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Abstract: Let G = {G1, . . . ,G kn
2
} be a set of graphs on the same vertex set V = {1, . . . ,n} where

k · n is even. We say G admits a rainbow k-factor if there exists a k-regular graph F on the
vertex set V such that all edges of F are from different members of G . In this paper, we show
a sufficient spectral condition for the existence of a rainbow k-factor for k ≥ 2, which is that if
ρ(Gi) ≥ ρ(Kk−1 ∨ (K1 ∪Kn−k)) for each Gi ∈ G , then G admits a rainbow k-factor unless G1 =
G2 = · · ·= G kn

2

∼= Kk−1 ∨ (K1 ∪Kn−k).
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1 Introduction

The spanning subgraphs of graphs possessing some given properties are called factors. Factor
theory is one of the fundamental areas of graph theory and closely relates to graph spectra. A
considerable number of influential results on spectra and factors have been established, see, for
example, the survey [13]. This paper primarily focuses on [a,b]-factor, which is defined as a
spanning subgraph H of G such that dH(v) ∈ [a,b] for each v ∈ V (G). Particularly, a [k,k]-factor
is also called a k-factor.

In 2005, Brouwer and Haemers [4] provided a sufficient condition for the existence of a per-
fect matching (1-factor) in a regular graph in terms of the third largest eigenvalue. Subsequently,
this condition was improved in [8, 9, 10] and extended to k-factor in [24, 25]. In terms of spectral
radius, Fiedler and Nikiforov [14] showed tight conditions on the spectral radius that guarantee
the existence of a Hamiltonian path (a special [1,2]-factor) and a Hamiltonian cycle (a special
2-factor), respectively. In 2021, O [27] gave an upper bound on the spectral radius for graphs that
do not contain perfect matchings. Denote by ∨ and ∪ the join and union operations on graphs,
respectively. Let Hn,k ∼= Kk−1 ∨ (K1 ∪Kn−k). Fan, Lin and Lu [12] showed that if ρ(G)> ρ(Hn,a)
and n ≥ 3a+b+1, then the graph G contains an [a,b]-factor, which partially confirmed the con-
jecture on [a,b]-factor proposed by Cho, Hyun, O and Park [7]. Further, their result also gave the
spectral condition for the existence of a k-factor.

Theorem 1.1 ([12], Corollary 1.4). Let k and n ≥ 4k−1 be two positive integers such that k ·n is
even and let G be a graph of order n. If ρ(G)> ρ(Hn,k), then G contains a k-factor.

Let G = {G1,G2, . . . ,Gm} be a collection of (not necessarily distinct) graphs on the same
vertex set V , and let H be a graph with m edges on the vertex set V (H) ⊆ V . If there exists a
bijection ϕ : E(H)→ {1, . . . ,m} such that e ∈ E(Gϕ(e)) for each e ∈ E(H), then we say that H is
a rainbow of G , or G admits a rainbow H. Recently, the study of rainbow structures has attracted
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extensive attention, yielding many beautiful results from a variety of perspectives, including de-
gree [3, 6, 16, 19, 22], size [1, 17, 20, 26] and spectra [15, 18, 29]. For more results, we refer the
readers to the survey [28].

In this paper, we discuss the spectral condition on the set of graphs G = {G1,G2, . . . ,Gm} that
guarantee the existence of a rainbow factor in G . Guo, Lu, Ma, and Ma [15] identified the spectral
conditions related to rainbow matchings. Later, He, Li and Feng [18] gave sufficient spectral
conditions for rainbow Hamiltonian paths and rainbow linear forests. Recently, Zhang and van
Dam [29] proved that G = {G1,G2, · · · ,Gn} admits a rainbow Hamiltonian cycle if ρ(Gi)> n−2
for i = 1,2, . . . ,n unless G1 = G2 = · · · = Gn ∼= Hn,2. Inspired by these extensive works, we
consider an extension of Theorem 1.1 to the rainbow version, by presenting a spectral condition
for a rainbow k-factor.

Theorem 1.2. Let k and n ≥ 4k− 1 be two positive integers such that k · n is even and let G =
{G1, . . . ,G kn

2
} be a set of graphs on the same vertex set V = {1, . . . ,n}. If ρ(Gi) ≥ ρ(Hn,k) for

i = 1,2, . . . , kn
2 , then G admits a rainbow k-factor unless G1 = G2 = · · ·= G kn

2

∼= Hn,k.

Our paper is organized as follows: In Section 2, we introduce the so-called Kelmans operation
and do some preliminary work. In Section 3, we provide the proof of our main result. In addition,
we refer the readers to [2, 5] for notation and terminology not defined here.

2 Preliminaries

Let G be a simple graph with vertex set V (G) = {1, . . . ,n} and edge set E(G). The adjacency
matrix of G is defined as A(G) = (ai j)n×n where ai j = 1 if i j ∈ E(G) and 0 otherwise. The
eigenvalues of G are the eigenvalues of A(G). The largest eigenvalue is also known as the spectral
radius of G, denoted by ρ(G). Two graphs G1 and G2 are said to be isomorphic, denoted G1 ∼= G2,
if there exists a bijection φ : V (G1) → V (G2) such that uv ∈ E(G1) if and only if φ(u)φ(v) ∈
E(G2). Furthermore, two graphs G1 and G2 are identical, written G1 = G2, if V (G1) =V (G2) and
E(G1) = E(G2).

Given a graph G and u,v ∈V (G), we can obtain the graph KOuv(G) from G via replacing the
edge vw by a new edge uw for all w ∈ NG(v)\ (NG(u)∪{u}). This operation is called the Kelmans
operation (from v to u) due to Kelmans [21]. In 2009, Csikvári [11] proved that the spectral radius
of a graph does not decrease after the Kelmans operation.

Lemma 2.1 ([11], Theorem 2.1). Let G be a graph on vertex set V (G) and let u,v ∈V (G). Then

ρ(KOuv(G))≥ ρ(G).

In 2019, Liu, Lai and Das found that the above inequality is strict when G is connected and
G ̸∼= KOuv(G).

Lemma 2.2 ([23], Corollary 4.1). Let G be a connected graph on vertex set V (G) and let u,v ∈
V (G). Then ρ(KOuv(G))> ρ(G) unless G ∼= KOuv(G).

Observe that KOuv(G)∼= KOvu(G). Denote by KO(G) the graph obtained from G by applying
the Kelmans operation to each vertex pair (u,v) such that u < v. It implies that KOuv(KO(G)) ∼=
KO(G) for any vertex pair (u,v). Then, we obtain the following proposition in KO(G), which will
be useful in the subsequent proofs.

Proposition 2.3. Let G be a graph on vertex set V = {1, . . . ,n} and let x,y ∈V such that x < y. If
xy ∈ E(KO(G)), then i j ∈ E(KO(G)) for each integer 1 ≤ i ≤ x and i < j ≤ y.

For a given graph set G = {G1, . . . ,Gm}, define KOuv(G ) = {KOuv(G1), . . . ,KOuv(Gm)} and
KO(G ) = {KO(G1), . . . ,KO(Gm)}.
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Lemma 2.4. Let G = {G1, . . . ,G kn
2
} be a set of graphs on the same vertex set V = {1, . . . ,n}. If

KO(G ) admits a rainbow k-factor, then so does G .

Proof. It suffices to show that for any vertices u,v ∈V , if KOuv(G ) admits a rainbow k-factor, then
so does G . Assume that F is a rainbow k-factor of KOuv(G ) where E(F) = {e1,e2, . . . ,e kn

2
} and

ei ∈ E(KOuv(Gi)) for i ∈ [1, kn
2 ]. If ei ∈ E(Gi) for each integer i ∈ [1, kn

2 ], then F is also a rainbow
k-factor of G . Otherwise, there exists an edge er = uw ∈ E(KOuv(Gr)) but er /∈ E(Gr). According
to the definition of the Kelmans operation, we have vw ∈ E(Gr). If vw ∈ E(F), then without loss
of generality, assume es = vw ∈ E(KOuv(Gs)). This implies both vw ∈ E(Gs) and uw ∈ E(Gs). In
this case, let er = vw and es = uw. If vw /∈ E(F), there is a vertex w′ satisfying et = vw′ ∈ E(F) and
uw′ /∈ E(F) since dF(u) = dF(v) = k. Note that et = vw′ ∈ KOuv(Gt), which implies that vw′ ∈ Gt

and uw′ ∈ Gt . Replace uw by vw and vw′ by uw′, so that er = vw and et = uw′. Then we obtain
ei ∈ E(Gi) for any i ∈ [1, kn

2 ]. Hence, G admits a rainbow k-factor.

Moreover, the proofs also involve several established results.

Lemma 2.5 ([5]). If H is a subgraph of a connected graph G, then ρ(H)≤ ρ(G) with equality if
and only if H ∼= G.

Theorem 2.1 ([15], Theorem 3). Let G = {G1, . . . ,G n
2
} be a set of graphs on the same vertex

set V = {1, . . . ,n} where n is even. If ρ(Gi) ≥ n− 2 for i = 1,2, . . . , n
2 , then G admits a rainbow

perfect matching unless G1 = G2 = · · ·= G n
2
∼= Hn,1.

Theorem 2.2 ([29], Theorem 4.3). Let G = {G1, . . . ,Gn} be a set of graphs on the same vertex
set V = {1, . . . ,n} where n ≥ 4. If ρ(Gi) > n− 2 for i = 1,2, . . . ,n, then G admits a rainbow
Hamiltonian cycle unless G1 = G2 = · · ·= Gn ∼= Hn,2.

3 Proof of Theorem 1.2

Lemma 3.1. Let G be a graph on vertex set V = {1, . . . ,n} and let u,v ∈ V such that u < v. If
ρ(G) = ρ(Hn,k) and KOuv(G)∼= Hn,k, then G ∼= Hn,k.

Proof. The condition KOuv(G)∼= Hn,k implies that there is a vertex subset A ⊂V of size n−1 such
that KOuv(G)[A]∼= Kn−1. Since n−1 ≤ |{u,v}∪A| ≤ n, we have 1 ≤ |{u,v}∩A| ≤ 2. Observe that
G ∼= KOuv(G)∼= Hn,k when |{u,v}∩A|= 2. Thus, assume |{u,v}∩A|= 1 in the remaining proof.
If G is disconnected, then ρ(G)≤ ρ(Kn−1) = n−2 ≤ ρ(Hn,k), and the equality holds if and only
if k = 1. It follows that G ∼= Hn,1. If G is connected, then by Lemma 2.2, we have ρ(KOuv(G))>
ρ(G) unless G ∼= KOuv(G) ∼= Hn,k. Combining this with ρ(G) = ρ(Hn,k) = ρ(KOuv(G)) yields
G ∼= Hn,k. Hence, the proof is complete.

From Lemma 2.1 and Lemma 3.1, we can deduce the following corollary.

Corollary 3.1. Let G be a graph of order n. If ρ(G) = ρ(Hn,k) and KO(G)∼= Hn,k, then G ∼= Hn,k.

Recall that the join and union operations are denoted by ∨ and ∪, respectively. Moreover, the
union of disjoint sets is denoted by ∪̇ . For simplicity, let [n] = {1, . . . ,n}.

Lemma 3.2. Let k ≥ 2 and n ≥ 4k − 1 be two integers such that k · n is even and let G =
{G1, . . . ,G kn

2
} be a set of graphs on the same vertex set V = {1, . . . ,n}. If Gi ∼= Hn,k for each

i ∈ [ kn
2 ], and there exist i1, i2 ∈ [ kn

2 ] such that Gi1 ̸= Gi2 , then G admits a rainbow k-factor.

Proof. For simplicity, let V (Gi) = Ai ∪̇ Bi ∪̇ Ci such that Gi[Ai] ∼= K1, Gi[Bi] ∼= Kk−1, Gi[Ci] ∼=
Kn−k, and Gi = Gi[Bi]∨ (Gi[Ai]∪Gi[Ci]) for 1 ≤ i ≤ kn

2 .

Claim 1. If A1 = A2 = · · ·= A kn
2

, then G admits a rainbow k-factor.
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Proof. Without loss of generality, let A1 = A2 = · · ·= A kn
2
= {u} and G1 ̸= G2. Then |∪k

i=1 Bi| ≥ k.
Thus, there exists a subset B′ = {v1, . . . ,vk} ⊂V such that vi ∈ Bi for 1 ≤ i ≤ k. Let A′ = {u} and
C′ = V \ (A′ ∪B′). Now we construct a graph H on the vertex set V that satisfies H[B′] ∼= Kk,
H[C′] ∼= Kn−k−1 and H = H[B′]∨ (H[A′]∪H[C′]). Note that ρ(H) > ρ(Hn,k). By Theorem 1.1,
the graph H contains a k-factor F with E(F) = {e1,e2, . . . ,e kn

2
}. As dH(u) = k = dF(u), we obtain

{uv1,uv2, . . . ,uvk} ⊂ E(F). So, assume ei = uvi when 1 ≤ i ≤ k. The definition of B′ implies
that ei ∈ E(Gi) for each 1 ≤ i ≤ k. Furthermore, for any i ∈ {k+1, . . . , kn

2 }, we have ei ∈ E(Gi).
Therefore, G admits a rainbow k-factor.

Next, partition G as G = G1 ∪̇ G2 ∪̇ · · · ∪̇ Gq satisfies

1) for i ∈ [1,q], ni = |Gi| and n1 ≥ n2 ≥ ·· · ≥ nq;

2) for any two graphs Gi ∈ Gℓ and G j ∈ Gm, if ℓ= m, then Ai = A j; otherwise Ai ̸= A j, where
i, j ∈ [ kn

2 ] and ℓ,m ∈ [q].

Note that q ≥ 2 and n1 <
kn
2 by Claim 1. For any Gi ∈ Gℓ, assume that Ai = {uℓ} where 1 ≤ ℓ≤ q.

Then we divide the proof into two cases depending on whether n is even or odd.
Case 1. n is even.

Let k̂i = ⌊ ni
n/2⌋ for i ∈ [q]. Note that k > k̂1 ≥ k̂2 ≥ ·· · ≥ k̂q ≥ 0. When k̂1 > 0, define p ≤ q as

the largest integer such that k̂p > 0 and let k̂1 + k̂2 + · · ·+ k̂p = k̂ ≤ k; when k̂1 = 0, let p = 0 and
k̂ = 0. Set G ′ = G ′

1 ∪̇ G ′
2 ∪̇ · · · ∪̇ G ′

p where G ′
i ⊆ Gi and |G ′

i |=
k̂in
2 for i ∈ [p]. Then |G ′|= k̂n

2 and
we have the following claim.

Claim 2. The graph set G ′ admits a rainbow k̂-factor.

Proof. The result is trivial for p = 0. Assume that G ′
ℓ = {Gℓ,1,Gℓ,2, . . . ,G

ℓ,
k̂ℓn
2
} for ℓ ∈ [1, p] and

p ≥ 1. Similarly to the proof of Claim 1, we deduce that each G ′
ℓ admits a rainbow k̂ℓ-factor Fℓ

where E(Fℓ) = {eℓ,1, eℓ,2, . . . , e
ℓ,

k̂ℓn
2
} such that eℓ,i ∈ E(Gℓ,i) for 1 ≤ i ≤ k̂ℓn

2 . When p = 1, we are

done. Now consider p ≥ 2. If E(Fr)∩E(Fs) = /0 for any 1 ≤ r < s ≤ p, then F1 ∪F2 ∪·· ·∪Fp is a
rainbow k̂-factor of G ′. Otherwise, suppose that er,i1 = es,i2 = vv′. Note that k̂ ≥ 2 by p ≥ 2. Then
we could find an edge ww′ = et,i3 ∈E(Ft) satisfying w,w′ ∈V \{v,v′} and vw,vw′,v′w,v′w′ /∈E(F),
since

k̂n
2
−2−2 · (k̂−2)−2(k̂−2)(k̂−1) =

k̂n
2
−2k̂(k̂−2)−2 ≥ 1.

Without loss of generality, let r ̸= t. Notice that at least one of the vertices v and v′ is not equal to
ur, and at least one is not equal to ut . Assume v ̸= ur and v′ ̸= ut , similarly w ̸= ut and w′ ̸= ur.
Then replace vv′ ∈ E(Gr,i1) by vw′ ∈ E(Gr,i1) and ww′ by v′w. It implies that er,i1 = vw′, es,i2 = vv′

and et,i3 = v′w after the replacement. Repeating the above steps until E(Fr)∩E(Fs) = /0 for 1 ≤
r < s ≤ p, then we obtain a rainbow k̂-factor of G ′.

From Claim 2, let F ′ be a rainbow k̂-factor of G ′ where E(F ′) = ∪p
i=1{ei,1, . . . ,ei, k̂in

2
} such

that ei, j ∈ E(Gi, j) and Gi, j ∈ G ′
i . If k̂ = k, we are done. For 0 ≤ k̂ ≤ k − 1, assume that G ′′ =

G \G ′ = {G k̂n
2 +1

, . . . ,G kn
2
}. Observe that for any n

2 graphs in the set G ′′, there exist at least two

graphs, say Ga and Gb, such that Aa ̸= Ab. Let G′
j = G j[A j]∪ (G j[B j]∨G j[C j]) ∼= Hn,1 for j =

k̂n
2 +1, . . . , kn

2 . Using Theorem 2.1, we obtain that {G′
k̂n
2 +1

. . . . ,G′
kn
2
} admits k− k̂ rainbow perfect

matchings, denoted by Mk̂+1, . . . ,Mk. Then Mk̂+1, . . . ,Mk are k − k̂ rainbow perfect matchings
of G ′′ as well since G′

i is a spanning subgraph of Gi. Without loss of generality, assume that
E(Mi) = {ei,1, . . . ,ei, n

2
} such that ei, j ∈ E(G′

(i−1)n
2 + j

) ⊂ E(G (i−1)n
2 + j) where i = k̂ + 1, . . . ,k and

j = 1, . . . , n
2 .
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If E(Mi)∩E(M j) = /0 and E(F ′)∩E(M j) = /0 for any integers k̂+1 ≤ i, j ≤ k, we are done as
F ′∪Mk̂+1 ∪ ·· · ∪Mk is a rainbow k-factor of G . Otherwise, suppose that er,i1 = es,i2 = vv′ where
k̂ < r < s ≤ k or 1 ≤ r ≤ p ≤ k̂ < s ≤ k. So we have es,i2 ∈ E(G (s−1)n

2 +i2
). Assume that G (s−1)n

2 +i2
∈

Gℓ0 where ℓ0 ∈ [q]. Notice that v,v′ ̸= uℓ0 since vv′ ∈ E(G′
(s−1)n

2 +i2
). Then we could find an edge

ww′ = et,i3 ∈ E(F ′∪Mk̂+1 ∪ ·· ·∪Mk) satisfying that w,w′ ∈V \{v,v′,uℓ0} and vw,vw′,v′w,v′w′ /∈
E(F ′∪Mk̂+1 ∪·· ·∪Mk), since

kn
2
−2−2 · (k−2)− k−2(k−2)(k−1) =

kn
2
− k(2k−3)−2 ≥ 1.

If et,i3 ∈ E(F ′), then et,i3 ∈ E(Gt,i3) and Gt,i3 ∈ Gt ; otherwise et,i3 ∈ E(Mk̂+1 ∪·· ·∪Mk) and et,i3 ∈
E(G (t−1)n

2 +i3
), without loss of generality, we could still assume that G (t−1)n

2 +i3
∈ Gt (it is possible

that t = ℓ0). Thus, all vertices in {v,v′,w,w′} are distinct from uℓ0 and at least one of the vertices w
and w′ (v and v′) is distinct from ut , say w ̸= ut (v ̸= ut). Then replace vv′ ∈ E(G (s−1)n

2 +i2
) and ww′

by v′w′ ∈ E(G (s−1)n
2 +i2

) and vw, respectively. It implies that er,i1 = vv′, es,i2 = v′w′ and et,i3 = vw
after the replacement. Repeating the above steps, we finally obtain a rainbow k-factor of G . Hence,
we are done with Case 1.
Case 2. n is odd.

In this case, k is even. Let k̃i = ⌊ni
n ⌋ for i ∈ [q]. Observe that k

2 > k̃1 ≥ k̃2 ≥ ·· · ≥ k̃q ≥ 0. When
k̃1 > 0, define p ≤ q as the largest integer such that k̃p > 0 and let k̃1+ k̃2+ · · ·+ k̃p = k̃ ≤ k

2 ; when
k̃1 = 0, let p = 0 and k̃ = 0. Set G ∗ = G ∗

1 ∪̇ G ∗
2 ∪̇ · · · ∪̇ G ∗

p =∪p
i=1{Gi,1, . . . ,Gi,k̃in} where G ∗

i ⊆ Gi

and |G ∗
i |= k̃in for i ∈ [p]. Similarly to the proof of Claim 2, we have the following claim.

Claim 3. The graph set G ∗ admits a rainbow 2k̃-factor.

According to Claim 3, it suffices to show that the result holds for 0 ≤ k̃ ≤ k
2 − 1. Let F∗

be a rainbow 2k̃-factor of G ∗ where E(F∗) = ∪p
i=1{ei,1, . . . ,ei,k̃in} such that ei, j ∈ E(Gi, j) and

Gi, j ∈ G ∗
i . Observe that for any n graphs in the graph set G ∗∗ = G \G ∗ = {Gk̃n+1, . . . ,G kn

2
}, there

exist at least two graphs, say Ga and Gb, such that Aa ̸=Ab. Using Theorem 2.2, we deduce that G ∗∗

admits k
2 − k̃ rainbow Hamiltonian cycles, denoted by Mk̃+1, . . . ,M k

2
, where E(Mi) = {ei,1, . . . ,ei,n}

satisfies ei, j ∈ G(i−1)n+ j for i = k̃+1, . . . , k
2 and j = 1,2, . . . ,n.

If E(Mi)∩E(M j) = /0 and E(F∗)∩E(M j) = /0 for any integers k̃+ 1 ≤ i, j ≤ k
2 , we are done

as G admits a rainbow k-factor F∗ ∪Mk̃+1 ∪ ·· · ∪M k
2
. Otherwise, suppose that er,i1 = es,i2 = vv′

where k̃ < r < s ≤ k
2 or 1 ≤ r ≤ p ≤ k̃ < s ≤ k

2 . Note that er,i1 ∈ E(G(r−1)n+i1) (or er,i1 ∈ E(Gr,i1))
and es,i2 ∈ E(G(s−1)n+i2). Without loss of generality, assume that G(r−1)n+i1 ∈ Gℓ1 (or Gr,i1 ∈ Gℓ1)
and G(s−1)n+i2 ∈ Gℓ2 where 1 ≤ ℓ1, ℓ2 ≤ q. Similarly, there exists an edge ww′ = et,i3 ∈ E(F∗ ∪
Mk̃+1 ∪·· ·∪M k

2
) such that w,w′ ∈V \{v,v′,uℓ2} and vw,vw′,v′w,v′w′ /∈ E(F∗∪Mk̃+1 ∪·· ·∪M k

2
).

If et,i3 ∈ E(F∗), we have et,i3 ∈ E(Gt,i3) and Gt,i3 ∈ Gt ; otherwise et,i3 ∈ E(Mk̃+1 ∪ ·· · ∪M k
2
) and

et,i3 ∈ E(G(t−1)n+i3), without loss of generality, we could still assume that G (t−1)n
2 +i3

∈ Gt . If ℓ1 ̸= t
or ℓ2 ̸= t, do similar replacements as in Claim 2. Hence, assume ℓ1 = ℓ2 = t in the remaining
proof. Notice that w,w′ ̸= ut . If v,v′ ̸= ut , replace vv′ ∈ E(G(s−1)n+i2) by vw ∈ E(G(s−1)n+i2) and
ww′ by v′w′ so that er,i1 = vv′, es,i2 = vw and et,i3 = v′w′. Otherwise, assume v = ut . Recall that
for any n graphs in the graph set G ∗∗, there are two graphs, say Ga ∈ Gℓa and Gb ∈ Gℓb , such that
ℓa ̸= ℓb. It implies that in Ms, there is an edge es,i4 = xx′ ∈ E(G(s−1)n+i4) such that G(s−1)n+i4 ∈ Gℓ4

and ℓ4 ̸= ℓ2 (so ℓ4 ̸= t). Since x ̸= uℓ4 or x′ ̸= uℓ4 , we set x′ ̸= uℓ4 .
Subcase 2.1. x ̸= ut and x′ ̸= ut .

If v′ ̸= x, replace utv′ ∈ E(G(s−1)n+i2) by xv′ ∈ E(G(s−1)n+i2) and xx′ by utx′, so that er,i1 =
utv′, es,i2 = xv′, es,i4 = utx′, and et,i3 = ww′. For v′ = x, replace utv′ ∈ E(G(s−1)n+i2) by wv′ ∈
E(G(s−1)n+i2), v′x′ by utx′, and ww′ by v′w′, so that er,i1 = utv′, es,i2 = wv′, es,i4 = utx′, and et,i3 =
v′w′.
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Subcase 2.2. x = ut or x′ = ut .
Without loss of generality, let x′ = ut and w ̸= uℓ4 . Then x ̸= ut . If x ∈ B(s−1)n+i2 , replace

utv′ ∈ E(G(s−1)n+i2) by utx ∈ E(G(s−1)n+i2), xut by wut , and ww′ by v′w′, such that er,i1 = utv′,
es,i2 = utx, es,i4 = wut , and et,i3 = v′w′. If x /∈ B(s−1)n+i2 , there exists a vertex y ∈ B(s−1)n+i2 such
that uty /∈ E(F∗∪Mk̃+1 ∪ ·· ·∪M k

2
). Since dMs(y) = 2, we can find an edge yy′ ∈ E(Ms) such that

y′ ̸= v′. Assume that es,i5 = yy′ ∈ E(G(s−1)n+i5) and G(s−1)n+i5 ∈ Gℓ5 . Note that y,y′ /∈ {ut ,v′}.
If ℓ5 ̸= t and y = uℓ5 , then y′ ̸= uℓ5 and v′ ̸= uℓ5 . Thus, replace utv′ ∈ E(G(s−1)n+i2) by uty ∈
E(G(s−1)n+i2) and yy′ by v′y′, so that er,i1 = utv′, es,i2 = uty, es,i4 = xut , es,i5 = v′y′, and et,i3 = ww′.
If ℓ5 ̸= t and y ̸= uℓ5 , then replace utv′ ∈ E(G(s−1)n+i2) by v′y′ ∈ E(G(s−1)n+i2) and yy′ by uty, so
that er,i1 = utv′, es,i2 = v′y′, es,i4 = xut , es,i5 = uty, and et,i3 = ww′. If ℓ5 = t, utv′ ∈ E(G(s−1)n+i2)
by uty ∈ E(G(s−1)n+i2) and yy′ by v′y′, so that er,i1 = utv′, es,i2 = uty, es,i4 = xut , es,i5 = v′y′ and
et,i3 = ww′.

Notice that Subcases 2.1 and 2.2 may lead to multiple edges in the graph F∗∪Mk̃+1∪·· ·∪M k
2
.

However, by repeatedly applying the above steps, we will eventually obtain E(Mi)∩E(M j) = /0
and E(F∗)∩E(M j) = /0 for any i, j ∈ {k̃+1, . . . , k

2}. It follows that G admits a rainbow k-factor.
Hence, the proof is complete.

Lemma 3.3. Let n, k and p be three positive integers. If k ≥ 2, n ≥ 4k−1 and 1 ≤ p ≤ ⌈n−k
2 ⌉−1,

then
ρ(Kk+p−1 ∨

(
(p+1)K1 ∪Kn−k−2p

)
)< ρ(Hn,k).

Proof. For simplicity, assume that G = Kk+p−1 ∨
(
(p+1)K1 ∪Kn−k−2p

)
and G′ = Hn,k = Kk−1 ∨

(K1 ∪Kn−k). Partition the vertex set of G as V (G) = V ((p+ 1)K1)∪V (Kk+p−1)∪V (Kn−k−2p),
where V ((p+ 1)K1) = {u1,u2, . . . ,up+1}, V (Kk+p−1) = {v1,v2, . . . ,vk+p−1} and V (Kn−k−2p) =
{vk+p,vk+p+1, . . . ,vn−p−1}. One can find that

G′ = G−
k+p−1

∑
i=k

u1vi +
p+1

∑
i=2

n−p−1

∑
j=k+p

uiv j +
p

∑
i=2

p+1

∑
j=i+1

uiu j.

Let x be the Perron vector of A(G) and let ρ = ρ(G). By symmetry, the components of x
corresponding to the vertices in V ((p+1)K1) (resp. V (Kk+p−1) or V (Kn−k−2p)) are equal, denoted
by x1 (resp. x2 or x3). Then from A(G)x = ρx, we have

x2 =
(ρ − (n− k−2p−1))x3

k+ p−1
. (1)

Let y be the Perron vector of A(G′) and let ρ ′ = ρ(G′). Similarly, the components of y corre-
sponding to the vertices in V (K1) (resp. V (Kk−1) or V (Kn−k)) are equal, denoted by y1 (resp. y2
or y3). Then from A(G′)y = ρ ′y, we have

ρ
′y1 = (k−1)y2,

ρ
′y3 = (k−1)y2 +(n− k−1)y3.

Since G′ contains Kn−1 as a proper subgraph, we have ρ ′ ≥ n−2. Combining with the above
two equations, we get

y3 =
ρ ′y1

ρ ′− (n− k−1)
. (2)

It is clearly that neither G nor G′ is a complete graph. So ρ < n− 1 and ρ ′ < n− 1. Combining
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with (1) and (2), we yield

y⊤(ρ ′−ρ)x = ρ
′y⊤x−ρy⊤x

= y⊤A(G′)x− y⊤A(G)x

=
p+1

∑
i=2

n−p−1

∑
j=k+p

(xuiyv j + yuixv j)+
p+1

∑
i=2

p+1

∑
j=2, j ̸=i

xuiyu j −
k+p−1

∑
i=k

(xu1yvi + yu1xvi)

= p(n− k−2p)(x1y3 + x3y3)+ p(p−1)x1y3 − p(x1y3 + y1x2)

= p[(n− k−2p+ p−1−1)x1y3 +(n− k−2p)x3y3 − y1x2]

> p[(n− k−2p)x3y3 − y1x2] (since 1 ≤ p ≤ ⌈n− k
2

⌉−1, n ≥ 4k−1 and k ≥ 2)

= px3y1[
ρ ′(n− k−2p)
ρ ′− (n− k−1)

− ρ − (n− k−2p−1)
k+ p−1

] (by (1) and (2))

> px3y1(
(n−1)(n− k−2p)

k
− k+2p

k+ p−1
) (since ρ < n−1 and ρ

′ < n−1)

=
px3y1

k(k+ p−1)
((n−1)(n− k−2p)(k+ p−1)− k(k+2p))

>
px3y1

k(k+ p−1)
(2k(k+ p−1)− k(k+2p)) (since n−1 > 2k and n− k−2p ≥ 1)

≥ 0 (since k ≥ 2).

It implies ρ < ρ ′. Therefore, the proof is complete.

Now we shall give the proof of Theorem 1.2.
Proof of Theorem 1.2. For k = 1, the result follows from Theorem 2.1. Considering k ≥ 2,
suppose to the contrary that G = {G1, . . . ,G kn

2
} does not admit a rainbow k-factor. According to

Lemma 2.4, the graph set KO(G ) = {KO(G1), . . . ,KO(G kn
2
)} does not admit a rainbow k-factor.

For simplicity, denote G′
t := KO(Gt) for t ∈ [ kn

2 ] and G ′ := KO(G ). With Lemma 2.1 and the
spectral conditions of Theorem 1.2, we obtain that for each integer t ∈ [ kn

2 ],

ρ(G′
t)≥ ρ(Gt)≥ ρ(Hn,k). (3)

Next, we show that ρ(Gt) = ρ(Hn,k) and G′
t
∼= Hn,k for t ∈ [ kn

2 ]. Denote by {i, j} the edge
incident with the vertices i and j.

Claim 1. For each G′
t ∈ G ′, {i, j} ∈ E(G′

t) where i ∈ [k−1] and j ∈ [n].

Proof. First of all, assert that {i,n} ∈ E(G′
t) for i ∈ [k− 1] and t ∈ [ kn

2 ]. Otherwise, G′
t will be a

proper subgraph of Hn,k. By Lemma 2.5, we have ρ(G′
i) < ρ(Hn,k), a contradiction. Then using

Proposition 2.3, we deduce that {i, j} ∈ E(G′
t) for each t ∈ [ kn

2 ] when i ∈ [k−1] and j ∈ [n].

Claim 2. For each G′
t ∈ G ′, {k+ i,n− i} ∈ E(G′

t) where i ∈ [⌈n−k
2 ⌉−1].

Proof. Assume that there exist integers p ∈ [⌈n−k
2 ⌉− 1] and t1 ∈ [ kn

2 ] satisfying {k+ p,n− p} /∈
E(G′

t1). By Proposition 2.3, every edge {i, j} of G′
t1 , where i < j, satisfies i < k+ p or j < n− p.

Then G′
t1 is a subgraph of Kk+p−1 ∨ (Kn−k−2p ∪ (p+1)K1). From Lemmas 2.5 and 3.3, we obtain

that
ρ(G′

t1)≤ ρ(Kk+p−1 ∨ (Kn−k−2p ∪ (p+1)K1))< ρ(Hn,k),

a contradiction. Thus, we have {k+ i,n− i} ∈ E(G′
t) for t = 1,2, . . . , kn

2 and i = 1,2, . . . ,⌈n−k
2 ⌉−

1.

Claim 3. For any G′
t ∈ G ′, {k,n} /∈ E(G′

t).
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Proof. Suppose by way of contradiction that there exists an integer t2 ∈ [ kn
2 ] such that {k,n} ∈

E(G′
t2). Without loss of generality, assume t2 =

(k−1)n
2 + k for even n and t2 =

(k−1)(n−1)
2 + k− 1

for odd n. Let F be a k-regular graph with vertex set V (F) = V and edge set E(F). Moreover,
when n is even, define E(F) = {ei, j|1 ≤ i ≤ k,1 ≤ j ≤ n

2} where

ei, j =

{ j,
n
2
+ i− j}, when 1 ≤ j ≤ i−1,

{ j,n+ i− j}, when i ≤ j ≤ n
2

.

Claims 1 and 2 imply that ei, j ∈ E(G′
t) for each G′

t ∈ G ′ when i ̸= k or j ̸= k. In addition, ek,k ∈
E(G′

(k−1)n
2 +k

) by assumption. It implies that ei, j ∈ E(G′
(i−1)n

2 + j
) for each i ∈ [k] and j ∈ [n

2 ]. When n

is odd, define E(F) = {e0, j|1 ≤ j ≤ k
2}∪{ei, j|1 ≤ i ≤ k,1 ≤ j ≤ n−1

2 } where e0,1 = {1, n+1
2 } and

ei, j =



{2 j−2,2 j−1}, when i = 0 and 2 ≤ j ≤ k
2
,

{ j,n+1− j}, when i = 1 and 1 ≤ j ≤ n−1
2

,

{ j+1,n+ i−1− j}, when i ≥ 2 and i−1 ≤ j ≤ n−1
2

,

{ j,
n+1

2
+ i−1− j}, when i ≥ 3 and 1 ≤ j ≤ i−2.

Similarly, we can find that ei, j ∈E(G′
(i−1)(n−1)

2 + j
) for each i∈ [k] and j ∈ [n−1

2 ] and e0, j ∈E(G′
k(n−1)

2 + j
)

for j ∈ [ k
2 ]. Thus, the graph F is a rainbow k-factor of G ′, a contradiction.

According to Claim 3 and Proposition 2.3, each G′
t ∈ G ′ is a subgraph of Hn,k. By Lemma

2.5, we deduce that for t = 1,2, . . . , kn
2 , ρ(G′

t) ≤ ρ(Hn,k), with equality if and only if G′
t
∼= Hn,k.

Combining with (3), we obtain ρ(G′
t) = ρ(Gt) = ρ(Hn,k) and G′

t
∼= Hn,k for each t = 1,2, . . . , kn

2 .
By Corollary 3.1 and Lemma 3.2, it follows that G1 = · · · = G kn

2

∼= Hn,k. Therefore, the proof is
complete.
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[16] P. Gupta, F. Hamann, A. Müyesser, O. Parczyk, and A. Sgueglia, A general approach to
transversal versions of Dirac-type theorems, Bull. Lond. Math. Soc., 55(6): 2817–2839,
2023.
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