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Abstract.

Inspired by the notion of equivariant log-concavity, we introduce the concept of induced
log-concavity for a sequence of representations of a finite group. In this paper we prove
the induced log-concavity of the equivariant Kazhdan-Lusztig polynomials of q-niform
matroids equipped with the action of a finite general linear group, as well as that of the
equivariant Kazhdan-Lusztig polynomials of uniform matroids equipped with the action
of a symmetric group. As a consequence of the former, we obtain the log-concavity of
Kazhdan-Lusztig polynomials of q-niform matroids, in support of Elias, Proudfoot and
Wakefield’s log-concavity conjecture on the matroid Kazhdan-Lusztig polynomials. We
also establish the induced log-concavity of the equivariant characteristic polynomials and
the equivariant inverse Kazhdan-Lusztig polynomials for q-niform matroids and uniform
matroids.
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1 Introduction

A finite sequence (a0, a1, . . . , an) of real numbers is said to be unimodal if a0 ≤ a1 ≤
· · · ≤ ai ≥ ai+1 ≥ · · · ≥ an for some 0 ≤ i ≤ n, and it is said to be log-concave if
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a2i ≥ ai−1ai+1 for any 1 ≤ i ≤ n − 1. We say that (a0, a1, . . . , an) has no internal zeros
if there do not exist integers 0 ≤ i < j < k ≤ n satisfying ai ̸= 0, aj = 0, ak ̸= 0.
We also say that a polynomial a0 + a1t + · · · + ant

n with real coefficients has a certain
property if its coefficient sequence (a0, a1, . . . , an) does. It is clear that a nonnegative
log-concave sequence with no internal zero must be unimodal. Unimodal and log-concave
sequences and polynomials are ubiquitous in combinatorics, geometry, probability, and
statistics. For more information on the subject of unimodality and log-concavity, we refer
the reader to Stanley [34], Brenti [8] and Brändén [5]. Although various methods and
theories have been developed for proving unimodality and log-concavity, there are still
many challenging conjectures.

In recent years the log-concavity of matroid invariants has received considerable re-
search attention, and for significant progress on some outstanding problems see Adipra-
sito, Huh, and Katz [1], Brändén and Huh [6], Adila, Denham, and Huh [2], and Braden,
Huh, Matherne, Proudfoot and Wang [7]. This paper is mainly motivated by the log-
concavity conjecture of matroid Kazhdan-Lusztig polynomials due to Elias, Proudfoot
and Wakefield [10].

Both the matroid Kazhdan-Lusztig polynomials and the classical Kazhdan-Lusztig
polynomials for Coxeter groups [20] are special cases of Kazhdan-Lusztig-Stanley polyno-
mials. Polo [28] showed that any polynomial with nonnegative coefficients and constant
term 1 appears as a Kazhdan-Lusztig polynomial associated to some pair of elements
in some symmetric group. Hence, the classical Kazhdan-Lusztig polynomials need not
be log-concave, while Elias, Proudfoot and Wakefield [10] conjectured that all matroid
Kazhdan-Lusztig polynomials are log-concave. Gedeon, Proudfoot, and Young [17] con-
jectured that each matroid Kazhdan-Lusztig polynomial has only real zeros, and showed
their conjecture is valid for the graphical matroids associated with cycle graphs. By
Newton’s inequality, the latter conjecture implies the former log-concavity conjecture.

Elias, Proudfoot and Wakefield’s log-concavity conjecture remains open, and it was
confirmed for several families of matroids, such as uniform matroids by Xie and Zhang
[37]. Gedeon, Proudfoot, and Young’s real-rootedness conjecture was confirmed for some
uniform matroids by Gao, Lu, Xie, Yang and Zhang [13], and for fan matroids, wheel
matroids, and whirl matroids by Lu, Xie and Yang [24]. The primary goal of this paper is
to prove Elias, Proudfoot and Wakefield’s log-concavity conjecture for q-niform matroids,
which were studied by Proudfoot in [29].

In order to study the matroid Kazhdan-Lusztig polynomials, other two families of
matroid invariants were introduced, including the inverse Kazhdan-Lusztig polynomials
defined by Gao and Xie [14], and the Z-polynomials defined by Proudfoot, Xu and Young
[31]. Gao and Xie [14] conjectured that all inverse Kazhdan-Lusztig polynomials of ma-
troids are log-concave and they proved this conjecture for uniform matroids. Proudfoot,
Xu and Young [31] conjectured that all Z-polynomials are log-concave and even have only
real zeros and they verified the real-rootedness for modular matroids. The real-rootedness
of Z-polynomials were further confirmed for fan matroids, wheel matroids, and whirl ma-
troids by Lu, Xie and Yang [24], and for some uniform matroids by Gao, Lu, Xie, Yang
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and Zhang [13].

By imposing a group action on a matroid, Gedeon, Proudfoot and Young [16] de-
fined the equivariant matroid Kazhdan-Lusztig polynomials, which form another impor-
tant family of matroid invariants. Both inverse Kazhdan-Lusztig polynomials and Z-
polynomials have their equivariant counterparts; see Proudfoot [30] and Proudfoot, Xu
and Young [31]. The equivariant Kazhdan-Lusztig polynomials provide more powerful
tools to study the ordinary Kazhdan-Lusztig polynomials. Among these, the concept of
equivariant log-concavity, which was proposed by Gedeon, Proudfoot, and Young [16],
serves as a natural extension of the notion of log-concavity for matroid invariants.

To recall the definition of equivariant log-concavity, we shall adopt most of the no-
tations and symbols in [16]. For a finite group W , let Rep(W ) denote the set of honest
representations of W over C, and let VRep(W ) denote the ring of virtual representa-
tions, namely, the formal difference (with respect to direct sum) of two honest repre-
sentations. A sequence (Ci)i≥0 in VRep(W ) is said to be equivariantly log-concave if
Ci ⊗ Ci − Ci−1 ⊗ Ci+1 ∈ Rep(W ) for all i > 0, and it is said to be strongly equiv-
ariantly log-concave if Ci ⊗ Cj − Ci−1 ⊗ Cj+1 ∈ Rep(W ) for all 1 ≤ i ≤ j, where the
symbol ⊗ denotes the (internal) tensor product of representations. Sometimes we use
Ci ⊗ Cj ⊇ Ci−1 ⊗ Cj+1 to represent Ci ⊗ Cj − Ci−1 ⊗ Cj+1 ∈ Rep(W ) Letting dim Ci

denote the dimension of Ci, it is clear that the equivariant log-concavity of (Ci)i≥0 im-
plies the log-concavity of (dim Ci)i≥0. Note that the notion of equivariant log-concavity
can be carried over verbatim to polynomials with coefficients in VRep(W ), or to graded
representations of W .

Suppose that M is a matroid equipped with an action of W , denoted by W ↷ M .
Gedeon, Proudfoot, and Young [16] conjectured that for any equivariant matroidW ↷M
both the equivariant characteristic polynomial and the equivariant Kazhdan-Lusztig poly-
nomial are equivariantly log-concave, and they also made partial progress for equivari-
ant uniform matroids. Proudfoot, Xu and Young [31] also conjectured all equivariant
Z-polynomials are strongly equivariantly log-concave, and verified their conjecture for
certain q-analogue of equivariant Boolean matroids. Matherne, Miyata, Proudfoot and
Ramos [25] provided more equivariantly log-concave conjectural examples associated with
Orlik-Solomon algebras of matroids, Cordovil algebras of oriented matroids, and Orlik-
Terao algebras of hyperplane arrangements. They also gave computer assisted proofs to
their conjectures for some special cases in low degrees by using the theory of representation
stability.

Motivated by the notion of equivariant log-concavity and its connections to the ordi-
nary log-concavity, we introduce a parallel concept, called induced log-concavity, whose
definition is more subtle. Given a sequence (Ci)i≥0 of virtual representations of a finite
group W , the notion of induced log-concavity will be concerned with the external tensor
product of Ci and Cj, denoted by Ci ⊠ Cj, which is considered as a representation of
W ×W and different from the internal tensor product used in the definition of equivari-
ant log-concavity. If there exist some finite group G, a subgroup H of G, and a group
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homomorphism ϕ : H → W ×W such that

IndG
H (Ci ⊠ Ci)− IndG

H (Ci−1 ⊠ Ci+1) ∈ Rep(G)

for any i ≥ 1, where the external tensor product Ci ⊠ Cj is naturally considered as a
representation of H via the pullback of ϕ, then (Ci)i≥0 is called inductively log-concave
with respect to G, H and ϕ. If G, H and ϕ is obvious from the context, we simply say
that (Ci)i≥0 is inductively log-concave. Furthermore, if

IndG
H (Ci ⊠ Cj)− IndG

H (Ci−1 ⊠ Cj+1) ∈ Rep(G)

for any 1 ≤ i ≤ j, then (Ci)i≥0 is called strongly inductively log-concave. Later we also
use IndG

H (Ci⊠Cj) ⊇ IndG
H (Ci−1⊠Cj+1) to represent Ind

G
H (Ci⊠Cj)−IndG

H (Ci−1⊠Cj+1) ∈
Rep(G). Note that if we take G = H = W and take ϕ = diag : W → W ×W to be
the diagonal embedding, then the induced log-concavity reduces to the equivariant log-
concavity. Thus the notion of induced log-concavity provides a more general framework
to study the ordinary log-concavity of matroid invariants. The notion of induced log-
concavity can also be carried over verbatim to polynomials with coefficients in VRep(W ),
or to graded representations of W .

In this paper we shall explore the use of induced log-concavity for proving the log-
concavity of Kazhdan-Lusztig polynomials of uniform matroids and q-niform matroids.
Our contributions are the following.

(I) Two simple ways to generate new inductively log-concave polynomials from old ones.
In particular, these can be used to produce equivariantly log-concave polynomials.
(See Section 2.)

(II) Schur positivity of some differences of products of Schur functions. (See Section 3.)

(III) Induced log-concavity of equivariant characteristic polynomials, Kazhdan-Lusztig
polynomials, and inverse Kazhdan-Lusztig polynomials of q-niform matroids and
uniform matroids. As a corollary, we obtain the log-concavity of the Kazhdan-
Lusztig polynomials of q-niform matroids. (See Section 4.)

2 Induced Log-concavity

The aim of this section is two-fold. First, we present some properties of induced log-
concavity of virtual representations, parallel to those of ordinary log-concavity of real
numbers. Secondly, we show some connection between the induced log-concavity of rep-
resentations of symmetric groups and that of unipotent representations of finite general
linear groups.

Since we are mainly concerned with the log-concavity of polynomials, all log-concavity
results of this section are stated in terms of polynomials instead of sequences. Given a
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finite group W , let VRep(W )[t] be the polynomial ring in the variable t over VRep(W ).
For notational convenience, we use t+ τ to denote the polynomial τt+ τ in VRep(W )[t],
where τ denotes the trivial representation of W .

Suppose that J(t) ∈ VRep(W )[t] is inductively log-concave with respect to some
groups G,H and some group homomorphism ϕ : H → W × W . In the following we
shall use J(t) to generate new inductively log-concave polynomials with respect to the
same triple (G,H, ϕ). To this end, we require that the triple (G,H, ϕ) should satisfy the
following symmetric property:

(♢) For any two virtual representations C,D ∈ VRep(W ), the induced representation
IndG

H (C ⊠D) is isomorphic to IndG
H (D ⊠ C).

For example, the triple (W,W, diag : W → W ×W ) satisfies the above property, and
thus the following two propositions hold in particular for equivariant log-concavity. It is
well known that if J(t) ∈ R[t] is a log-concave polynomial with nonnegative coefficients,
then (t+ 1)J(t) is also log-concave. Motivated by this, we obtained the following result.

Proposition 2.1. Suppose that W is a finite group, the triple (G,H, ϕ) has property (♢),
and J(t) is a polynomial in VRep(W )[t] with coefficients being honest representations. If
J(t) is strongly inductively log-concave with respect to a triple (G,H, ϕ), then so is the
polynomial (t+ τ) · J(t).

Proof. Assume that J(t) =
∑n

i=0Cit
i. By the hypothesis, for any 1 ≤ i ≤ j ≤ n − 1 we

have

IndG
H (Ci ⊠ Cj)− IndG

H (Ci−1 ⊠ Cj+1) ∈ Rep(G). (1)

Since Ci ⊗ τ = Ci in the sense of isomorphism, we get

(t+ τ) · J(t) =
n+1∑
k=0

(Ck−1 + Ck)t
k,

where we set C−1 = Cn+1 = 0. Now, for any 1 ≤ i ≤ j ≤ n, one can verify that

IndG
H ((Ci−1 + Ci)⊠ (Cj−1 + Cj))− IndG

H ((Ci−2 + Ci−1)⊠ (Cj + Cj+1))

=
(
IndG

H (Ci−1 ⊠ Cj−1)− IndG
H (Ci−2 ⊠ Cj)

)
+
(
IndG

H (Ci ⊠ Cj)− IndG
H (Ci−1 ⊠ Cj+1)

)
+
(
IndG

H (Ci ⊠ Cj−1)− IndG
H (Ci−1 ⊠ Cj)

)
+
(
IndG

H (Ci−1 ⊠ Cj)− IndG
H (Ci−2 ⊠ Cj+1)

)
,

which is an honest representation of G by (1). A little caution is needed when dealing
with the case of i = j, for which the third direct summand vanishes due to property (♢)
and the remaining direct summands are honest by (1). The proof is complete.

Another known observation on log-concavity is that if J(t) ∈ R[t] is a log-concave
polynomial with nonnegative coefficients, then so is J(t+ 1); see [8, 23]. Inspired by this
fact, we obtain the following result.
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Proposition 2.2. Suppose that W is a finite group, the triple (G,H, ϕ) has property (♢),
and J(t) is a polynomial in VRep(W )[t] with coefficients being honest representations. If
J(t) is strongly inductively log-concave with respect to a triple (G,H, ϕ), then so is the
polynomial J(t+ τ).

Proof. The proof is by induction on the degree n of J(t). We may assume that n ≥ 2.
Suppose that

J(t) = C0 + C1t+ C2t
2

is strongly inductively log-concave with respect to (G,H, ϕ), namely

IndG
H (C1 ⊠ C1)− IndG

H (C0 ⊠ C2) ∈ Rep(G). (2)

Note that
J(t+ τ) = (C0 + C1 + C2) + (C1 + 2C2)t+ C2t

2.

We need to prove that

IndG
H ((C1 + 2C2)⊠ (C1 + 2C2))− IndG

H ((C0 + C1 + C2)⊠ C2) ∈ Rep(G).

By using (2), one can verify that

IndG
H ((C1 + 2C2)⊠ (C1 + 2C2)) ⊇ IndG

H (C1 ⊠ C1) + IndG
H (C1 ⊠ C2) + IndG

H (C2 ⊠ C2)

⊇ IndG
H (C0 ⊠ C2) + IndG

H (C1 ⊠ C2) + IndG
H (C2 ⊠ C2)

= IndG
H ((C0 + C1 + C2)⊠ C2).

This completes the proof of the base case.

Now assume the assertion is true for polynomials of degree less than n + 1. We
proceed to prove the assertion for a strongly inductively log-concave polynomial J(t) of
degree n + 1 in VRep(W )[t]. Suppose that J(t) =

∑n+1
i=0 Cit

i with Ci ∈ Rep(W ). Then,
for any 1 ≤ i ≤ j ≤ n, we have

IndG
H (Ci ⊠ Cj)− IndG

H (Ci−1 ⊠ Cj+1) ∈ Rep(G). (3)

If we write

K(t) =
n∑

i=0

Ci+1(t+ τ)i =
n∑

i=0

Dit
i,

then

J(t+ τ) = C0 + (t+ τ) ·K(t), Di =
n∑

j=i

Ç
j

i

å
Cj+1 for 0 ≤ i ≤ n.

Observe that if

C0 + t · J(t+ τ) = C0 + t · (C0 + (t+ τ) ·K(t)) = (t+ τ) · (C0 + t ·K(t))
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is strongly inductively log-concave, then so is J(t + τ). Thus it suffices to show that
C0 + t · J(t+ τ) is strongly inductively log-concave. By Proposition 2.1, we only need to
prove that C0 + t ·K(t) is strongly inductively log-concave. By the induction hypothesis,
we know that K(t), and hence t · K(t), is strongly inductively log-concave with respect
to (G,H, ϕ). Thus, we only need to check that for any 0 ≤ i ≤ n− 1

IndG
H (D0 ⊠Di)− IndG

H (C0 ⊠Di+1) ∈ Rep(G).

We find that

IndG
H (D0 ⊠Di) = IndG

H

((
n∑

j1=0

Cj1+1

)
⊠

(
n∑

j2=i

Ç
j2
i

å
Cj2+1

))

=
n∑

j1=0

n∑
j2=i

IndG
H

Ç
Cj1+1 ⊠

Ç
j2
i

å
Cj2+1

å
=

n+1∑
ℓ=1

ℓ+n+1∑
k=ℓ+i+1

IndG
H

Ç
Cℓ ⊠

Ç
k − ℓ− 1

i

å
Ck−ℓ

å
⊇

n−i∑
ℓ=1

n+1∑
k=ℓ+i+1

IndG
H

Ç
Cℓ ⊠

Ç
k − ℓ− 1

i

å
Ck−ℓ

å
=

n+1∑
k=i+2

k−i−1∑
ℓ=1

IndG
H

Ç
Cℓ ⊠

Ç
k − ℓ− 1

i

å
Ck−ℓ

å
⊇

n+1∑
k=i+2

IndG
H

(
C0 ⊠

(
k−i−1∑
ℓ=1

Ç
k − ℓ− 1

i

å)
Ck

)
,

where the last inclusion is derived from (3) and (♢).

By successively applying
(

k
i+1

)
+
(
k
i

)
=
(
k+1
i+1

)
, we see that

∑k−i−1
ℓ=1

(
k−ℓ−1

i

)
=
(
k−1
i+1

)
.

Thus

IndG
H (D0 ⊠Di) ⊇

n+1∑
k=i+2

IndG
H

Ä
C0 ⊠

(
k−1
i+1

)
Ck

ä
= IndG

H

(
C0 ⊠

(
n∑

j=i+1

Ç
j

i+ 1

å
Cj+1

))
= IndG

H (C0 ⊠Di+1),

as desired. This completes the proof.

Now we turn to the second purpose of this section. As shown before, we are unaware
which triple (G,H, ϕ) having property (♢) is used in the preceding two propositions.
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However, the choice of the triple is critical for practical applications of induced log-
concavity. For our purpose here, we will introduce a feasible way to choose the triple
(G,H, ϕ) for symmetric groups and finite general linear groups.

Let us first consider the induced log-concavity of representations of a symmetric group.
To set up the necessary machinery, we briefly review some basic facts about the representa-
tion theory of symmetric groups. Let Sn denote the symmetric group of all permutations
of the finite set {1, 2, . . . , n}. The irreducible representations of Sn can be indexed by par-
titions of n. Recall that a partition λ of n, denoted by λ ⊢ n, is a sequence (λ1, λ2, . . . , λl)
of weakly decreasing nonnegative integers λi such that

∑l
i=1 λi = n. We usually use the

notation Vλ to denote the irreducible representation of Sn associated with the partition
λ. Given any integer k ≤ n and two representations V ∈ Rep(Sk), V

′ ∈ Rep(Sn−k),
define

V ∗ V ′ := IndSn
Sk×Sn−k

(V ⊠ V ′) . (4)

There is a natural isomorphism between ⊕n≥0VRep(Sn) and the ring ΛZ of symmetric
functions over Z, called the Frobenius characteristic map ch, which sends each irreducible
representation Vλ to the Schur function sλ and satisfies ch(V ∗ V ′) = chV · chV ′. More
information on ΛZ and sλ will be given in Section 3. To study the induced log-concavity of
a sequence (Ci)i≥0 of virtual representations of Sn, we will take G = S2n, H = Sn ×Sn,
and ϕ = id, the identity map. Thus, the sequence (Ci)i≥0 is inductively log-concave with
respect to (S2n,Sn × Sn, id) if Ci ∗ Ci − Ci+1 ∗ Ci−1 ∈ Rep(S2n) for any i ≥ 1. The
reason for such a choice is that the Frobenius characteristic map enables us to transform
the problem of proving the induced log-concavity of certain representations of symmetric
groups to that of proving the Schur positivity of the corresponding symmetric functions.

For finite general linear groups, this paper is mainly concerned with the induced log-
concavity of unipotent representations. Given a prime power q, let Fq be a finite field
of order q, and let GLn(Fq) be the finite general linear group over Fq. Let Bn(Fq) ⊆
GLn(Fq) denote the Borel subgroup composed of invertible upper triangular matrices.
The irreducible unipotent representations of GLn(Fq) are the composition factors of the
representation C[GLn(Fq)/Bn(Fq)]. If a representation is isomorphic to a direct sum of
irreducible unipotent representations, then it is called a unipotent representation. The
irreducible unipotent representations of GLn(Fq) can also be indexed by partitions of n; see
Curtis [9, Theorem B]. We save the notation Vλ(q) for the associated irreducible unipotent
representation of GLn(Fq) associated with λ. For a pair of natural numbers k ≤ n, let
Pk,n(Fq) ⊆ GLn(Fq) denote the parabolic subgroup associated with the LeviGLk(Fq) ×
GLn−k(Fq). Suppose that V (q) is a unipotent representation of GLk(Fq), and V ′(q) is
a unipotent representation of GLn−k(Fq). It is possible to consider V (q) ⊠ V ′(q) as a
representation of Pk,n(Fq) by using the natural surjection ι : Pk,n(Fq) −→ GLk(Fq) ×
GLn−k(Fq). The Harish-Chandra induction is defined by

V (q) ∗ V ′(q) := Ind
GLn(Fq)

Pk,n(Fq)
(V (q)⊠ V ′(q)) .

8



It is known that V (q)∗V ′(q) is a unipotent representation of GLn(Fq). Let VURep(GLn(Fq))
denote the set of virtual unipotent representations of GLn(Fq). There is a canonical bi-
jection ψ between VURep(GLn(Fq)) and VRep(Sn) by taking ψ(Vλ(q)) = Vλ and then
extending linearly. The representation theory of symmetric groups and the unipotent
representation theory of finite general linear groups behave very similarly in the sense of
the following Comparison Theorem.

Theorem 2.3 ([9, Theorem B]). Fix a prime power q and a pair of natural numbers k ≤ n,
and let λ, µ and ν be partitions of n, k and n − k respectively. Then the multiplicity of
Vλ(q) in Vµ(q) ∗ Vν(q) is equal to the multiplicity of Vλ in Vµ ∗ Vν.

To study the induced log-concavity of a sequence (Ci(q))i≥0 of virtual unipotent repre-
sentations of GLn(Fq), we will take G = GL2n(Fq), H = Pn,2n(Fq), and ϕ = ι, the natural
surjection from Pn,2n(Fq) to GLn(Fq)×GLn(Fq). Based on the Comparison Theorem, we
immediately obtain the following result.

Proposition 2.4. A sequence (Ci(q))i≥0 of virtual unipotent representations of GLn(Fq) is
inductively log-concave with respect to (GL2n(Fq), Pn,2n(Fq), ι) if and only if (ψ(Ci(q)))i≥0

is inductively log-concave with respect to (S2n,Sn ×Sn, id) as a sequence of virtual rep-
resentations of Sn.

With the above proposition, the problem of proving the induced log-concavity of unipo-
tent representations of finite general linear groups can also be transformed to that of
proving the Schur positivity of certain symmetric functions.

Remark 2.5. When we consider representations of Sn, the triple (G,H, ϕ) = (S2n,Sn×
Sn, id) has property (♢). The underlying reason for this fact will be brought out by Propo-
sition 3.1. Furthermore, by Theorem 2.3 the triple (G,H, ϕ) = (GL2n(Fq), Pn,2n(Fq), ι)
also has property (♢), provided that we confine ourselves to unipotent representations of
GLn(Fq) instead of all of its representations, namely, we replace VRep(GLn(Fq)) with
VURep(GLn(Fq)) in the condition of (♢).

Remark 2.6. Our notion of induced log-concavity provides a way of mixing log-concavity
with induction, and allows us to study certain log-concavity problems from the viewpoint
of symmetric functions. Nicholas Proudfoot (private communication) pointed out that he
and Weiyan Chen considered another way of mixing log-concavity with induction, with the
goal of getting a statement that can be interpreted nicely in terms of symmetric functions.
Let G be a finite group, and let W be the wreath product of Sn with G. Given a graded
representation V of G, there is a natural way to consider V ⊗n as a graded representation of
W . They conjectured that if V is G-equivariantly log-concave then V ⊗n is W -equivariantly
log-concave. One special case of this conjecture of particular interest occurs when G = Sk.
In this case, there is a natural embedding of W into Skn, then the representation obtained
from V ⊗n by inducing up to Skn would be Skn-equivariantly log-concave. This conjecture
is appealing because it has a nice interpretation in terms of symmetric functions. To be
precise, let f(t) be the polynomial in which the coefficient of tk, up to sign, is equal to the
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Frobenius characteristic of the k-th graded piece of V . Then the corresponding polynomial
for the induced representation in the previous paragraph is otained by taking the plethysm
of the n-th complete symmetric function hn with f(t).

3 Schur Positivity

In this section we will present some Schur positivity results that will be used later to prove
the induced log-concavity of equivariant characteristic polynomials and Kazhdan-Lusztig
polynomials of uniform matroids and q-niform matroids.

Let us now recall some related definitions and terminology in the theory of symmetric
functions. For undefined terminology, see Stanley [35]. Let λ and µ are two partitions, if
λ/µ be a skew shape, i.e., 0 ≤ µi ≤ λi for all i, then the Young diagram of λ/µ is obtained
from the Young diagram of λ by removing the boxes in the subdiagram of µ from the top
left corner. A semistandard Young tableau T of skew shape λ/µ is defined to be a filling
of the skew diagram λ/µ with positive integers that is weakly increasing in each row and
strictly increasing in every column. If T is a semistandard Young tableau of shape λ/µ,
then we write sh(T ) = λ/µ. For instance, letting λ = (6, 5, 4) and µ = (3, 2), the skew
diagram of λ/µ and a semistandard Young tableau of shape λ/µ are presented in Figure
1.

3 4 6
4 4 5

1 2 7 8

Figure 1: The skew diagram and a semistandard Young tableau of shape (6, 5, 4)/(3, 2)

The skew Schur function sλ/µ of shape λ/µ in the variables x is the formal power series

sλ/µ(x) =
∑
T

xT ,

where T ranges over all semistandard Young tableaux of skew shape λ/µ, and xT =
xc11 x

c2
2 · · · , if there are c1 1’s, c2 2’s, etc. If µ = ∅, then sλ(x) is called the Schur function

of shape λ. If λ = (n), then sλ(x) is called the complete symmetric function. The Jacobi-
Trudi identity [35, Theorem 7.16.1] allows us to express a skew Schur function in terms
of complete symmetric functions as the following determinant

sλ/µ(x) = det(hλi−µj−i+j(x))
ℓ(λ)
i,j=1, (5)

where ℓ(λ) denotes the length of λ and s(k) = 0 for k < 0.

The Schur functions play a significant role in combinatorics, representation theory and
geometry. One reason Schur functions are important is that the set {sλ | λ ⊢ n} forms
a basis for the Z-module Λn

Z of all homogeneous symmetric functions of degree n over Z.
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Another reason is that there is a canonical bijection between Schur functions and isomor-
phic classes of irreducible representations of the symmetric group via the aforementioned
Frobenius characteristic map ch in Section 2. Recall that chVλ = sλ(x) for every λ ⊢ n.
Let ΛZ denote the ring of symmetric functions over Z, namely, ΛZ = ⊕n≥0Λ

n
Z. Define

VRep(S∞) = ⊕n≥0VRep(Sn), which is also a graded ring with respect to the induction
product “∗” defined by (4) and extended to VRep(S∞) by linearity. The Frobenius char-
acteristic map ch can be extended to a linear transformation ch : VRep(S∞) → ΛZ. Since
a representation is determined by its character, we have the following result.

Proposition 3.1 ([35, Proposition 7.18.4]). The map ch is a ring isomorphism between
VRep(S∞) and ΛZ. In particular, the image of the skew Specht module Vλ/µ under the
map ch is the skew Schur function sλ/µ(x).

Recall that a symmetric function f(x) is said to be Schur positive, or simply s-positive,
if it can be written as a nonnegative linear combination of Schur functions. It is known that
every skew Schur function sλ/µ(x) is Schur positive. In the following we will abbreviate a
symmetric function f(x) to f if no confusion will result. We also use f ≥s g to represent
that f −g is s-positive. By Proposition 3.1, the problem of determining whether a virtual
representation V ∈ VRep(S∞) is honest is equivalent to proving the Schur positivity of
chV . Recall that for any two representations V ∈ Rep(Sk), V

′ ∈ Rep(Sn−k) we have
ch(V ∗ V ′) = chV · chV ′. Thus, we have the following result.

Proposition 3.2. A sequence (Ci)i≥0 of representation of Sn is inductively log-concave
(respectively, strongly inductively log-concave) with respect to (S2n,Sn×Sn, id) if and only
if (chCi)

2 − (chCi−1)(chCi+1) is Schur positive for i ≥ 1 (respectively, (chCi)(chCj) −
(chCi−1)(chCj+1) is Schur positive for 1 ≤ i ≤ j).

Various problems on Schur positivity have been extensively studied; see for instance
Fomin, Fulton, Li and Poon [12], Lam, Postnikov and Pylyavskyy [21], Lascoux, Leclerc
and Thibon [22], and Okounkov [26].

Before presenting our results on Schur positivity, let us first recall some known results
due to Lam, Postnikov and Pylyavskyy [21]. For a real number u, let ⌊u⌋ be the maximal
integer less than or equal to u and ⌈u⌉ be the minimal integer greater than or equal to u.
Given a positive integer n and two vectors v, w, assume that the operations v+w, v

n
, ⌊v⌋

and ⌈v⌉ are performed coordinate-wise. Lam, Postnikov and Pylyavskyy [21] obtained
the following result, which answered a conjecture of Okounkov [26].

Theorem 3.3 ([21, Theorem 12]). For any two skew shapes λ/µ and ν/ρ,

s⌈λ+ν
2

⌉/⌈µ+ρ
2

⌉s⌊λ+ν
2

⌋/⌊µ+ρ
2

⌋ ≥s sλ/µsν/ρ. (6)

Lam, Postnikov and Pylyavskyy [21] further showed that taking conjugating parti-
tions in the above theorem leads to a proof of a conjecture due to Fomin, Fulton, Li
and Poon [12]. Given two partitions λ and µ, let λ ∪ µ = (α1, α2, α3, . . .) denote the
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partition obtained by rearranging all parts of λ and µ in weakly decreasing order. Let
sort1(λ, µ) := (α1, α3, α5, . . .) and sort2(λ, µ) := (α2, α4, α6, . . .). Fomin, Fulton, Li and
Poon conjectured, and Lam, Postnikov and Pylyavskyy [21] later proved the following
result.

Theorem 3.4 ([21, Corollary 14]). Let λ/µ and ν/ρ be two skew shapes. Then

ssort1(λ,ν)/sort1(µ,ρ)ssort2(λ,ν)/sort2(µ,ρ) ≥s sλ/µsν/ρ.

Both Theorem 3.3 and Theorem 3.4 will be used later but in an indirect way. Note
that the Schur positivity in Theorem 3.3 and Theorem 3.4 only depends on the values
of the involved skew Schur functions, so the shapes of skew partitions are critical for the
involved operations. In order to apply Theorem 3.3 and Theorem 3.4 to a larger context,
it is natural to consider when two skew Schur functions are equal. We would like to
point out that the question of equalities among skew Schur functions has been studied by
Billera, Thomas, and van Willigenburg [4], and Reiner, Shaw and van Willigenburg [32].
For our purpose here, we need the following basic fact.

Proposition 3.5 ([35, Exercise 7.56 (a)]). Given a skew shape λ/µ, let (λ/µ)r denote the
skew shape obtained by rotating λ/µ 180 degrees. Then sλ/µ = s(λ/µ)r .

For example, by rotating the skew diagram λ/µ = (6, 5, 4)/(3, 2) 180 degrees, we
obtain (λ/µ)r = (6, 4, 3)/(2, 1), as illustrated in Figure 2.

Figure 2: The skew diagrams (6, 5, 4)/(3, 2) and (6, 4, 3)/(2, 1)

Our first result on Schur positivity is concerned with a sequence of partitions, a special
case of which arises in an expression of the equivariant Kazhdan-Lusztig polynomials of
uniform matroids due to Gao, Xie and Yang [15].

Theorem 3.6. Given some fixed integers n, k, a, b, c, d, for any i, let

λ(i)/µ(i) := (n+ ki, (a+ ki)ci+d)/((b+ ki)ci+d),

where (a + ki)ci+d denotes the number a + ki with multiplicity ci + d. If i is an integer
such that λ(i−1)/µ(i−1), λ(i)/µ(i) and λ(i+1)/µ(i+1) are skew shapes, then

s2λ(i)/µ(i) − sλ(i−1)/µ(i−1)sλ(i+1)/µ(i+1) ≥s 0.

Proof. By rotating the skew shape λ(i)/µ(i) 180 degrees, we find that

(λ(i)/µ(i))r = (n+ ki, (n− b)ci+d)/((n− a)ci+d).

12



In view of Theorem 3.5, it suffices to show

s2(λ(i)/µ(i))r − s(λ(i−1)/µ(i−1))rs(λ(i+1)/µ(i+1))r ≥s 0. (7)

On the one hand, taking

λ =
Ä
n+ k(i+ 1), (n− b)c(i+1)+d

ä
,

µ = ((n− a)c(i+1)+d),

ν = (n+ k(i− 1), (n− b)c(i−1)+d),

ρ = ((n− a)c(i−1)+d)

in Theorem 3.4, one can verify that

sort1(λ, ν) = (n+ k(i+ 1), (n− b)ci+d),

sort2(λ, ν) = (n+ k(i− 1), (n− b)ci+d),

sort1(µ, ρ) = sort2(µ, ρ) = ((n− a)ci+d),

and hence obtain the inequality

s(n+k(i+1),(n−b)ci+d)/((n−a)ci+d)s(n+k(i−1),(n−b)ci+d)/((n−a)ci+d) ≥s s(λ(i−1)/µ(i−1))rs(λ(i+1)/µ(i+1))r .

(8)

On the other hand, taking

λ = (n+ k(i+ 1), (n− b)ci+d),

µ = ((n− a)ci+d),

ν = (n+ k(i− 1), (n− b)ci+d),

ρ = ((n− a)ci+d)

in Theorem 3.3, one can verify that⌈λ+ ν

2

⌉
=
⌊λ+ ν

2

⌋
= (n+ ki, (n− b)ci+d),⌈µ+ ρ

2

⌉
=
⌊µ+ ρ

2

⌋
= ((n− a)ci+d),

and hence obtain the inequality

s2(λ(i)/µ(i))r ≥s s(n+k(i+1),(n−b)ci+d)/((n−a)ci+d)s(n+k(i−1),(n−b)ci+d)/((n−a)ci+d). (9)

Combining (8) and (9) we get (7). This completes the proof.

We proceed to state our second result on Schur positivity, which is concerned with
the difference of products of Schur functions of hook shapes. To prove this result, we
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will use the celebrated Littlewood-Richardson rule, which we will recall below. Given
a semistandard Young tableau T , we say that it has type α = (α1, α2, . . .), denoted
α = type(T ), if T has αi entries equal to i. The reverse reading word of T is the sequence
of entries of T obtained by concatenating the rows of T from right to left, top to bottom.
We say that a word w1w2 · · ·wn is a lattice permutation if in any initial factor w1w2 · · ·wj,
the number of i’s is at least as great as the number of (i + 1)’s for all i. A Littlewood-
Richardson tableau is a semistandard Young tableau T such that its reverse reading word
is a lattice permutation. The Littlewood-Richardson rule can be stated as follows.

Theorem 3.7 ([35, Section 7.10]). If

sλsµ =
∑
γ

cγλµsγ,

then the coefficient cγλµ is equal to the number of Littlewood-Richardson tableaux of shape
γ/µ and type λ.

In many cases we encounter a special case of Theorem 3.7, called Pieri’s rule, which
can be stated in terms of horizontal strips as below. Recall that a horizontal strip is a
skew diagram with no two squares in the same column.

Theorem 3.8. [35, Theorem 7.15.7] We have

sλs(n) =
∑
µ

sµ,

summed over all partitions µ such that µ/λ is a horizontal strip of size n.

By applying the Littlewood-Richardson rule, one can expand the product of two Schur
functions of hook shapes in terms of Schur functions. However, we failed to find an explicit
expansion in the literature. For the sake of completeness, we state the following result
and include a self-contained proof here.

Lemma 3.9. For any integers m,n ≥ 1 and a, b ≥ 0, we have

s(m,1a)s(n,1b) =

min {m,n−1}∑
j=0

s(m+n−j,j+1,1a+b−1) +

min{a,b−1}∑
r=1

min{m,n−1}∑
j=1

s(m+n−j,j+1,2r,1a+b−2r−1)

+

min{a−1,b−1}∑
r=0

min{m,n}∑
j=1

s(m+n−j+1,j+1,2r,1a+b−2r−2) +

min {m−1,n−1}∑
j=0

s(m+n−j−1,j+1,1a+b)

+

min{a,b}∑
r=1

min{m−1,n−1}∑
j=1

s(m+n−j−1,j+1,2r,1a+b−2r) +

min{a−1,b}∑
r=0

min{m−1,n}∑
j=1

s(m+n−j,j+1,2r,1a+b−2r−1).

(10)
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Proof. Assume that

s(m,1a)s(n,1b) =
∑
γ

cγsγ,

where γ = (γ1, γ2, γ3, . . .) ranges over all partitions of m + n + a + b. We claim that if
γ3 ≥ 3 then cγ = 0. Actually, by Theorem 3.7, we know that cγ is equal to the number of
Littlewood-Richardson tableaux T of shape γ/(n, 1b) and type (m, 1a). Note that when
γ3 ≥ 3 the diagram of γ/(n, 1b) contains a 2 × 2 subdiagram in the second and third
rows. If there exists such a T , then its third row must start with a number i ≥ 2 followed
by a number j > i by semistandardness and type(T ) = (m, 1a), contradicting the lattice
permutation condition of T .

From now on we may assume that γ is of the form (c, j + 1, 2r, 1d) for some c > j ≥ 0
and r, d ≥ 0. Note that each Littlewood-Richardson tableau T of shape γ/(n, 1b) and type
(m, 1a) will contribute a term sγ to s(m,1a)s(n,1b). By the lattice permutation condition
satisfied by T , the first row of T can only be filled with 1’s. Since γ is of the form
(c, j + 1, 2r, 1d), a little thought shows that if the position of 2 in T is fixed then there
is a unique way to fill the boxes of T with the remaining numbers 3, 4, . . . , a + 1. In
the following we shall divide all such Littlewood-Richardson tableaux into six families
according to the relative position of 1’s and 2’s. Since the column of T is strictly increasing,
there is at most one 1 in each column of T . These six cases can be placed into one of
two categories, say (A) and (B), the first of which consists of those tableaux without the
occurrence of 1 in the first column of γ as shown by A.1, A.2 and A.3, and the second of
which consists of those tableaux with one 1 appearing in the first column of γ as shown
by B.1, B.2 and B.3. See Figure 3 for an illustration.

· · · 1 · · · 1
1 · · · 1

...

2
3...

a+1

A.1

· · · 1 · · · 1
1 · · · 1
2...
...

r+1

r+2...
a+1

A.2

· · · 1 · · · 1
1 · · · 1 2
3...
...

r+2

r+3...
a+1

A.3
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· · · 1 · · · 1
1 · · · 1

...

1
2
3...

a+1

B.1

· · · 1 · · · 1
1 · · · 1
2...
...

r+1

1
r+2...
a+1

B.2

· · · 1 · · · 1
1 · · · 1 2
3...
...

r+2

1
r+3...
a+1

B.3

Figure 3: Littlewood-Richardson tableaux of shape (c, j+1, 2r, 1d)/(n, 1b) and type (m, 1a)

The aforementioned cases are listed as follows.

(A) T has no occurrence of 1 in the first column of γ.

(A.1) T has j occurrences of 1 in the second row of γ and one occurrence of 2 in
the first column. In this case, we have 0 ≤ j ≤ min {m,n− 1} and γ =
(m+ n− j, j + 1, 1a+b−1), corresponding to the first summation of (10).

(A.2) T has j occurrences of 1 in the second row of γ, and the number 2 lies in its
second column and third row. For this case, we have 1 ≤ j ≤ min{m,n− 1}.
Moreover, if T contains entries 3, 4, . . . , r + 1 in its second column, then 1 ≤
r ≤ min{a, b−1} and γ = (m+n−j, j+1, 2r, 1a+b−2r−1). This case contributes
the second summation of (10) to the Schur expansion of s(m,1a)s(n,1b).

(A.3) T has j − 1 occurrences of 1 and one occurrence of 2 in the second row of
γ. In this case, we have 1 ≤ j ≤ min{m,n} since there must exist 1 in the
first row of T by the lattice permutation condition. Moreover, if T contains
entries 3, 4, . . . , r + 2 in its second column, then 0 ≤ r ≤ min{a − 1, b − 1}
and γ = (m + n − j + 1, j + 1, 2r, 1a+b−2r−2). This case contributes the third
summation of (10) to the Schur expansion of s(m,1a)s(n,1b).

(B) T has an entry 1 in the first column of γ.

(B.1) Similar to Case A.1. T also has j occurrences of 1 in the second row of γ
and one occurrence of 2 in the first column. In this case, we have 0 ≤ j ≤
min {m− 1, n− 1} and γ = (m+ n− j − 1, j + 1, 1a+b), corresponding to the
fourth summation of (10).

(B.2) Similar to Case A.2. T has j occurrences of 1 in the second row of γ, and
the number 2 lies in its second column and third row. For this case, we have
1 ≤ j ≤ min{m− 1, n− 1}. Moreover, if T contains entries 3, 4, . . . , r+1 in its
second column, then 1 ≤ r ≤ min{a, b} and γ = (m+n−j−1, j+1, 2r, 1a+b−2r).
This case contributes the fifth summation of (10) to the Schur expansion of
s(m,1a)s(n,1b).
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(B.3) Similar to Case A.3. T also has j−1 occurrences of 1 and one occurrence of 2 in
the second row of γ. In this case, we have 1 ≤ j ≤ min{m−1, n}. Moreover, if
T contains entries 3, 4, . . . , r+2 in its second column, then 0 ≤ r ≤ min{a−1, b}
and γ = (m + n − j, j + 1, 2r, 1a+b−2r−1). This case corresponds to the sixth
summation of (10).

Combining these six cases, we complete the proof.

Based on the above lemma, we obtain the following Schur positivity result on the
differences of products of two Schur functions of hook shapes.

Corollary 3.10. For integers a, b, p, q satisfying 1 ≤ a ≤ b and 1 ≤ p ≤ q, we have

s(q,1a)s(p,1b) ≥s s(q+1,1a−1)s(p−1,1b+1). (11)

Proof. We use (10) to expand s(q,1a)s(p,1b) and s(q+1,1a−1)s(p−1,1b+1) explicitly. Since

q + p = (q + 1) + (p− 1) a+ b = (a− 1) + (b+ 1),

the l-th (1 ≤ l ≤ 6) summation in the Schur expansion of s(q,1a)s(p,1b) has the same
summand as that of s(q+1,1a−1)s(p−1,1b+1). Moreover, the number of terms in the former
summation is at least as great as the number of terms in the former summation, since

min {q, p− 1} = p− 1 > p− 2 = min {q + 1, p− 2}
min {q − 1, p− 1} = p− 1 > p− 2 = min {q, p− 2}

min {q, p} = p > p− 1 = min {q + 1, p− 1}

min {q − 1, p} =

ß
p− 1, if q = p
p, otherwise

≥ p− 1 = min {q, p− 1}

min {a, b− 1} =

ß
a− 1, if b = a
a, otherwise

≥ a− 1 = min {a− 1, b}

min {a− 1, b− 1} = a− 1 > a− 2 = min {a− 2, b}
min {a, b} = a > a− 1 = min {a− 1, b+ 1}

min {a− 1, b} = a− 1 > a− 2 = min {a− 2, b+ 1}.

This completes the proof.

Bergeron, Biagioli, and Rosas [3, Theorem 3.1] also obtained some Schur positivity
results on the differences of products of Schur functions of hook shapes, thus providing
some positive evidence for a conjecture proposed by Fomin, Fulton, Li, and Poon [12] on
the ∗-operation of ordered pairs of partitions. Given an ordered pair (µ, ν) of partitions
with the same number of parts, define a new ordered pair (µ, ν)∗ = (λ(µ, ν), ρ(µ, ν)) by

λk =µk − k +#{j | νj − j ≥ µk − k}
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ρj =νj − j + 1 +#{k |µk − k > νj − j}.

Fomin, Fulton, Li, and Poon conjectured that the difference sλ(µ,ν)sρ(µ,ν)−sµsν is s-positive
for any ordered pair (λ, µ). Bergeron, Biagioli, and Rosas confirmed this conjecture for
many infinite families [3, Theorem 3.1], including pairs of hook shapes. By the definition
of ∗-operation it is routine to verify that, for m,n ≥ 1,

(
(m, 1i), (n, 1j)

)∗
=



((m, 1j−1), (n, 1i+1)) , if m ≤ n and 0 ≤ i < j

((m, 1j), (n, 1i)) , if m ≤ n and i ≥ j ≥ 0

((m− 1, 1j−1), (n+ 1, 1i+1)) , if m > n and 0 ≥ i < j

((m− 1, 1j), (n+ 1, 1i)) , if m > n i ≥ j ≥ 0.

Bergeron, Biagioli, and Rosas obtained the following result.

Theorem 3.11 ([3, Theorem 3.1]). (i) If 1 ≤ m ≤ n and 0 ≤ i < j, then s(m,1i)s(n,1j) ≤s

s(m,1j−1)s(n,1i+1).

(ii) If 1 ≤ m ≤ n and i ≥ j ≥ 0, then s(m,1i)s(n,1j) ≤s s(m,1j)s(n,1i).

(iii) If m > n ≥ 1 and 0 ≤ i < j, then s(m,1i)s(n,1j) ≤s s(m−1,1j−1)s(n+1,1i+1).

(iv) If m > n ≥ 1 and i ≥ j ≥ 0, then s(m,1i)s(n,1j) ≤s s(m−1,1j)s(n+1,1i).

We would like to point out Lemma 3.9 allows us to directly verify the above theorem.
It is natural to consider whether Theorem 3.11 can be used to prove Corollary 3.10. In
fact, it is also possible to use Theorem 3.11 to derive (11), but in an indirect way.

The second proof of Corollary 3.10. Note that 1 ≤ a ≤ b and 1 ≤ p ≤ q. First, by using
(ii) of Theorem 3.11, we get

s(p−1,1b+1)s(q+1,1a−1) ≤s s(p−1,1a−1)s(q+1,1b+1).

Secondly, by applying (iv) of Theorem 3.11, we obtain

s(q+1,1b+1)s(p−1,1a−1) ≤s s(q,1a−1)s(p,1b+1).

Again, by using (ii) of Theorem 3.11, we find that

s(p,1b+1)s(q,1a−1) ≤s s(p,1a−1)s(q,1b+1).

Finally, by (i) of Theorem 3.11 we get

s(p,1a−1)s(q,1b+1) ≤s s(p,1b)s(q,1a).

Combining the above four inequalities leads to

s(q+1,1a−1)s(p−1,1b+1) ≤s s(q,1a)s(p,1b),

as desired.
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4 Invariants of q-niform and Uniform Matroids

The main objective of this section is to study the induced log-concavity of some poly-
nomial invariants associated with equivariant q-niform and uniform matroids, including
equivariant characteristic polynomials, equivariant Kazhdan-Lusztig polynomials, equiv-
ariant inverse Kazhdan-Lusztig polynomials, and equivariant Z-polynomials.

Before our detailed investigation of the log-concavity of these polynomials, let us
first recall some terminology and notation in matroid theory. For more information on
matroids, see Oxley [27]. Let M = (E,F) be a matroid with ground set E and the set of
flats F . We write L(M) for the lattice of flats of M . For any flat F of M , let MF denote
the localization of M at F with ground set F , and each of its flats is the intersection of
F and a flat of M . Dually, let MF be the contraction of M at F , and this is a matroid
on the ground set E \ F with each of its flats being G \ F for some flat G containing F
in M . For any subset I of E, let rk I denote the rank of I in the matroid M , and let
rkM = rkE. For any matroid M = (E,F), let W be a finite group acting on E and
preserving M . Such a matroid M equipped with the action of W is called an equivariant
matroid, denoted by W ↷M .

We proceed to recall the definition of uniform matroids and q-niform matroids. For
any integersm ≥ 0 and d ≥ 1, let Um,d denote the uniform matroid of rank d on ground set
{1, 2, . . . ,m+d}. The uniform matroid Um,d naturally admits the action of the symmetric
group Sm+d. For any prime power q, a q-analogue of Um,d, denoted by Um,d(q), was
studied in [18], whose bases are linearly independent subsets of Fm+d

q of size d. The
matroid Um,d(q) was called q-niform matroid by Proudfoot [29]. Proudfoot noted that the
q-niform matroid Um,d(q) naturally admits the action of the finite general linear group
GLm+d(Fq). This section is mainly concerned with the equivariant matroidsSm+d ↷ Um,d

and GLm+d(Fq) ↷ Um,d(q).

In the following we will successively study the induced log-concavity of equivari-
ant characteristic polynomials, equivariant Kazhdan-Lusztig polynomials, equivariant in-
verse Kazhdan-Lusztig polynomials, and equivariant Z-polynomials of Sm+d ↷ Um,d

and GLm+d(Fq) ↷ Um,d(q). Throughout this section, we always mean the induced log-
concavity of representations of Sm+d and GLm+d(Fq) in the sense of Section 2, and simply
say that these polynomials are inductively log-concave or strongly inductively log-concave.
Our general strategy is to use Proposition 2.4 to transform problems on polynomial
invariants of GLm+d(Fq) ↷ Um,d(q) to problems on the corresponding counterparts of
Sm+d ↷ Um,d, and further to use the Frobenius characteristic map to transform to prob-
lems on certain symmetric functions.

The outline of the proofs of our main results are shown as below.
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(Schur) log-concavity of ch ‹HSm+d

Um,d
(t), chP

Sm+d

Um,d
(t), . . .

Induced log-concavity of ‹HSm+d

Um,d
(t), P

Sm+d

Um,d
(t), . . .

for uniform matroids

Our results for log-concavity of Schur functions
(Theorem 3.6, Lemma 3.9, Corollary 3.10)

Known results for Schur positivity
(Theorems 3.3, 3.4, 3.5, 3.7, 3.8, 3.11)

⇓

⇓

Proposition 3.2 (Frobenius characteristic map)⇕

Proposition 2.4 (Analogue of Comparison Theorem)⇕

⇓
Induced log-concavity of ‹HGLm+d(Fq)

Um,d(q)
(t), P

GLm+d(Fq)
Um,d(q)

(t), . . .

for q-niform matriods (Theorems 4.1, 4.2, 4.5, . . . )

Log-concavity of HUm,d(q)(t), PUm,d(q)(t), . . .
for q-niform matriods

Figure 4: Outline of proofs for log-concavity of q-niform matroids

4.1 Equivariant characteristic polynomials

In this subsection, we aim to prove the strongly induced log-concavity of equivariant
characteristic polynomials of Sm+d ↷ Um,d and GLm+d(Fq) ↷ Um,d(q).

Given a matroid M with ground set E, recall that its characteristic polynomial χM(t)
and reduced characteristic polynomial χM(t) of M can be defined as

χM(t) =
∑
I⊆E

(−1)|I|trkM−rk I , (t− 1)χM(t) = χM(t). (12)

For an equivariant matroid W ↷ M , Gedeon, Proudfoot and Young [16] introduced the
concept of the equivariant characteristic polynomial, denoted by HW

M (t). This polynomial
is given by

HW
M (t) :=

rkM∑
i=0

(−1)itrkM−iOSW
M,i ∈ VRep(W )[t],

where OSW
M,i ∈ Rep(W ) is the degree i part of the Orlik-Solomon algebra of M . For

the definition of Orlik-Solomon algebra of a matroid, see [11, Definition 3.1]. Gedeon,

20



Proudfoot and Young [16, Lemma 2.1] showed that HW
M (τ) = 0, an equivariant version

of the relation χM(1) = 0. Inspired by (12), it is natural to introduce the equivariant

reduced characteristic polynomial ‹HW
M (t) of W ↷M by

(t− τ)‹HW
M (t) = HW

M (t). (13)

We note that ‹HW
M (t) can also be defined in terms of the reduced Orlik-Solomon algebra

in the same way as HW
M (t); see Proudfoot [29].

Gedeon, Proudfoot, and Young [16, Proposition 3.9] proved that the equivariant char-
acteristic polynomial of Sm+d ↷ Um,d is

H
Sm+d

Um,d
(t) =

d−1∑
i=0

(−1)i
(
V(m+d−i,1i) + V(m+d−i+1,1i−1)

)
td−i + (−1)dV(m+1,1d−1). (14)

Based on the Comparison theorem, Proudfoot [29] noted that the equivariant character-
istic polynomial of GLm+d(q) ↷ Um,d(q) is given by

H
GLm+d(Fq)

Um,d(q)
(t) =

d−1∑
i=0

(−1)i
(
V(m+d−i,1i)(q) + V(m+d−i+1,1i−1)(q)

)
td−i + (−1)dV(m+1,1d−1)(q).

(15)

By comparing coefficients, from (13), (14) and (15) it follows that the equivariant reduced
characteristic polynomials of Sm+d ↷ Um,d and GLm+d(Fq) ↷ Um,d(q) are given by‹HSm+d

Um,d
(t) =

d∑
i=1

(−1)i−1V(m+d−i+1,1i−1)t
d−i,‹HGLm+d(Fq)

Um,d(q)
(t) =

d∑
i=1

(−1)i−1V(m+d−i+1,1i−1)(q)t
d−i.

The above two formulas also appeared in [29] in the language of the reduced Orlik-Solomon
algebra.

By abuse of notation, we say that these (reduced) characteristic polynomials are in-
duced log-concave or strongly inductively log-concave, if their corresponding coefficient
sequences without signs are induced log-concave or strongly inductively log-concave. We
have the following result.

Theorem 4.1. For any d ≥ 1 and m ≥ 0, the polynomial ‹HGLm+d(Fq)

Um,d(q)
(t) is strongly

inductively log-concave, and so is ‹HSm+d

Um,d
(t).

Proof. By Proposition 2.4, it is sufficient to prove the strongly induced log-concavity of‹HSm+d

Um,d
(t). Since the image of ‹HSm+d

Um,d
(t) under the Frobenius map is

ch ‹HSm+d

Um,d
(t) =

d∑
i=1

(−1)i−1s(m+d−i+1,1i−1)t
d−i,
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by Proposition 3.2 it suffices to show that for any 1 ≤ i ≤ j ≤ d− 2

s(m+d−i,1i)s(m+d−j,1j) ≥s s(m+d−i+1,1i−1)s(m+d−j−1,1j+1).

Taking a = i, b = j and q = m+d− i, p = m+d− j in Corollary 3.10 leads to the desired
Schur positivity. This completes the proof.

Now we come to the main result of this section.

Theorem 4.2. For any d ≥ 1 and m ≥ 0, both H
GLm+d(Fq)

Um,d(q)
(t) and H

Sm+d

Um,d
(t) are strongly

inductively log-concave.

Proof. Note that

H
Sm+d

Um,d
(−t) = −(t+ τ)‹HSm+d

Um,d
(−t).

Similarly,

H
GLm+d(Fq)

Um,d(q)
(−t) = −(t+ τ)‹HGLm+d(Fq)

Um,d(q)
(−t).

By combining Theorem 4.1 and Proposition 2.1 (together with Remark 2.5), we complete
the proof.

As an immediate consequence of the above result, we obtain the log-concavity of χUm,d

and χUm,d(q). Note that the log-concavity of χM(t) for any matroid M was proved by
Adiprasito, Huh, and Katz [1].

Remark 4.3. One should note that for uniform matroids, the equivariant log-concavity
of H

Sm+d

Um,d
(t) was firstly proved in [16, Proposition 5.7]. Their proof uses the Kronecker

product of Schur functions, while our proof uses the ordinary product of Schur functions.
Further, when taking dimensions, both will result in the log-concavity of χUm,d

.

4.2 Equivariant Kazhdan-Lusztig polynomials

The aim of this subsection is to prove the inductively log-concavity of equivariant Kazhdan-
Lusztig polynomials of Sm+d ↷ Um,d and GLm+d(Fq) ↷ Um,d(q), which implies the log-
concavity of the corresponding Kazhdan-Lusztig polynomials.

First let us recall the definition of matroid Kazhdan-Lusztig polynomial. Elias, Proud-
foot and Wakefield [10, Theorem 2.2] showed that there exists a unique way to assign each
matroid M a polynomial PM(t) ∈ Z[t] subject to the following three conditions:

• If the ground set E of M is empty, then PM(t) = 1;

• If rkM > 0, then the degree of PM(t) is strictly less than rkM/2;
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• For every matroid M , we have

trkMPM(t−1) =
∑

F∈L(M)

χMF (t)PMF
(t).

The above polynomial PM(t) is called the Kazhdan-Lusztig polynomial of M . As pointed
out in [19, Remark 2.2], with the above definition of PM(t) one can show that PM(t) = 0
if M has a loop, while the original definition in [10, Theorem 2.2] applies only to loopless
matroids.

Gedeon, Proudfoot and Young [16] proved that for any equivariant matroid W ↷ M
there is a unique way to define the equivariant Kazhdan-Lusztig polynomial PW

M (t) ∈
VRep(W )[t], such that the following conditions are satisfied:

• If the ground set E is empty, then PW
M (t) is the trivial representation in degree 0;

• If rkM > 0, then degPW
M (t) < 1

2
rkM ;

• For every M ,

trkMPW
M (t−1) =

∑
[F ]∈L(M)/W

IndW
WF

Ä
HWF

MF (t)⊗ PWF
MF

(t)
ä
,

where WF ⊆ W is the stabilizer of F and L(M)/W denotes the set of orbits of the
natural action of W on L(M).

Here we adopt the definition of the equivariant Kazhdan-Lusztig polynomial presented in
[15].

As pointed out by Gedeon, Proudfoot and Young in their paper [16], the equivariant
Kazhdan-Lusztig polynomials provide more powerful tools to study the ordinary Kazhdan-
Lusztig polynomials. In fact, if W is a trivial group, then PW

M (t) is just PM(t). Moreover,
we can also recover PM(t) by taking dimension to the coefficients of PW

M (t). Since the
dimension of a honest representation is a positive number, we can deduce the positivity
of the coefficients of ordinary Kazhdan-Lusztig polynomials from that of the correspond-
ing equivariant Kazhdan-Lusztig polynomials by sending a honset representation to its
dimension.

We proceed to prove the induced log-concavity of P
Sm+d

Um,d
(t) and P

GLm+d(Fq)

Um,d(q)
(t), which

implies the log-concavity of PUm,d
(t) and PUm,d(q)(t). To this end, we need the following

result recently established by Gao, Xie, and Yang [15].

Theorem 4.4 ([15, Theorem 3.7]). For any d ≥ 1 and m ≥ 0, we have

P
Sm+d

Um,d
(t) =

⌊(d−1)/2⌋∑
i=0

V(m+d−2i,(d−2i+1)i)/((d−2i−1)i)t
i. (16)
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Proudfoot [29] studied the equivariant Kazhdan-Lusztig polynomial P
GLm+d(Fq)

Um,d(q)
(t) and

obtained that

P
GLm+d(Fq)

Um,d(q)
(t) =

⌊(d−1)/2⌋∑
i=0

Ñ
min{m,d−2i}∑

b=1

Vλ(q)

é
ti, (17)

where λ = (m + d − 2i − b + 1, b + 1, 2i−1) is a partition of m + d and Vλ(q) denotes
the associated irreducible unipotent representation of GLm+d(Fq). By the Comparison
theorem and (16), one can rewrite (17) as

P
GLm+d(Fq)

Um,d(q)
(t) =

⌊(d−1)/2⌋∑
i=0

V(m+d−2i,(d−2i+1)i)/((d−2i−1)i)(q)t
i, (18)

where

V(m+d−2i,(d−2i+1)i)/((d−2i−1)i)(q) =

min{m,d−2i}∑
b=1

Vλ(q).

By taking dimensions of the representations in (18), one can directly obtain that

PUm,d(q)(t) =

⌊ d
2
⌋∑

i=0

cim,d(q)t
i, cim,d(q) = dimV(m+d−2i,(d−2i+1)i)/((d−2i−1)i)(q).

The main result of this subsection is as follows.

Theorem 4.5. For any prime power q, and any nonnegative integers m ≥ 0 and d ≥ 1,

the equivariant Kazhdan-Lusztig polynomials P
Sm+d

Um,d
(t) and P

GLm+d(Fq)

Um,d(q)
(t) are inductively

log-concave.

Proof. According to Proposition 2.4, it is sufficient to prove the induced log-concavity of
P

Sm+d

Um,d
(t). Since the image of P

Sm+d

Um,d
(t) under the Frobenius map is

chP
Sm+d

Um,d
(t) =

⌊(d−1)/2⌋∑
i=0

s(m+d−2i,(d−2i+1)i)/((d−2i−1)i)t
i,

by Proposition 3.2 it suffices to show that for any 1 ≤ i ≤ ⌊(d− 1)/2⌋ − 1 there holds

([ti](chP
Sm+d

Um,d
(t)))2 ≥s ([t

i+1](chP
Sm+d

Um,d
(t))) · ([ti−1](chP

Sm+d

Um,d
(t))),

namely,

s2(m+d−2i,(d−2i+1)i)/((d−2i−1)i) ≥s s(m+d−2(i+1),(d−2(i+1)+1)(i+1))/((d−2(i+1)−1)(i+1))

× s(m+d−2(i−1),(d−2(i−1)+1)(i−1))/((d−2(i−1)−1)(i−1)),

which follows from Theorem 3.6 by taking n = m+ d, k = −2, a = d+ 1, b = d− 1, c =
1, d = 0. So the proof is complete.
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By taking dimensions of representations in Theorem 4.5, we obtain the log-concavity
of PUm,d(q)(t) and recover the log-concavity of PUm,d

(t). This provides further evidence for
Elias, Proudfoot and Wakefield’s log-concavity conjecture on matroid Kazhdan-Lusztig
polynomials [10, Conjecture 2.5].

Motivated by Theorem 4.5, we have the following conjecture, which has been verified
for 1 ≤ m, d ≤ 15 by using SageMath [33].

Conjecture 4.6. For any prime power q, and any nonnegative integers m ≥ 0 and d ≥ 1,

both P
Sm+d

Um,d
(t) and P

GLm+d(Fq)

Um,d(q)
(t) are strongly inductively log-concave.

4.3 Equivariant inverse Kazhdan-Lusztig polynomials

The main objective of this subsection is to prove the induced log-concavity of equivariant
inverse Kazhdan-Lusztig polynomials of uniform matroids and q-niform matroids.

Recall that the inverse Kazhdan-Lusztig polynomial of a matroid M , denoted by
QM(t), was introduced by Gao and Xie [14] from the viewpoint of incidence algebras.
Proudfoot [30] noted that the equivariant inverse Kazhdan-Lusztig polynomial of an
equivariant matroid W ↷ M , denoted by QW

M (t), can be similarly defined by apply-
ing the equivariant Kazhdan-Lusztig-Stanley theory. Following Braden, Huh, Matherne,
Proudfoot and Wang [7], the polynomial QW

M (t) can be defined inductively as follows:

• If the ground set of M is empty, then QW
M (t) is the trivial representation in degree

0;

• Otherwise we have

QW
M (t) = −

∑
∅≠F∈L(M)

(−1)rkF
|WF |
|W |

IndW
WF

Ä
PWF

MF (t)⊗QWF
MF

(t)
ä
. (19)

Let Ci
M,W be the coefficient of ti in PW

M (t) and Di
M,W be the coefficient of ti in QW

M (t).
Taking the coefficients of ti in (19) leads to

Di
M,W = −

∑
∅≠F∈L(M)
0≤j≤rkF

(−1)rkF
|WF |
|W |

IndW
WF

Ä
Cj

MF ,WF
⊗Di−j

MF ,WF

ä
. (20)

The equivariant inverse Kazhdan-Lusztig polynomials of uniform matroids were stud-
ied by Gao, Xie, and Yang [15], who obtained the following result.

Theorem 4.7 ([15, Theorem 3.2]). For any integers m ≥ 0 and d ≥ 1, we have

Q
Sm+d

Um,d
(t) =

⌊(d−1)/2⌋∑
i=0

V(m+1,2i,1d−2i−1)t
i. (21)
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Along the lines of the proof of [29, Theorem 1.2], we proceed to show that the equiv-
ariant inverse Kazhdan-Lusztig polynomials of equivariant q-niform matroids are given as
follows.

Theorem 4.8. For any equivariant q-niform matroid GLm+d(Fq) ↷ Um,d(q) with d ≥ 1
and m ≥ 0, we have

Q
GLm+d(Fq)

Um,d(q)
(t) =

⌊(d−1)/2⌋∑
i=0

V(m+1,2i,1d−2i−1)(q)t
i. (22)

Proof. Note that the right-hand side of (22) is just the unipotent q-analogue of that of
(21) by the Comparison Theorem. For notational convenience, let

Di
m,d = Di

Um,d,Sm+d
, Ci

m,d = Ci
Um,d,Sm+d

,

Di
m,d(q) = Di

Um,d(q),GLm+d(Fq), C
i
m,d(q) = Ci

Um,d(q),GLm+d(Fq).

We first derive a recursive formula for Di
m,d from (20). To this end, let us analyse

the flats of Um,d. For the unique flat F of Um,d with rkF = d, the localization MF is
just Um,d and the ground set of the contraction MF is empty. For any proper flat F with

rkF = k ≤ d− 1, we have (Um,d)F
∼= Um,d−k and (Um,d)

F ∼= U0,k. Note that the stabilizer
WF of a flat F of cardinality k is isomorphic to the Young subgroup Sk ×Sm+d−k. Thus,
for uniform matroid Um,d, (20) transforms into the following recursion:

Di
m,d = −

d−1∑
k=1

k∑
j=0

(−1)kInd
Sm+d

Sk×Sm+d−k

Ä
Cj

0,k ⊠Di−j
m,d−k

ä
+ Ci

m,d

= −
d−1∑
k=1

k∑
j=0

(−1)kCj
0,k ∗D

i−j
m,d−k + Ci

m,d. (23)

Next we derive a recursive formula for Di
m,d(q) from (20). Note that proper flats of

Um,d(q) are collections of linearly independent hyperplanes in Fm+d
q of cardinality less

than d. If F is a proper flat of Um,d(q) with rkF = k, then Um,d(q)F ∼= Um,d−k(q) and
Um,d(q)

F ∼= U0,k(q). The stabilizer of a proper flat F of cardinality k is isomorphic to the
parabolic subgroup Pk,m+d(Fq) ⊆ GLm+d(Fq). Thus, for q-niform matroid Um,d(q), (20)
transforms into the following recursion:

Di
m,d(q) = −

d−1∑
k=1

k∑
j=0

(−1)kInd
GLm+d(Fq)

Pk,m+d(Fq)

Ä
Cj

0,k(q)⊠D
i−j
m,d−k(q)

ä
+ Ci

m,d(q)

= −
d−1∑
k=1

k∑
j=0

(−1)kCj
0,k(q) ∗D

i−j
Um,d−k

(q) + Ci
Um,d

(q). (24)
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As shown by Proudfoot [29], each coefficient Ci
Um,d

(q) is the unipotent q-analogue of the

corresponding Ci
Um,d

. By the Comparison Theorem, the recursive formula (23) for Di
m,d

is essentially the same as the recursive formula (24) for Di
m,d(q). This completes the

proof.

The main result of this subsection is as follows.

Theorem 4.9. For any d ≥ 1,m ≥ 0 and prime power q, both Q
GLm+d(Fq)

Um,d(q)
(t) and Q

Sm+d

Um,d
(t)

are inductively log-concave.

Proof. The proof is very similar to that of Theorem 4.5. By Proposition 2.4, it is sufficient
to show the induced log-concavity of Q

Sm+d

Um,d
(t). Since the image of Q

Sm+d

Um,d
(t) under the

Frobenius map is

chQ
Sm+d

Um,d
(t) =

⌊(d−1)/2⌋∑
i=0

s(m+1,2i+1,1d−2i−3)t
i.

Thus, by Proposition 3.2, it suffices to show that

s2(m+1,2i,1d−2i−1) ≥s s(m+1,2i−1,1d−2i+1)s(m+1,2i+1,1d−2i−3).

One can verify that this is a special case of Theorem 3.4 with λ = (m + 1, 2i−1, 1d−2i+1),
ν = (m+ 1, 2i+1, 1d−2i−3) and µ = ρ = ∅. The proof is complete.

Gao and Xie [14] conjectured that for any matroid M the inverse Kazhdan-Lusztig
polynomial QM(t) is log-concave. The above theorem allows us to obtain the log-concavity
of QUm,d

(t) and the log-concavity of QUm,d(q)(t) simultaneously, the former of which has
been proved by Gao and Xie [14, Proposition 4.3], and the latter seems to be new. This
provides some positive evidence for Gao and Xie’s log-concavity conjecture on the inverse
Kazhdan-Lusztig polynomials.

Corollary 4.10. For a fixed prime power q, any d ≥ 1 and m ≥ 0, both QUm,d(q)(t) and
QUm,d

(t) are log-concave.

Motivated by Theorem 4.9, we propose the following conjecture, similar to Conjecture
4.6. This conjecture has been verified for 1 ≤ m, d ≤ 15.

Conjecture 4.11. For d ≥ 1,m ≥ 0 and prime powers q, both Q
GLm+d(Fq)

Um,d(q)
(t) and Q

Sm+d

Um,d
(t)

are strongly inductively log-concave.

Remark 4.12. It is well known that a log-concave sequence of nonnegative numbers with-
out internal zeros is also strongly log-concave. However, an inductively log-concave se-
quence of representations without internal zeros need not to be strongly inductively log-
concave. Let us consider the polynomial

J(t) = 4V(2) +
(
2V(2) + 4V(1,1)

)
t+
(
V(2) + 4V(1,1)

)
t2 + 4V(1,1)t

3 ∈ Rep(S2)[t].

27



The image of J(t) under the Frobenius characteristic map is

ch J(t) = 4s(2) +
(
2s(2) + 4s(1,1)

)
t+
(
s(2) + 4s(1,1)

)
t2 + 4s(1,1)t

3

By using SageMath, we find that

(2s(2) + 4s(1,1))
2 − 4s(2) × (s(2) + 4s(1,1)) = 16s(1,1,1,1) + 16s(2,1,1) + 16s(2,2) ≥s 0

and (
s(2) + 4s(1,1)

)2 − (2s(2) + 4s(1,1)
)
× 4s(1,1) = s(2,2) + s(3,1) + s(4) ≥s 0.

So the polynomial J(t) is inductively log-concave with respect to the triple (S2×S2,S4, id).
However, we find that the difference(

2s(2) + 4s(1,1)
)
×
(
s(2) + 4s(1,1)

)
− 4s(2) × 4s(1,1)

= 16s(1,1,1,1) + 12s(2,1,1) + 18s(2,2)−2s(3,1) + 2s(4)

is not s-positive. So the polynomial J(t) is not strongly inductively log-concave with respect
to (S2 ×S2,S4, id).

4.4 Equivariant Z-polynomials

In this subsection we aim to study the induced log-concavity of equivariant Z-polynomials
of uniform matroids and q-niform matroids.

The concept of Z-polynomial was introduced by Proudfoot, Xu and Young [31]. Given
a matroid M , its Z-polynomial, denoted by ZM(t), is defined by

ZM(t) :=
∑

F∈L(M)

trkFPMF
(t).

Proudfoot, Xu and Young showed that Z-polynomials are palindromic and found that
this symmetry is very helpful for computing Kazhdan-Lusztig polynomials of matroids.
They also introduced the equivariant version of Z-polynomial for an equivariant matroid
W ↷M , denoted by ZW

M (t), as

ZW
M (t) =

∑
F∈L(M)

|WF |
|W |

IndW
WF

(PWF
MF

(t))trkF ∈ VRep(W )[t]. (25)

Proudfoot, Xu and Young conjectured that for any matroid M the Z-polynomial ZM(t)
is log-concave, and for any equivariant matroid W ↷ M the equivariant Z-polynomial
ZW

M (t) is equivariantly log-concave.

Proudfoot, Xu and Young [31, Proposition 6.7] proved the equivariant log-concavity

of Z
GLd(Fq)

U0,d(q)
(t). In this section we propose a unified approach to the log-concavity of
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ZUm,d
(t) and ZUm,d(q)(t) from the viewpoint of induced log-concavity. We first show that

all coefficients of Z
GLm+d(Fq)

Um,d(q)
(t) only involve unipotent representations of GLm+d(Fq). This

is clear since by (17), (18) and (25) we have

Z
GLm+d(Fq)

Um,d(q)
(t) =

d−1∑
k=0

Ind
GLm+d(Fq)

Pm+d−k,k(Fq)
(P

Pm+d−k,k(Fq)

Um,d−k(q)
(t))tk + P

GLm+d(Fq)

∅ (t) · td

=
d−1∑
k=0

Ind
GLm+d(Fq)

Pm+d−k,k(Fq)
(P

GLm+d−k(Fq)

Um,d−k(q)
(t)⊠V(k)(q))t

k + V(m+d)(q)t
d

=
d−1∑
k=0

⌊(d−k−1)/2⌋∑
i=0

(V(m+d−k−2i,(d−k−2i+1)i)/((d−k−2i−1)i)(q) ∗ V(k)(q))t
k+i + V(m+d)(q)t

d, (26)

where V(k)(q) is considered as the unipotent representation of GLk(Fq) indexed by the
partition (k).

We have the following conjecture, which has been verified for m, d ≤ 15 with the help
of SageMath [33].

Conjecture 4.13. For any d ≥ 1,m ≥ 0 and prime power q, both the polynomial

Z
GLm+d(Fq)

Um,d(q)
(t) and Z

Sm+d

Um,d
(t) are strongly inductively log-concave.

For the remainder of this section we will confirm the induced log-concavity conjecture
for some special values of m and d. Let Zi

m,d denote the coefficient of ti in Z
Sm+d

Um,d
(t),

and let Zi
m,d(q) denote the coefficient of ti in Z

GLm+d(Fq)

Um,d(q)
(t). By definition, Z

GLm+d(Fq)

Um,d(q)
(t)

is inductively log-concave if

Zi
m,d(q) ∗ Zi

m,d(q)− Zi−1
m,d(q) ∗ Z

i+1
m,d(q) ∈ Rep(GL2m+2d(F2m+2d

q )). (27)

By Proposition 2.4, the condition (27) is equivalent to

Zi
m,d ∗ Zi

m,d − Zi−1
m,d ∗ Z

i+1
m,d ∈ Rep(S2m+2d).

Furthermore, by Proposition 3.2, this is equivalent to

chZi
m,d · chZi

m,d ≥s chZ
i−1
m,d · chZ

i+1
m,d. (28)

Thus, (28) would imply the log-concavity of ZUm,d
(t) and ZUm,d(q)(t) simultaneously.

In order to prove (28), it is highly desirable to know the explicit value of each chZi
m,d.

By the Comparison theorem and (26) we find that

Z
Sm+d

Um,d
(t) =

d−1∑
k=0

⌊(d−k−1)/2⌋∑
i=0

(V(m+d−k−2i,(d−k−2i+1)i)/((d−k−2i−1)i) ∗ V(k))t
k+i + V(m+d)t

d.
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Further applying the Frobenius map leads to

chZ
Sm+d

Um,d
(t) = s(m+d)t

d +
d−1∑
k=0

⌊ d−k−1
2

⌋∑
j=0

s(m+d−k−2j,(d−k−2j+1)j)/((d−k−2j−1)j)s(k)t
k+j.

By the above formula, together with the symmetry of Z
Sm+d

Um,d
(t), we get

chZd
m,d = chZ0

m,d = s(m+d), (29)

and for each 1 ≤ i ≤ ⌊d
2
⌋

chZi
m,d = chZd−i

m,d =
d−i∑

k=d−2i+1

s(m+k−d+2i,(k−d+2i+1)d−i−k)/((k−d+2i−1)d−i−k)s(k). (30)

With (29) and (30) we are able to show the validity of (28) for small m and d, in
support of Conjecture 4.13. Let us first consider the case of m = 0. Note that the
uniform matroid U0,d is just the Boolean matroid Bd, and the q-niform matroid U0,d(q) is
the matroid represented by all vectors in Fd

q . We have the following result.

Theorem 4.14. For any d ≥ 1, the equivariant Z-polynomial Z
GLd(Fq)

U0,d(q)
(t) is strongly

inductively log-concave, and so is ZSd
Bd

(t).

Proof. From (29) and (30) we get that

chZSd
Bd

(t) =
d∑

k=0

s(d−k)s(k)t
k.

Now, for 0 < i ≤ j < d, by (5) we obtain

s(j,i) = s(i)s(j) − s(i−1)s(j+1),

s(d−i,d−j) = s(d−i)s(d−j) − s(d−i+1)s(d−j−1),

from which there follows

s(i)s(d−i)s(j)s(d−j) ≥s s(i−1)s(d−i+1)s(j+1)s(d−j−1).

This completes the proof.

Though it is difficult to prove (28) for general m, d, i, we have the following partial
result.

Proposition 4.15. For any m ≥ 1 and d ≥ 2, we have

(chZ1
m,d)

2 ≥s chZ
0
m,d · chZ2

m,d and (chZd−1
m,d )

2 ≥s chZ
d
m,d · chZd−2

m,d .
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Proof. Due to the symmetry of Z
Sm+d

Um,d
(t), we only need to prove

(chZd−1
m,d )

2 ≥s chZ
d
m,d · chZd−2

m,d . (31)

Let us first consider the case of d = 2. In this case, we have

chZ
Sm+2

Um,2
(t) =s(m+2)t

2 + s(m+1)s(1)t+ s(m+2).

From Pieri’s rule it follows that

s(m+1)s(1) = s(m+2) + s(m+1,1).

Now one can verify the validity of (31) for d = 2.

In the following we may assume that d ≥ 3. By (29), we have

chZd
m,d = s(m+d),

chZd−1
m,d = s(m+1)s(d−1),

chZd−2
m,d = s(m+2)s(d−2) + s(m+1,2)s(d−3).

We proceed to show that

s2(m+1)s
2
(d−1) ≥s s(m+d)s(m+2)s(d−2) + s(m+d)s(m+1,2)s(d−3).

for any m ≥ 1 and d ≥ 3. By Pieri’s rule, we have

s(m+1,2) = s(m+1)s(2) − s(m+2)s(1).

Thus it suffices to show that

s2(m+1)s
2
(d−1) ≥s s(m+d)s(m+2)s(d−2) + s(m+d)s(d−3)(s(m+1)s(2) − s(m+2)s(1))

= s(m+d)s(d−3)s(m+1)s(2) − s(m+d)s(m+2)(s(d−3)s(1) − s(d−2))

= s(m+d)s(d−3)s(m+1)s(2) − s(m+d)s(m+2)s(d−3,1),

where the last equality follows from (5). Now we only need to show that

s2(m+1)s
2
(d−1) ≥s s(m+d)s(d−3)s(m+1)s(2).

By Theorem 3.3 we get

s2(d−1) ≥s s(d−3)s(d+1).

Combining the above two inequalities, it suffices to show that

s(m+1)s(d+1) ≥s s(m+d)s(2).

This can be verified by applying Pieri’s rule again in view of the condition m ≥ 1 and
d ≥ 3. The proof is complete.
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Finally, we prove the validity of Conjecture 4.13 for small values of d.

Theorem 4.16. For anym ≥ 1 and 1 ≤ d ≤ 5, the equivariant Z-polynomial Z
GLm+d(Fq)

Um,d(q)
(t)

is strongly inductively log-concave, and so is Z
Sm+d

Um,d
(t).

Proof. By virtue of the degree restriction of equivariant Z-polynomials and Proposition
4.15, we assume that 3 ≤ d ≤ 5 in the following. The idea of our proof is to first write
down an explicit formula of chZ

Sm+1

Um,1
(t) for each 3 ≤ d ≤ 5 by using (29) and (30), and

then to verify the equivalent Schur positivity (28) for any m ≥ 1.

For d = 3, we have

chZ
Sm+3

Um,3
(t) =s(m+3)t

3 + s(m+1)s(2)t
2 + s(m+1)s(2)t+ s(m+3).

By Proposition 4.15, it remains to prove

(s(m+1)s(2))
2 ≥s (s(m+3))

2.

It is equivalent to prove

s(m+1)s(2) ≥s s(m+3),

which holds by Pieri’s rule.

For d = 4, we have

chZ
Sm+4

Um,4
(t) =s(m+4)t

4 + s(m+1)s(3)t
3 + (s(m+2)s(2) + s(m+1,2)s(1))t

2 + s(m+1)s(3)t+ s(m+4).

We need to prove that

(s(m+1)s(3))
2 ≥s s(m+4)(s(m+2)s(2) + s(m+1,2)s(1)),

(s(m+2)s(2) + s(m+1,2)s(1))
2 ≥s (s(m+1)s(3))

2,

s(m+1)s(3)(s(m+2)s(2) + s(m+1,2)s(1)) ≥ s(m+4)s(m+1)s(3),

(s(m+1)s(3))
2 ≥ (s(m+4))

2.

Note that the first inequality follows from Proposition 4.15. To prove the rest, it suffices
to show that

s(m+2)s(2) + s(m+1,2)s(1) ≥s s(m+1)s(3) ≥s s(m+4) (32)

One can see that (32) holds for by Pieri’s rule. This completes the proof of the case of
d = 4.

For d = 5, we have

chZ
Sm+5

Um,5
(t) =s(m+5)t

5 + s(m+1)s(4)t
4 + (s(m+2)s(3) + s(m+1,2)s(2))t

3

+(s(m+2)s(3) + s(m+1,2)s(2))t
2 + s(m+1)s(4)t+ s(m+5).
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By Proposition 4.15 it remains to show that

(s(m+2)s(3) + s(m+1,2)s(2))
2 ≥s (s(m+1)s(4))

2,

(s(m+2)s(3) + s(m+1,2)s(2))
2 ≥s s(m+1)s(4)(s(m+2)s(3) + s(m+1,2)s(2)),

s(m+1)s(4)(s(m+2)s(3) + s(m+1,2)s(2)) ≥s s(m+5)(s(m+2)s(3) + s(m+1,2)s(2)),

s(m+1)s(4)(s(m+2)s(3) + s(m+1,2)s(2)) ≥s s(m+5)s(m+1)s(4),

(s(m+1)s(4))
2 ≥s (s(m+5))

2.

Now it suffices to prove

s(m+2)s(3) + s(m+1,2)s(2) ≥s s(m+1)s(4) ≥s s(m+5),

which can be verified by Pieri’s rule. This completes the proof of the case of d = 5.

Remark 4.17. Lots of matroids can be equipped with the action of symmetric groups, such
as paving matroids [19], braid matroids [16], and thagomizer matroids [36]. It is desirable
to study the induced log-concavity of equivariant invariants of these matroids. However, we
can not always obtain the induced log-concavity. For example, the equivariant Kazhdan-
Lusztig polynomial PS7

B7
(t) of the equivariant braid matroid of rank 6 is not inductively

log-concave. By using SageMath [33], we find that

chPS7
B7

(t) =s(7) + (2s(7) + 2s(6,1) + s(5,2) + s(4,3))t

+ (2s(7) + 2s(6,1) + 2s(5,2) + 2s(4,3) + 2s(4,2,1) + s(3,2,2) + s(2,2,2,1))t
2,

while

(2s(7) + 2s(6,1) + s(5,2) + s(4,3))
2

− s(7)(2s(7) + 2s(6,1) + 2s(5,2) + 2s(4,3) + 2s(4,2,1) + s(3,2,2) + s(2,2,2,1))

= 4s(11,1,1,1) + 3s(5,5,4) + 12s(7,5,1,1) + 8s(7,3,3,1) + 12s(6,6,2) + 15s(6,5,3) + 8s(6,4,4) + 6s(6,6,1,1)

+ 10s(6,5,2,1) + 11s(6,4,3,1) + 4s(6,4,2,2) + 3s(6,3,3,2) + 4s(5,5,3,1) + 3s(5,4,4,1) + 2s(5,5,2,2)

+ 4s(5,4,3,2) + s(5,3,3,3) + s(4,4,4,2) + s(4,4,3,3) − s(8,2,2,1,1) − s(7,2,2,2,1) + 6s(10,2,1,1) + 11s(9,3,1,1)

+ 13s(8,4,1,1) + 13s(7,4,2,1) + s(9,2,2,1) + 9s(8,3,2,1) − s(8,2,2,2) + 2s(7,3,2,2) + 10s(12,1,1) + 24s(7,6,1)

+ 18s(11,2,1) + 8s(10,2,2) + 35s(8,5,1) + 27s(7,5,2) + 29s(10,3,1) + 36s(9,4,1) + 21s(9,3,2) + 30s(8,4,2)

+ 14s(8,3,3) + 22s(7,4,3) + 2s(14) + 8s(13,1) + 14s(12,2) + 20s(11,3) + 25s(10,4) + 25s(9,5)

+ 20s(8,6) + 8s(7,7),

which is not s-positive.
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