by cp(TWZ_l) is not cyclic. Let 71 = TW2_1. Clearly, |T1| > m—1
and f(p(W3)) > f(N,m+k+1). It follows from Lemma 2.4 , Lemma 2.5 and Lemma 2.6
that -

m

o3
£(S) = f([] o(Swaty) = f([] o(Si)Wa) +f(T1)

=1 i=1
> (1+ f(@(”@))(% = 2) + f(e(W2)) + f(T1)
> (1+f(N,m+k+1))(%—2)+f(N,m+k:+1)+(2m—3)
(k+2)n—1.

v

g

Let G =C,®C, with n > 2 We say that G has Property B if every minimal
zero-sum sequence S € F(G) of length |S| = D(G) = 2n — 1 contains some element
with multiplicity n — 1. This property was first addressed in [4], and it is conjectured that
every group (of the above form) satisfies Property B. The present state of knowledge on
Property B is discussed in [8, Section 7]). In particular, if n € [4, 7], then G has Property
B. Here we need the following characterization (for a proof see [9, Theorem 5.8.7]).

Lemma 4.2. Let G = C,®C, with n > 2. Then the following statements are equivalent:

1. If S e F(G), |S|=3n—3 and S has no zero-sum subsequence T' of length |T'| > n,
then there exists some a € G such that 0" la"~2|S.

2. If Se€ F(Q) is zero-sum free and |S| = 2n — 2, then a™ 2|8 for some a € G.

3. If S€ A(G) and |S| =2n—1, then a™ |8 for some a € G.

4. If S € A(G) and |S| =2n—1, then there exists a basis (e1,e2) of G and integers
Zly..., Ty €[0,n —1] with x1 + ...+ 2z, =1 mod n such that

n
S = 6711_1 H(wl,el +e9).
v=1

Lemma 4.3. Let G = C,, ® C,, with n > 2 and suppose that G satisfies Property B. Let
S € A(G) with length |S| = 2n — 1. If T is a subsequence of S such that |T| = n + k,
where 1 <k <n — 2, then

f(T) > (k+2)n— 1.
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Furthermore, if W is a zero-sum free sequence over G with |W| = 2n — 3, then
f(W) >n?—n—1.

Proof. Let S € A(G) be of length |S| = 2n — 1. Then by Lemma 4.2, there is a basis
(e1,e2) of G such that S = e1" '], (e1 + aies) with Y 1 a; = 1 mod n. Without
loss of generality, let S = e ' ;(e1 + aje2) and let V = [[I_(e1 + ase2). Then
T = ey [T\ (e1 + ajez), where I € [k + 1,n]. Let ¢: G — (es) be the canonical
epimorphism.

Case 1: [=n.

Then T = e5* [T (e1 + ajer) = es*V . Since Yoiiai =1 mod n, we have o(V) = es.
Therefore, [(e2) N X(T)| > k+ 1. Since Y ;" ; a; =1 mod n we infer that ay,...,a, are
not all equal to the same number modulo n. Without loss of generality, we may assume
that ap—1 # a, mod n. So, for every i € [1,n — 1] we have |(ie; + (e2)) N X(V)| >
{iex + (a1 + ... + aj—1 + an—1)ea,ier + (a1 + ... + a;—1 + ap)ez}| = 2. By Lemma 3.1.2,
we have |(ie1 + (e2)) N X(T)| > |(ie1 + {(e2)) N B(V) + £(0ez¥)| > k + 2. Therefore,

X(T)] =[{e2) NE(T)| + [(e1 + (e2)) NE(T)| + ... + [((n — D)er + (e2)) N 5(T)|
Sk+14(k+2) x (n—1) = (k+2)n— 1.

Case 2: [ <n-—1.
Then k+2 < [+1 < n. Let S; = e Land Sy = Hl 1(e14ase2). Then f(S1) = n+k—I
and f(p(S2)) = . By Lemma 2.6, we have

f(T) = (1 +f(p(52)))f(S1) + f((S2))
=m+k-D1+1)+1
=n+k-l+1)(I+1)—-1
> (k+2)n—1.
Next, suppose that W € F(G) is zero-sum free of length |S| = 2n—3. If G\ {0} C X(W),
then f(W) > n?2 —1 > n? —n — 1 and we are done. So, we may assume there exists
g € G\ {0}, such that —g & 3(W). Then gW is zero-sum free, and thus, gW(—g —a(W))

is a minimal zero-sum sequence of length 2n — 1. It follows from the first part of this
lemma that f(W) > n? —n — 1 as desired. O

Lemma 4.4. Let G be cyclic of order |G| =p € P and T € F(G\ {0}). Ifa € G\ {0},
then

[X(Ta) \ {0}| = min{p — 1,1+ [X(T) \ {0}[}.
Proof. Let A= {0}U(X(T)\{0}) and B = {0,a}. By Lemma 2.3.1, |A+ B| > min{p, |A|+
|B| — 1} = min{p,2 + |X(T) \ {0}|}. Therefore, |3(Ta) \ {0}| = |A+ B| —1 > min{p —
1,1+ |X(T)\ {0}]}. O

Lemma 4.5. If G = C,, & C,, with n € [4,7], then f(G,n +2) =4n — 1.

Proof. Let S € F(G) be zero-sum free of length |S| = n + 2 with n € [4,7]. As noted
above G satisfies Property B. By Example 1, it suffices to show that f(S) > 4n — 1. If
n=4,thenn+2=6=D(Cs& Cy) —1. By Lemma 2.1.1, f(S) = 16 — 1 = 15 as desired.
If n =5, then |S| = 2m — 3, and thus, the result follows immediately from Lemma 4.3.
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Now suppose that n = 6, and assume to the contrary that f(S) < 22. Then, |—X(5)| =
1X(9)| =f(S) <22 and |G\ ({0} U (=2(S5)))| > 13. Let A ={z1,...,z13} C G\ {0} U
(—=X(S))). Then z;S is zero-sum free for every i € [1,13]. If there exist i,j € [1,13]
such that x;x;S is zero-sum free, then x;x;5(—o(z;2;5)) is a minimal zero-sum sequence.
Thus, the result follows from Lemma 4.3.

Next, assume that x;z;S is not zero-sum free for any ¢,j € [1,13]. Since z;S, z;S is
zero-sum free, we must have z; + z; € —X(5). This implies A + A C —X(S5). Then

A+ A < |- 5(8)| = [5(8)] = (S) < 2.
We set H = Stab(A + A). Then, by Lemma 2.3.2, we have
|A+ A| >2|A+ H| - |H]|,

and since H is a subgroup of G, we get |H| € {36,18,12,9,6,4,3,2,1}.

If |H| € {18,36}, then |G/H| € {1,2}, and thus H C (A+ H) + (A + H). Hence,
0Oce HCA+H+A+H=A+AC —%(5). Therefore, 0 € 3(S), a contradiction.

We now assume that |H| € {12,9,6,4,3,2,1}. Note that

|Aw
> | — .
A= || 1]
We have
A+ A >2/A+ H| - |H| > <2 Hflﬂ - 1) |H| > 22,
giving a contradiction.

It remains to consider the case that n = 7.

Let S; be the maximal subsequence of S such that (supp(Si)) is cyclic. Then N =
(supp(S1)) = C7. Since there are exactly 8 distinct subgroups of order 7 and |S| = 9, we
must have f(S1) > |S1| > 2. Let Sy = SSl_l =by-... by and let ¢p: G — G/N be the
canonical epimorphism. Then none of the terms of Sy is in N, and thus ¢(S2) a sequence
of non-zero elements in G/N. Let ¢ = |[{0} > ¢(S2)|.

If f(S1) > 3 and ¢ > 7, then by Lemma 2.6 we have that f(S) > ¢f(S1) +¢—1 > 27
and we are done. If f(S;) > 3 and ¢ < 6, then by Theorem 3.2, [S2| +1 < g < 6,
and thus 4 < |S;| < 6. Again by Lemma 2.6, we have that f(S) > ¢f(S1) +¢—1 >
(10 — |S1])(]S1] + 1) — 1 > 27 as desired.

Next we may assume that f(S71) = 2. Choose a basis (f1, f2) of G with fa|S;. Then,
S1 = fo? and (supp(S1)) = (f2) = N. Now

k
S = fo* [[(aif1 + bif2)
i=1
with a; # 0 for every i € [1,k], and So = szl(aifl +bif2). Let r; = |2(S)N (jfi + N)|
and s; = |X(S2) N (jfi + N)|, where j € [0,6]. Then

f(S) = 25_gr;.
By Lemma 4.4, we have X <Hi7:1 ai) = (7,50 55 = |E(S2) N (jfi + N)| > 1 for every
j €[0,6]. By Lemma 3.1.2, r; > min{ord(f2),2 + s;} > 3 for every j € [0, 6].
Case 1: h (szl ai> > 3.
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Without loss of generality, let a = a; = as = a3. Since h(S) = 2, we may assume
by # ba. Then |(af; + N) N X(S2)| > 2. By Lemma 3.1.2, 7, > 4.

By Lemma 4.4, we have ‘E (HZ:?) ai) \ {0}‘ > 5. Assume {z1,%2,...,25} C X (HZ 3 al)\
{0}. Then |((a +x;)f1 + N)NX(S2)| > 2 for every j € [1,5]. By Lemma 3.1.2, rqq4; > 4.

Note that a,a+x1,...,a+ x5 are pairwise distinct, we have f(.S) = E?:()rj >6x4+3 =
27 as desired.

Case 2: h (szl ai> < 2.
Since a; # 0 for every ¢ € [1,7] we infer that h (szl ai) = 2. So, we may assume

a1, a2, as, aq are pairwise distinct and a1 +ag = 0. Therefore, (a1 f1+b1 f2)+ (a2 fi+baf2) =
(b1 + b2)fo € N. By Lemma 2.3.1, we have ¥ (H i3 az) > 6. Let {x1,29,...,25,26} C

)Y (Hl 3az) For every j € [1,6], by Lemma 3.1.2, ry, > |>(0S1((b1 + b2) f2)) + (25 f1 +

N)NX(Sy)] > 3+ |(zjf1 + N) N X(Ss)| > 4. Therefore f(S) = X7_;7j > 6 x 4 +3 =27,

Lemma 4.6. Let G = Cy & Cg. Then f(G,9) = 23.

Proof. Assume to the contrary that f(G,9) # 23. By Example 1, there is a zero-sum free
sequence S € F(G) of length |S| = 9 such that f(S) = | > (5)| < 22. By Lemma 2.1.2,
G\ (O2(S)u{0}) C 2+ H for some subgroup H C G and some = € G \ H. Therefore,

22> > (S)| > |G| -1~ |z + H|=31—|H|,

and hence, |[H| > 9. Since |H| divides |G| = 32, it follows that |H| = 16. Therefore,
G=HU (z+ H). From G\ (>_(S)uU{0}) C x + H we infer that

H\ {0} c ) (9)

1> (S)nH| = 15.

Since D(H) <842 —1=9 = |S5|, we infer that there is at least one term of S is not in
H. Let y € S withy € G\ H. Let T = Sy~!. Then, f(T) > f(G,8) > 2x8 -1 = 15.
Note that G = H U (z + H). We obtain that, | > (T)N(z+ H)| > 8 or | > (T)NH| > 8.
This together with S = Ty and y € G \ H implies | > (S) N (z + H)| > 8. Therefore,
1> =1>2(S)NH|+|>(S)N(z+ H)| > 15+ 8 = 23, a contradiction. O

Hence,

5. PROOF OF THEOREM 1.1.

Let G=Cp, ®...®C,, withl <nj|...|n,r>2 n,1 >3, and we set n = exp(G) =
ny. Let S=ay-... apt1 € F(G) be a zero-sum free sequence of length |S| =n + 1. By
Example 1, we need only prove that f(S) > 3n — 1. Assume to the contrary that

f(S) <3n-—2

By Lemma 2.8, we have

o h(S) > max(2, 3|S\+5 3n+8

} = max{2, 7 }.
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Let S; be a subsequence of S with maximal length such that (supp(Sj)) is cyclic. We
set N = (supp(S1)) and S = SS;*. As before, we have S = 1S5, and all terms of Sy are
in N, but none of the terms of Sy is in N. Clearly, | 51| > h(S) > 2242 Let ¢: G — G/N
denote the canonical epimorphism, and put

Sp=b1-...-by and g=1[{0}UD (p(S2))
By Theorem 3.2, there is a subsequence Wy of Sy with |Wy| < g — 1 such that

{0} (U D (e(Wo)) =

From (1) we have that [S1| > max{2, 2218} > 2. By Lemma 2.6, we can prove that
q < |Sa]. Therefore, [Wy| < g —1 <|S2| — 1. It follows from Theorem 3.2 that

(2) ged(g,m) > 1 and 2 < ¢ < min{|Sa|,n — 2}.
Using Lemma 2.4 and Lemma 2.6, we obtain that

3n —2 > f(S) > f(S1Wp) + f(SoaWy )
> qf(S1) +q— 1+ (oW, )
> qf(S1) +q — 1+ S| — [Wo|
> q|S1| +q—1+1[S2| — Wy
> q|S1] + [S2|
= (q—1)|S4]| +n+1.

This gives that |S1| < 2(1’1—_13. Therefore

2> >
(3) i—1 > || =

Hence, ¢ < 12. Next we distinguish cases according to the value of ¢ € [1,12].

Case 1: 9<qg<12
We distinguish subcases according to the value taken by n.

Subcase 1.1: n > 15.

Then [SoWy ! > n+1— 2" =3 _(g—1) > 2”:13 > |S1] (since n > 15). By the maximality
of |S1]| we know that the subgroup generated by supp(SaW 1) is not cyclic. By Lemma
2.5 we have f(SaWy ') > 2|Sa| — 2|Wy| — 1. Tt follows from Lemma 2.4 and Lemma 2.6
that

f(S) f(S1Wo) + F(SoaWyt) > ¢f (S1) +q — 1 +2|Sa| — 2|[Wp| — 1
IS1|+g¢—14+2n+1—|S1])—2(¢—1)—1=(¢g—2)(|S1] — 1) +2n

>
>q
> 7(3248 — 1) + 2n > 3n — 2(since n > 10),

a contradiction.

Subcase 1.2: n = 14.
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By (3) we obtain that |S1| = 3 and ¢ = 9. In a similar way to above we derive that
(supp(S2W, 1)) is not cyclic and f(SaWy ') > 2|Sa| — 2|Wp| — 1, and
f(S) > F(S1Wo) +F(S2aWy ) > ¢f(S1) +q — 1+ 2|Sa| — 2[Wo| — 1
> qSil+q-1+2n+1-[5])-2(¢—-1)-1=(¢—=2)(S5|-1)+2n
>73—-1)+2n>3n-1,
a contradiction.

Subcase 1.3: n € {11,12,13}.
By (3) we have that 2 > |S;| > 3, a contradiction.

Subcase 1.4: n < 10.
By (2), ¢ < n —2 <8, a contradiction.

Case 2: ¢=38.
By (2) we have n is even and n > 10. We distinguish subcases according to the value
of n.

Subcase 2.1: n > 21.

By (3), |S1] < 23, Hence, |SoWy | > n+1— 2223 — 7> 2223 > |G| (since n > 13).
By the maximality of |S1| we know that the subgroup generated by supp(Sgwo_l) is not
cyclic. By Lemma 2.5 we have f(SaW; ') > 2|S2| — 2|Wy| — 1. Therefore,

3n —2 > f(S) > f(S1Wo) + f(SaWy )
> ¢f(S1) +q—1+f(SaWyh)
> qf(S1) +q—1+2[S| —2[Wy| -1
> qSi1|+q—1+2[S]-2(¢—1) -1
=qlSi|+2n+1-51)—(¢—1)—1=(¢—-2)[S1|+2n+2—¢
=6(]S1|—1) +2n > 3n—2 ( since n > 21),

a contradiction.
Subcase 2.2: 10 <n <20 and n # 16.

By (3) we have that |S1| > 3258 If (b;) € {¢(b1), —¢(b1)} holds for every i € [2,w],
then ¢(b;) € (p(b1)) for every ¢ € [1,w], and by Theorem 3.2 we have 8¢(b1) = 0. This
together with ny(b;) = 0 gives that ged(8,n)p(b1) = 0. Therefore, 8 = ¢ = [{0} U
S ((52)] < l{e(bi))] < ged(8,n) < 8, a contradiction. Thus, w(b) & {@(b1), (b))
for some i € [2,w]. By Theorem 3.2, we can take Wy such that |Wy| < g — 2 and
{0} U (p(Wp)) = {0} U (¢(S2)) . As above, we derive that (supp(SaW,')) is not
cyclic and f(SoW; ') > 2|Ss| — 2|Wp| — 1. Then

£(S) > f(S1Wo) + F(SaWyh) > ¢f(S1) + q — 1+ 2|Sa| — 2|Wy| — 1
>q|Si|+q—1+4+2(n+1—-181)—2(¢—2)—1=(¢—2)(S1| —1) +2n+2
3n+8

> 6( -)+2n+2>3n-1,

a contradiction.
Subcase 2.3: n = 16.

By (3) we have that |S1| = 4. As above, we can take Wy such that |[Wy| < ¢ — 1,
and derive that (supp(S2W; ') is not cyclic and thus, f(SoW5 ') > 2|Sa| — 2|Wy| — 1.
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Therefore,

f(S) > f(S1Wo) + F(S2Wyh) > ¢f(S1) + g — 1 +2[Sa| — 2|Wy| — 1
>qlSil+g—1+2(n+1—151])—2(¢—1)—1=(qg—2)(|S1] — 1) +2n
>6(4—1)+2n>3n—-1,

a contradiction.

Case 3: ¢ <T7.
So, we must have that for every subsequence W of S5,

(4) oD ) <q<T.

By Theorem 3.2, there is a subsequence U of Sy with |U| > |Sa| — ¢ + 1 such that
(5) (NI | ¢

Let K = (supp(S1U)). It follows from (5) that
(6) [K| = [NI[{eU))] | ¢|NI.

As before, write S = T1T» where all terms of 77 are in K, but none of the terms of T5
is in K. Then (supp(71)) = (supp(S1U)) = K, and |T1| > |S1U| > n + 2 — q. Therefore,

(7) Ty >n+2—qg>n—5.

Let ¢): G — G/K be the canonical epimorphism and let Th =¢1 - ... ¢,.

We distinguish two subcases.
Subcase 3.1: |T3| =0.

Then

K = (supp(S1U)) = (supp(S)).
Set £ = exp(K). Then |N| | £ | n. Let K = Cy @ R where R is a finite abelian group
with exp(R) | ¢. By (6) we have
Rl

Assume to the contrary, that R is not cyclic. Since |R| | ¢ < 7, we must have R = C2 and
K=Ci®Cy®(Cy. From D(K) = (+2 > n+1 we infer that £ = n. Hence, D(K) = n+2.
By Lemma 2.1.1, f(S) = |K| —1=4n —1 > 3n — 1, a contradiction.

Therefore, R is cyclic. If n = g, since |S1| > 2, by Lemma 2.6 we have that f(.5) >
q|S1|+q—1>3¢—1=3n—1, a contradiction. Therefore, n = fq for some f > 2.

Sincen+1<D(K)—-1=/¢+|R| -2, |R|||q|, £| n and n > 2q, we infer that { = n
and |R| > 3. If |R| < ¢, then we must have |R| = 3. It follows from Lemma 2.1.1 that
f(S) = |[K| =1 = 3n — 1, a contradiction. Therefore, |[R| = ¢ > 4and K = C, @ C,.
By Lemma 4.5 and Lemma 4.1, we have that n € {q,2¢}, and therefore, n = 2q. We
distinguish subcases according to the value ¢ < 7.

Subcase 3.1.1: ¢ € {5,6,7}.

By (3), |S1] € {3,4}. Since |Sa| = |[S| — |S1]| > 29+ 1—4 > g > |S1], (supp(S2)) is not
cyclic. By Lemma 2.5, we have |X(S2)| > 2|S2| — 1.

From |N||n, |K| = ng and (6), we obtain that N = C),, and K/N = C,. Let K =
(go+N)U...U(gq—1+N) be the decomposition of cosets of N, where g; € K and gy € N.
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Let 7; = [(9: + N) N X(S2)| and s; = |(g; + N) N E(S)[. Then [X(S2)| = Eg;ém and
1X(9)] = E;Z:_Olsi. Since X(¢(S2)) = G/N = Cy, we have r; > 1.
Subcase 3.1.1.1: |S;| =4.

If f(S1) > 5, then by Lemma 2.6, f(S) > 5g+¢qg—1 =6¢g—1 = 3n — 1, and we
are done. So we may assume S; = h*, where ord(h) = |N| = 2¢. By Lemma 3.1.2,
si > min{2q,r; + 4} > 5 for every i € [0,q — 1]. If r; +4 > 2q for some i € [0, ¢ — 1], then

I5(S)] = g8 > 20+ 5(q—1) =7 —5>6g—1=3n—1,
a contradiction. Next, we may assume 7; + 4 < 2q for all ¢ € [0,q — 1]. We have
[S(8)] = Bgsi > S (ri +4) = [S(S2)| + g > 2/S5] — 1+ 4g
=2(2¢+1—-4)—1+4¢=8¢—7>6qg—1,
a contradiction again.
Subcase 3.1.1.2: |S;| = 3.

Since h(S) > [22£8] > 3, we may assume that S; = h®, where ord(h) = 2¢. By Lemma
3.1.2, s; > min{2q, r; + 3} > 4 for every i € [0,q — 1].

If r; + 3 > 2¢ holds for at least two distinct indices i € [0, g — 1], then

12(S)| = 2008 > 2q+2¢ +4(q—2) =8¢ —8>6q — 1,
a contradiction. If r; + 3 < 2q for every i € [0, g — 1], we have
[S(8)] = Bgsi > Bl (ri +3) = [2(S2)| + 3¢ > 2/S5] — 1+ 3¢
=2(2¢+1—-3)—14+3¢g=7¢g—5>6q—1,
a contradiction. So we may assume that r; + 3 > 2¢ holds exactly for one i € [0,¢ — 1].
If p(b;) € {p(b1), —p(b1)} for every i € [1,2¢ — 2]. We may assume that p(b1) = ... =

(b)) and @(bi1) = ... = @(bag—2) = —p(b1). Since v4(S2) < 3, and ¢ — 1 > 4, we may
assume by # by. Next, we show that
(8) [(b+ N)NE(S:)] =2

holds for every b € {go, 91, .., 9¢—1}-

Note that ord(¢(b1)) = ¢, we have that N,;by+ N, ..., (¢—1)b; + N are pairwise disjoint.
Therefore, b+ N = jby + N = (¢ — j)(—b1) + N for some j € [1,¢q]. We may assume that
t > q— 1. Ifri1 < 7 < q— 2, then {b3—|— ...+b3+j71 +b1,b3+...—|—b3+j71 +b2} C
(jb1 + N)NX(S2) = (b+ N)NX(S2). Hence, [(b+ N)NX(Se)| >2. If j=g—1and t > ¢
then |E(SQ)| = |(b—|—N)ﬂE(SQ)| > |{b3—|—...—|—bq+bl,b3—|—...—I—bq+b2}| = 2. Ifj =q—1
and t = g — 1 then ¢(by) = ... = @(byg) = —@(b1). Since ¢ — 1 > 4 we may assume that
by # bg+1. We now have |(b+ N)NX(S2)| > |[{bg, bg+1}| = 2 as desired. Next, assume that
j =gq. Ift > g+1, then as above we can prove that |(b+N)NX(S2)| > 2. Otherwise, t < g
and Qp(qurl) = *(,D(bl). Thus, we have that |(b+N)ﬂZ(SQ)| > |{bq+1 +b1,bq+1 +b2}’ = 2.
This proves (8). Therefore

2(S)| = 2058 > (2+3)(q— 1) +2¢=Tq — 5> 6q — 1,

a contradiction.

Next, we may assume @(b;) & {¢(b1), —p(b1)} for some j € [1,2¢ — 2]. Then we can
choose a subsequence Wy of Sy with |[Wy| < ¢ — 2 such that [{0} U > (e(Wy))| = ¢, so
Y (Wo) N (gi + N) # 0 for every i € [1,q — 1]. Since |SaWy | > g = |p(G)|, S2W; * has a
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nontrivial subsequence W7 with o(W7) € N = Ker(y). Thus, r; > 2 for every i € [1,q—1],
and therefore,

2(S)| =08 >4+ (2+3)(g—2) +2¢=Tq -6 >6g— 1,

a contradiction.

Subcase 3.1.2: ¢ =4.
Then S is a zero-sum free sequence of length 9 in K = Cy ® Cy, a contradiction to
Lemma 4.6.

Subcase 3.2: [Ty > 1.

If o(b;)) € {p(b1),—(b1)} for every i € [1,w], then we can take U = Sy, and this
reduces to Subcase 3.1. Next, assume that ¢(b;) & {¢(b1), —p(b1)} for some i € [1,w]. By
Theorem 3.2, we can choose Wy such that [Wy| < ¢—2,so |T1| >n+3—q.

We first assume that n > 3¢ — 9. By the maximality of S7, we know that K is not
cyclic. By Lemma 2.5, f(T7) > 2|T1| — 1. It follows from Lemma 2.6 and Lemma 2.4 that
f(S) > 2f()+1+|To| —1 > 4Th| -2+ T3] = 3|T1|+n—1>3(n+3—q)+n—1>3n—1
(since n > 3¢ — 9), giving a contradiction.

Next, we assume that n < 3¢ — 10. It follows from (2) that
9) qg+2<n<3q-10.

Thus, g > 6. Hence, q € {6,7}. Let

A= {0} (W (1))l

By Theorem 3.2, there is a subsequence X of T» with |X| < A — 1 such that

{0y UD (w0 = A
We next distinguish subcases according to the possible value of g € {6, 7}.

Subcase 3.2.1: ¢ =06.

From (9), we obtain that n = 8. By Lemma 2.6, we obtain that ¢|S1|+¢—1 <3x8—-2.
This gives that |S1| < 2, so |S1| = 2. Again, by Lemma 2.6, we obtain that AMf(77)+A—1 <
22. By Lemma 2.5, f(T1) > 2|T1| — 1. Since A > 2, 4|T1| — 1 < 22, and thus |T7| < 5. Note
that |T7| > n+3 — ¢ = 5. We have |T7| = 5 and A = 2. Therefore, |X| = 1. By Lemma
2.6 and Lemma 2.4, we obtain that f(S) > 2f(Ty) + 1 +f(T2X !). Since |To X ~!| = 3 and
|S1| = 2, by the maximality of S; we infer that no element could occur more than two times
in T,bX . It now follows from Lemma 2.7 and Lemma 2.4 that f (T X _1) > 4. Therefore,
f(S) > 2f(Th) + 1 +f(To X 1) > 4|Ty| — 1+ 4 = 23 = 3n — 1, giving a contradiction.
Subcase 3.2.2: ¢=71.

From (9), we obtain that n € {9,10,11}. So, we have gcd(g,n) = 1, giving a contra-

diction to (2). In all cases, we are able to find a contradiction. Therefore, we must have
f(S)>3n—1,s0f(G,n+1) =3n — 1 as desired. O
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6. ON Xg|(S) AND PROOF OF COROLLARY 1.2.

We briefly point out the relationship between the invariants f(G, k) and the study of
13 (S)] for suitable S € F(G). To do so we need the following result, conjectured in [1]
and proved by W. Gao and I. Leader in [6].

Theorem A. Let S € F(G) be a sequence. If 0 € X(S), then there is a zero-sumfree
sequence T' € F(G) of length |T'| = [S| — |G| + 1 such that |3g(S)| > [3(T)].
Note that for § = 0I¢1=1T where T' € F(G) is zero-sum free, we have 1X6(S)| = [X(T)].
Thus for every k € [1,D(G) — 1] we have
min{¥(5) | S € F(G), |G| +k —1,0 & Xi5(5)} =
min{|S(T)| | T € F(G) is zero-sum free of length |T| = k} = f(G, k).

Now we are in a position to prove Corollary 1.2.

Proof of Proposition 1.2. Let exp(G) = n and let S € F(G) be a sequence of length
|S| = |G| + n. Suppose that 0 ¢ X (S). Then [9, Theorem 5.8.3]) implies that G is
neither cyclic nor congruent to Co @ C),. Thus it follows that n+1 < D(G) — 1. Therefore
the above considerations (applied with k = n + 1) show that [¥,5(S)| > f(G,n + 1), and
by Theorem 1.1 we have f(G,n+1) > 3n — 1. O

We recall a conjecture by B. Bollobés and I. Leader, stated in [1].

Conjecture 6.1. Let G = C, ® C,, with n > 2 and let (e1,e3) be a basis of G. If
ke[0,n—2] and S = e teb ™ € F(G), then f(G,n + k) = f(S).

If S is as above, then clearly f(S) = (k + 2)n — 1. Thus [16], Theorem 1.1 and Lemma
4.3 imply that conjecture for k € {0,1,n — 2}. We generalize this conjecture as follows
(see Example 1).

Conjecture 6.2. Let G =Cp,, ®...®C,, withr >2and1 <ny|...|n,.. Let (eq,...,e)
be a basis of G with ord(e;) = n; for alli € [1,r], k € [0,n,—1 — 2] and

S =erleftl € F(G).
Then we have f(G,n, + k) =f(S) = (k+2)n, — 1.
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