Spectral radius and rainbow k-factors of graphs
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Abstract: Let ¥ = {Gy, ..., G%n} be a set of graphs on the same vertex set V = {1,...,n} where
k-n is even. We say ¢ admits a rainbow k-factor if there exists a k-regular graph F on the
vertex set V such that all edges of F are from different members of ¢. In this paper, we show
a sufficient spectral condition for the existence of a rainbow k-factor for k > 2, which is that if
p(G;i) > p(Ky—1 V (K1 UK,_)) for each G; € ¢, then ¢4 admits a rainbow k-factor unless G| =
Gy=---= G% =K1 V(KIUK, ).
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1 Introduction

The spanning subgraphs of graphs possessing some given properties are called factors. Factor
theory is one of the fundamental areas of graph theory and closely relates to graph spectra. A
considerable number of influential results on spectra and factors have been established, see, for
example, the survey [13]. This paper primarily focuses on [a,b]-factor, which is defined as a
spanning subgraph H of G such that dy(v) € [a,b] for each v € V(G). Particularly, a [k, k]-factor
is also called a k-factor.

In 2005, Brouwer and Haemers [4] provided a sufficient condition for the existence of a per-
fect matching (1-factor) in a regular graph in terms of the third largest eigenvalue. Subsequently,
this condition was improved in [8, 9, 10] and extended to k-factor in [24, 25]. In terms of spectral
radius, Fiedler and Nikiforov [14] showed tight conditions on the spectral radius that guarantee
the existence of a Hamiltonian path (a special [1,2]-factor) and a Hamiltonian cycle (a special
2-factor), respectively. In 2021, O [27] gave an upper bound on the spectral radius for graphs that
do not contain perfect matchings. Denote by V and U the join and union operations on graphs,
respectively. Let H, = Ky V (K1 UK,_¢). Fan, Lin and Lu [12] showed that if p(G) > p(Hy.4)
and n > 3a+ b+ 1, then the graph G contains an [a, b]-factor, which partially confirmed the con-
jecture on [a, b]-factor proposed by Cho, Hyun, O and Park [7]. Further, their result also gave the
spectral condition for the existence of a k-factor.

Theorem 1.1 ([12], Corollary 1.4). Let k and n > 4k — 1 be two positive integers such that k - n is
even and let G be a graph of order n. If p(G) > p(H, k), then G contains a k-factor.

Let ¥ = {G1,G,...,Gn} be a collection of (not necessarily distinct) graphs on the same
vertex set V, and let H be a graph with m edges on the vertex set V(H) C V. If there exists a
bijection ¢ : E(H) — {1,...,m} such that e € E(G,)) for each e € E(H), then we say that H is
a rainbow of ¢, or ¢ admits a rainbow H. Recently, the study of rainbow structures has attracted
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extensive attention, yielding many beautiful results from a variety of perspectives, including de-
gree [3, 6, 16, 19, 22], size [1, 17, 20, 26] and spectra [15, 18, 29]. For more results, we refer the
readers to the survey [28].

In this paper, we discuss the spectral condition on the set of graphs 4 = {G1,G»,...,G,,} that
guarantee the existence of a rainbow factor in ¢. Guo, Lu, Ma, and Ma [15] identified the spectral
conditions related to rainbow matchings. Later, He, Li and Feng [18] gave sufficient spectral
conditions for rainbow Hamiltonian paths and rainbow linear forests. Recently, Zhang and van
Dam [29] proved that ¢ = {G,G>,- -+ ,G,} admits a rainbow Hamiltonian cycle if p(G;) >n—2
for i =1,2,...,n unless G| = G, = --- = G, = H,>. Inspired by these extensive works, we
consider an extension of Theorem 1.1 to the rainbow version, by presenting a spectral condition
for a rainbow k-factor.

Theorem 1.2. Let k and n > 4k — 1 be two positive integers such that k - n is even and let G =
{Gl,...,G%n} be a set of graphs on the same vertex set V = {1,...,n}. If p(G;) > p(Hyx) for

i=1,2,..., %" then ¢ admits a rainbow k-factor unless Gy = G, = -+ = G%n =H, .

Our paper is organized as follows: In Section 2, we introduce the so-called Kelmans operation
and do some preliminary work. In Section 3, we provide the proof of our main result. In addition,
we refer the readers to [2, 5] for notation and terminology not defined here.

2 Preliminaries

Let G be a simple graph with vertex set V(G) = {1,...,n} and edge set E(G). The adjacency
matrix of G is defined as A(G) = (aij)nxn Where a;; = 1 if ij € E(G) and O otherwise. The
eigenvalues of G are the eigenvalues of A(G). The largest eigenvalue is also known as the spectral
radius of G, denoted by p(G). Two graphs G| and G, are said to be isomorphic, denoted G| = G,
if there exists a bijection ¢ : V(G;) — V(Gz) such that uv € E(G) if and only if ¢(u)¢(v) €
E(G,). Furthermore, two graphs G and G, are identical, written G| = G, if V(G;) =V (G,) and
E(Gy) =E(Gy).

Given a graph G and u,v € V(G), we can obtain the graph KO,,(G) from G via replacing the
edge vw by a new edge uw for all w € Ng(v) \ (Ng(u) U{u}). This operation is called the Kelmans
operation (from v to u) due to Kelmans [21]. In 2009, Csikvari [11] proved that the spectral radius
of a graph does not decrease after the Kelmans operation.

Lemma 2.1 ([11], Theorem 2.1). Let G be a graph on vertex set V(G) and let u,v € V(G). Then

P(KOw(G)) = p(G).

In 2019, Liu, Lai and Das found that the above inequality is strict when G is connected and
G % KO0.(G).

Lemma 2.2 ([23], Corollary 4.1). Let G be a connected graph on vertex set V(G) and let u,v €
V(G). Then p(KO,,(G)) > p(G) unless G = KO,,,(G).

Observe that KO,,(G) = KO,,,(G). Denote by KO(G) the graph obtained from G by applying
the Kelmans operation to each vertex pair (u,v) such that u < v. It implies that KO,,,(KO(G)) =
KO(G) for any vertex pair (u,v). Then, we obtain the following proposition in KO(G), which will

be useful in the subsequent proofs.

Proposition 2.3. Let G be a graph on vertex set V.= {1,...,n} and let x,y € V such that x < y. If
xy € E(KO(G)), then ij € E(KO(G)) for each integer 1 <i<xandi< j<y.

For a given graph set 4 = {Gy,...,Gy}, define KO,,(¥) = {KO,,(G1),...,KO,,(Gy)} and
KO(9) = {KO(G),...,KO(G,)}.



Lemma 2.4. Let ¥ = {Gl,...,G%} be a set of graphs on the same vertex setV ={1,...,n}. If
KO(¥) admits a rainbow k-factor, then so does 9.

Proof. 1t suffices to show that for any vertices u,v € V, if KO,, (%) admits a rainbow k-factor, then
so does ¢. Assume that F is a rainbow k-factor of KO,,(¢) where E(F) = {ej,e2,... ,e%,.} and
e; € E(KO,,(G;)) fori e [1, %”] If e; € E(G;) for each integer i € [1, %”], then F is also a rainbow
k-factor of ¢. Otherwise, there exists an edge e, = uw € E(KO,,(G,)) but e, ¢ E(G,). According
to the definition of the Kelmans operation, we have vw € E(G,). If vw € E(F), then without loss
of generality, assume e¢; = vw € E(KO,,,(Gy)). This implies both vw € E(Gy) and uw € E(Gy). In
this case, let e, = vw and e; = uw. If vw ¢ E(F), there is a vertex w' satisfying e, = vw’ € E(F) and
uw' ¢ E(F) since dp(u) = dp(v) = k. Note that ¢, = vw' € KO,,,(G;), which implies that vw' € G,
and uw’ € G,. Replace uw by vw and vw' by uw/, so that e, = vw and ¢; = uw’. Then we obtain
e; € E(G;) forany i€ [1, %"] Hence, ¢ admits a rainbow k-factor. O

Moreover, the proofs also involve several established results.

Lemma 2.5 ([5]). If H is a subgraph of a connected graph G, then p(H) < p(G) with equality if
and only if H = G.

Theorem 2.1 ([15], Theorem 3). Let 4 = {Gl,...,Gg} be a set of graphs on the same vertex
set V. ={l,...,n} where n is even. If p(G;) > n—2 fori=1,2,...,5, then 4 admits a rainbow
perfect matching unless Gy = Gy = --- = Gu = Hp ).

Theorem 2.2 ([29], Theorem 4.3). Let 4 = {G1,...,G,} be a set of graphs on the same vertex
set V.={1,...,n} where n > 4. If p(G;) >n—2 fori=1,2,...,n, then & admits a rainbow
Hamiltonian cycle unless G| = Gy = --- = G, = H, ».

3 Proof of Theorem 1.2

Lemma 3.1. Ler G be a graph on vertex set V. = {1,...,n} and let u,v €V such that u < v. If
p(G) = p(Hyx) and KO, (G) = H, 4, then G = H, .

Proof. The condition KO,,(G) = H, ; implies that there is a vertex subset A C V of size n — 1 such
that KO, (G)[A] =2 K,,—1. Since n—1 < [{u,v} UA| <n, we have 1 < |{u,v} NA| < 2. Observe that
G = KO0,,(G) = H,; when |{u,v} NA| = 2. Thus, assume |{«,v} NA| =1 in the remaining proof.
If G is disconnected, then p(G) < p(K,—1) =n—2 < p(H, ), and the equality holds if and only
if k = 1. It follows that G = H, ;. If G is connected, then by Lemma 2.2, we have p(KO,,(G)) >
p(G) unless G = KO,,(G) = H,x. Combining this with p(G) = p(H,x) = p(KOy (G)) yields
G = H,, . Hence, the proof is complete. U

From Lemma 2.1 and Lemma 3.1, we can deduce the following corollary.
Corollary 3.1. Let G be a graph of order n. If p(G) = p(H, x) and KO(G) = H,,, then G = H, .

Recall that the join and union operations are denoted by V and U, respectively. Moreover, the
union of disjoint sets is denoted by U . For simplicity, let [n] = {1,...,n}.

Lemma 3.2. Let k > 2 and n > 4k — 1 be two integers such that k-n is even and let G =
{Gl,...,G%n} be a set of graphs on the same vertex set V.= {1,...,n}. If G; = Hy for each

i € (%], and there exist iy,i> € [*] such that G;, # Gi,, then 9 admits a rainbow k-factor.

Proof. For simplicity, let V(G;) = A; U B; U C; such that G;[A;] = K;, Gi[Bi] = Ki—1, G;[Ci] =
Kyt and G; = G;[Bj] V (Gi[A;]UG;[C]]) for 1 <i < &2,

Claim 1. IfA; =A,=--- = A%n , then ¢ admits a rainbow k-factor.
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Proof. Without loss of generality, letA] =Ay =--- = Akn = {u} and G| # G». Then |U_, B;| > k.
Thus, there exists a subset B' = {vy,...,v} C V such that vi € Bifor 1 <i<k. Let A" = {u} and
=V\ (A’ UB’). Now we construct a graph H on the vertex set V that satisfies H[B'| = K,
[C’] ~ K, 1 and H=H[B'|V (H|A')UH|C']). Note that p(H) > p(H,x). By Theorem 1.1,
the graph H contains a k-factor F with E(F) = {ej, e, ... e }. Asdy(u) = k =dp(u), we obtain
{uvi,uvy,...,uv} C E(F). So, assume ¢; = uv; when 1 < i < k. The definition of B implies
that e; € E(G;) for each 1 <i < k. Furthermore, for any i € {k + 1,...,%”}, we have e; € E(G;).
Therefore, ¢ admits a rainbow k-factor. O

Next, partition 4 as 9 =% U % U --- U ¥, satisfies
1) forie(l,ql,ni=|%|andn; >ny >--- >ny;

2) for any two graphs G; € ¢, and G; € ¥, if { = m, then A; = A;; otherwise A; # A, where
i,j € [%]and {,m € [q].

Note that ¢ > 2 and n; < %” by Claim 1. For any G; € ¢, assume that A; = {u,} where 1 </ <gq.
Then we divide the proof into two cases depending on whether # is even or odd.
Case 1. n is even.

Letk; = L’Z”%J fori € [q]. Note that k >k >k, > -+ ZIAcq > (. When k; > 0, define p < g as
the largest integer such that lAcp > 0 and let lAq + ]AQ +- lAcp =k < k; when lAq =0,letp= 0 and
k=0.Set9' =4/ Ug U - U9, where ¥/ C ¢ and |¥]| :%"forie [p]. Then |¥4'| = % and
we have the following claim.

Claim 2. The graph set ¢’ admits a rainbow k-factor.

Proof. The result is trivial for p = 0. Assume that 4] = {Gy1,Gy 2, .. -G, i,y for £ €1, p] and
2

p > 1. Similarly to the proof of Claim 1, we deduce that each ¢/ admits a rainbow ky-factor F,
where E(F;) = {ev1, er2, ..., e Aw} such that e; € E(Gy,;) for 1 <i < k”" . When p = 1, we are
done. Now consider p > 2. IfE( )ﬂE( ;) =0forany 1 <r<s<p, then FURU---UF,isa
rainbow k-factor of ¢'. Otherwise, suppose that e,;, = e ;, = w'. Note that k >2byp>2. Then
we could find an edge ww' = ¢, ;, € E(F,) satisfying w,w’ € V\ {v,v'} and vw,vw' Vwv'w' ¢ E(F),
since

k R R . k
E”—Z—2-(k—2)—2(k—2)(k—1)fEn—Zk(k 2)—2>1.

Without loss of generality, let r # ¢. Notice that at least one of the vertices v and V' is not equal to
u,, and at least one is not equal to u,. Assume v # u, and V' # u,, similarly w # u, and w' # u,.
Then replace w € E(G,;,) by w' € E(G,;,) and ww' by v'w. It implies that e,;, = v/, e;;, = v/
and e; ;, = V'w after the replacement. Repeating the above steps until E(F,) NE(F;) =0 for 1 <
r < s < p, then we obtain a rainbow k-factor of ¢'. O

From Claim 2, let F’ be a rainbow k-factor of ¢’ where E(F') = U? {ei1,...,e 1.} such
l,T
that ¢; ; € E(G;;) and G, ; € ¢/. If k =k, we are done. For 0 < k < k— 1, assume that 4" =
G\9' = {G@H"”’G%}' Observe that for any 4 graphs in the set ¢”, there exist at least two
2
graphs, say G, and Gy, such that A, # Ap. Let G = G,[A;]U(G;[B;]V G/[C}]) = Hy, for j =

b+ 1,...,%. Using Theorem 2.1, we obtain that {G ..,G', } admits k — k rainbow perfect
2

l\n l

matchlngs denoted by M;_,...,My. Then Mj_,,..., M are k — k rainbow perfect matchings

of 4" as well since G is a spanning subgraph of G Without loss of generality, assume that

E(M;) = {eil,...,ei_%} such that e; ; € E(G’(i,l)u.) C E(G(i—l)n+j) where i = k+1,...,k and
’ ot 7

j=1....3



If E(M;)NE(M;) =0 and E(F') N E(M;) = 0 for any integers k + 1 < i, j < k, we are done as
F' UM U- -+ UMy is a rainbow k-factor of . Otherwise, suppose that e,;, = es;, = vV where

k<r<s<korl<r<p<k<s<k Sowehavees,-zeE(G% )AssumethatG; .y €
2

%y, where £ € [g]. Notice that v,v' # uy, since w' € E(G, ,, I ). Then we could find an edge
2

ww' =e,;; € E(F' UM, U---UM;) satisfying that w,w' € V\{v Vi ug, } and vw,yw' Vw, v'w' ¢

E(F'UM;_,U---UMj), since

%n—2—2-(k—2)—k—2(k—2)(k—1) %n—k(Zk 32> 1.

If e ;; € E(F'), then e, ;; € E(Gy ;) and G, ;; € %;; otherwise e;;; € E(My, | U---UM;) and e, ;, €
E(G S ), without loss of generality, we could still assume that G - iy, € %, (it is possible
thatt = KO) Thus, all vertices in {v,v', w,w'} are distinct from u, and at least one of the vertices w
and w’ (v and V') is distinct from u;, say w # u; (v # u,). Then replace v € E(G, ) and ww'
by vVw' € E(G -1 " )
after the replace1121ent Repeating the above steps, we finally obtain a rainbow k-factor of 4. Hence,
we are done with Case 1.
Case 2. nis odd.

In this case, k is even. Let k; = || fori € [g]. Observe that % Sk >kp>> I~<q > (0. When
I~q > 0, define p < g as the largest integer such that l~cp > (0 and let I~q +/~Q + .- +I~cp —k< k; when
ki =0,let p=0and k =0. Set ¥* =9rU9 U U9 = Uf’zl{Gi71,...,Gi7,~qn} where ¥ C %,
and || = k;n for i € [p]. Similarly to the proof of Claim 2, we have the following claim.

—+
and vw, respectively. It implies that e,;, = W/, e;;, =V'w' and ¢ i3 = VW

Claim 3. The graph set ¢* admits a rainbow 2k-factor.

According to Claim 3, it suffices to show that the result holds for 0 < k< % —1. Let F*
be a rainbow 2k-factor of ¥* where E(F*) = U {e;1,... ;€;Tny Such that ¢; ; € E(G; ;) and
Gij € 9. Observe that for any n graphs in the graph set ¥** = 4\ ¥* = {Grus1r- s G%n }, there
exist at least two graphs, say G, and Gy, such that A, # A;,. Using Theorem 2.2, we deduce that ¢**
admits % — k rainbow Hamiltonian cycles, denoted by M ... .M £ where E(M;) ={ei1,...,€in}

satisfies ¢ j € G(;_1),, fori = k+1,. ,% and j=1,2,...,n
If E(M;) NE(Mj) =0 and E(F*) ﬁE(M ) = 0 for any integers k+ 1 < i, j < %, we are done
as ¢ admits a rainbow k-factor F* UMy qY-uM k- Otherwise, suppose that e,.;, = e ;, = w

where k < r <s < % or 1 <r<p<k<s< g Note that e,;; € E(G(,—1)y+,) (or e, € E(Gpjy))
and ey ;, € E(G(,_1)nti,)- Without loss of generality, assume that G(,_y),4;, € 9, (or G;; €9y))
and G(s_1)nti, € 9s, where 1 < /1,4, < g. Similarly, there exists an edge ww' =e;, € E(F*U
M, U--- UM%) such that w,w' € V\ {v,v,uy, } and vw,vw’ Vw,v'w' ¢ E(F* UM, U- - UM;).
If e;;; € E(F*), we have ¢;;, € E(G; ;) and G, € % otherwise e;;, € E(Mp, U "'UMk) and
eriy € E(G(_1)ntiy)» Without loss of generality, we could still assume that G (R €Y. If E 1 £t

or ¢y #t, do similar replacements as in Claim 2. Hence, assume ¢ = ¢, = t in the remaining
proof. Notice that w,w' # u,. If v,v/ # uy, replace w' € E(G(;_1)y14,) by vw € E(G(s_1),44,) and
ww' by v'w' so that e,;, = v/, e5;, = vw and ¢,;, = v'w'. Otherwise, assume v = ,. Recall that
for any n graphs in the graph set ¢**, there are two graphs, say G, € ¢, and G, € ¢,,, such that
£y # Cp. Tt implies that in Mj, there is an edge e, ;, = xx' € E(G(,_1),+;,) such that G(;_),4, €9,
and 04 # 05 (so {y #1). Since x # uy, or x' # uy,, we set x' # uy,.
Subcase 2.1. x # u, and X' # u,.

If v/ # x, replace V' € E(G(s_1yn1i,) by XV € E(G(s_1)nti,) and xx’ by u.x', so that e, ;,

wv, e, = xvV, e, = ux', and e, ;; = ww'. For V' = x, replace u,V' € E(G(s—1)ntir) bY wv' €
/. / / /o / / /
E(G(s—1)nti)» VX' by ux’, and ww' by vV'w', so that e,;; = uV', e5i, = wv', e, = ux’, and e, 4, =
)
Viw'.



Subcase 2.2. x = u; or X' = u,.

Without loss of generality, let x' = u, and w # uy,. Then x # u,. If x € B(;_y),,,, replace
uV' € E(Gs—1)n+i,) by tsx € E(G(s_1)n1ip)> Xy by wiy, and ww' by v'w', such that e,;; = u,V/,
es,iy = WX, e, = wity, and e ;; = V'w'. If x & B(;_1),;,, there exists a vertex y € B(;_1),;, such
that u;y ¢ E(F*UM; U--- UM;). Since dy, (y) = 2, we can find an edge yy’ € E(M;) such that
y' # V. Assume that ;i = yy' € E(Gs—1)n+i5) and G_py,pis € 9. Note that y,y" & {u;,V'}.
If {5 # ¢ and y = uys, then y' # ug; and V' # uy;. Thus, replace u,V' € E(G(s_1)44,) by sy €
E(G(s-1)n+i,) and yyY by V'y', sothate,;, = uV, es;, = usy, s, = xuy, €5 =V'y', and e, ;; = ww'.
If (s # t and y # uy,, then replace uV' € E(G(;—1yntip) by V'Y € E(G(s—1)nti,) and yy' by wu;y, so
that e,;, = uV', esi, = V'Y, €5, = Xuy, e5is = u;y, and e; j; = ww'. If bs = t, upv' € E(G(s_1)n4i,)
by wy € E(G(s—1)n+i,) and yy’ by Vv'y', so that e,;, = uV', egi, = wy, esi, = xuy, egis =V'y" and
eriy =ww'.

Notice that Subcases 2.1 and 2.2 may lead to multiple edges in the graph F*UM;_ ,U---UM k-
However, by repeatedly applying the above steps, we will eventually obtain E(M;) NE(M;) = (D
and E(F*)NE(M;) =0 forany i, j € {k+1,...,5}. It follows that & admits a rainbow k-factor.
Hence, the proof is complete. 0

Lemma 3.3. Let n, k and p be three positive integers. Ifk >2,n>4k—1and 1 < p < [’%k} -1,
then
P(Kkerfl V ((p + 1)K, UKn,kfzp)) < P(Hn7k)~

Proof. For simplicity, assume that G = Kyyp—1 V ((p+ 1)Ki UK, _—2p) and G' = H, o = Ki_1 V
(K1 UK, —). Partition the vertex set of G as V(G) =V ((p+ 1)K1) UV (Kigp—1) UV (Kn—i—2p)»
where V((p—i— I)Kl) = {ul,uz,...,up+1}, V(Kk+p_1) = {Vl,VQ, - s Vit p— 1} and V( n—k— zp)
{Vk4p>Vitp+15---,Vn—p—1}. One can find that

k+p—1 p+ln—p—1 p+1
=G-— Z ulv,+Z Z u,vj—i—z Z uiu;.
i=2 j=k+p i=2 j=i+1

Let x be the Perron vector of A(G) and let p = p(G). By symmetry, the components of x
corresponding to the vertices in V ((p+1)K;) (resp. V (Ky1p—1) or V(K,—¢_2p)) are equal, denoted
by x; (resp. x; or x3). Then from A(G)x = px, we have

(p— (n—k—2p—1))x;
k+p—1

ey

Xy =

Let y be the Perron vector of A(G’) and let p’ = p(G’). Similarly, the components of y corre-
sponding to the vertices in V(Kl) (resp. V(K;_1) or V(K,_x)) are equal, denoted by y; (resp. y»
or y3). Then from A(G')y = p’y, we have

p'y1 = (k—1)y2,
plys3=(k—1y+(n—k—1)y;

Since G’ contains K,,_; as a proper subgraph, we have p’ > n — 2. Combining with the above
two equations, we get
p'y1
p—(n—k—1)
It is clearly that neither G nor G’ is a complete graph. So p <n—1 and p’ < n— 1. Combining

V3= 2



with (1) and (2), we yield

Y (p'—p)x=p'y x—py'x
=y"A(G")x—y A(G)x

p+ln—p—1 p+1 p+l k+p—1
= Z Z (xuf)’v_/ +yuiXV_;) + Z Z XupYuj — Z (Xuy v + Y ;)
i=2 j=k+p i=2 j=2,j#i i=k

= p(n—k—2p)(x1y3 +x3y3) + p(p — 1)x1y3 — p(x1y3 +y1x2)
=pln—k—=2p+p—1—1)x1y3+ (n—k—2p)xzy; — y1x2]

—k
> pl(n—k—2p)x3ys —y1x2] (since 1 < p < [HT] —1,n>4k—1and k> 2)

p'(n—k—2p) p—(n—k—2p—1)

=Pl Ty T ket Gy (Dand )

> pxgyl((n_ 1)(nk—k—2p) — kﬁ_—;z_pl) (sincep<n—1landp’' <n—1)

= ey (= D=k =2p) (k-4 p— 1) —k(k+2p)
#(21((164‘]7—1)—16(1(4-217)) (sincen—1>2kandn—k—2p > 1)

> 0 (since k > 2).
It implies p < p’. Therefore, the proof is complete. O

Now we shall give the proof of Theorem 1.2.
Proof of Theorem 1.2. For k = 1, the result follows from Theorem 2.1. Considering k > 2,
suppose to the contrary that 4 = {Gy, ..., G%n} does not admit a rainbow k-factor. According to

Lemma 2.4, the graph set KO(¥¢) = {KO(G)),... ,KO(G%n)} does not admit a rainbow k-factor.

For simplicity, denote G, := KO(G,) for t € [&] and ¥’ := KO(%). With Lemma 2.1 and the
spectral conditions of Theorem 1.2, we obtain that for each integer ¢t € [%”],

P(G1) = p(Gr) = p(Hyx)- €)

Next, we show that p(G;) = p(H, ) and G} = H, for t € [%]. Denote by {i,j} the edge
incident with the vertices i and j.

Claim 1. Foreach G, € ¢’, {i, j} € E(G,) where i € [k— 1] and j € [n].

Proof. First of all, assert that {i,n} € E(G}) fori € [k— 1] and t € [%]. Otherwise, G, will be a
proper subgraph of H, ;. By Lemma 2.5, we have p(G}) < p(H, ), a contradiction. Then using
Proposition 2.3, we deduce that {i, j} € E(G,) foreacht € [¥] wheni € [k—1]and j € [n]. O

Claim 2. For each G, € ¢', {k+i,n—i} € E(G,) where i € [["5*] —1].

Proof. Assume that there exist integers p € [["5%] — 1] and #; € [%2] satisfying {k+ p,n— p} ¢

E(G;,). By Proposition 2.3, every edge {i, j} of Gj,, where i < j, satisfies i <k+p or j <n—p.
Then Gj, is a subgraph of Ky, 1V (K, 2, U (p+1)K1). From Lemmas 2.5 and 3.3, we obtain
that

P(G,) < P (Kitp-1V (Kn—k-2p U (P+1)K1)) < p(Hi),

a contradiction. Thus, we have {k+i,n—i} € E(G}) fort =1,2,...,% and i =1,2,...,[%5*] -
1. O

Claim 3. For any G, € 4', {k,n} ¢ E(G)).



Proof. Suppose by way of contradiction that there exists an integer £, € [k—”] such that {k,n} €

E(G},). Without loss of generality, assume 7, = (k= 1) +k for even n and #, = w +k—1
for odd n. Let F be a k-regular graph with vertex set V(F) =V and edge set E(F ) Moreover,
when n is even, define E(F) = {¢; j|1 <i<k,1 < j <5} where

{]7 +i—j}, whenl <j<i—1,

eij=
{J, n+z—]} wheni < j <

I\J\=

Claims 1 and 2 imply that ¢; ; € E(G;) for each G, € ¢’ when i # k or j # k. In addition, ¢4 €
E(G/“*T””Jrk) by assumption. It implies that e; ; € E(G’(I.,Tl)uj) for each i € [k] and j € [5]. When n

is odd, define E(F) = {e ;|1 < j < 5}U{ei |1 <i<k1<j<”5'} whereep; = {1, } and

{2j—2,2j—1}, wheni=0and2 < j <

9

1

)

|N\»

{]an+1_]}> When | =

[\

n—1
2 )

{j+Lin+i—1—j}, wheni>2andi—1< ;<

1
{J, n—;— +i—1—j}, wheni>3and 1 <j<i—2.

\

Similarly, we can find thate; ; € E(G, ,, . ) foreachi € [k] and j € [“5'] and eg ; € E(G),_,, . )
2 ' 2t

for j € [4]. Thus, the graph F is a rainbow k-factor of ¢, a contradiction. O
According to Claim 3 and Proposition 2.3, each G, € ¢’ is a subgraph of H,;. By Lemma

2.5, we deduce that for t = 1,2,.... %, p(G}) < p(H, ), with equality if and only if G, = H,
Combining with (3), we obtain p(G’) p(G;) =p( n,k) and G, = H,; foreachr =1,2,..., %”

By Corollary 3.1 and Lemma 3.2, it follows that G| = --- = G%,. = H, . Therefore, the proof is
complete. 0
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