The first Steklov eigenvalue of graphs of positive genus
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Abstract

Let G be a graph of genus g with boundary 6. For g = 0, Lin and Zhao [J. Lond.
Math. Soc. 112 (2025), Paper No. e70238] proved an upper bound for the first (non-
trivial) Steklov eigenvalue of (G,d€2), and they posed the problem of determining a
corresponding bound for graphs of genus g > 0. In this paper, we prove an O (Wgﬂl)
bound for a bounded-degree graph of positive genus g. Our result can be regarded
as a discrete analogue of Kokarev’s bound [Adv. Math. 258 (2014), 191-239], up to a
constant factor.

Keywords: Steklov eigenvalue, graph, genus, circle packing

AMS subject classification 2020: 05C10, 49R05, 47A75, 49J40.

1 Introduction

The Steklov eigenvalue problem, originating from Steklov’s century-old work on liquid slosh-
ing [17],27], is an active field connecting spectral theory, geometry, and mathematical physics.
Let M be a compact smooth orientable Riemannian manifold of dimension d > 2 with a
smooth boundary dM. The Dirichlet-to-Neumann operator D : C*°(OM) — C*®(OM) is
defined by Df = 0, f , where 0, is the outward normal derivative along OM, and where the
function f € C°°(M) is the unique harmonic extension of f to the interior of M. The eigen-
values of D, known as the Steklov eigenvalues of (M, M), are discrete and can be ordered
as 0= A1 < Ay < A3 <.+ — o00. Here, \y is called the first (non-trivial) Steklov eigenvalue.
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The initial motivation for the geometric study of Steklov eigenvalues comes from Wein-
stock’s 1954 work [29], where he demonstrated that, for any simply connected planar domain
of a given perimeter, \; attains its maximum if and only if the domain is a disk. For bounded
Lipschitz domains of fixed volume in Euclidean space, Brock [4] proved that Ay is maximized
by the ball. Colbois, Girouard and Raveendran [7] provided upper bounds for \; of domains
in Euclidean space. For a detailed account of recent advances on the Steklov eigenvalue
problem, see the survey [6].

As has been done for the Laplace operator, one can define a discrete Steklov eigenvalue
problem [0} 13], which is defined on graphs with boundary. Several results on the bounds
for the first Steklov eigenvalue of graphs are obtained. The lower bounds are established by
Perrin [22] and Shi-Yu [24, 25]. The upper bounds are studied in various settings, including:
for finite subgraphs of integer lattices by Han-Hua [9], for subgraphs of Cayley graphs of
discrete groups with polynomial growth by Perrin [23], for trees by He-Hua [12] and Lin-
Zhao [19, 21], and for planar graphs and block graphs by Lin-Zhao [20].

All graphs in this paper are finite, simple, and undirected graphs with a non-empty
boundary. Let G = (V,E) be a graph with boundary §Q C V. Denote by RY the real
function space defined on V, which is the |V/|-dimensional Euclidean space. For f € RV, the
Laplace operator A : RV — RV is defined by

Af:V >R
e (Af)@) = Y (fl@) = f),

{z,y}eFE
and the discrete outward normal derivative 9, : RV — R%? is defined by
Of:00—R
v @)@ = ) (@)= ).

{z,y}€FE

The Steklov eigenvalue problem on (G, 0f2) aims to find real numbers A and non-trivial
functions f € RV such that

{(Af)(a:) 0, if 2 € V\ 60,
(0, 1) () = Mf(z), if z € 69

Such a A is called a Steklov eigenvalue of the graph G with boundary €2, and the function f
is called the Steklov eigenfunction associated to A. The Steklov spectrum forms a sequence
as follows

0= A (G,600) < X (G,00) < -+ < No(G69).

In fact, A2(G, Q) > 0 if and only if G is connected. The Steklov eigenvalues can be charac-



terized by the Rayleigh quotient
Me(G,0Q) = i R
MO0 = i )
= min max R(f), (1)

WCRY dim W=k—1, fEW
Wllsq

. z{x,y};(g%{@»

and 15, denotes the characteristic function on 6¢2. Analogous to normalized Laplacian eigen-
values discussed in Chung’s book [, Chapter 1], when k = 2, has the following formula-
tions

where

. Z{x,y}eE(f(fE) — f(y)?
RGO T e )
> (egrer(f(@) — f())?
Z{x,y}CéQ(f(x) - f(y))2

The genus g of a graph G is the minimal integer such that G can be embedded on a
surface of genus g with none of its edges crossing. For a planar graph G (of genus g = 0)
with boundary 0€2, Lin and Zhao [20, Theorem 1.1] gave an insightful bound Ao (G, 6€2) < %,
where D is the maximum degree of G. Furthermore, they posed the following problem [20),
Problem 3.2| regarding graphs of genus g.

(2)

= |0§2| min
f

(3)

Problem. [20, Problem 3.2] What is the upper bound of Steklov eigenvalues for genus g
graphs with boundary 02 when the degree is bounded above by D ¢

Using metrical deformation via flows, Lin, Liu, You, and Zhao [I8] proved a bound for
graphs of positive genus g.

Theorem 1.1. [18, Theorem 1.2] Let G be a graph of positive genus g with boundary 6

such that the vertex degree is bounded by D. If |6Q| > max{3,/g, [V|5it€,9} for some e > 0,
then Do
9
(G, 00) <0 | —= .
6.9 <0 (i35
A graph G is said to be bounded-degree if its maximum degree D is bounded by an
absolute constant. For a bounded-degree graph, we give the following result, in which the
dependence on g is O(g).

Theorem 1.2. Let G be a bounded-degree graph of positive genus g with boundary 6€2. Then

Mo(G,09Q) < O <MLQ|) .

For an orientable compact surface M of genus g with boundary 0M, Kokarev [16, Theo-
rem A;| showed that A\o(M,0M) < %. Our result can be viewed as a discrete analogue
of Kokarev’s result, up to a constant factor.



2 Proof idea

Our proof is based on the framework of Spielman-Teng [26] for bounding the Fiedler value
of planar graphs. They represented a planar graph as a circle packing on the unit sphere
in R?, with vertices corresponding to circle centers and edges corresponding to tangencies
between circles. By analyzing the geometric distribution of circle centers, they derived an
upper bound on the graph’s Fiedler value. In a recent work, Lin and Zhao [20] applied this
framework to bound the first Steklov eigenvalue of planar graphs (genus g = 0). For positive
g, Kelner [I4] generalized the result of Spielman-Teng to graphs of genus g. Following this
line of work, we give a bound for the first Steklov eigenvalue of graphs of genus g.

The outline of our proof is as follows. First, we construct a univalent circle packing for a
graph on a Riemann surface S of genus g by Theorem [2.2] Although it is very challenging
to construct a discrete analytic map that sends this circle packing to the Riemann sphere C,
there exists a continuous one that is almost everywhere O(g)-to-one, except for O(g) points
where this property fails (see Theorem . We shall actually pass to the continuous theory
to prove our result. To do this, we refine the graph so that it admits a circle packing with
arbitrarily small circles. Lemma [2.6] shows that it suffices to prove Theorem for such
refined graphs. We then show that there is a continuous map that takes almost all of the
circles to almost circular curves on the unit sphere in R3. Finally, using the almost-circle
packing representation, we derive the desired upper bound on the first Steklov eigenvalue.

In the remainder of this section, we introduce several necessary notions and present
auxiliary results for the proof. For the sake of continuity, all proofs are deferred to Section

B3l

2.1 The map from a Riemann surface to the sphere

This section provides geometric intuition by briefly recalling the basic notions of Riemann
surfaces, circles on them, and the degrees and branch points of analytic maps between two
surfaces. For a more detailed exposition, see [§].

Recall that an n-dimensional manifold is a structure that looks locally like a Euclidean
space R". More formally, a manifold M can be covered by open sets S;, each endowed with a
homeomorphism ; : S; — B, where B,, is the (open) unit ball {|z| < 1:2 € R"}. To avoid
cusps and such, these maps are required to be mutually compatible. In particular, for any
overlapping charts, the compositions p;op; " : ¢;(S;NS;) — ©;(S;NS;) are diffeomorphisms.
The two-dimensional orientable manifolds are precisely surfaces of genus g, as we need.

An n-dimensional complex manifold is the natural holomorphic generalization of the real
manifold. Similarly, it can be represented as a union of open sets .S;, each endowed with a
homeomorphism ¢; : S; — Bcn, where Ben is the complex unit ball {|z| < 1 : 2 € C"}.
It is required that the compositions ¢; o ;' be biholomorphic. Thus, an n-dimensional
complex manifold M is a 2n-dimensional real manifold equipped with an additional complex
analytic structure. This structure allows the use of many notions and results from standard
complex analysis. The basic idea is to define these concepts locally on each .S; as before,
and the compatibility conditions on overlaps ensure that they are well-defined globally. Let



M = (SM M) and N = (S¥,¢Y) be complex manifolds of the same dimension. A function
f: M — N is called a holomorphic map if its restriction to each map f;; : S¥ — S]N is
holomorphic for all 7 and j. This definition is well-defined on overlaps, since the compositions
@i o (pi")~! and ¢} o (¢]¥)~! are holomorphic.

A one-dimensional complex manifold is called a Riemann surface. In this paper, all Rie-
mann surfaces considered are compact. There is a natural orientation on the complex plane,
which induces an orientation on the complex manifold. Hence, all complex manifolds (in-
cluding Riemann surfaces) are orientable. Topologically, all compact Riemann surfaces are
two-dimensional orientable real manifolds. However, the same underlying topological space
can support a wide variety of distinct complex structures, which are imposed by the map ;.

The definition of a Riemann surface does not involve a metric structure. Indeed, it is
not required that the different ; agree on distance measurement over overlapping regions.
Although a Riemann surface can be endowed with various metrics, there exists a canonical
choice, known as the constant curvature metric. It provides an intrinsic notion of distance
on any Riemann surface, which allows one to define a circle on the surface as a contractible
simple closed curve whose points all lie at a fixed distance from a given center.

The Riemann sphere C is topologically a sphere. It can be viewed as the complex plane
C together with the point at infinity oo, which makes the plane compact. The correspon-
dence can be visualized via the stereographic projection, which projects the sphere from its
North Pole onto the plane. More precisely, every point on the sphere except the North Pole
corresponds to a point in the complex plane, while the North Pole corresponds to the point
at infinity oo.

Let f: C — C be a non-constant analytic map in a neighborhood of the origin. Without
loss of generality, set f(0) = 0. By a result in single-variable complex analysis, the function
f can be expanded as a power series f(z) = a1z + a2z + a3z + - -+ in some neighborhood
of the origin. Let a; be the first nonzero coefficient in this expansion. If & = 1, then f(z)
is an invertible analytic map and hence a local isomorphism. In particular, it is a locally
conformal map, which preserves angles between intersecting curves and sends infinitesimal
circles to infinitesimal circles. If k > 1, then f has a branch point of order k at the origin. In
this case, f behaves like f(z) = z* up to a scale factor and higher-order infinitesimal terms.
This function is k-to-one on a small neighborhood of the origin, excluding the origin itself.
The preimages of the points in this small neighborhood thus trace out £k different “sheets”
that all intersect at the origin. This confluence of sheets is the only type of singularity that
can occur in an analytic map.

Let f : M — N be an analytic map between two Riemann surfaces. Since the local
behavior discussed above is identical for Riemann surfaces, the map f has a well-defined
degree k. Except for finitely many points, each point in N has exactly k preimages under f,
and f has a nonzero derivative at all such points. A branch point is a point p € M where
f'(p) =0, and f(p) has fewer than k preimages.

We invoke the following result of Kelner[I4], which is a direct consequence of the Riemann-
Roch theorem for maps between Riemann surfaces.

Theorem 2.1. [7], Theorem 4.4] Let S be a Riemann surface of genus g. There exists an



analytic map f: S — C of degree O(g) and with O(g) branch points.

2.2 Circle packings on surfaces of arbitrary genus

Let G be a graph of genus g embedded on a surface S of the same genus without edge
crossings, so that the embedding partitions S into faces. If every face is a triangle, then G
is said to be fully triangulated, and the embedding is called a triangulation of S. If G is not
fully triangulated, additional edges can be added to triangulate it. By , adding edges does
not decrease \;(G, ), and thus we may, without loss of generality, assume that G is fully
triangulated.

Let S be a compact Riemann surface endowed with its constant curvature metric. A
circle packing P = {C1,...,C,} on S is a finite collection of possibly overlapping circles on
S. The packing P is said to be univalent if the interiors of the circles C; are pairwise disjoint.
Its associated graph A(P) is defined by assigning a vertex v; to each circle C; and joining v;
to v; by an edge if and only if C; and C; are tangent. Conversely, we say that P is a circle
packing for the graph A(P) on S.

The following circle packing theorem can be regarded as a natural generalization of the
Koebe-Andreev-Thurston theorem [I], [15, 28] for planar graphs, which was first proved in a
restricted form by Beardon-Stephenson [2], and subsequently established in full generality
by He-Schramm [I1].

Theorem 2.2 (Circle packing theorem). Let G be a fully triangulated graph of genus g.
There exist a Riemann surface S of genus g and a univalent circle packing P such that P is
a circle packing for G on S. Moreover, this packing is unique up to the automorphisms of S.

If GG is embedded in a surface of genus g but is not fully triangulated, the Riemann surface
and the circle packing as guaranteed by the theorem still exist, although they may not be
unique [14].

The complex structure on the Riemann surface naturally induces a notion of the an-
gle between two edges of the same face. For a face with vertices v, u;, w1, let (wvu;q)
denote the angle between the edges {v,u;} and {v,u;1;}. Consider a vertex v and all
its incident faces. The angles at v that correspond to these faces form a cyclic sequence:
(uvus), (ugvus), . . ., (upvur). The sequence of angles wraps around the vertex v an integer
number of times before returning to u;. Hence, the total angle Zle(uivuiﬂ) equals 2k for
some integer k, where uyy 1 = u;. When k > 2, the vertex v is called a discrete branch point
of order k. If P is a univalent circle packing on the sphere, the angle sum at every vertex
of A(P) is 2m. For a non-univalent circle packing P, the edges of A(P) may cross, yet A(P)
still provides a well-defined triangulation of the surface, although a point on the surface may
be covered by more than one triangle (face). In this case, the integer & may exceed 1.

It is well established that a large portion of Riemann surface theory has discrete counter-
parts in the study of circle packings. Analogous to analytic maps between Riemann surfaces,
one can define discrete maps between circle packings that send circles on one surface to
circles on another while preserving tangencies. Analytic maps send infinitesimal circles to



infinitesimal circles, whereas circle packing maps send finite circles to finite circles. The dis-
crete analogue of branched covering maps in Riemannian geometry sends univalent circle
packings on one surface to non-univalent circle packings on another. However, such discrete
maps occur far less frequently than their continuous analogues. In particular, given a uni-
valent circle packing P on a surface S of genus g, it can not be ensured that there exists
a non-univalent packing with the same associated graph A(P) on the Riemann sphere C.
The difficulty arises from constraints on branch points. For an analytic map f: S — @, the
branch points are in a highly restricted set. In contrast, for a circle packing map, branch
points can occur only at the centers of the circles. If there is no admissible set of branch
points among the centers of the circles, it is very challenging to construct a discrete analytic
map from S to C.

To overcome this technical difficulty, we refine the graph G as described in Section [2.3]
The refinement ensures that the circle packing consists of infinitesimal circles and that the
branch points of the map f lie at the centers of some of these circles.

2.3 Some refinements of graphs

Let G be a triangulation of a surface. Define the hezagon-subdivision refinement of G by
replacing each triangular face of G with four smaller triangles, shown in Figure [} This
operation produces a new fully triangulated graph, and hence can be iterated arbitrarily
many times. Denote by G*) the graph obtained from G after k iterations of the hexagon-
subdivision, and by S® the Riemann surface on which G* is realized a univalent circle
packing. Note that each hexagon-subdivision operation may change the shapes and sizes of
the original triangles. Nevertheless, the sequence of Riemann surfaces {S®} converges, and
the embeddings of the graphs G on these surfaces become stable. The following convergence
result was first established by Bowers and Stephenson [3] and later was restated by Kelner
[14] in the following form.

Lemma 2.3. [74, Lemma 5.4] Let G be a graph that triangulates a genus g compact Riemann
surface without boundary, let G®) be the result of performing k hexagon-subdivision on G,
and let S*®) be the Riemann surface on which G%) is realized as a circle packing. Further,
let hy, - S® — SE+D be the map that takes a triangle to its image under the subdivision
procedure by the obvious piecewise-linear map. The sequence of surfaces {S®} converges in
the moduli space of genus g surfaces, and the sequence of maps {hy} converges to the identity.

Lemma implies that, in the limit, the circle packing for G(>) on S(>) consists of

circles with arbitrarily small radii.

Figure 1: The hexagon-subdivision refinement of two triangles.



A graph H is said to contain G as a (&, ¢)-immersion if H can be obtained by replacing
each edge of G with a path of length at most ¢ connecting its endpoints, in such a way that
each edge of H is used by at most £ of these paths. Note that when £ = 1, the paths are
edge-disjoint, thus recovering the notion of usual immersion. We present a useful comparison
result for Steklov eigenvalues of graphs that contain G as a (&, ¢)-immersion.

Theorem 2.4. Let G be a graph with boundary 6. If H contains G as a (€, {)-immersion,
then
M (G 0Q) < EON(H, 00Q)

fork=1,...,[09].

In the following, we sometimes consider a graph H that contains a graph (A}’, which is
isomorphic to G but has a different vertex set, as a (£, £)-immersion. For simplicity, we still
say that H contains G as a (&, ¢)-immersion. In this situation, §€2 is no longer a subset of
V(H). However, there exists a subset of V' (H) that corresponds to 6€2, and for convenience,
we still use the same notation 6¢2 to denote it.

Lemma 2.5. Let G be a fully triangulated graph of bounded degree with boundary 6€2.
Then there exist a subgraph H and a boundary 6Q%) of G*) such that H contains G as
an (O(1),0(2F))-immersion, |6Q®)| = ©(4%)|6Q| and

Ao (H,60) < O(2F) M\ (GH 500,
From Theorem and Lemma it follows that there exists a graph H such that
160 Xa(G, 0Q) < O(2%)16Q) Ao (H, 692) < O(4F)[8Q Ao (GF), 60"

Then we get the following result, which shows that it suffices to prove Theorem for an
appropriate hexagonal-subdivision of the original graph G.

Lemma 2.6. Let G be a fully triangulated graph of bounded degree with boundary 2. Then
there exist a boundary Q¥ of G®) and a constant C' such that

16Q)Xa(G, 0Q) < C16QF N(GP), Q™).

3 Proofs

In this section, we provide all the proofs that appear in this paper.

Proof of Theorem[2.4 Recall that H contains G as a (£, £)-immersion. It implies that for
every edge {z,y} € E(G), there exists a corresponding path P,, in H of length at most /.
By the Cauchy-Schwarz Inequality, we have

(f@) =)<t > (fu) = f()

{uv}E€E(Pyy)

8



for any real function f. Since each edge of H is used by at most £ of these paths, we get

Yo (f)—fw)y<e Y > (flu) = f(v)

{z,y}€E(G) {z,y}€E(G) {u,v}€E(Pry)
<LE DY (fl@) = f)
{z,y}€E(H)

It follows from that
« Z{x,y}eE(G)(f(m) — f(y)?

M (G, 0 = WCRV,firilnlanl/V:kfl,%% Y ovesa fH®)
Wllso
2
< min A 43 Z{x,y}eE(H)(f<$> — ()
WCRY, dim W=k—1, JEW Y sesa fA(T)
Wllso
= lENL(H, 092).

]

Lemma is a key lemma in this paper. Its proof starts by constructing a boundary §Q®*)
of G® such that |6Q®)| = ©(4%)|6€)|. Next, a random subgraph H of G*) with boundary
6Q is constructed to ensure that H contains G as an (O(1), O(2¥))-immersion. By analyzing

the expectation of the first Steklov eigenvalues of the random subgraphs, we conclude that
there exists a certain H such that Ay (H, Q) < O(2F) Ao (G®), 6QH0)).

Proof of Lemmal[2.5. Let V(G) = {v1,...,v,}. We define a partition {Vl(k), e Vn(k)} of
V(G®) by assigning each vertex of G*) to the subset V;(k) corresponding to its nearest
vertex v; € V(G), with ties broken arbitrarily. Note that v; € Vi(k) for all i. Let r = 2%. The
construction of G*) ensures that |Vi(k)\ = O(r?) for each i. The boundary of G*) is defined

as
1:0; €02
which satisfies [Q®)| = ©(r?)[69)|.

Next, we construct a random subgraph H of G*) that contains G as a (&, £)-immersion.
For each i € {1,...,n}, we randomly select a vertex from V,L.(k) to serve as a representative of
v;, denoted by 7y (v;). Since |V;(k)| = O(r?) for each i, each vertex is chosen with probability
1/0(r?).

For each edge {v,u} € E(G), we construct a random path in G*) between 7y (v) and
mv(u) as follows. Let 77 and T be the two triangles (faces) in G sharing the edge {v,u}. For
a triangle T in G, let T™) denote the set of all small triangles in G*) obtained by applying
the hexagon-subdivision to T'. We choose a vertex z uniformly at random from Tl(k) U TQ(k),
then construct random paths from 7y (v) to x and from 7y (u) to x, which we call the initial-
paths. The desired path is then obtained by joining the initial-paths at z, while removing
any duplicate edges that may appear.



With loss of generality, we just describe the construction of the initial-path from 7y (v) to
x. Let T (v) be the set of all triangles in G that contain v. Let T, and T, denote the triangles
of G such that 7y (v) lies in ¥ and z lies in ngk), respectively. Note that both 7} and T,
belong to 7 (v). The triangles in 7 (v) have a natural cyclic order around v, which defines
two sequences between T, and T),: one clockwise and one counterclockwise. We select the

shorter sequence (breaking ties at random) and denote it by Tg, T3, . .., Tyy1, where Ty = T}
and Ty = T,. All triangles in this sequence are distinct unless T, = T,.
We now select random vertices a; € V(G®) from each Ti(k) for © = 1,...,¢, and set

ap = my(v) and apyq = x. To connect a; to a;;1: if T; # T;41, we observe that Ti(k) and Tz(f)l
together form an (r+ 1) x (r+ 1) grid, see Figure 2l There are two types of paths from a; to
a;y1: first moving horizontally along the row direction and then vertically along the column
direction, or vice versa. Randomly choose one of these two paths. If two vertices lie in the
same row or column, they are connected directly along that row or column; if T; = T}, we
randomly select an adjacent triangle of T; in T (v) to form the grid and then apply the same
path construction. Connecting these segment paths yields the initial-path from 7y (v) to x,
see Figure |3 for example.

Using the initial-paths from 7y (v) and 7y (u) to z, one can naturally derive a random path
7wp(v,u) connecting 7y (v) and 7y (u). Applying this procedure independently to each edge of
G yields a subgraph H of G*), which contains G as (¢, {)-immersion. Since G' has bounded
degree, each initial-path has length O(r), which implies that ¢ = O(r). For any triangle 7" in
G, each initial-path using edges of 7 has an endpoint in the set {my(v) : v € V(T)}. Note
that the number of initial-paths with endpoint 7 (v) is at most the degree of v € V(G).
Hence, each edge of 7™ is used by at most O(1) initial-paths, which implies that & = O(1).

Recall that each initial-path is constructed within an O(r) x O(r) grid and uses O(r)
edges of the grid. Hence, the expected number of times that a given edge of G*) occurs in
the random graph H = (my,7p) is O (). Then we have

B Y (@-fwi<o(;) X (- 1w (@)

{zy}eE(H) {zy}eB(G™)

for any real function f. Recall that each vertex in 0Q®) is chosen with probability ©(1/ r2),
then we have
1
B Y (@-swr=e(5) ¥ (- ) )

{zy}co {z,y}CsQk)

By and (f]), there exists some choice of H = (my, p) such that

Z{x,y}eE(H)(f(ﬁf) — () 3 Z{x,y}eE(G(k))(f(x) - f(y))z‘

SO(T)

Z{z,y}céﬂ(f(x> - f(v)? Z{m,y}C&Q(k)<f(x) — f(y))

10



By , we obtain that

Z{x,y}eE(H)(f(x) — f(y)?
Z{x,y}cm(f(x) - f(y))?

O (r*) Ma(GW, 6™

Ao(H, 692) = 60| min

1092]

= |6Q®)]
= O(r) Ao (GW 5QM).

0 r

Figure 2: The grid graph induced by two adjacent triangles.

Figure 3: The initial-paths from 7y (v) and 7y (u) to .

The following result is a discrete analogue of the classical center of mass method, which
can be directly derived from the work of Spielman-Teng [26] Theorem 4.2].

Lemma 3.1. Let f : S — S be an analytic map from a Riemann surface S to the unit sphere
SinR3 Fori=1,...,n, let C; be a circle with center c¢; on S. Suppose that no point on

11



S lies in at least half of the regions that have boundaries f(C),..., f(Cy). Then there is a
Mdébius transformation U such that

where 0 is the zero vector in R3.

If the graph G is not fully triangulated, additional edges can be added to make it be.
By , this operation does not decrease \y(G, 0€2). The following observation shows that
there exists a way to add edges while keeping the graph with bounded degree and genus g.
Therefore, it suffices to prove Theorem for a fully triangulated graph G.

Observation 3.2. For a bounded-degree graph G of genus g, there exists a fully triangulated
graph H of genus g with bounded degree such that G' is a spanning subgraph of H.

Proof. Embed G on a surface of genus g. If a face F' of G has a boundary that is not a cycle,
we can add at most two edges to each vertex inside F' so that all vertices incident with F
form a cycle. This process subdivides F' into new faces whose boundaries are cycles, while
preserving the genus of GG. Then, we may assume that the boundary of every face of G is a
cycle.

Consider a face of G whose boundary consists of vertices vy, vy, ..., vs, vg that appear in
cyclic order. If the face is not a triangle, we add a path v1vsvovs_1 - - - v4, Where t =  for even
sand t = (%W for odd s, to make it fully triangulated. Since the number of faces incident
with a vertex is at most its degree, the increase of the degree of each vertex is bounded.
Thus, we get a fully triangulated graph of genus g with bounded degree that contains G as
a spanning subgraph. O]

We are now ready to present the proof of the main result in this paper.

Proof of Theorem[1.4 Let G be a graph with boundary 0€2. By , adding edges to G does
not decrease A\2(G,02). If G is not fully triangulated, Observation [3.2| shows that additional
edges can be inserted into G to obtain a fully triangulated bounded-degree graph of genus
g. Therefore, it suffices to consider the case where G is fully triangulated.

Recall that G®) denotes the graph obtained from G after k iterations of the hexagonal-
subdivision. Let 6Q®*) be the boundary of G*) as defined in Lemma By circle packing
theorem (Theorem [2.2)), there exists a Riemann surface S*) of genus g such that G* realizes
a univalent circle packing P® on S*) . By Theorem , one can find an analytic map
f® . S®) — C of degree O(g) with O(g) branch points. Embedding the Riemann sphere C

as the unit sphere S in R3 via the inverse stereographic projection, we obtain the composition
(k) ~
OB RSN G S, which is an analytic map from S* to S.
For each vertex v € G®) | let O denote the circle in P®) centered at v. The circle CF)
is mapped by v(*¥) to the closed curve V(k)(Cl(,k)) on S. Moreover, each point on S is covered
by at most O(g) regions that are bounded by such curves. Since [§Q®)| = |§02|©(4%), when

k is sufficiently large with respect to g, no point on S lies in more than half of the regions
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bounded by v(k)(C’ék)) for all v € §Q*). By Lemma we may assume that the boundary
vertices satisfy Y _som v(®)(v) = 0; otherwise, v(*) can be post-composed with a suitable
Mébius transformation to achieve this normalization. Since all of the v(*)(v) are on the unit
sphere S, we have > _sow [[v® (v)]|? = [6Q®)].

By the result of Lin-Zhao [20, Lemma 2.4], the scalar values f(z) in can be replaced
with the vectors v(z) € R, that is,

2
vVir)—V
\o(G. 69) = min sV —v)IT

2 zesallV(@)[?

where the minimum is taken over all sets of n-dimensional vectors such that ) s v(z) =0
and at least one v(x) is nonzero. Thus, we have

Z{u,v}eE(G(k)) ||V(k)(u) —vi® (v)]?
> vesaw [VE (V)12

 Yuspercon VP () = v ()2 ©)
- 500 ‘

)\Q(G(k), 5Q(k)) <

Then it remains to bound the numerator.

Away from its branch points, the analytic map v! S®) 'S is locally conformal,
which implies that infinitesimal circles on the compact Riemann surface S*) are mapped to
infinitesimal circles on S. More formally, for any €, x > 0, there exists 7 > 0 such that for
any 7" < 7 and any point p at least distance s from all branch points of v(¥), the radius 7’
distortion

k)

maxq:|p—q|=7'/ |V(k) (p) - V(k) (Q)|

minq:\p—q\:T/ ’V(k) (p) - V(k) <Q>|
Indeed, by the convergence result of S (Lemma , there exists some N such that for all
k > N, all of circles in P®) have radius at most 7. Fix € and &, and let N and 7 be chosen
such that inequality is satisfied for v(»¥) with k > N.

Let £k > N, and let ng) be the i-th coordinate of v(®) for i = 1,2,3. For any {u,v} €
E(G™), we have

-1l<e (7)

VO () = v )] = 3 (v () = v (0))* ®)

The distance between u and v on S® is equal to rfﬁ) + n(,k), where rq(f) and rf,k) are the radii

of Cqsk) and C’f,k), respectively. As k — oo, both r&k) and nﬂ’“) tend to zero. The smoothness of
the function family v(¥), their convergence to v(>), and the compactness of S*) ensure that
each term on the right-hand side of is arbitrarily close to its first-order approximation.
Thus, for 7 = 1,2, 3, we have

(v () = vi? ()2 < (1 +0(0) (P + r)2 Vv (v)?
2+ 0(1)) ((r{)? + (r)2) IV (o) )12

IN
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and
(v () = viP (@)? < 2+ 0(1)) ((rE)? + (r5)2) [V (u) |2

Hence, we have
(v w) =P )2 <o) ((PPRIVVE@IE + CPRIVVE@I). )

Since the degree of G*) is bounded, every vertex of G*) appears in a constant number of
edges. It follows that

> IVP@) —vPIP <o) > ¢E)?vv® ).
{up}eE(GK)) veV(GK))

It implies that the contribution per unit area of the circle in P*) is at most O(1)||Vv®) (v)]|?,

which is bounded as k goes to infinity and v(*) approaches v().

Let Sy{:) be the union of k-neighborhoods of the branch points of v*) on S*) and set
Sék) = S\ Sﬁk). Consider the circles in P*) intersecting SY“). As k = 0 and k — oo, the
total area of these circles tends to zero, since the area of Syﬂ shrinks with x and the circles in
P*) become arbitrarily small as k increases. Therefore, their contribution to the numerator
in @ vanishes in the limit. Then it remains to consider only those circles that are entirely

contained in Sék).
For C € P let D(v®(C)) be the length of the longest geodesic contained in the region
bounded by v®(C), and let A(v¥)(C)) denote the area. When C' is entirely contained in

Sék), the closed curve v(¥)(C) is approximately circular. Note that the radius of each circle

in P*) is at most 7. In particular the radius 7' distortion of v(*) inside of Sék) is at most €
by (7)), which 1mphes that D2( )(C ))/A( F(C)) < O(1+¢). Let u,v be vertices such that
{u,v} € E(G®™) and both C® and C{¥ are entirely contained in Sék). Then we have

v ()~ v

Recall that every vertex of G appears in a constant number of edges, and that each point
on S is covered by at most O(g) such regions. Consequently,

Y. VP —vPE))* < Og(L + o) A(S).

{u,v}eE(G()
By (B, we have Ao(G®,60®) < O (|m<k>|) It follows from Lemma [2.6] that Ao(G, 6Q) <
0 (ﬁ) 0
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4 Concluding remark

In this section, we present an application of our results to electrical networks. If every edge
of G is equipped with a resistor of unit resistance, we call G a wunit electrical network.
A fundamental quantity in such networks is the effective resistance between two vertices,
which is determined by the first non-trivial Steklov eigenvalue.

Proposition 4.1. Let G = (V, E) be a unit electrical network. For any u,v € V, the effective

resistance between u and v is S (RORTR

In practical electrical networks, every component has only a bounded number of pins.
When the layout becomes too complex to be realized on a single-layer printed circuit board
(PCB), engineers may often turn to multi-layer PCBs and use vias to avoid wire crossings.
From a topological perspective, these operations correspond to embedding the network into
a surface of higher genus. Consequently, the graph abstracted from the electrical network is
naturally of bounded degree and positive genus. In a unit electrical network G = (V| F), it
is clear that the effective resistance between two vertices is at most |V| — 1, as the series
configuration achieves this maximum. Our result provides a lower bound on the effective
resistance between any two vertices in terms of the genus of the network.

Theorem 4.2. Let G be a unit electrical network of bounded degree and genus g. Then the

effective resistance between two vertices is at least g—f—l for some constant c.
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