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Standard Forms of Stabilizer and Normalizer Matrices
for Additive Quantum Codes

Ruihu Li, Zongben Xu, and Xueliang Li

Abstract—TIn this correspondence, we use a symplectic geometry over the
binary field to discuss the equivalence of additive codes over the quaternary
field and the equivalence of additive quantum codes. We establish the exis-
tence of a standard form of the stabilizer and the normalizer matrices for
additive quantum codes. Thus, we present the quantum analogue of stan-
dard forms of generator and parity check matrices for systematic linear
codes in classical coding theory for additive quantum codes.

Index Terms—Error-correcting code, quantum, stabilizer and normal-
izer, standard form, symplectic geometry.

1. INTRODUCTION

It is well known that each [n, k] classical linear code is equivalent
to an [n, k] systematic linear code; see, e.g., [8]. An [n, k] systematic
linear code is a code C' with generator matrix

G=I. A
where I;; is the k& x k identity matrix and 4 is a k X (n — k) matrix.
Such a generator matrix is called the standard form of the generator
matrix in [8] and the systematic form in [7]. The standard form of the
parity check matrix H = (=A% I,_) of C can be deduced from the
standard form of the generator matrix G.

The standard form of the generator matrix (or of the parity check
matrix) is a useful tool in the classification of classical linear codes.
Thus, it is natural to ask the following question in quantum error-cor-
recting coding theory: Is there a quantum analogue of standard form for
additive quantum codes? In [4], to simplify the encoding of quantum
stabilizer codes, Gottesmann discussed a standard form of the stabilizer
matrix for quantum stabilizer codes. However, his standard form of the
stabilizer matrix has some submatrices with unknown characters. It is
difficult to obtain the normalizer matrix from his standard form of the
stabilizer matrix. In [3], Calderbank ez al. transformed the problem of
finding quantum stabilizer codes into that of finding totally isotropic
subspaces of the binary 2n-dimensional symplectic space F3". They
showed that these totally isotropic subspaces are equivalent to trace
self-orthogonal additive codes over the quaternary field F,. Conse-
quently, they called quantum stabilizer codes additive quantum codes,
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and they also gave a kind of standard form of the generator matrix for
additive codes without proof (see [1, p. 1373]). Their standard form of
the generator matrix also has some submatrices with unknown charac-
ters, and it is difficult to obtain the parity check matrix from it.

In this correspondence, following [3], we use a symplectic geometry
over the binary field to discuss the equivalence of additive codes over
F, and the equivalence of additive quantum codes. We establish the ex-
istence of a standard form of the stabilizer and the normalizer matrices
for additive quantum codes. Thus, we present the quantum analogue
of standard forms of the generator and the parity check matrices for
systematic linear codes in classical coding theory for additive quantum
codes.

This correspondence is organized as follows. Section II recalls
some basic notations of quantum codes and some basic concepts of
symplectic geometry. Section III discusses the equivalence of additive
codes and the ()-equivalence of subspaces in symplectic spaces.
Section IV establishes the existence of a standard form of the stabilizer
and the normalizer matrices for additive quantum codes.

II. PRELIMINARIES

Let I3™ be the 2n-dimensional binary row vector
space over F», whose elements are denoted as (a|b) =
(ar1,a2,...,an |b1,b2,...,b,). Define the weight wt,(a|b) of
(a|b) to be the number of coordinates i such that at least one of a;
and b; is 1, and the distance ds((a|b), (a' |b")) between (a|b) and
(a'|b") tobe wts(a—a'|b=1").

Let
- 0 I,
Iin = <In 0 > .

The symplectic inner product of (a | b) and (a’ | b") with respect to K2,
is defined to be

((a]b), (@' |b)s = (a]|b)Kon(a'| )" = a(®)" +b(a')".
The vector space F5" equipped with this symplectic inner product is
called a 2n-dimensional symplectic space. If S is a linear subspace of
FZ", then the symplectic dual S* of S is the subspace

SH = {(xly) € F" | ((alb).(x]y)). = 0. forall (a|b) € S}.

From [11], we know that dimS+* = 2n — dim.S for any subspace S
of FZ™. A subspace S of F3" is called rotally isotropicif S C S L and
maximum totally isotropic if § = 5. A maximum totally isotropic
subspace of F5™ has dimension n.

The following theorem from [3] is the base of our discussion.

Theorem 2.1 [3]: Suppose S is an (n — k)-dimensional totally
isotropic subspace of F2" and S** is the symplectic dual of S. If there
are no vectors of weight < d in §°\ S, then there is a quantum
[, k, d]] code Q.

A quantum code Q = [[n, k, d]] obtained via Theorem 2.1 is called
an additive quantum code in [3] and a stabilizer code in [4], and S and
51 are called the stabilizer and the normalizer of Q, respectively.

To show the relationship of totally isotropic subspaces of F5" with
trace self-orthogonal additive codes over F);, we also need some basic
concepts of additive codes.
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Let Fy = {0,1,w, @} be the Galois field with four elements such

that = 1 + w = w?, w® = 1, and the conjugation is defined by

& = 22, The trace inner product of u, v €F} is defined to be

n

D (ujv; + ;)

7=1

7
= Z(uj'vf- + ulv;).
j=1

(u,v)r = Tr(uv’ ) =

Definition 2.1 [3]: An additive subgroup C of F}" is called an ad-
ditive code over Fy. If C contains 2% vectors, C is called an (n, 2%)
additive code. A matrix whose rows form a base of C over F5 is called
a generator matrix of C.

If C is an (n, 2%) additive code, then its trace dual code is defined as
¢t ={ue F}|(u.v)r =0, forallv € C}.

The generator matrix of C1? is called the parity check matrix of C. C
is trace self-orthogonal it C C C*7, and trace self-dual if C = C*7T.

Two additive codes C; and C» are equivalent provided C» can be
obtained from C; by permutating coordinates, scaling individual coor-
dinates by nonzero elements of F, and conjugating individual coordi-
nates; see, e.g., [6].

Define a map ¢ from F5" to Fy* as: ¢((a|b)) = wa + wb €
FJ forv = (a|b) € F£". For any subspace S of F5", ¢(S) is an
additive code over Fj. It is easy to check that the weight wt,(a |b)
of v = (a|b) € Fi" is equal to the Himming weight of ¢(v), and
the distance d;((a |b), (a'|b')) between v = (a|b) and v’ = (a' | D)
€ F3" is equal to the Hamming distance between ¢ (v) and ¢(v'), and
the symplectic inner product of v = (a|b) andv' = (a’ | V) € F3" is
equal to the trace inner product of ¢(v) and ¢(v'). Thus, from [3], one
can obtain the following lemma.

Lemma 2.1: Suppose S is a subspace of F53™ and C = ¢(S). Then,
C is trace self-orthogonal if and only if S is a totally isotropic subspace
of F3", and C is trace self-dual if and only if S is a maximum totally
isotropic subspace of Fi3".

Definition 2.2: Two subspaces S1 and S» of Fi" are Q-equivalent
provided ¢(S1) and ¢(S2) are equivalent.

Theorem 2.1 can now be reformulated as follows.

Theorem 2.2 [3]: Suppose C is an (n, 2" ") trace self-orthogonal
additive code. If there are no vectors of weight < d in C7 \ C, then
there is a quantum [[n, k, d]] code Q.

Definition 2.3: Let C be an (n, 2" ) trace self-orthogonal additive
code, and Q be the [[n, k, d]] code obtained via Theorem 2.2. Then, C
is called the additive stabilizer of Q and C*" is called the additive nor-
malizer of Q. Two additive quantum codes Q1 and Q> are equivalent
provided their additive stabilizer are equivalent.

Remark 2.1: The equivalence of additive quantum codes, the
(Q)-equivalence of totally isotropic subspace of F5™, and the equiva-
lence of trace self-orthogonal additive codes over F} are equivalent.

III. SYMPLECTIC GEOMETRY AND THE EQUIVALENCE
OF ADDITIVE CODES

A 2n x 2n binary matrix P is called a symplectic matrix with re-
spect to (o, if PICyy, PT = K5, . Clearly, all the 2n X 2n symplectic
matrices form a group under matrix multiplication. This group is called
the symplectic group of degree 2n with respect to K>, and denoted as
Span(F2); see [5] and [11].
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Let V be a k-dimensional subspace of F5". A matrix whose rows
form a base of V' is called a representation matrix of V. Following
[11], we use the same letter V' to denote a matrix that represents the
vector space V. If the rank of the matrix V K5, V7 is 2r, V is called
a subspace of type (m,r). In particular, a subspace of type (k,0) is a
k-dimensional totally isotropic subspace, and a type (n, 0) subspace of
F3" is a maximum totally isotropic subspace. Sp2,, (F2) acts on F§"
in the following way:

F3™ X Spau(Fy) — F5"
((a]b),P) — (a|b)P.
The elements of Sp2,, (F>) are called symplectic transformations.

From now on, we let

i I, 0 (A0
b= <T In> ba= <0 (ATW)

, I, S o (J L-J
MS_(O In> "”‘(In—J J >

where A is an n X n nonsingular matrix, 7" and S are » X n symmtric
matrices, and .J is an n X n diagonal matrix.

Lemma 3.1 [5]: The symplectic group Sp2,, (F>) is generated by
the four kinds of symplectic matrices K7, L 4, Ms,and Ns. Any sym-
plectic matrix P can be represented as P = K LAMsN.

Lemma 3.2 [11]: The symplectic group Sp2..(F>) acts transitively
on each set of subspaces of the same type. Particularly, for any two
k-dimensional totally isotropic subspaces Vi and V5, there is a sym-
plectic matrix P such that Vo = V, P.

To discuss the Q-equivalence of symplectic subspaces of F5" and
the equivalence of additive codes over F};, we also need the following
symplectic matrices S; ;, M;(w), and M;(w).

Let E; j be an m x m binary matrix such that only the (i, j)-entry is
1,wherel < i,y <m.Then, A;; =I.+E;;+E;;+E;;+E;;
is an n X n permutation matrix for 1 < ¢, j < n. Define

Sij=La Mi(w)=In+ Es i+ Fsnyi + Enyii

@]

and

J\[I(w) = I?n + En+i‘n+i + Ei,77+i + En-‘,—i,i-

It is easy to check that all these three matrices are symplectic for 1 <
i,j < n.

Now, let us discuss the right action of IV, on any subspaces of F5".
Let J = diag{\1,A2,..., A, } be a binary n x n diagonal matrix.

Then, for any (a |b) € F3", we have

(a | b)]\’i[ = (k1(l,1 + (1 — k1 )b1 e /\nan + (1 — kn)bn|
(1 - )\1 )0'1 + /\1b1 yaeay (1 - )\n)an + )\nbn)-

Hence, the right action of N; on (a | b) permutes the coordinates of
(a|b) in the following way: If A\; = 0, then a; and b; change their
positions, and if A; = 1, then a; and b; are all fixed. Thus, we have
the following.

Proposition 3.1: Let V' be a subspace of F2" . Then, the additive
codes (V' N,) and ¢(V') are equivalent, and ¢(V N, ) is obtained
from ¢ (V") by conjugating individual coordinates.

Similarly, one can discuss the right action of S; ;, M;(w), and

M; () on any subspaces of F3™ and easily obtain the following.

Proposition 3.2: Let V be a subspace of F3". Then:
1) (VS ;) and ¢(V') are equivalent, and ¢(V'S; ;) is obtained
from ¢ (V') by interchanging the ith and the j — ¢h coordinates;
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2) ¢(VM;(w)) and (V') are equivalent, and ¢(V M;(w)) is ob-
tained from ¢(V") by scaling the ith coordinate by w;

3) ¢(VM,;(w)) and ¢(V") are equivalent, and ¢(V M;(w)) is ob-
tained from ¢(V") by scaling the ith coordinate by .

Theorem 3.1: Let V7 and V5 be two (Q-equivalent subspaces of F: Zn
Then, there are a permutation matrix A and a diagonal matrix .J, such
that ¢(V2) = ¢(V1 P), where

P=LaMy (w) - My, (w)M; () My, (w)Nj.

Proof: Because Vi and V; are (-equivalent subspaces and ¢ (V1)
and ¢(V>) are equivalent, we can assume

o(Va) = 6(V1)o Tk, ki) Oty

where o is a map of coordinates permutation, Y (x, ...z, iS @ map
of scaling the coordinates %1, ..., ks by w, O, . i1, ;=) is a map of
scaling the coordinates /1, . .., [, by @, and A is a map of conjugating
individual coordinates.

According to Propositions 3.1 and 3.2, there are a permutation matrix
A and a diagonal matrix .J such that

S(ViLaMy, () -+ My, (w) M, () - My, (w)N)
=o0(V1)o L hy, ki) Oy

Thus
o(Va) = ¢(ViLaMy, (w) -+ - My, (w) My, (w) - - - My, (ww)Ny).
The theorem follows. O

Remark 3.1: From the above discussion, we know that the equiva-
lent standard forms of the generator and the parity check matrices for
general additive codes over F} is quite complex, so we will discuss this
problem in another paper.

IV. STANDARD FORMS OF ADDITIVE QUANTUM CODES

In this section, we fix &, N(G) and V as follows. Let

6 = (In—k',C" | (In,—kc)s) and

o (I s
]\((6) - (OI.~><77 B)

where S is a symmetric matrix, C'is an (n — k) x k matrix, and B =
(CTI). It is easy to check that the symplectic dual of G is N(&).

Let V be the (n — k)-dimensional totally isotropic subspace of F3"
with representation matrix

V= (Tnk O(n—iy sk O(n—k)x(n—k) On—r)xk) -

Then, V** has a representation matrix

I,.. 0 0 O
vi=1 o I. 0 0
0 Owxe O It

It is obvious that V Iz = V. Thus, V and its dual V* are unchanged
under the right action of K.

Definition 4.1: If the stabilizer and the normalizer matrices of Q =
[[n, &, d]] are of the forms & and N (&), respectively, then Q is called
a systematic quantum code. The stabilizer matrix & and normalizer
matrix N (&) are called in standard form.
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It is obvious that our standard form of the stabilizer matrix can be
deduced from the standard form of the normalizer matrix, and vice
versa.

Now, we can prove our main theorem.

Theorem 4.1: Each additive quantum code Q= [[n, k, d]] is equiv-

alent to a systematic quantum code.
Proof: Let the stabilizer of Q be U. Then, U is a subspace of type

(n — k,0). According to Lemmas 3.1 and 3.2, U = VK LaMsN;.
From the above discussion and Propositions 3.1 and 3.2, we know that
U is (Q-equivalent to V'L 4 M for some n X n nonsingular matrix A
and n X n symmetric matrix S.

Let

A= (Au Alz ) A%yt = (Bn B> )
A1 Aso By B
where A11 isan (n — k) X (n — k) matrix and A22 is a k X k matrix,
Apy and AT} are (n — k) x k matrices, and each B;; has the same size
as AZ']' .

Because A is nonsingular, the rank of (411 A12) is n — k. Using ele-
mentary row operations, we can change (A1 A2 ) into row reduce ech-
elon. Then, by performing a column permutation on the reduce echelon,
we eventually change (Ai1A;2) into (I(,,—x)C'). This implies that
there are a nonsingular matrix D and a permutation matrix R such that
({(n—1)C') = D(A11A12)R. The right action of Ly gives ()-equiva-
lent subspaces. Thus, U and VL i Ms = (A11 412 | (A11412)5) are
Q-equivalent to DVLaMsLr = (L—iyC'| ({(n—)C)S1), where
S = R7'S(R™H)T. Because S is symmetric, S = R™1S(R™ 1T
is also symmetric.

It is easy to check that (DV L aMsLg)Ko,M" = 0, where

In Sl
M=
and B = (C%I;). Because the rank of M is n + k, hence

(DVL4MsLg)"* = M. This completes the proof of the theorem.
g

From Remark 2.1, we know that Theorem 4.1 now can be reformu-
lated in the following two other ways.

Theorem 4.2: Each (n — k)-dimensional totally isotropic subspace
of Fi™ is Q-equivalent to a subspace of the form &. Particularly, any
maximum totally isotropic subspace is (J-equivalent to a subspace of
the form (I, | S).

Theorem 4.3: Each (n, 2"7'“) trace self-orthogonal additive code
C is equivalent to an additive code with generator matrix ¢(&). Par-
ticularly, any trace self-dual additive codes is equivalent to an additive
code with generator matrix ¢(7, | S).

Remark 4.1: The additive quantum codes we discussed above are
usually called binary additive quantum codes (or F>-linear quantum
stabilizer codes in [2]). In [9], Rains generalized the stabilizer con-
struction of [3] and [4] to p-ary (p prime) additive quantum codes. Bier-
brauer and Edel [2] and Ashikhmin and Knill [1] further generalized
the stabilizer construction of [3] and [4] to ¢-ary (¢ prime power) ad-
ditive quantum codes.

It is easy to check that our standard form of stabilizer and normalizer
matrices for binary additive quantum codes can be generalized to ¢-ary
quantum additive codes, just as we generalize the concept of binary
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systematic code to g-ary systematic code. One simply needs to change
B = (C"I,) into B = (—CT 1) and generalize Definition 4.1 to the
following Definition 4.2, and then Theorems 4.1, 4.2, and 4.3 are also
hold.

Definition 4.2: If the stabilizer and normalizer matrices of Q@ =
([, k,d]]q are & = (I(,,—1)C'| (I(,—)C)S) and

N(S) = <Of g)

respectively, where S is symmetric and B = (—C*I}), then Q is
called a systematic quantum code, and its stabilizer matrix & and nor-
malizer matrix N (&) are called in standard form.

Remark 4.2: In [10], Tonchev proved that the subspaces generated
by matrices of the form (I, | S) are maximum totally isotropic sub-
spaces, where S is the adjacency matrix of an undirected graph. He
also pointed out that the number of trace self-dual additive codes with
generator matrix ¢(I,, | S) is much smaller than the total number of
trace self-dual additive codes. Our Theorem 4.3 shows that it suffices
to study trace self-dual additive codes with generator matrix ¢ (I, | S)
for dealing with trace self-dual additive codes.
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On The Classification of Binary Optimal
Self-Orthogonal Codes

Ruihu Li, Zongben Xu, and Xuejun Zhao

Abstract—The classification of binary [n, k, d] codes with d > s2*~! and
without zero coordinates is reduced to the classification of binary [(2* —
De(k, s,t) + t,k,d] code for n = (2* — 1)s +t,s > land1 < t <
2k — 2, where c(k, s,t) < min{s,t} is a function of &, s, and ¢. Binary
[15s + t, 4] optimal self-orthogonal codes are characterized by systems of
linear equations. Based on these two results, the complete classification of
[15s + t, 4] optimal self-orthogonal codes for ¢t € {1,2,6,7,8,9,13,14}
and s > 1 is obtained, and the generator matrices and weight polynomials
of these 4-dimensional optimal self-orthogonal codes are also given.

Index Terms—Binary linear code, self-orthogonal code, optimal code.

[. INTRODUCTION

Since the pioneer work of Pless in [6], people paid much attention
on self-dual codes—a subclass of self-orthogonal codes (SO codes, for
short), and a vast number of papers have been devoted to the study of
self-dual codes, as shown in the excellent survey of [7] and [4] for an
overview of these results and the references therein.

But, very little has previously been known about the minimum dis-
tance and number of general [n, k] SO codes of rate less than %, except
the binary [2k + 1, k] SO codes for k < 9 in [6].

Recently, people begin to study general optimal [r, k] SO codes of
rate less than % and use these optimal [n, k] SO codes to study self-dual
codes, see [1]. In [2] Bouykliev et al. studied the classification of op-
timal SO codes of length < 29 and dimension less than 7 over F3
and Fj. In [3] Bouykliev et al. studied the classification of binary op-
timal SO codes of length < 40 and dimension less than 10, and gave
complete classification of three-dimensional (3-D) optimal SO codes.
However, their classification are based on two algorithms and no uni-
fied proofs for dimension greater than 4, and most of the generator ma-
trices of their optimal SO codes of length > 25 and dimension greater
than 6 are not given.

In this correspondence, we discuss the classification of k-dimen-
sional binary optimal SO codes. This correspondence is arranged as
follows. First, we give some notations and make some preparation in
this section. In Section II, we give the proof of our main result. In
Section III, we give the relations of binary SO codes and some systems
of linear equations, and explain how to determine the [15s + ¢, 4] op-
timal SO codes. In Section IV, we give the classification of [15s + ¢, 4]
optimal SO codes for ¢t € {1,2,6,7,8,9,13,14} and s > 1.
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