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Abstract

The general Randić index Rα(G) of a graph G, which is also called the

connectivity index, is defined as the sum of the weights (d(u)d(v))α of

all edges uv of G, where d(u) denotes the degree of a vertex u in G

and α is an arbitrary real number. In this paper, we consider the set

of trees with a given order and diameter, and determine the extremal

trees with the maximum general Randić index for 0 < α < 1 among

this kind of trees. The minimum general Randić index for −1 ≤ α < 0

is also considered.

1 Introduction

The Randić index R(G) of a graph G was introduced by the chemist Milan Randić

under the name “branching index” in 1975 [7] as the sum of 1/
√

d(u)d(v) over all edges

∗Supported by NSFC, PCSIRT and the “973” program.



uv of G, where d(u) denotes the degree of a vertex u in G, i.e.,

R(G) =
∑
uv∈E

1√
d(u)d(v)

.

It is well known that R(G) was introduced as one of the many graph-theoretical

parameters derived from the graph underlying some molecule. Later, in 1998 Bollobás

and Erdös [2] generalized this index by replacing −1
2

with any real number α, which

is called the general Randić index. The research background of Randić index together

with its generalization appears in chemistry or mathematical chemistry and can be

found in the literature (see [2], [3], [4], [7]). Recently, finding bounds for the general

Randić index of a given class of graphs, as well as related problem of finding the graphs

with maximum or minimum general Randić index have attracted much attention (see

[10]-[15]). For a comprehensive survey of its mathematical properties, see the survey

[8] and the recent book of Li and Gutman [9].

We only consider trees here. For a vertex x of a tree T , we use NT (x) and dT (x)

to denote the neighborhood and the degree of x, respectively. For two vertices vi and

vj (i 6= j), the distance between vi and vj in T is the number of edges in a shortest

path joining vi and vj. The diameter of T is the maximum distance between any two

vertices of T . We use T − xy to denote the graph obtained from T by deleting the

edge xy ∈ E(T ). Similarly, T + xy is the graph that arises from T by adding an edge

xy /∈ E(T ), where x, y ∈ E(T ). Denote by Sn and Pn the star and the path with n

vertices, respectively.

Let T (n, r) be the set of trees with order n and diameter r, and let T ∈ T (n, r). A

main chain of T is a path in T of length r. Let P r = u0u1 . . . ur be a main chain of T and

assume that r ≥ 2. We use T (n, r, k1, . . . , kr−1) to denote the tree of order n obtained

from P r by attaching ki (ki ≥ 0) pendent vertices to ui, for each i ∈ {1, . . . , r − 1}.
Define

T ∗(n, r) =

{
T (n, r, k1, . . . , kr−1) :

r−1∑
i=1

ki = n− r − 1

}
.

It is easy to see that T ∗(n, r) ⊂ T (n, r).

Let Ti1,...,ij(n, r, ki1 , . . . , kij) be the tree in T ∗(n, r) with kl ≥ 1 if l ∈ {i1, . . . , ij} and

kl = 0 otherwise, and let T ∗
j (n, r) = {Ti1,...,ij(n, r, ki1 , . . . , kij)|1 ≤ i1, . . . , ij ≤ r − 1}.

In particular, T ∗
1 (n, r) = {Ti(n, r, n− r− 1) with ki = n− r− 1 ≥ 1 and kj = 0 for j 6=

i|1 ≤ i ≤ r − 1}. Obviously, T ∗(n, r) =
⋃r−1

j=1 T ∗
j (n, r).



For terminology and notations not defined here, we refer the readers to [1].

Let T ∈ T (n, r). In [5], Jiang and Lu gave the sharp upper bound Rα(T ) of T for

α = 1. In [6], Li and Zhao obtained the sharp lower bound Rα(T ) of T for α = −1
2
. In

this paper, we will give the sharp upper bound Rα(T ) for 0 < α < 1 and determine the

extremal trees. The sharp lower bound Rα(T ) of T for −1 ≤ α < 0 is also considered

by using the similar method.

Note that if r = 2 or r = n − 1, then the only trees in T (n, r) are Sn and Pn,

respectively. Since Rα(Sn) = (n − 1)α+1 and Rα(Pn) = 4α(n − 3) + 2α+1, we always

assume that 3 ≤ r ≤ n− 2 in the following sections.

2 Main result

We first give several lemmas which will be used in the proof of our main result.

Lemma 1 Let T ∈ T (n, r), P r = u0u1 . . . ur be the main chain of T and for some i,

dT (ui) = q +1 ≥ 3. Suppose that there exists v1 ∈ V (T )\V (P r) such that uiv1 ∈ E(T )

and dT (v1) = p + 1 ≥ 2. Denote NT (ui) = {ui−1, ui+1, v1, . . . , vq−1} and NT (v1) =

{ui, w1, . . . , wp}. Let T ′ = T −{v1w1, . . . , v1wp}+ {uiw1, . . . , uiwp}. Then for 0 < α <

1, Rα(T ′) > Rα(T ).

Proof. As shown in Figure 2.1, we have
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Figure 2.1 T and T ′

Rα(T ′)−Rα(T ) =

(
p∑

j=1

dα
T ′(wj) +

q−1∑

k=1

dα
T ′(vk) + dα

T ′(ui−1) + dα
T ′(ui+1)

)
(p + q + 1)α

−
q−1∑

k=1

dα
T (vk)(q + 1)α −

p∑
j=1

dα
T (wj)(p + 1)α

−[dα
T (ui−1) + dα

T (ui+1)](q + 1)α

=

(
q−1∑

k=2

dα
T (vk) + dα

T (ui−1) + dα
T (ui+1)

)
[(p + q + 1)α − (q + 1)α]

+

p∑
j=1

dα
T (wj)[(p + q + 1)α − (p + 1)α]

+(p + q + 1)α − (p + 1)α(q + 1)α

≥ q[(p + q + 1)α − (q + 1)α] + p[(p + q + 1)α − (p + 1)α]

+(p + q + 1)α − (p + 1)α(q + 1)α

> q[(p + q + 1)α − (q + 1)α] + (p + q + 1)α − (p + 1)α(q + 1)α.

By the Lagrange Mean-Value Theorem, there exist ξ ∈ (q + 1, p + q + 1) and ζ ∈
(p + q + 1, pq + p + q + 1) such that (p + q + 1)α− (q + 1)α = αpξα−1 and (p + q + 1)α−
(p + 1)α(q + 1)α = −αpqζα−1, respectively. Hence

Rα(T ′)−Rα(T ) > q[(p + q + 1)α − (q + 1)α] + (p + q + 1)α − (p + 1)α(q + 1)α

= αpq(ξα−1 − ζα−1) > 0,

since 0 < α < 1 and ξ < ζ.



Corollary 1 Let T ∈ T (n, r). Then for 0 < α < 1, there exists T ′ ∈ T ∗(n, r) such

that Rα(T ′) > Rα(T ).

Proof. Let P r = u0u1 . . . ur be the main chain of T . Denote m(T ) = |{v|dT (v) ≥ 2, v ∈
V (T ) \ V (P r)}|. Clearly, if m(T ) = 0, then T ∈ T ∗(n, r).

Claim : If m(T ) 6= 0, then for some ui ∈ V (P r), there exists v0 /∈ V (P r) such that

uiv0 ∈ E(T ) and dT (v0) ≥ 2.

By the definition of m(T ), if m(T ) 6= 0, there exists v ∈ V (T ) \ V (P r) with

dT (v) ≥ 2. Since T is a tree, there exists a path P = uiv0, . . . , vs−1vs (vs = v) joining

ui and v with vj ∈ V (T ) \ V (P r) (0 ≤ j ≤ s). Then v0 is the vertex as required and

hence the claim holds.

If m(T ) = 1, then by Lemma 1 and the claim, there exists T ′ ∈ T ∗(n, r) such that

Rα(T ′) > Rα(T ) and m(T ′) = 0.

If m(T ) = k ≥ 2, then from Lemma 1 and our claim, we have trees T k, T k−1, . . .,

T 1 such that Rα(T k) > Rα(T k−1) > · · · > Rα(T 1) > Rα(T ) and m(T k−j) = j (0 ≤ j ≤
k − 1). So m(T k) = 0, i.e., T k ∈ T ∗(n, r). This proves the lemma.

Lemma 2 Let A be a positive constant and 0 ≤ x ≤ A. For 0 < α < 1, denote

G(x) = (A− x + 2)α−1[α2α + α(x + 2)α + (A− x + 2) + α(A− x)]− (x + 2)α−1[α2α +

α(A− x + 2)α + x + 2 + αx], then

G(x)





> 0 if 0 ≤ x < A
2
;

= 0 if x = A
2
;

< 0 if A
2

< x ≤ A.

Proof. Let A− x + 2 = c(x + 2), then we have

G(x) = cα−1(x + 2)α−1[α2α + α(x + 2)α + c(x + 2) + αc(x + 2)− 2α]

−(x + 2)α−1[α2α + αcα(x + 2)α + (x + 2) + α(x + 2)− 2α]

= (x + 2)α−1[−α(x + 2)α(cα − cα−1) + (α + 1)(x + 2)(cα − 1)]

+(x + 2)α−1[α(1− cα−1)(2− 2α)].

For 0 ≤ x < A
2
, we have c > 1. So α(1 − cα−1)(2 − 2α) ≥ 0, and (α + 1)(x +

2)(cα − 1)− α(x + 2)α(cα − cα−1) > (x + 2)α[(α + 1)(cα − 1)− α(cα − cα−1)] > 0, since



the function g(y) := (α + 1)(yα − 1) − α(yα − yα−1) is strictly increasing for y > 1

(dg(y)
dy

= αyα−2(y − 1 + α) > 0), and hence G(x) > 0.

On the other hand, since G(x) = −G(A− x), we have G(x) < 0 when A
2

< x ≤ A.

It is easy to check that G(x) = 0 when x = A
2
. Thus the lemma holds.

Lemma 3 Let A be a positive constant and 0 ≤ x ≤ A. For 0 < α < 1, denote

H(x) = (A−x+2)α−1[(A−x+2)+α(A−x+2α+1)]−(x+2)α−1[(x+2)+α(x+2α+1)],

then

H(x)





> 0 if 0 ≤ x < A
2
;

= 0 if x = A
2
;

< 0 if A
2

< x ≤ A.

Proof. Let h(x) = (x + 2)α−1[(x + 2) + α(x + 2α+1)], then

dh(x)

dx
= α(x + 2)α−2(x + αx + α2α+1 + 4− 2α+1) > 0.

Thus if A−x+2 > x+2, H(x) > 0; if A−x+2 = x+2, H(x) = 0; if A−x+2 < x+2,

H(x) < 0. This proves the lemma.

Lemma 4 Let r ≥ 3 and T ∈ T ∗
k (n, r) (k ≥ 2). Then for 0 < α < 1, there exists

T ′ ∈ T ∗
k−1(n, r) such that Rα(T ′) > Rα(T ).

Proof. Since T ∈ T ∗
k (n, r) (k ≥ 2), let P r = u0u1 . . . ur be the main chain of T

and ui, uj (1 ≤ i < j ≤ r − 1) the first and second vertex in V (P r) such that

dT (ui), dT (uj) ≥ 3. Then dT (ui−1) ≤ 2 and dT (uj+1) ≥ 1. If dT (ui−1) > dT (uj+1),

then we have dT (ui−1) = 2 and dT (uj+1) = 1, which implies ui and uj are the only two

vertices with degree greater than two in V (P r). In this case, we exchange the order of

ui and uj in the main chain P r. So we can always assume that dT (ui−1) ≤ dT (uj+1).

Let NT (ui) = {ui−1, ui+1, v1, . . . , vp} and NT (uj) = {uj−1, uj+1, w1, . . . , wq−p} (p ≥
1, q − p ≥ 1). Set T ′ = T − {v1ui, . . . , vpui} + {v1uj, . . . , vpuj}, then T ′ ∈ T ∗

k−1(n, r)

(See Figure 2.2). Next we show that Rα(T ′) > Rα(T ). We consider two cases.

Case 1. j = i + 1.
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Figure 2.2 T and T ′

In this case, we get

Rα(T ′)−Rα(T ) = q(q + 2)α + [dα
T ′(uj+1) + 2α](q + 2)α + 2αdα

T ′(ui−1)

−p(p + 2)α − dα
T (ui−1)(p + 2)α − (p + 2)α(q − p + 2)α

−(q − p)(q − p + 2)α − dα
T (uj+1)(q − p + 2)α

= dα
T (uj+1)[(q + 2)α − (q − p + 2)α]− dα

T (ui−1)[(p + 2)α − 2α]

+(q + 2α)(q + 2)α − [(q − p + 2)α + p](p + 2)α

−(q − p)(q − p + 2)α

≥ dα
T (ui−1)[(q + 2)α − (p + 2)α − (q − p + 2)α + 2α]

+(q + 2α)(q + 2)α − [(q − p + 2)α + p](p + 2)α

−(q − p)(q − p + 2)α

≥ 2α[(q + 2)α − (p + 2)α − (q − p + 2)α + 2α] + (q + 2α)(q + 2)α

−[(q − p + 2)α + p](p + 2)α − (q − p)(q − p + 2)α

= (q + 2α+1)(q + 2)α − [(p + 2)α + 2α + q − p](q − p + 2)α

−(p + 2α)(p + 2)α + 4α.

The last inequality holds since dT (ui−1) ≤ 2 and the function f(x) := (x+ q− p)α−xα

is strictly decreasing for x ≥ 0 when 0 < α < 1.

Let F (x) = (q+2α+1)(q+2)α−[(x+2)α+2α+q−x](q−x+2)α−(x+2α)(x+2)α+4α,

then we have

dF (x)

dx
= (q − x + 2)α−1[α2α + α(x + 2)α + α(q − x) + q − x + 2]

−(x + 2)α−1[α2α + α(q − x + 2)α + αx + x + 2].



Then by Lemma 2, for 0 ≤ x ≤ q, dF (x)
dx

reaches its minimum only at x = 0 or x = q

where dF (x)
dx

= 0, hence dF (x)
dx

≥ 0 and equality holds if and only if x = 0 or x = q.

Therefore F (p) > max{F (0), F (q)} = 0 for 0 < p < q, i.e., Rα(T ′) > Rα(T ).

Case 2. j ≥ i + 2.

In this case, we have

Rα(T ′)−Rα(T ) = q(q + 2)α − p(p + 2)α − [2α + dα
T (ui−1)][(p + 2)α − 2α]

−(q − p)(q − p + 2)α + [2α + dα
T (uj+1)][(q + 2)α − (q − p + 2)α]

≥ q(q + 2)α − p(p + 2)α − (q − p)(q − p + 2)α

−[2α + dα
T (ui−1)]{[(q − p + 2)α − 2α]− [(q + 2)α − (p + 2)α]}

≥ q(q + 2)α − p(p + 2)α − (q − p)(q − p + 2)α

−(2α + 2α){[(q − p + 2)α − 2α]− [(q + 2)α − (p + 2)α]}
= (q + 2α+1)(q + 2)α − (p + 2α+1)(p + 2)α

−(q − p + 2α+1)(q − p + 2)α + 2 · 4α.

The last inequality holds since dT (ui−1) ≤ 2 and the function f(x) := (x+ q− p)α−xα

is strictly decreasing for x ≥ 0 when 0 < α < 1.

Let F (x) = (q+2α+1)(q+2)α−(x+2α+1)(x+2)α−(q−x+2α+1)(q−x+2)α +2 ·4α,

then

dF (x)

dx
= (q − x + 2)α−1[(q − x + 2) + α(q − x + 2α+1)]

−(x + 2)α−1[(x + 2) + α(x + 2α+1)].

By Lemma 3, we have

dF (x)

dx





> 0 if 0 ≤ x < q
2
;

= 0 if x = q
2
;

< 0 if q
2

< x ≤ q.

Hence for 0 ≤ x ≤ q, F (x) reaches its maximum at x = q
2

and its minimum at

x = 0 or x = q. Thus, for 0 < p < q, F (p) > max{F (0), F (q)} = 0.

This completes the proof of the lemma.

Corollary 2 Let r ≥ 3 and T ∈ T ∗
k (n, r)(k ≥ 2). Then for 0 < α < 1, there exists

T ′ ∈ T ∗
1 (n, r) such that Rα(T ′) > Rα(T ).



Proof. It follows immediately from Lemma 4.

We now can prove the main result.

Theorem 1 Let r ≥ 3 and T ∈ T (n, r). Then for 0 < α < 1, we have

Rα(T ) ≤
{

(n + 2α − 3)(n− 2)α + 2α if r = 3; (1)

(n− r − 1 + 2α+1)(n− r + 1)α + 4α(r − 4) + 2α+1 if r ≥ 4. (2)

Equalities hold in (1) and (2) if and only if T ∼= Ti(n, 3, n − 4), i = 1, 2 and T ∈
T ∗

1 (n, r) \ {T1(n, r, n− r − 1), Tr−1(n, r, n− r − 1)}, respectively.

Proof. For any T ∈ T (n, 3), we have T ∈ T ∗(n, 3). Since Rα(T1(n, 3, n − 4)) =

Rα(T2(n, 3, n − 4)) = (n + 2α − 3)(n − 2)α + 2α, it follows from Corollary 2 that (1)

holds and the equality holds if and only if T ∼= Ti(n, 3, n− 4), i = 1, 2.

Now we consider the case r ≥ 4. By Corollaries 1 and 2, for any T ∈ T (n, r), there

exists T ′ ∈ T ∗
1 (n, r) such that Rα(T ′) ≥ Rα(T ). By an elementary calculation, we have

Rα(Ti(n, r, n − r − 1)) = Rα(Tj(n, r, n − r − 1)) = (n − r − 1 + 2α+1)(n − r + 1)α +

4α(r− 4)+2α+1 > (n− r +2α)(n− r +1)α +(r− 3)4α +2α = Rα(T1(n, r, n− r− 1)) =

Rα(Tr−1(n, r, n− r− 1)) if 2 ≤ i, j ≤ r− 2. Therefore (2) holds and the equality holds

if and only if T ∈ T ∗
1 (n, r) \ {T1(n, r, n− r − 1), Tr−1(n, r, n− r − 1)}.

3 Remarks

In Section 2, we have considered the maximum general Randić index on trees with

a given order and diameter for 0 < α < 1. We remark in this section that by using the

similar method, we can also get the minimum general Randić index on trees in T (n, r)

for −1 ≤ α < 0. (We omit the proofs of Lemmas 5 and 6.)

Lemma 5 Let T ∈ T (n, r). Then for −1 ≤ α < 0, there exists T ′ ∈ T ∗(n, r) such

that Rα(T ′) < Rα(T ).

Lemma 6 Let r ≥ 3 and T ∈ T ∗
k (n, r)(k ≥ 2). Then for −1 ≤ α < 0, there exists

T ′ ∈ T ∗
1 (n, r) such that Rα(T ′) < Rα(T ).



Theorem 2 Let r ≥ 3 and T ∈ T (n, r). Then for −1 ≤ α < 0,

Rα(T ) ≥ (n− r + 2α)(n− r + 1)α + 4α(r − 3) + 2α.

Equality holds if and only if T ∼= T1(n, r, n− r − 1) or T ∼= Tr−1(n, r, n− r − 1).

Proof. It follows from Lemmas 5 and 6 that for any T ∈ T (n, r), there exists T ′ ∈
T ∗

1 (n, r) such that Rα(T ′) ≤ Rα(T ). If r = 3, then Rα(T1(n, 3, n−4)) = Rα(T2(n, 3, n−
4)) = (n− 3 + 2α)(n− 2)α + 2α. So we may assume that r ≥ 4.

Now by an elementary calculation, Rα(Ti(n, r, n−r−1)) = Rα(Tj(n, r, n−r−1)) =

(n− r + 2α)(n− r + 1)α + 4α(r− 3) + 2α < (n− r + 2α+1− 1)(n− r + 1)α + (r− 4)4α +

2α+1 = Rα(T1(n, r, n − r − 1)) = Rα(Tr−1(n, r, n − r − 1)) if 2 ≤ i, j ≤ r − 2. Hence

Rα(T ) ≥ (n − r + 2α)(n − r + 1)α + 4α(r − 3) + 2α holds with equality if and only if

T ∼= T1(n, r, n− r − 1) or T ∼= Tr−1(n, r, n− r − 1).

References

[1] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications, Macmillan Press

Ltd. London, 1976.

[2] B. Bollobás and P. Erdös, Graphs of extremal weights, Ars Combin. 50(1998),

225–233.

[3] G. Caporossi, I. Gutman, P. Hansen and L. Pavlović, Graphs with maximum con-
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