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Abstract

Given a graph G = (V, E) and an arbitrary real number «, the zeroth-order
general Randi¢ index of the graph G is defined as "R, (G) = > uev(c) dw),
where the summation goes over all vertices of G and d(u) denotes the degree
of uw in G. In this paper, we characterize the simple connected (n, m)-graphs
with the maximum zeroth-order general Randi¢ index for o € (—1,0), which

was left unsolved in our early paper published in Discrete Appl. Math.

1 Introduction

It is well known that Randi¢ index was introduced by Randié [10] in 1975 as one of the
many graph-theoretical parameters derived from the graph underlying some molecule. Like
other successful chemical indices, this index has been closely correlated with many chemical
properties. The general Randi¢ index was proposed by B. Bollobds and P. Erdés [2], and
D. Amic et al. [1], independently, in 1998. Then it has been extensively studied by both

mathematicians and theoretical chemists. For a survey of results, we refer to [6] and [7].
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The zeroth-order Randi¢ index defined by Kier and Hall [5] is *R(G) = 2 uev(G) d(u)_%.
Later Li and Zheng in [8] defined the zeroth-order general Randi¢ index °R, (G) of a graph
G as "R, (G) = > vev(c) d(w)* for general real number a. Pavlovi¢ [9] determined the graph
with the maximum value of °R(G). In [4], Hu et. al. investigated the zeroth-order general
Randi¢ index for molecular (n,m)-graphs, i.e., simple connected graphs with n vertices, m
edges and maximum degree at most 4. In [3], Hu et. al. characterized the simple connected
(n, m)-graphs with maximum zeroth-order general Randi¢ index for « < —1 and 0 < o < 1.
In this paper we also investigate the zeroth-order general Randi¢ index for general simple
connected (n, m)-graphs. Based on the proof and the results of [3], we characterize the simple
connected (n,m)-graphs with maximum zeroth-order general Randié¢ index for a € (—1,0),

which was left unsolved in [3].

Let G(n,m) be a simple connected graph with n vertices and m edges. A graph G(n, m)
is specially denoted by L* (as described in [3, 9]) if it can be constructed as follows: For
m =mn — 1, it is a star. We then add a new edge for m = n between two vertices of degree
1 in the star and get a clique on 3 vertices. Add one more edge for m = n + 1 between
a vertex outside of the clique and some vertices in the clique to increase the degree of this
vertex by 1 until it is joined to all the vertices of the clique. We get a clique on 4 vertices.
Form=n+2,n+3,..., we continue to add edges in this way until we arrive at a complete
graph. Then we have m =n + k(k — 3)/2 + p, where k (2 < k <n — 1) denotes the number
of vertices in the clique, and p denotes the number of vertices with degree k. It is easy to see

that k and p satisfy that

2 12_ 1
k 23k§m_n<(k+ ) 23(1<:+ )

and 0 <p<k-—2.

2 Main results

In this paper, we will prove the following theorem.

Theorem 1 Let G(n,m) be a simple connected graph with n vertices and m edges. If m =
n+k(k—3)/2+p, where2<k<n-—1and0<p<k—2, then for a € (—1,0),

ORo(G(n,m)) < "R, (L¥)
= n—k=-1)-1"4+@p+1D)*+k-p—-1)(k-1)%+p-k%+ (n— 1)~

In fact, the proof of this theorem is based on the proof of Theorem 3.5 of [3], which

gave the same extremal graph L* with the maximum zeroth-order general Randi¢ index for



a < —1. All the proof of Theorem 3.5 in [3] for a < 0 is valid except for the inequality (4.5)
and Lemma 4.8. Thus we only need to prove the following two lemmas for o € (—1,0). In
[3], the authors proved inequality (4.5) for @ < —1. However, there are some errors in their
proof, here we will give a corrected proof for « < 0. In Lemma 1, the inequality considered

is inequality (4.5) of [3].

Lemma 1 Letn, p, j are integers. For a < 0,

fp,j) = (n—p—j=3)p+1)*~(n—-p+j-3)p+j+1)*~
+jn—p—j—-1)(n—-2)*—-jn—-p—j—-3)(n—-1)* >0,

where 0 <p<n—-4and0<j<n—p—4.

Proof. In the following, we only consider 1 < j < n —p —4, since f(p,0) = 0. Firstly,

afg;j) = —(@+D)*+an-—p-j=3)p+1)* " +(p+j+ 1"

—a(n—p+j—=3)p+j+1)*" —jn—2)"+j(n— 1)~

Since a(a —1)(n—p—3—3)((p+1)* 2~ (p+j+1)22) >0 for a < 0, we have

O f(p.j)

a2 —2a(p+ 1"+ 2a(p+j+ 1) +ala - (n—p—j-3)(p+1)*7?

—afa—1)(n—p+j—3)(p+j+1)*2
> 2a((p+1)* ' =p+i+ D)+ (a-1)jp+j+1)?)
= —2jala—1) (= +(p+ji+1)*?) >0,

where £ € (p+1,p+j+1). Sincep<n-—j—3,

PT) < —n—5- 2+ (0= 2)" ~ 2alr =2 = j{(n = 2)" — (1= 1))
Define the function h(j) = —(n —j —2)%+ (n — 2)* — 2ja(n —2)*~! — j((n —2)* — (n — 1)%).
Since 92h(5)/97? = —a(a—1)(n —j —2)*2 <0 and j > 1, we have

B~ an-j-2"" ~2a -2 = (1= 2)° ~ (0~ 1)
< an—-3)""1-2an-2°"1 - ((n-2°=(n—-1)%
< aofn—1"T 4+ -3 -2n-2)2"1 - (n-2)— (n—1)%) —afn—1)""
< omo‘_l —a(n — 1)0‘_1 <0,
where n € (n —2,n — 1). Thus, %;;,j) < h(j) < h(1). By Taylor Expansion, we have
n—1% = (n—2%+an—-2°>1+ 7()[(0[2!_ D (n—2+¢&)22
n—3°% = n—-2*—a(n-2°*"1+ O4(6227!_1)(71 —2—&)*72,



where 0 < ¢ <1land 0 < & < 1.

Since
M) = (-1 (n-3)° - 2a(n — 2°7!
= (n—-2)*+a(n -2+ M(n 24 g)e?
) <(" —2 —a(n-2e 4 g &)“‘2) ~ 2a(n - 27!
- @ (n—2+&)* 2 —(n—2-&)*%) <0.
Then f(p,j) > f(n —j —3,7) = 0. .

Lemma 2 (Lemma 4.8 of [3]) If m < (n? — 3n + 2)/2, then n1(G*) # 0 for any mazimum
graph G*.

Proof. Firstly, we use the same method as the proof of Lemma 4.8 in [3]. Suppose n1(G*) =0
for some maximum graph G*. Without loss of generality, suppose the minimum degree of G*
isr,ie,ny=no=---=mn,_1=0and n, # 0 for »r > 2. Then G* has r vertices of degree
n — 1. Let u be the vertex of degree r, then u is adjacent to all vertices wy,wo, ..., w, with
maximum degree n — 1. Denote by S(G*) the subgraph induced by G*\{u,w,ws, ..., w,},
and K (G*) the complete graph on V(S(G*)). Then |E(K(G*))| — |E(S(G*))| > r. It means
that we can add at least » — 1 edges in S(G*), and after that, these vertices do not still form

a complete graph.

For r > 2, denote by G a simple connected graph obtained from G* when we delete r — 1
edges between vertex u and vertices wo,...,w, and add r — 1 new edges among n —r — 1
vertices between r — 1 pairs of vertices: v; (degree j;) and full (degree j1), v2 (j2) and v} (j5),

ey Vp—1 (4r—1) and v,_; (j/_,), and these vertices are not necessarily distinct.

Then by the similar discussion as in [3], we have
ORU(G) = "Ro(G*) > 1 — 1 +2(r — 1)((r + 1) —r®) > 1 — (r — 2a(r — 1))r®" 1,

Now we will prove Ry (G') — "Ry (G*) > 0 for o € (—1,0) and r > 4. Let f(a) = '+
2a(r—1)—r for r > 5. By some calculations, we have f'(a) = —r'=%Inr+2(r—1) and f"(a) =
(Inr)?rt=a. Since f"(a) > 0, f'(a) < f'(0) = —rInr +2r — 2. Set g(r) = —rlnr + 2r — 2,
we have ¢'(r) = 1 —Inr < 0 for r > 5. So f'(a) < f(0) = g(r) < g(5) =8 —5InbH < 0.
Therefore, f(a) > f(0) =0, i.e., °Ry(G) — "Ry (G*) > 0 for a € (—1,0) and 7 > 5.

For r = 4, we note that

/

R (G) = Ro(G*) > 1 —r+2(r — 1) ((r + 1) —r®) =6-5% — 7-4% 4 1.



Let fi(a) =6-5%—7-4%+1, then fj(a) =6In5-5* — 7ln4 -4* < (6In5 — 7In4)4* < 0.
We have fi(a) > f1(0) =0, i.e., "Ry (G ) — "R (G*) > 0 for v € (—1,0) and r = 4.

Suppose n > 8. For r = 2 and r = 3, we will construct another new graph G” from G*,

respectively. Note that (z + 1)* — 2% is an increasing function for o < 0.
Case 1. r=2

In this case the maximum graph G* has only two vertices with degree n — 1, denoted by
wy and wg. Note that |[E(K(G*))|—|E(S(G*))| > r = 2. We consider the number of vertices

with degree 2, i.e., the value of ns.
Subcase 1.1. ny =1

Let u be the vertex of degree 2, then u is adjacent to wi,we. Since |E(K(G*))| —
|E(S(G*))| > 2, it means that we can add at least 1 edges in S(G*), and after that, these
vertices do not still form a complete graph. Let v and v’ be two nonadjacent vertices in G*
with degree j > 3 and j' > 3, respectively. Construct a new graph G” = G* — uw; + vv/,

then we have

"Ra(G7) ="Ro(G*) = 14+ G+ + (' + D"+ (n—2)* = j* = j" = (n— 1)~ = 2°
> 142-4% 2% —2.3% = (1 — 292 + (4% — 3%) — (3% — 2%) > 0,

a contradiction.
Subcase 1.2. 2<ny <n-—3

Let uq,ug,...,un, be the vertices of degree 2, then u; is adjacent to wi,wy for 1 <
i < ng. In this subcase, G* \ {wy,ws,us,ug,...,up,} # 0, choose a vertex v € G*\
{wi,wa,u1,ua,...,un,}, note that vu; ¢ E(G*) for 1 < i < ng. Let d(v) = j (j > 3).

Construct a new graph G’ = G* — ujw; + usv, then we have

11

R(G) = Ro(G*) = 143+ (G +1)*+(n—2)* — =22 — (n— 1)~
> 143%—2.2% 44 —3% = (1-2%)% >0,

a contradiction.

Subcase 1.3. no =n —2

Let uy,us,...,u,—o be the vertices of degree 2, then u; is adjacent to wy,ws for 1 < i <
n—2. Since n > 8, no > 6. Construct a new graph G” = G* — ujwy — uswy — ugwi + ugus +

usug + ugtg, then we have

11

"Ra(G") = "Ra(G") =343 -4+ (n = 4)" = 62" — (n — 1)* > 3(1 - 2%)* > 0,



a contradiction.
Case 2. r=3

In this case the maximum graph G* has only three vertices with degree n — 1, denoted
by wi, wy and ws. Note that |[E(K(G*))| — |E(S(G*))| > r = 3. Similarly, we consider the

number of vertices with degree 3, i.e., the value of ns.
Subcase 2.1. ng =1

Let u be the vertex of degree 3, then w is adjacent to wy,ws,ws. Since |E(K(G*))| —
|E(S(G*))| > 3, it means that we can add at least 2 edges in S(G*), and after that, these
vertices do not still form a complete graph. Let vy and v/, v3 and v}, be two pair of nonadjacent
vertices in G* with degrees j; > 4 and j{ > 4, jo > 4 and j} > 4, respectively. Note that

these four vertices are not necessarily distinct.

If all these four vertices are distinct, we construct a new graph G” = G* — uw; — uwsy +

V1] + vovh, then we have
"Ro(G") = "Ra(G")
2
LD (G " =)+ 2 (U 1 =) 200 =2 =87 =2 = 1)
— ;
> 1—30‘4—4(5 —4%).
Let fa(a) =1 — 3%+ 4(5% —4%). Since
fola)=—In3-3*+4In5-5* —4In4-4% < (—In3+4In5 — 4In4)4* < 0,

we have fa(a) > f2(0) =0, i.e., °Ro(G") — "R (G*) > 0, a contradiction.

Otherwise, without loss of generality, suppose v| and v} are the same vertex, denoted by
v with degree 7 > 4. We construct a new graph G’ = G* — uw; — uws + v1v + vov, then we

have
OR(G") = "Ro(G*)
22: (G +D*=)+(G+2)*—j*+2(n—2)*—3*—2(n—1)°
> 142 (5 —4%) 4+6% -4 —3% =142-5%46% - 3% —3-4°.
Let f3(a) =1+2-5%+ 6% — 3% —3-4%. Since
fi(a@) =2In5-5% +1n6-6* —In3-3* —3In4-4* < (2In5+1n6 —In3 — 3In4)5* < 0,

1!

we have f3(a) > f3(0) =0, i.e., "Ry (G) — "R, (G*) > 0, a contradiction.



Subcase 2.2. 2<n3<n-5

Let uy,ug,...,uy, be the vertices of degree 3, then u; is adjacent to wy,wq, w3 for 1 <
i < ng. In this subcase, |G* \ {w1,ws, w3, u1,ug, ..., U, }| > 2, choose two vertices v,v’ €
G* \ {w1,wa, ur,ug, ..., U, }. Let d(v) =j (j >4) and d(v') = j' (j/ > 4). Construct a new

graph G = G* — ujw; — uiws + ugv + us’, then we have

1

ORa(G )_ORa(G*)
= 1+5%+ G+ =+ (G +1)* = +2n—-2)*—-2-3%-2(n—1)*
> 145%—2-3%+2(5% —4%) =1+43-5% —2.3% —2.4%,

Let fy(a) =1+3-5% —2-3%—2-4% Since

fi(a) =3In5-5% —2In4-4% —2In3 - 3% < (3In5 — 2In4 — 2In 3)4* < 0,

1

we have fi(a) > f1(0) =0, i.e., "Ry (G) — "R, (G*) > 0, a contradiction.
Subcase 2.3. n3>n—4

Let uy,ug,...,uy, be the vertices of degree 2, then w; is adjacent to wy,wq, w3 for 1 <
1 < mns. Since n > 8, n3 > 4. Construct a new graph G” = G* — uyw; — uiws + usug + uzuy,

then we have
"R (G) —"Ra(G*) = 14244 5% +2(n—2)* —4-3* —2(n —1)*
> 142-4%4+5%—4.3%
Let fs(a) =1+2-4% + 5% —4-3%. Since
fi(a) =2In4-4% +1In5-5* —4In3-3% < (2In4+1n5 —4In3)4* < 0,

we have f5(a) > f5(0) =0, i.e., "Ry (G ) — "R, (G*) > 0, a contradiction.

If n <7and n <m < (n?—3n+2)/2, for any connected (n, m)-graph G with minimum
degree r > 2, it is easy to use some simple Maple programs to list all the possible degree
sequences and verify that °R(L*) > °R(G), since G has at most 7 vertices and 15 edges. Note

that at this time, the graph L* has at least one vertex with degree one. 1
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