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Abstract

We consider the random graph model G(w) for a given expected degree sequence
w = (w1, Wy, ..., w,), where the probability p;; of an edge between vertices v; and v;
is defined as w;w;p with p = ﬁ In this paper, we apply a matrix concentration
inequality to derive an upper bound on the largest eigenvalue of the adjacency matrix
of the random graph with given expected degrees. We further analyze the expectation
of the largest eigenvalue of the adjacency matrix and establish its concentration prop-
erties. Additionally, by utilizing an extension of the matrix Chernoff inequality that

incorporates an intrinsic dimension parameter, we investigate the expectation and tail

behavior of the largest eigenvalue of the Laplacian matrix for the random graph model

G(w).
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1 Introduction

The spectra of the adjacency matrix and the Laplacian matrix of graphs have many
applications in graph theory. For example, the spectrum of the adjacency matrix of a graph
is related to its connectivity, the number of occurrences of specific subgraphs, chromatic
number, and independence number. The graph is connected if and only if the second-
smallest eigenvalue of the Laplacian matrix is strictly positive. The Laplacian matrix also
serves as a major tool for enumerating spanning trees and has numerous applications. For
further details on the applications of the spectra of the adjacency and Laplacian matrices,
we refer interested readers to two monographs [4, 9].

Also for random graphs, spectral properties of adjacency matrices and Laplacian ma-
trices of random graphs have received considerable attention (See, e.g., [1, 6, 7, 10, 11, 14,
15]). We next present a brief overview of some results on random graphs.

For the Erdds-Rényi random graph model G(n,p), let Ai(A),..., \(A) denote the
eigenvalues of its adjacency matrix A = A(G(n,p)) in nonincreasing order. Fiiredi
and Komlds [15] showed that, asymptotically almost surely, A;(A) = (1 4 o(1))np and
max{\a(A), —=A,—1(A)} < (2 + o(1))y/np(1 — p), provided np(1 — p) > log®n. Here, the
notation o(1) denotes a quantity (depending on n) that tends to 0 as n tends to infinity.
These results were later extended to sparse random graphs [11, 19] and general random
matrices [10, 15]. Alon, Krivelevich, and Vu [1] investigated the concentration of the
s-th largest eigenvalue of a random symmetric matrix with independent random entries
bounded in absolute value by one. Ding et al. [10] studied the largest eigenvalue and
spectral norm of the adjacency matrix of random graphs. Friedman et al. [12, 13, 14]
proved that for any d > 4, the second largest eigenvalue (in absolute value) of random
d-regular graphs is almost surely (2 + o(1))y/d — 1. Chung, Lu, and Vu [7] analyzed the
spectra of adjacency matrices of random graphs with given expected degrees. Preciado
et al. [23] analyzed the limiting spectral distribution of adjacency matrices of random
graphs with given expected degrees. Lu and Peng [20] examined concentration of adja-
cency matrices of edge-independent random graphs. Oliveira [21] studied concentration
properties for adjacency matrices of inhomogeneous Erdos-Rényi graphs, with subsequent
improvements by Chung and Radcliffe [8]. Benaych-Georges et al. [2] established bounds
on the spectral radii for a large class of sparse random matrices, which include the adja-
cency matrices of inhomogeneous Erdés-Rényi graphs. Hu et al. [17, 18] investigated the
spectra of Hermitian adjacency matrices of general random mixed graphs, and presented

a separation result between the largest eigenvalue and the remaining eigenvalues of the



Hermitian adjacency matrix of random mixed graphs.

In this paper, we consider a random graph model G(w) for random graphs with given
expected degrees and examine the spectra of both the adjacency matrix and the Laplacian
matrix. Applying a matrix inequality, we derive an upper bound on the largest eigenvalue
of the adjacency matrix for the random graph G(w), which improve the results in [6, 8] with
a weaken assumption. We further analyze the expectation of the largest eigenvalue of the
adjacency matrix and establish its concentration properties. Additionally, we investigate
the expectation and tail behavior of the largest eigenvalue of the Laplacian matrix for the
random graph G(w).

The random graph model G(w), first introduced in [5], is a generalization of the
Erdds-Rényi model. For any non-negative sequence w = (wi,ws, ..., wy,), the random
graph G(w) with a given general expected degree distribution is defined on the vertex set
{v1,v2,...,v,}, in which edges are independently assigned to each vertex pair (v;, v;) with

probability w;w;p, where p = e

—. The classical Erdés-Rényi random graph model

=1 "
G(n,p) can be viewed as a special case of the G(w) model by setting w = (pn, pn, ..., pn).
For convenience, we say v; and v; are connected if (v;,v;) is an edge of G(w), denoted

v; ~ vj. Loops are allowed in our model. Let d(v;) denote the number of vertices (including

itself in the case of loops) connected to vertex v;, this quantity d(v;) is called the degree

of v;. To ensure w;w;p is a valid probability for all i and j, we assume w2, = max; w? <
> p wg. It is straightforward to verify that the expected degree of vertex v; in G(w) is w;

for each i:
Ed(v;) = zPr(vi ~vj) = Zwiwjp = w;.
J J

We use d; to denote the actual degree of v; in the random graph G(w), where the weight

w; represents its expected degree. Let m denote the maximum expected degree, i.e.,

M = Wmax. The second-order average degree of G(w) is defined as d = %l Tfj =Y, wip.
Thus, G(w) is referred to as a random graph model with given expected degrees.
The adjacency matriz of G(w), denoted by A(G(w)) = (& ) (or A,, for brevity),

satisfies the following:
e A, is a random symmetric matrix with &; = &;; for 1 <@ < j < n;

e the upper-triangular entries &; (1 < i < j < n) are independent random variables

which take the value 1 with probability w;w;p and 0 with probability 1 — w;w;p.

Let D(G(w)) = diag(dy,ds,...,d,) (or D,, for brevity) be a diagonal matrix, in which d;
is the degree of the vertex v; in the graph G(w). The matrix L,, = D,, — A,, is then called



the Laplacian matriz of G(w).

The remainder of this paper is structured as follows: In Section 2, we review some
existing results and prove new auxiliary results that will be used throughout the paper.
In Section 3, we present results concerning the spectrum of the adjacency matrix of the

random graph G(w). Section 4 addresses the Laplacian matrix of the random graph G(w).

2 Preliminaries and Auxiliary Results

We begin by introducing additional terminology and notation used throughout the paper.

2.1 Additional terminology and notation

We let C"1*"2 denote the space of ny X no matrices with complex entries. For A € C™1*"2,

A* € C"*™ denotes the conjugate transpose of A. The space of n x n Hermitian matrices

nxn
Herm>

is denoted by consisting of matrices A € C™*"™ satisfying A* = A. We identify C"

with the space C"*! of column vectors, such that the inner product of w,v € C" is w*v.
For each matrix A € C™"*"2 the spectral norm || A|| is defined as the largest singular

value of A, i.e.,
[A]l = v Amax(A*A),

where Apax(A*A) denotes the largest eigenvalue of A*A. The Spectral Theorem for Her-

nxn

Horm Das n real eigenvalues (multiplicities count-

mitian matrices states that every A € C
ed), which correspond to an orthonormal set of eigenvectors. When A € C" . let
Ai(A)(1 <i < n) denote the i-th largest eigenvalue of A (multiplicities counted), we have

| Al = max{|Xi(A)|: 1 <i<n}. The set {\j(A):1<1i<n} is called the spectrum of A,
denoted by spec(A). The trace of A, denoted Tr(A), is the sum of its eigenvalues.

We use the notation A = 0 to indicate that A is positive semidefinite, i.e., A € C{"
with nonnegative eigenvalues (equivalently, v*Av > 0 for all v € C™). Similarly, A > 0
denotes that A is positive definite, i.e., A € C{i' with positive eigenvalues, where 0 is
the zero matrix of the same size as A. The symbol =< denotes the positive semidefinite
order on Hermitian matrices: for two Hermitian matrices A and B, A < B (or B = A)
means B — A > 0.

Let f : C — C be an entire analytic function with Taylor expansion f(z) = Y20 a;z" (z €
C). If all coefficients a; are real, the expression

F(A) =) aA" (AeCiil)
i=0



defines a mapping from CJj;" to itself, with convergence defined as in [16]. The Spectral

Mapping Theorem states that each eigenvalue of f(A) is f(A) for A € spec(A4), i.e.,

spec(f(A)) = f(spec(4)). (2.1)

In particular, we will often use the matriz exponential, defined as exp(A4) = >-7, %AZ
From the Spectral Mapping Theorem, we know that exp(A) is always positive definite
when A is Hermitian, and that exp(A) converges for all matrices A.

We frequently work with the trace of the matrix exponential:
Tr(exp) : A+ Tr(exp(A)).

This trace-exponential function is monotone with respect to the positive semidefinite order,
that is,
VA,Be C{' ' A=< B = Tr(exp(4)) < Tr(exp(B)). (2.2)

Herm>
A concise proof of this result can be found, for example, in Section 2 of [22].
Moreover, we shall make brief use of the matrix logarithm. The matriz logarithm is

defined as the functional inverse of the matrix exponential:

for any A € CX" | log(e) := A. (2.3)

Herm>

This formula defines the logarithm of a positive definite matrix. In general, if B = exp(A),
we call A the logarithm of B. Since our matrices will be Hermitian, requiring the logarithm
to also be Hermitian ensures the uniqueness of this function.

The matrix logarithm is monotone with respect to the positive semidefinite order (see
3):

for any A,Be Ci:" | if A= 0,B > 0 and A < B, then log(A) < log(B). (2.4)

Herm>

We denote the largest eigenvalue of an Hermitian matrix A by Apax(A4). Obviously,
Amax (@A) = aApax(A4) for a > 0. (2.5)

If A is a random n x n matrix, we write E[A] to denote the entry-wise expectation of
A, so (E[A])ij = E(Ay).

Throughout the paper, we assume n is large whenever necessary. Asymptotic notation
is used under the assumption that n — co. Given non-negative functions f(n) and g(n),
we write f(n) = O(g(n)) if there exists a positive constant C, independent of n, such
that f(n) < Cg(n) for all sufficiently large values of n. We write f(n) = o(g(n)) if
f(n)/g(n) — 0 as n — oco. Any notation related to matrices that is not mentioned here

follows the conventions in [16].



2.2 Auxiliary results

To establish a bound on the expectation of the largest eigenvalue of the adjacency matrix
for the random graph G(w), we begin with a theorem concerning the expected largest
eigenvalue of a sum of independent, random Hermitian matrices whose spectral norms

satisfy a uniform upper bound.

Theorem 1. Consider a finite sequence { X} of independent, random Hermitian matrices

with common dimension n. Assume that
| Xkl < c for each k.

Define the random matriz
Y =) X
k
Then, for 8 >0,

IO

69 — 1 — 9 )
< B . .
FEmax(Y) < = logn 4+ Amax(EY) + o Ao (; E(X?) (2.6)

For the proof, we rely on the following results:

Lemma 1 (Transfer Rule [24]). Let f,g: R — R, and suppose there exists a subset S C R

with f(a) < g(a) for alla € S. If A is an Hermitian matriz with all eigenvalues contained

in S, then f(A) < g(A).

Definition 1 (Matrix MGF and CGF [25]). Let X be a random Hermitian matrix. The
matrix moment generating function (matrix MGF) Mx and the matrix cumulant gener-

ating function (matrix CGF) Ex are given by
Mx () = Ee?™ and Zx(6) = log Ee?X for 6 € R.

We first derive an appropriate semidefinite bound for the MGF and CGF of a random

Hermitian matrix with bounded spectral norm.

Lemma 2 (MGF and CGF Bound). Suppose that X is a random Hermitian matriz
satisfying
IX <

Then, for 8 >0,
EefX < PEX+560%f(0c)E(X?)



and

log Ee?X < 9EX + %92 f(e)E(X?),
where f(zx) = Heto1ma)

2

Proof. We define

and present the following facts about f.

e f(0)=1.
e f(z) is monotonically increasing for x > 0.

For 0 < = < ¢, since f(x) is monotonically increasing for x > 0, we have f(x) < f(c).
Let X be as in the hypothesis of Lemma 2. For a real constant § > 0, [|[§X] < fec.
Applying Lemma 1, we derive f(0X) < f(fc)I. Noting that e = 1+ z + 322 f(2), we

obtain

1

X =T+0X + -02f(6X)X?
2

1 (2.7)

<T+0X + §19210(9@))(2.

We now use the fact that the expectation respects the positive semidefinite order (see

24]), i.e.,

for any A, B € C}*" . A < B almost surely implies EA < EB. (2.8)

Herm>

Using (2.7) and (2.8), we obtain
E(') <E(+0X + L62f(00)X?)

= I +0EX + %9%(9@1}3(}(2) (2.9)

=< e@IEX-i—%GQf(Qc)E(XQ).

The second relation follows from the fact that I + A < e for any A € C[" | which is
derived by applying the Transfer Rule (i.e., Lemma 1) to the inequality 1 + a < e® valid
for all a € R.

To obtain the semidefinite bound for the matrix cumulant generating function, we take
the logarithm of the semidefinite bound for the matrix moment generating function. This

operation preserves the semidefinite order due to property (2.4), which states that the

logarithm is operator monotone.
1
log Ee?X < 9EX + 592 F(Be)E(X?).

7



This completes the proof of Lemma 2. O

Lemma 3 ([25]). Consider a finite sequence { X}, of independent, random, Hermitian

matrices of the same size. Then

m m
1
IE)\max(kg_l Xi) < ér;%alog Trexp (kg_llogEeGXk>, (2.10)

Proof of Theorem 1. Consider a finite sequence {X}} of independent, random Hermi-

tian matrices with common dimension n. Assume that
| Xk|| < ¢ for each k.

The matrix cumulant generating function bound (Lemma 2) states that

2(e? — 1 — )
(6c)

We next address the upper bound (2.10) for EApax(Y). By the Spectral Mapping Theorem

1
log Be®* < 0EX), + 592 f(0c)E(XE) where f(fc) = for  >0. (2.11)

(i.e., (2.1)), for any s > 0, and any A € C[;<", the largest eigenvalue of e is e Amax(A4)
and all eigenvalues of e are nonnegative. Additionally, using the fact that the matrix
exponential of an Hermitian matrix is positive definite, we bound the trace by n times the

largest eigenvalue. Hence,
exp(sAmax(A4)) = Amax(exp(sA)) < Tr(exp(sA)) < nApax(exp(sA)). (2.12)

We require two more inequalities from matrix analysis: the first is the Golden-Thompson

inequality (see, e.g., [3]), and the second can be found, e.g., in [26].

vd € {1,2,3,...}, and any A, B € C2?¢ Tr(eAB) < Tr(eeb). (2.13)

Herm?

and if A and B are n X n positive semidefinite Hermitian matrices, then
0<Tr(A-B) <Tr(A)-  Anax(B) < Tr(A) - Tr(B). (2.14)

Now, using the fact in (2.2) that the trace of the exponential function is monotone with
respect to the semidefinite order, and applying (2.5), (2.12), (2.13) and (2.14), we sub-
stitute the cumulant generating function bounds, i.e., (2.11) into the master inequality

(2.10) for the expectation of the largest eigenvalue to derive

Edmax(Y) = EAmax (Z Xk>
k



< inf LlogT log Ee/* 2.1
_én og Trexp (Z ogEe ) (use (2.10))

| /\

ér>1f g log Trexp {Z [G]EXk + 292f(90)E(X,§)] } (use (2.2) and (2.11))

k

:égfelogTreXp{OEY—i— ~0%f(c) ZIE Xk}

IN

sy os{

exp(AEY) - exp (292 F(0c)> E(X,f))] } (use (2.13))
k

IN

o1 Lo 2 S
éggglog Amax(exp(0EY)) - Trexp 59 f(Gc)zk:E(Xk)>] (use (2.14))

IN

) (
ér;% % log | Amax(exp(0EY)) - nAmax (exp (;GQf(Hc) Z};E(X%)))] (use (2.12))

6>0

= inf 7 log n exp(Amax(EY)) - exp ()\max <;62f(90) %:]E(X,%)))] (use (2.12))

Iéggglog 1 exp(BAmax(EY)) - exp (;Wf(ec»max (ZE(X,?)))] (use (2.5))
k

= 51;% g log | nexp (9)\max(]EY) + %QQf(QC))\max (Z EO‘%)))]

k
. 1 e —1— ¢ 9

In the ninth line, we utilize the fact in (2.5) that the largest eigenvalue is a positive-

homogeneous map, which relies on the observation that f(fc) > 0 for § > 0. Finally,
by substituting 6 — 6/c, we obtain the expression (2.6). This completes the proof of
Theorem 1. O

3 The Spectrum of the Adjacency Matrix of Random Graph-
s with Given Expected Degrees

In this section, we study the spectrum of the adjacency matrix of random graphs with
given expected degrees. We first establish an upper bound for the largest eigenvalue of
the adjacency matrix for random graph model G(w). We then study the expectation of
the largest eigenvalue of the adjacency matrix and present a result on the concentration

property of the largest eigenvalue of the adjacency matrix.

Theorem 2. For the random graph G(w), let € > 0 be an arbitrarily small constant. If

the maximum expected degree m satisfies m > %log(Qn/e), then with probability at least



1 — ¢, the largest eigenvalue of A,, satisfies

Amax(An) < d+ +/8m log n,

>

~ 2
where d = ﬁ denotes the second-order average degree of G(w).
Applying Theorem 2 with € = %, we immediately obtain the following corollary.

Corollary 1. For the random graph G(w), if the mazximum expected degree m satisfies
m > glog n, then with probability at least 1 —1/n =1—o0(1), the largest eigenvalue of Ay,
satisfies

Amax(An) < d + +/8mlogn. (3.1)

The spectrum of the adjacency matrix of the G(w) model has been studied in [6, §].

In [6], it is proven that if m = wpax is the maximum expected degree, then

d— /2m2plogn < Amax(An) < d + \/ﬁx/mlogn(cz—k logn) + 3/ mlogn, (3.2)

2
2o W;
i

2w

where p = m, and d = is the second-order average degree of G(w). In [8], it
is proven that if the maximum expected degree m satisfies m > glog(\/in), then with

probability at least 1 —1/n =1 — o(1),

d — \/8m1og(v2n) < Amax(An) < d + 1/8mlog(v2n). (3.3)

Obviously, the bounds in (3.3) are a signicant improvement upon the bounds in (3.2),
and in (3.1) we manage to improve the upper bound in (3.3) with a slightly weaken
assumption on m.

We also here provide the expectation estimate and demonstrate that the largest eigen-

value of A,, is highly concentrated around its expectation.

Theorem 3. For the random graph G(w), if the mazimum expected degree m satisfies

m > glog n, then for 8 > 0, we have

1 e
Emax(4n) < 7logn +d + eTm

Moreover, for any t > 1, we have
Pr(|Amax(An) — EAmax(An)]| > 1) < e~ (10E/32,

We now proceed to prove Theorem 2. For our proof, we will rely on the following
known result. In [18], Hu et al. derive the following matrix inequality, which is particularly

suitable for the random graph G(w).

10



Theorem 4 ([18]). Let X1, Xo,..., Xy, be independent random n x n Hermitian matrices.

Moreover, assume that | X;|| < ¢ for alli. Let X =", X;. Then

(@ — [IE(X)[])*
20 232 B + % (a — [EX)I)

Pr(Amax(X) > a) < n-exp (— ) fora > [[E(X)].

Proof of Theorem 2. Let G(w) and A,, be defined as before, and let m = wyax denote
the maximum expected degree of the graph G(w).

For indices i and j with 1 < i,5 < n, let EY denote the n x n matrix with a 1
in the (¢,7)-th position and 0 elsewhere. Recall that §;; takes value 1 with probability
w;wjp and value 0 with probability 1 — w;wjp. Thus, §;; = &; by symmetry. Define
Xij = &;(EY + E7'). Then the adjacency matrix A, can be expressed as

A= > Xy
1<i<j<n

To apply Theorem 4 to A, we first derive a suitable upper bound ¢ for ||.X;;||. Note
that X;; (1 < ¢ < j < n) are independent random n x n Hermitian matrices. Since

&j = {0,1}, we have
1Xi511 = 11655 (BY + B7)|| = I€y] - |1 BV + B < 1.
Thus, we choose ¢ = 1. Next, we compute upper bounds for || Z1§i§j§nE(Xi2j)” and
|EA,|. For any 1 <i < j <n:
E(X3) = Elg5(BY + B7')?]

= E[&)(EY + B')?

= wyw;p(E" + EY).
Similarly, for i = j, E(X2) = w?pE". Therefore,

Z E(Xzzj) Z ( wiwjp> E"

1<i<j<n i=1

n
= max E w;w;p
i=1,....,n <
Jj=1

max w;
i=1,...,n

=m.

For the expectation of A, note that (EA,);; = E&;; = w;w;p. Thus, EA,, = pwlw. As a

rank-1 matrix, EA,, has eigenvalues p Y, w? and 0 (with multiplicity n — 1). Hence,

[EA,| = pr? =d.

11



Set a = ||EA,| + \/4mlog(n/e). By the assumption m > %log(n/e), we have a —
|EA,|| < 3m. Applying Theorem 4 with ¢ = 1, we obtain

(a — |EA,|)? )
20 Y <icjen EQXD) | + X(a — [EAL)
4dm log(n/e)>

4dm

HQmA&JZMSnfm<—

Sn-exp(—

=€
Thus, with probability at least 1 — e,

Amax(4n) < a = |EA,|| + v/4mlog(n/e) = d+ /8mlogn.

This completes the proof of Theorem 2. O

Before presenting the proof of Theorem 3, we recall a known result that will be used
in the sequel of the paper. Alon, Krivelevich and Vu[l] showed that the eigenvalues of

random matrices are highly concentrated around their median values.

Theorem 5 ([1]). Let A be an n x n random symmetric matriz with independent entries
a;j = aj; for 1 < i < j < n, where each entry satisfies |a;;| < 1. Let its eigenvalues be
AM(A) > Xa(A) > -+ > M(A). For any 1 < s < n, Let us denote the median value of
As(A), i.e., ps = inf , {Pr(As(A) < ) > 1/2}. Then for any t > 0, we have
Pr([Ag(A) — o] > 1) < de” 7.

Proof of Theorem 3. Let G(w) and A, be defined as before, and let m denote the
maximum expected degree of the graph G(w). From the proof of Theorem 2, we know
An = > 1<i<j<n Xij- To apply Theorem 1 to A,, we derive an upper bound c on ||X;||
and upper bounds for Amax(3-1<i<j<p IE(X,LQ])) and Apax(EA,).

Recall that Xij(l < i < j < n) are independent random n x n Hermitian matrices
satisfying

Xl <1=c

Moreover,

Amax Z IE(XEJ) =m and A\pax(EA,) = pr? =

1<i<j<n i

Applying Theorem 1, we obtain

1 - e —1-9
E)\maX(An> < EIOgn"i_ d+ eTm

12



Recall Jensen’s inequality, which holds for a convex function f and a random variable Z:

f(E[Z]) <E[f(2)].

Denote by w1 the median of the largest eigenvalue of A,. Since the absolute value func-
tion f(z) = |z — p1| is convex, we substitute f(z) = |z — p1| and Z = Apax(A4,), then
the left-hand side becomes f(E[Amax(4n)]) = |E[Amax(An)] — p1], and the right-hand
side is E[f(Amax(An))] = E|Amax(An) — p1|. Thus, the inequality [E[Amax(An)] — ] <
E|Amax(Apn) — p11] follows from Jensen’s inequality. Next, recall that for any non-negative

random variable X,

By Theorem 5, we obtain

E e (An)] 1| < B mas(An) 1] = f5= Pr(Amax (An) —po1| > 0)dt <[5 452 =
8v/27. Thus, the expectation of Amax(4,) and its median differ by O(1). Therefore, for
all £ > 1, we get

Pr(|Amax(An) — EAmax(An)]] > t) < e~ (10(0)F*/32,

4 The Spectrum of the Laplacian matrix of Random Graphs
with Given Expected Degrees

In this section, we study the spectrum of the Laplacian matrix of random graphs with
given expected degrees. Our goal is to analyze the expectation and the tail behavior of

the largest eigenvalue of the Laplacian matrix for random graph model G(w).

Theorem 6. For the random graph G(w) with Laplacian matriz Ly, we have for § > 0,

0 2
e —1 w 2
E)\max(Ln) S 0 . ZTZ{ZH—F glog(Q(n — 1))
Moreover,
2 € Wmax 9
w e 23 wi w
Pr{ Amax(Ln) > (1 ——Fns<2n—1) | —— >2/( = ).
)2 (g0} < 201 |G| sor €22/ ()

Our proof relies on the following known results.

Definition 2 (Intrinsic Dimension [25]). For a positive-semidefinite matrix A, its intrinsic

dimension is defined as
TrA

13



Theorem 7 (Matrix Chernoff: Intrinsic Dimension [25]). Consider a finite sequence { X} }

of independent, random, Hermitian matrices of common dimension n. Assume that
0 < Amin(Xg) and Apax(Xx) < ¢ for each k.

Introduce the random matriz
Y =) X
k

Suppose that we have a semidefinite upper bound M for the expectation EY :

M =RBY =Y EX;.
k

Define an intrinsic dimension bound and a mean bound:
d = intdim(M) and pimax = Amax(M).

Then, for 8 >0,

e —1 c
< - Umax + = log(2d).
< 5 " Hmax + 5 log(2d)

EXmax(Y)

Furthermore,

Hmax

] ’ for € > ¢/pimax.

66

Pr{)\max(Y) 2 (1 + e)ﬂmax} S 2d - I:W

Lemma 4 (Courant-Fischer [16]). Let A be an n x n Hermitian matriz with eigenvalues

A< A <. < Ay, and let k be an integer with 1 < k <n. Then

. ¥ Ax
A = min max .
W1, W2,y Wy EC™ z#0,2€CT x*r
rlwy,wg,..., Wy

Proof of Theorem 6. Let G(w) and L, be defined as before. Recall that m = wpax
denote the maximum expected degree. For the indices i and j with 1 < 4,j < n, let E%Y
be the n x n matrix with a 1 in the (7, j)-th position and 0 elsewhere. Recall that &;; takes
value 1 with probability w;w;p and 0 with probability 1 — w;w;p. So, &;; = &;j.

The Laplacian matrix L, of G(w) can be decomposed as

Ly= Y Lyj= Y &(E"+E7-EY-E",

1<i<j<n 1<i<j<n

14



where for i < j, the sub-Laplacian matrix L;; is defined as

i J
[ &ij —&ij
J —&ij &ij

This matrix corresponds to the edge e;; = v;vj, where &;; = 1 indicates v; and v; are

adjacent in G(w).

Using the the Courant-Fischer min-max theorem (Lemma 4), we analyze x*L;jx for

any nonzero complex column vector z € C”,

1
&ij —&ij
)
x*Lijx = (x],25,...,2),)
—&ij &ij
Tn

= &ij(lzil? + |ayl? — 2fay — ziaf)

= &ij(wi — xj)(27 — @j)
= &ijla; — 5
> 0.

This implies L;; is positive semidefinite for i < j.

For the spectral norm of ||L;;||:

|Lij|| = ||&;(E™ + E¥ — B — E7)]|
< |&;| - |E" + BT — B — BT

<2,

Thus,

0< /\min(Lij) and )\max(Lij) <2 forl<i <7< n.

Moreover,
ELy; = E[;(E¥ + B — BV — B/

15



= E[¢;](E" + BV — BY — E7Y)

Summing over all edges, the expected Laplacian matrix satisfies:

EL,= > EL;

1<i<j<n
= Y wwp(E" + BV — B — BT
1<i<j<n
g 3 (B4 B - B
1<z<]<n
2

= (0= Dl = (= )]

=M,

where I, denotes the n x n identity matrix and J,, is the all-ones matrix. The spectrum of

M is {O i n} with Z‘“ax n having multiplicity n—1. Hence, M is a positive-semidefinite

matrix and
w2 2

w
M WUimax Xy and TrM = (n — 1) =21,
] = R (n—1)g

Therefore, the intrinsic dimension of M is

TrM

and

2
Whax

Do Wi .

Mmax = )\max(M) =
By Theorem 7, for 6§ > 0,

0 1 2 )
E)\max(Ln) < — c 0 . gmj;( n-—+ — log( (n — 1))

For the tail probability, let ¢ > 2/ ( —nax. ) then

w2 66 2wzmza$7,
Pr ¢ Amax (L 1 max <2n—-1)|———
el L) = (220} < 20— ) [
This completes the proof of Theorem 6. U

References

[1] N. Alon, M. Krivelevich, V.H. Vu, On the concentration of eigenvalues of random

symmetric matrices, Israel Math. J., 131 (2002), 259-267.

16



2]

[11]

[12]

[13]

[16]

F. Benaych-Georges, C. Bordenave, A. Knowles, Spectral radii of sparse random

matrices. Ann. Inst. H. Poincaré Probab. Statist., 56(3) (2020), 2141-2161.

R. Bhatia, Matriz Analysis, Graduate Texts in Mathematics, vol. 169, Springer,
Berlin, 1997, p.10.

F. Chung, Spectral graph theory, AMS publications, 1997.

F. Chung, L. Lu, Connected components in random graphs with given expected degree

sequences, Ann. Combin., 6 (2002), 125-145.

F. Chung, L. Lu, V. Vu, Eigenvalues of random power law graphs, Ann. Combin., 7
(2003), 21-33.

F. Chung, L. Lu, V. Vu, Spectra of random graphs with given expected degrees, Proc.
Nat. Acad. Sci. USA, 100(11) (2003), 6313-6318.

F. Chung, M. Radcliffe, On the spectra of general random graphs, Electron. J. Com-
bin., 18 (2011), P215, 14 pp.

D.M. Cvetkovié, M. Doob, H. Sachs, Spectra of graphs theory and applications, Aca-
demic Press, 1980.

X. Ding, T. Jiang, Spectral distributions of adjacency and Laplacian matrices of

random graphs, Ann. Appl. Probab., 20 (2010), 2086-2117.

U. Feige, E. Ofek, Spectral techniques applied to sparse random graphs, Random
Struct. Alg., 27(2) (2005), 251-275.

J. Friedman, A Proof of Alon’s Second Figenvalue Conjecture and Related Problem,
Memoirs of the American Mathematical Society 2008, 100 pp.

J. Friedman, On the second eigenvalue and random walks in random d-regular graphs,

Combinatorica, 11(4) (1991), 331-362.

J. Friedman, J. Kahn, E. Szemerédi, On the second eigenvalue in random regular

graphs, in Proc. 21st ACM Symp. Theory of Computing, 1989, 587-598.

Z. Fiiredi, J. Komlds, The eigenvalues of random symmetric matrices, Combinatorica,

1(3) 1981, 233-241.

R.A. Horn, C. R. Johnson, Matriz Analysis, 2nd, Cambridge University Press, 2012.

17



[17]

[18]

[19]

[20]

[26]

D. Hu, X. Li, X. Liu, S. Zhang, On the spectra of general random mixed graphs,
Electron. J. Combin., (2021) P1-3.

D. Hu, X. Li, X. Liu, S. Zhang, The spectra of random mixed graphs, Linear. Algebra.
Appl., 653 (2022), 320-338.

M. Krivelevich, B. Sudakov, The largest eigenvalue of sparse random graphs, Combin.

Probab. Comput., 12 (2003), 61-72.

L. Lu, X. Peng, Spectra of edge-independent random graphs, FElectron. J. Combin.,
20 (2013), Paper 27, 18 pp.

R. Oliveira, Concentration of the adjacency matrix and of the Laplacian in random

graphs with independent edges, http://arxiv.org/abs/0911.0600.

D. Petz, A survey of certain trace inequalities, in Functional Analysis and Operator
Theory, Banach Center Publications, vol. 30(Polish Acad. Sci., Warsaw, 1994), pp.
287-298.

V. Preciado, M. Rahimian, Moment-based spectral analysis of random graphs with

given expected degrees, IEEE Trans. Netw. Sci. Eng., 4(4) (2017), 215-228.

J. Tropp, User-Friendly Tail Bounds for Sums of Random Matrices, Found. Comput.
Math., 12 (2012), 389-434.

J. Tropp, An introduction to matrix concentration inequalities, Found. Trends Mach.

Learn., 8 (2015), 1-230.

F. Zhang, Matriz theory, New York, Springer-Verlag, 1999.

18



