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Abstract

It is well known that the algebraic multiplicity of an eigenvalue of a graph (or
real symmetric matrix) is equal to the dimension of its corresponding linear eigen-
subspace, also known as the geometric multiplicity. However, for hypergraphs, the
relationship between these two multiplicities remains an open problem. For a graph
G = (V,E) and k ≥ 3, the k-power hypergraph G(k) is a k-uniform hypergraph
obtained by adding k − 2 new vertices to each edge of G, who always has non-real
eigenvalues. In this paper, we determine the second-largest modulus Λ among the
eigenvalues of G(k), which is indeed an eigenvalue of G(k). The projective eigenvariety
VΛ associated with Λ is the set of the eigenvectors of G(k) corresponding to Λ

considered in the complex projective space. We show that the dimension of VΛ is
zero, i.e, there are finitely many eigenvectors corresponding to Λ up to a scalar. We
give both the algebraic multiplicity of Λ and the total multiplicity of the eigenvector
in VΛ in terms of the number of the weakest edges of G. Our results show that these
two multiplicities are equal.
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1. Introduction

Let ρ(G) and Λ(G) denote the largest and second-largest moduli among eigen-
values of a graph G, both of which have been extensively studied in various fields.
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From the Perron-Frobenius Theorem, the largest modulus ρ(G), also known as the
spectral radius, is an eigenvalue of G with algebraic multiplicity 1 if G is connected.
The spectral radius ρ(G) is a key quantity determining various different dynamical
processes on G [27]. Restrepo et al. introduced and investigated the dynamical
importance of an edge e, defined as the decrease of the spectral radius caused by its
removal, i.e., ρ(G) − ρ(G − e), and applied their results to real networks [24]. The
edges with the maximum and minimum dynamical importance are referred to as the
strongest edges and weakest edges of G, respectively. The strongest edges of a graph
have been widely studied [26, 28], while this paper provides results concerning the
weakest edges of a graph.

Evaluating the value of Λ(G) and the algebraic multiplicity of the second-largest
eigenvalues of G are fairly challenging problems and have some applications in other
mathematical fields. For an r-regular connected graph G, if Λ(G) is small com-
pared with r then G is a good expander [10, Page 68]. Specifically, G is called a
Ramanujan graph if Λ(G) ≤ 2

√
r − 1 (see [22]). Jiang et al. evaluated the alge-

braic multiplicity of the second-largest eigenvalues of graph with bounded maximum
degree, and applied this result to solve a longstanding problem on the maximum
number of equiangular lines in high dimensional euclidean space [19].

Many authors have attempted to develop a theory on the spectral radius and
the second-largest eigenvalue of hypergraphs, as it has applications in some fields
[5, 15, 16, 20]. A k-uniform hypergraph is a generalization of a graph in which the
edges are k-element subsets of the set of vertices. Tensors (also called hypermatrices)
are natural generalizations of matrices. A matrix can be represented as an array
indexed by two subscripts, whereas a k-th order tensor is indexed by k subscripts.
The spectrum of the adjacency tensor of a hypergraph is called the spectrum of the
hypergraph [6]. The algebraic multiplicity of an eigenvalue λ refers to the number
of times λ appears as a root of the characteristic polynomial. The eigenvariety Vλ

associated with λ is the set of eigenvectors corresponding to λ together with zero, and
the projective eigenvariety Vλ is the set of eigenvectors corresponding to λ consider in
the complex projective space. Due to the nonlinearity of the eigenvalue equations of
tensors, the variety Vλ is generally not a linear subspace. The relationship between
the algebraic multiplicity of eigenvalues and the dimension of the eigenvariety is
well understood for graphs (or matrices), as it follows directly from classical linear
algebra. However, for hypergraphs (or tensors), this relationship remains an open
problem, as discussed in the Hu-Ye’s conjecture [18], the Fan’s conjecture [11], and
the verifications of these conjectures in some cases [7, 29].
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For a k-uniform hypergraph H, the spectral radius ρ(H) is an eigenvalue of H
as shown by the Perron-Frobenius Theorem for tensors [1]. Fan et al. proved that
the dimension of the projective eigenvariety Vρ(H) is zero if H is connected [13],
and determined the size |Vρ(H)| of Vρ(H) [12]. The k-power hypergraph G(k) is the
k-uniform hypergraph that is obtained by adding k − 2 new vertices to each edges
of a graph G for k ≥ 3, which is also known as the expansion of G in extremal
hypergraph theory. Chen et al. characterize all of the eigenvalues of G(k) in terms
of the eigenvalues of signed subgraphs of G [3]. They also determine the algebraic
multiplicity amρ(G

(k)) of ρ(G(k)) [4]. Notably, Chen et al.’s results, together with
those of Fan et al., lead to the conclusion that amρ(G

(k)) = |Vρ(G
(k))| as shown in

[11].
In this paper, we determine the second-largest modulus Λ among eigenvalues of

G(k). More precisely, for k ≥ 4, we show that Λ = k
√

ρ(G− e)2, where e is the
weakest edge of G (see Theorem 3.2). For k = 3, we determine Λ in all distinct
cases (see Theorem 3.3). For a connected graph G 6= K2 and k ≥ 4, we show that
the dimension of the projective eigenvariety VΛ(G

(k)) is zero (see Theorem 3.6), i.e,
there are finitely many eigenvectors of G(k) corresponding to Λ up to a scalar. For
the zero-dimensional projective eigenvariety VΛ(G

(k)), we use m(p) to denote the
multiplicity of point p in VΛ(G

(k)). Let #VΛ(G
(k)) be the total multiplicity of its

eigenvector in the VΛ(G
(k)), i.e., #VΛ(G

(k)) =
∑

p∈VΛ(G(k)) m(p). In terms of the
number of weakest edges of G, we give both the algebraic multiplicity amΛ(G

(k))

and #VΛ(G
(k)), thereby showing that amΛ(G

(k)) = #VΛ(G
(k)) (see Theorem 4.1).

2. Preliminaries

In this section, we introduce some basic notations and give auxiliary lemmas on
the spectra of signed graphs and hypergraphs.

2.1. The spectra of signed graphs
A signed graph Gπ is a pair (G, π), where G = (V,E) is a graph and π : E →

{+1,−1} is the edge sign function. We use i ∼ j to denote that the vertices i and
j are adjacent in the graph G. The adjacency matrix A(Gπ) = (Aij) of the signed
graph Gπ is the symmetric {0,+1,−1}-matrix, where

Aij =

{
π(i, j), i ∼ j,

0, otherwise.
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The eigenvalues of A(Gπ) are called the eigenvalues of Gπ.
For a signed graph Gπ with n vertices, let λ1(Gπ) ≥ λ2(Gπ) ≥ · · · ≥ λn(Gπ)

be the eigenvalues of Gπ. The Cauchy Interlacing Theorem holds for principal sub-
matrices of real symmetric matrices [9, Theorem 1.3.11], so it is valid in signed
graphs. For any vertex v of Gπ, we have that

λ1(Gπ) ≥ λ1(Gπ − v) ≥ λ2(Gπ) ≥ λ2(Gπ − v) ≥ · · · ≥ λn−1(Gπ − v) ≥ λn(Gπ).

Note that λ1(Gπ) is not necessarily equal to the spectral radius ρ(Gπ). In fact,
ρ(Gπ) = max{|λi(Gπ)| : i ∈ [n]} = max{λ1(Gπ),−λn(Gπ)}.

We call signed graphs Gπ and Gπ′ switching equivalent if there is a diagonal ma-
trix D with diagonal entries ±1 such that A(Gπ′) = D−1A(Gπ)D. Clearly, switching
equivalent signed graphs have the same spectrum. The signed graphs G+ and G−

are the ones with all signs +1 and all signs −1, respectively. The spectral radius of
a signed graphs Gπ does not exceed the spectral radius of its underlying graph G

[4].

Lemma 2.1. [4, Lemma 2.6] Let G be a connected graph. Then ρ(Gπ) ≤ ρ(G),
with equality if and only if Gπ is switching equivalent to G+ or G−.

Lemma 2.2. [25, Fact 2] For a real vector x = (xi), let the vector x∗ = (|xi|). For
any eigenpair (λ,x) of a signed graph Gπ, there exists a switching equivalent signed
graph of Gπ with eigenpair (λ,x∗).

If Gπ is switching equivalent to G+, then Gπ is called a balanced signed graph.
Stanić [25] gave the following upper bound for the largest eigenvalue of Gπ.

Lemma 2.3. [25, Theorem 3.1] For any signed graph Gπ, there exists a balanced
spanning subgraph Hπ̃ of Gπ such that λ1(Gπ) ≤ λ1(Hπ̃) = ρ(H).

Let G be a connected graph. If Gπ is balanced, it is clear that the spanning
subgraph H is trivial in Lemma 2.1, i.e., H = G. If Gπ is not balanced, we can get
the following observation.

Proposition 2.4. Let G be a connected graph. If Gπ is not balanced, there exists a
spanning proper subgraph H of G such that λ1(Gπ) < ρ(H).

Proof. Let x = (xv) be a unit eigenvector corresponding to λ1(Gπ). Without loss of
generality, we assume that the entries of x are non-negative; otherwise, we consider
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the switching equivalent signed graph of Gπ mentioned in Lemma 2.2. Since Gπ is
not balanced, then Gπ contains at least one negative edge. Let H be the spanning
proper subgraph obtained from G by deleting all negative edges of Gπ. We use
i

+∼ j (resp. i
−∼ j) to denote the vertices i and j are adjacent with positive (resp.

negative) edges in Gπ. Then we have that

λ1(Gπ) = 2
∑
i
+∼j

xixj − 2
∑
i
−∼j

xixj ≤ 2
∑
i
+∼j

xixj ≤ ρ(H). (2.1)

Assume that all equalities in (2.1) hold, i.e., λ1(Gπ) = ρ(H). It follows that xixj = 0

when i
−∼ j and x is an eigenvector of H corresponding to ρ(H). As Gπ contains

at least one negative edge, x contains a zero entry. There exists a vertex u with
xu = 0, which is adjacent to a vertex v with xv > 0 via a negative edge. Considering
the eigenvector equations of Gπ and H at the vertex u, respectively, we will get a
contradiction.

Let Π denote the set of all sign functions on E. Let Γ(G) denote the set of signed
graphs on G with the spectral radii less than ρ(G), i.e., let

Γ(G) = {Gπ : π ∈ Π such that ρ(Gπ) < ρ(G)}.

Proposition 2.5. Let G = (V,E) be a connected graph. The set Γ(G) is empty if
and only if G is a tree or an odd-unicyclic graph.

Proof. If G is a tree or an odd-unicyclic graph, then ρ(Gπ) = ρ(G) for all π ∈ Π,
proving the sufficiency. We now turn to the necessity. Let D be the set of all |V |×|V |
diagonal matrices with diagonal entries ±1. Let Π+ and Π− denote the sets of signed
function on E such that A(Gπ) = D−1A(G+)D and A(Gπ) = D−1A(G−)D for some
D ∈ D. Since G is connected, D−1A(G)D = A(G) implies that D = I or D = −I.
It implies that there is a two-to-one correspondence between D and Π+ and similarly
between D and Π−. Thus

|Π+| = |Π−| =
|D|
2

= 2|V |−1.

Since the set Γ(G) is empty, we have ρ(Gπ) = ρ(G) for all π ∈ Π. From Lemma
2.1, we see that |Π| = |Π+| = |Π−| if G is bipartite and |Π| = |Π+| + |Π−| if G is
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not bipartite. It implies that the number of signed functions is

2|E| =

2|V |−1, if G is bipartite,
2|V |, otherwise.

Hence, G is a tree or a unicyclic graph with an odd-cycle.

Let G(m) be the set of all connected un-labeled subgraphs of G with at most m
edges. For Ĝ ∈ G(m), let NG(Ĝ) denote the number of subgraphs of G isomorphic
to Ĝ. A parity-closed walk in G is a closed walk that uses each edge an even number
of times. Let Pd(G) be the number of parity closed walks of length d in G. A closed
walk in Ĝ is called covering if it uses each edge at least once. Let pℓ(Ĝ) be the
number of covering parity-closed walks of length ℓ in Ĝ. We observe that Pd(G) has
a natural decomposition as

Pd(G) =
∑

Ĝ∈G( d
2
)

pd(Ĝ)NG(Ĝ). (2.2)

The d-th order spectral moment Sd(G) of a graph G is the sum of d-th powers
of all eigenvalues of G, which also applies to signed graphs and hypergraphs. It has
been demonstrated that Pd(G) is the arithmetic mean of the spectral moments of
signed graphs with underlying graph G [4].

Lemma 2.6. [4, Theorem 3.1] Let G = (V,E) be a connected graph. Then

Pd(G) = 2−|E|
∑
π∈Π

Sd(Gπ).

Note that limℓ→∞

∑
π∈Π S2ℓ(Gπ)

ρ(G)2ℓ
is the total multiplicity of eigenvalues of all signed

graphs on G whose modulus is equal to ρ(G). Based on Lemma 2.6, the following
result is derived in [4].

Lemma 2.7. [4, Lemma 7.1] Let G = (V,E) be a connected graph. Then

lim
ℓ→∞

P2ℓ(G)

ρ(G)2ℓ
= lim

ℓ→∞

p2ℓ(G)

ρ(G)2ℓ
= 2|V |−|E|.

2.2. The spectra of hypergraphs
For a positive integer n, denote [n] = {1, . . . , n}. A k-th order n-dimensional

complex tensor T = (ti1···ik) is a multidimensional array with nk entries in complex
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number field C, where ij ∈ [n], j = 1, . . . , k. For x = (x1, . . . , xn)
⊤ ∈ Cn, denote

x[k−1] =
(
xk−1
1 , . . . , xk−1

n

)⊤. The i-th component of the vector Txk−1 ∈ Cn is defined
as (

Txk−1
)
i
=

n∑
i2,...,ik=1

aii2···ikxi2 · · · xik .

If there exists a nonzero vector x such that Txk−1 = λx[k−1], then λ is called an
eigenvalue of T and x is an eigenvector of T corresponding to λ [21, 23]. The
characteristic polynomial of T is defined as the resultant of the polynomial system
(λx[k−1]−Txk−1) [23]. The algebraic multiplicity of an eigenvalue is the multiplicity
as a root of the characteristic polynomial.

A hypergraph H = (VH , EH) is called k-uniform if each edge of H contains
exactly k vertices. Similar to the relation between graphs and matrices, there is a
natural correspondence between uniform hypergraphs and tensors. For a k-uniform
hypergraph H with n vertices, its adjacency tensor AH = (ai1i2...ik) is a k-th order
n-dimensional tensor, where

ai1i2...ik =

 1
(k−1)!

, if {i1, i2, . . . , ik} ∈ EH ,

0, otherwise.

When k = 2, AH is the usual adjacency matrix of the graph H. The spectrum of
the adjacency tensor AH is called the spectrum of hypergraph H.

Set VH = [n]. For x = (x1, x2, . . . , xn)
⊤, and let xS =

∏
s∈S xs for S ⊆ VH . By

Ei(H), we denote the set of hyperedges containing i. Let λ be an eigenvalue of H,
and let Vλ = Vλ(H) be the set of all eigenvectors of H corresponding to λ together
with zero, i.e.,

Vλ = {x ∈ Cn :
∑

e∈Ei(H) x
e\{i} = λxk−1

i for all i ∈ VH}. (2.3)

Observe that the system of equations in (2.3) is not linear yet for k ≥ 3, and
therefore Vλ is not a linear subspace of Cn in general. In fact, Vλ forms an affine
variety in Cn [8]. The projective eigenvariety of H associated with λ is defined to
be the projective variety ([13])

Vλ = {x ∈ Pn−1 :
∑

e∈Ei(H) x
e\{i} = λxk−1

i for all i ∈ VH},

where Pn−1 is the complex projective spaces over C of dimension n− 1.
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Let k ≥ 3. Recall that the k-th power hypergraph G(k) is the k-uniform hyper-
graph that is obtained by adding k− 2 new vertices to each edges of a graph G. All
the distinct eigenvalues of G(k) are derived by eigenvalues of signed subgraphs of G
as follows [3].

Theorem 2.8. [3, Theorem 1.2] The complex number λ is an eigenvalue of G(k) if
and only if

(a) some signed induced subgraph of G has an eigenvalue σ such that σ2 = λk,
when k = 3;

(b) some signed subgraph of G has an eigenvalue σ such that σ2 = λk, when k ≥ 4;

Recall that the d-th order spectral moment Sd(H) of a hypergraph H is the sum
of d-th powers of all eigenvalues of H. For a power hypergraph G(k), Chen et al. gave
an expression for Sd(G

(k) that involves the number of subgraphs and parity-closed
walks in G [4].

Theorem 2.9. [4, Proposition 4.8] Let G = (V,E). For k ≥ 3, the d-th order
spectral moments of the power hypergraphs G(k) is

Sd(G
(k)) =


∑

Ĝ∈G( d
k
)

g(Ĝ, k)p 2d
k
(Ĝ)NG(Ĝ), k | d,

0, otherwise,

where g(Ĝ, k) = 2|E(Ĝ)|−|V (Ĝ)|(k − 1)|V |−|V (Ĝ)|+(k−2)(|E|−|E(Ĝ)|)k|V (Ĝ)|+|E(Ĝ)|(k−3).

The spectrum of a hypergraph is k-symmetric if it is invariant under a rotation
of an angle 2π/k in the complex plane. Indeed, the spectrum of a k-th power hyper-
graph is k-symmetric [14]. By the symmetry of the spectrum of a power hypergraph
and Theorem 2.8, we get the following property of the algebraic multiplicities of
eigenvalues of the power hypergraphs.

Proposition 2.10. Let k ≥ 3. Let λ be an eigenvalue of G(k). Then |λ| is an
eigenvalue of G(k), and the total algebraic multiplicity of eigenvalues with the modulus
|λ| is k times the algebraic multiplicity of λ.

From the Perron-Frobenius Theorem for tensors [1], it is known that the spectral
radius ρ(H) is an eigenvalue of H. Chen et al. use the spectral moment of G(k) to
give the algebraic multiplicity of the spectral radius [4].
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Theorem 2.11. [4, Theorem 7.2] Let k ≥ 3. For a connected graph G = (V,E),
the algebraic multiplicity of the spectral radius of G(k) is k|E|(k−3)+|V |−1.

For a connected uniform hypergraph H, the projective variety Vρ(H) is charac-
terized by the Smith normal form of the incidence matrix of H over Zk [11, 12, 13].
Here are some related lemmas used in this paper.

Lemma 2.12. [11, 12, 13] Let H be a connected uniform hypergraph.

(a) [13, Theorem 3.8] The dimension of the projective eigenvariety Vρ(H) is zero,
i.e., there are finitely many eigenvectors of H corresponding to ρ(H) up to a
scalar.

(b) [11, Corollary 3.4] The multiplicity of each point in Vρ(H) is 1.
(c) [12, Corollary 4.2] Let G = (V,E) be a connected graph. Then amρ(G

(k)) =

|Vρ(G
(k))| = k|E|(k−3)+|V |−1 for k ≥ 3.

3. The characterization of the eigenpair (Λ, x)

Let G = (V,E). Our first goal is to characterize the second-largest modu-
lus Λ among the eigenvalues of the power hypergraph G(k). We write ρV (G) =

maxv∈V ρ(G− v) and ρE(G) = maxe∈E ρ(G− e). It is clear that the weakest edge e0
is the one such that ρ(G− e0) = ρE(G). If G is neither a tree nor an odd-unicyclic
graph, from Proposition 2.5, Γ(G) is not empty. Thus, we define

ρΓ(G) = max
Gπ∈Γ(G)

ρ(Gπ).

By Lemmas 2.1 and 2.3, we give the following result to compare ρV (G), ρE(G) and
ρΓ(G), which plays a key role in determining Λ.

Proposition 3.1. Let G be a connected graph with n vertices.

(a) Then λ2(G) < ρV (G) ≤ ρE(G).
(b) If G is non-bipartite, then −λn(G) < ρE(G).
(c) If Γ(G) is not empty, then ρΓ(G) < ρE(G).

Proof. From the Interlacing Theorem [17, Theorem 4.3.17], it follows that

λ2(G) ≤ ρ(G− v) ≤ ρE(G)
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for any vertex v ∈ V . Moreover, λ2(G) = ρ(G − v) for some v ∈ V if and only if
there exists an eigenvector y of G− v corresponding to ρ(G− v) satisfying y⊤z = 0,
where z = (zi) for i ∈ V \ {v} is defined by zi = 1 if vertex i is adjacent to v,
and zi = 0 otherwise. It follows that the entries of y are not all of the same sign,
which implies that v is a cut-vertex by Perron-Frobenius Theorem. Hence, we have
ρ(G− v) < ρV (G), which establishes (a).

Note that λ1(G−) = −λn(G) and ρ(Gπ) = max{λ1(Gπ), λ1(G−π)}. If G is non-
bipartite, then G− is not balanced. From Proposition 2.4, there exists a spanning
proper subgraphs H1 such that

−λn(G) = λ1(G−) < ρ(H1) ≤ ρE(G).

If Γ(G) is not empty, for any Gπ ∈ Γ(G), we see that Gπ and G−π are not balanced
by Lemma 2.1. From Proposition 2.4, there exists a spanning proper subgraphs H2

such that
ρ(Gπ) = max{λ1(Gπ), λ1(G−π)} < ρ(H2) ≤ ρE(G).

Then, we get (b) and (c).

For the power hypergraph G(k) with k ≥ 4, we will show that second-largest
modulus Λ(G(k)) = k

√
ρE(G)2, which in turn implies that ρ(G)− 2

√
Λ(G(k))k serves

as a tight lower bound for the dynamical importance of an edge in G.

Theorem 3.2. Let G be a connected graph with n vertices. Let Λ = Λ(G(k)) be the
second-largest modulus among eigenvalues of G(k). Then Λ = k

√
maxe∈E ρ(G− e)2

for k ≥ 4, and Λ is an eigenvalue of G(k).

Proof. Let F be a proper subgraph of G. We have that ρ(Fπ) ≤ ρ(F ) ≤ ρE(G) for
any π. Thus, we observe from Theorem 2.8 that Λ is determined by exactly four
potential quantities: ρE(G), λ2(G), −λn(G), and ρΓ(G). Then we have that

Λk =


max{ρE(G)2, λ2(G)2}, if G is a tree,
max{ρE(G)2, λ2(G)2, λn(G)2}, if G is an odd-unicyclic graph,
max{ρE(G)2, ρΓ(G)2, λ2(G)2}, if G is bipartite but not a tree,
max{ρE(G)2, ρΓ(G)2, λ2(G)2, λn(G)2}, otherwise.

(3.1)
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By Proposition 3.1, we get Λk = ρE(G)2 = maxe∈E ρ(G − e)2. Proposition 2.10
states that Λ is an eigenvalue of G(k).

For the case of k = 3, Theorem 2.8 shows that the eigenvalues of G(3) are
generated by the signed induced subgraphs (vertex-deleted subgraphs) of G. It
implies that the eigenvalue Λ(G(3)) can be directly obtained by replacing ρV (G)

with ρE(G) in (3.1).

Theorem 3.3. Let G be a connected graph with n vertices. Then

Λ(G(3)) =



3
√

ρV (G)2, if G is a tree,
max{ 3

√
ρV (G)2, 3

√
λn(G)2}, if G is an odd-unicyclic graph,

max{ 3
√

ρV (G)2, 3
√

ρΓ(G)2}, if G is bipartite but not a tree,
max{ 3

√
ρV (G)2, 3

√
ρΓ(G)2, 3

√
λn(G)2}, otherwise.

Remark: In Appendix A, we provide some examples to demonstrate that all can-
didates in Theorem 3.3 are potential.

For a graph G = (V,E) and e ∈ E, we use Ne to denote the set of vertices of
G(k) that are added to the edge e. Thus, the set e∪Ne is a hyperedge of G(k). Recall
that xS =

∏
s∈S xs for S ⊆ V (G(k)). By Ei(G

(k)), we denote the set of hyperedges
containing i. Then it follows that (λ,x) is an eigenpair of G(k) if and only if

λxk−1
i =

∑
h∈Ei(G(k))

xh\{i}

=
∑

j:{i,j}∈E

xjx
N{i,j} (3.2)

for every i ∈ V and

λxk−1
v = xixjx

N{i,j}\{v} (3.3)

for every v ∈ N{i,j} and {i, j} ∈ E.
The vertices with degree one in a power hypergraph are called core vertices, which

include both the original pendant vertices and the newly added vertices. Next, we
will show that the zero entries of the eigenvectors corresponding to Λ indicate all
the core vertices that lie on some weakest edge, which gives a way to identify the
weakest edges of the graph using the eigenvectors of the hypergraph.
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Theorem 3.4. Let G 6= K2 be a connected graph. Let Λ be the second-largest modu-
lus among eigenvalues of G(k) for k ≥ 4. For any eigenvector x = (xv) corresponding
to Λ, there exists a weakest edge e of G such that the set {v ∈ V (G(k)) : xv = 0}
consists precisely of all the core vertices that lie on e.

Proof. Note that G has more than one edge, which implies that Λ > 0. Let β be
such that β2 = Λk, and let yi be such that y2i = xk

i for i ∈ V (G). Consider the
induced subgraph Ĝ on the vertices i ∈ V (G) with xi 6= 0. Note that xi = 0 for all
i ∈ V (G) is impossible, because of (3.3) and Λ 6= 0.

Using (3.3), we have that

Λk−2(xN{i,j})k−1 =
∏

v∈N{i,j}

Λxk−1
v

=
∏

v∈N{i,j}

xixjx
N{i,j}\{v}

= (xixj)
k−2(xN{i,j})k−3,

that is, (xN{i,j})k−3(Λk−2(xN{i,j})2 − (xixj)
k−2) = 0, and hence(

βxixjx
N{i,j}

)k−3 (
(βxixjx

N{i,j})2 − (Λyiyj)
2
)
= 0.

Therefore, we have that

βxixjx
N{i,j} = sgn(i, j)(Λyiyj), (3.4)

where sgn(i, j) ∈ {±1, 0}. And, using (3.2), we obtain that for every i ∈ V (Ĝ),

βyi =
βxi

Λyi
Λxk−1

i =
βxi

Λyi

∑
j:{i,j}∈E(Ĝ)

xjx
N{i,j} =

1

Λyi

∑
j:{i,j}∈E(Ĝ)

βxixjx
N{i,j} ,

that is,

βyi =
∑

j:{i,j}∈E(Ĝ)

sgn(i, j)yj. (3.5)

Thus, (β,y) is an eigenpair of a spanning signed subgraph Sπ of Ĝ, where the
sign function π is defined by sgn(i, j). By Theorem 3.2, we have that β = ± 2

√
Λk =

±ρE(G). Without loss of generality, set β = ρE(G). Note that ρE(G) = maxe∈E ρ(G−

12



e), so there exists a weakest edge e0 in G such that Sπ is switching equivalent to
G − e0. We have two case for the graph Ĝ: (1) Ĝ = G; (2) Ĝ = G − u, where
u is the pendant vertex on e0. For the first case, in (3.5), sgn(i, j) = 0 if only if
{i, j} = e0. By (3.4), it follows that xNe = 0 if only if e = e0. Using (3.3), xNe0 = 0

implies xv = 0 for all v ∈ Ne0 . Let V0 = {v ∈ V (G(k)) : xv = 0}. Then we have
V0 = Ne0 . For the latter case, we have β = ρ(G − u) = ρ(G − e0), which implies
that V0 = Ne0 ∪ {u}. We conclude that V0 consists precisely of all the core vertices
that lie on e0.

For weakest edges of a connected graph, we observe the following elementary
fact.

Observation 3.5. A weakest edge of a connected graph is not a cut edge unless it
is a pendant edge.

Let Ew be the set of all weakest edges of G. For e ∈ Ew, define

δ = δ(e) =

0, if e is a pendant edge,
1, otherwise.

We use Ge to denote the subgraph of G obtained by removing e when δ = 1, and
by removing e along with the corresponding pendant vertex when δ = 0. Note
that Ge is connected by Observation 3.5. Let V (G(k)) = {1, 2, . . . , n}. For x =

(x1, . . . , xn)
⊤ ∈ VΛ(G

(k)), denote the support set of x by supp(x) = {i : xi 6= 0}.
By Theorem 3.4, we see that supp(x) is the set of vertices of the hypergraph G(k)

excluding the core vertices on the weakest edge e. Thus, the subhypergraph of G(k)

induced by supp(x) is the power hypergraph G
(k)
e . Let x̂ denote the subvector of x

obtained by truncating entry xi from x for i ∈ supp(x). Note that Λ = ρ(G
(k)
e ) is

the spectral radius of G(k)
e from Theorem 3.2, hence x̂ ∈ Vρ(G

(k)
e ). Lemma 2.12(a)

tells us that the dimension of Vρ(G
(k)
e ) is zero, thus we obtain the following theorem.

Theorem 3.6. Let G 6= K2 be a connected graph. Let Λ be the second-largest
modulus among eigenvalues of G(k) for k ≥ 4. Then the dimension of VΛ is zero,
i.e., there are finitely many eigenvectors of G(k) corresponding to Λ up to a scalar.

Proof. Let Vρ(G
(k)
e ) be the projective eigenvarity associated with the spectral radius

of G(k)
e . Let 0e be the (k − 1− δ)-dimensional zero vector. For any e ∈ Ew and any

13



xe ∈ Vρ(G
(k)
e ), the vector x = xe ⊕ 0e is an eigenvector of G(k) corresponding to Λ,

as one can easily check. Then we find a map

ϕ :
⋃

e∈Ew

Vρ(G
(k)
e ) → VΛ,xe 7→ x. (3.6)

For each x ∈ VΛ, recall that x̂ denote the subvector of x obtained by truncating
entry xi from x for i ∈ supp(x). There exists e ∈ Ew such that x̂ ∈ Vρ(G

(k)
e ). So, ϕ

is a surjective map, indeed, ϕ is a bijective map. For each e ∈ Ew, Vρ(G
(k)
e ) is finite

set by Lemma 2.12(a), it is following that VΛ is finite.

4. The algebraic multiplicity of Λ and the total multiplicity of its eigen-
vector

Let amΛ(G
(k)) denote the algebraic multiplicity of the eigenvalue Λ for G(k).

Theorem 3.6 shows that the dimension of VΛ(G
(k)) is zero. For the zero-dimensional

projective eigenvariety VΛ(G
(k)), we use mVΛ

(p) to denote the multiplicity of point
p in VΛ(G

(k)). Let #VΛ(G
(k)) denote the total multiplicity of eigenvectors of G(k)

corresponding to Λ, i.e., #VΛ(G
(k)) =

∑
p∈VΛ(G(k)) mVΛ

(p). In this section, we
express amΛ(G

(k)) and #VΛ(G
(k)) in terms of the number of weakest edges of G,

there by showing that amΛ(G
(k)) = #VΛ(G

(k)). The main result of this section is
shown as follows.

Theorem 4.1. For a connected graph G = (V,E) with |E| > 1, let n0 and n1

be the number of pendent and non-pendent weakest edges of G, respectively. Let
Λ be the second-largest modulus among eigenvalues of G(k) for k ≥ 4. Denote the
algebraic multiplicity of the eigenvalue Λ by amΛ(G

(k)), and the total multiplicity of
eigenvectors of G(k) in VΛ(G

(k)) by #VΛ(G
(k)). Then

amΛ(G
(k)) = #VΛ(G

(k)) =
1∑

δ=0

fδ(k)nδ,

where fδ(k) = k|E|(k−3)+|V |−1
(
(k − 1)k−1−δk2−k+δ − 2δ

)
for δ = 0, 1.

We will determine amΛ = amΛ(G
(k)) and #VΛ = #VΛ(G

(k)) separately. First,
we give the algebraic multiplicity amΛ by the spectral moments of G(k).

Part 1 of Theorem 4.1 amΛ =
∑1

δ=0 fδ(k)nδ.

14



Proof. Proposition 2.10 and Theorem 2.11 show that there are k|E|(k−3)+|V | eigen-
values of G(k) whose modulus are equal to ρ(G(k)), and there are kamΛ eigenvalues
of G(k) whose modulus are equal to Λ(G(k)). Recall that ρ(G(k)) and Λ(G(k)) are the
largest and second-largest modulus of eigenvalues of G(k). Then we have that

kamΛ = lim
ℓ→∞

Skℓ(G
(k))− k|E|(k−3)+|V |ρ(G(k))kℓ

Λ(G(k))kℓ
.

Note that ρ(G(k))k = ρ(G)2 and Λ(G(k))k = ρE(G)2. From Theorem 2.9, we have
that

kamΛ = lim
ℓ→∞

∑
Ĝ∈G(ℓ) g(Ĝ, k)p2ℓ(Ĝ)NG(Ĝ)− k|E|(k−3)+|V |ρ(G)2ℓ

ρE(G)2ℓ
, (4.1)

where

g(Ĝ, k) = 2|E(Ĝ)|−|V (Ĝ)|(k − 1)|V |−|V (Ĝ)|+(k−2)(|E|−|E(Ĝ)|)k|V (Ĝ)|+|E(Ĝ)|(k−3).

We partition G(ℓ) into three parts according to how the spectral radius of a graph
compares to ρE(G). For Ĝ ∈ G(ℓ) satisfying ρ(Ĝ) < ρE(G), from Lemma 2.7, we
know that p2ℓ(Ĝ) has no contribution to (4.1). Let GΛ = {Ĝ ∈ G(ℓ) : ρ(Ĝ) = ρE(G)}.
And only Ĝ = G satisfying ρ(Ĝ) > ρE(G) for Ĝ ∈ G(ℓ). Then we have that

kamΛ = lim
ℓ→∞

∑
Ĝ∈GΛ

g(Ĝ, k)p2ℓ(Ĝ)NG(Ĝ)− k|E|(k−3)+|V | (ρ(G)2ℓ − 2|E|−|V |p2ℓ(G)
)

ρE(G)2ℓ
.

(4.2)

By (2.2) and Lemma 2.6, we have that

lim
ℓ→∞

2|E|−|V |p2ℓ(G)

ρE(G)2ℓ

= lim
ℓ→∞

2|E|−|V |P2ℓ(G)−
∑

Ĝ∈GΛ
2|E|−|V |p2ℓ(Ĝ)NG(Ĝ)

ρE(G)2ℓ

= lim
ℓ→∞

2−|V | ∑
π∈Π S2ℓ(Gπ)−

∑
Ĝ∈GΛ

2|E|−|V |p2ℓ(Ĝ)NG(Ĝ)

ρE(G)2ℓ
. (4.3)

Let ΛΠ be the second-largest modulus among eigenvalues of Gπ for all π ∈ Π.
From Lemmas 2.6 and 2.7, it is following that among all eigenvalues of Gπ for all
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π ∈ Π, there are 2|V | eigenvalues whose modulus are equal to ρ(G). It implies that
the order of magnitude of ρ(G)2ℓ − 2−|V | ∑

π∈Π S2ℓ(Gπ) is determined by Λ2ℓ
Π when

ℓ → ∞. The possible values for ΛΠ are λ2(G), −λ|V |(G) if G is non-bipartite, and
ρΓ(G) if Γ(G) is not empty. From Proposition 3.1, we have ρE(G) > ΛΠ in any case.
Hence, we have

lim
ℓ→∞

ρ(G)2ℓ − 2−|V | ∑
π∈Π S2ℓ(Gπ)

ρE(G)2ℓ
= 0. (4.4)

By (4.3) and (4.4), we have that

lim
ℓ→∞

ρ(G)2ℓ − 2|E|−|V |p2ℓ(G)

ρE(G)2ℓ

= lim
ℓ→∞

(
ρ(G)2ℓ − 2−|V | ∑

π∈Π S2ℓ(Gπ)
)
+
∑

Ĝ∈GΛ
2|E|−|V |p2ℓ(Ĝ)NG(Ĝ)

ρE(G)2ℓ

= lim
ℓ→∞

∑
Ĝ∈GΛ

2|E|−|V |p2ℓ(Ĝ)NG(Ĝ)

ρE(G)2ℓ
. (4.5)

Substituting (4.5) into (4.2), we have that

kamΛ = lim
ℓ→∞

∑
Ĝ∈GΛ

(
g(Ĝ, k)− 2|E|−|V |k|E|(k−3)+|V |

)
p2ℓ(Ĝ)NG(Ĝ)

ρE(G)2ℓ
. (4.6)

For any Ĝ ∈ GΛ, Lemma 2.7 tells us that

lim
ℓ→∞

p2ℓ(Ĝ)

ρE(G)2ℓ
= lim

ℓ→∞

p2ℓ(Ĝ)

ρ(Ĝ)2ℓ
= 2|V (Ĝ)|−|E(Ĝ)|.

Recall that

δ = δ(e) =

0, if e is a pendant edge,
1, otherwise.

We note that Ĝ is the subgraph of G obtained by removing one weakest edge e when
δ = 1, or by removing e along with the pendant vertex when δ = 0. So, for Ĝ ∈ GΛ,
we have |E(Ĝ)| = |E|−1 and |V (Ĝ)| = |V |−1+δ. Reorganizing (4.6), we complete
the proof.

We use the following two lemmas to characterize the multiplicities of points in
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VΛ.

Lemma 4.2. [2, Theorem 3.1] Let S = {1, 2, . . . , k − 1}. For i ∈ S and µ 6= 0,
let fi = µxk−1

i − xS\{i}. Let V be the affine variety defined by f1, . . . , fk−1. Then∑
0 ̸=p∈V mV(p) = kk−2 and mV(0) = (k − 1)k−1 − kk−2.

Lemma 4.3. Let S = {1, 2, . . . , k−2}. For i ∈ S and µ 6= 0, let fi = µxk−1
i −xS\{i}.

Let V be the affine variety defined by f1, . . . , fk−2. Then
∑

0 ̸=p∈V mV(p) = 2kk−3

and mV(0) = (k − 1)k−2 − 2kk−3.

Proof. Let the homogeneous polynomial Fi = µxk−1
i − x2

0x
S\{i} for i ∈ S. Thus, we

have that fi = Fi|x0=1. Let F i = Fi|x0=0 = µxk−1
i , and note that the homogeneous

equations F 1 = · · · = F k−2 = 0 only have trivial solutions. It implies the affine
equations

f1 = · · · = fk−2 = 0 (4.7)

has no solutions at infinity, and then all solutions of (4.7) lie in Ck−2. By Bézout’s
theorem, we know that the total multiplicity of the solutions of (4.7) is (k − 1)k−2.

For p = (pi) ∈ V , by (4.7), we have that µpk1 = · · · = µpkk−2 = pS. Thus, we have
(pS)k−2(µk−2(pS)2 − 1) = 0. Let ξ be such that µk−2ξ2 − 1 = 0, indeed pS = ±ξ for
pS 6= 0. Then, either pi = 0 for all i ∈ [k − 2], or µpki = ξ for all i ∈ [k − 2], or
µpki = −ξ for all i ∈ [k − 2]. In the case of p 6= 0, for a fixed i, we know that pi
has k choices because µpki = ±ξ. In variables p1, . . . , pk−2, there are k − 3 variables
can be chosen freely from the k potential choices, while the remaining one variable
has a unique choice to satisfy pS = ±ξ. Then there are 2kk−3 distinct non-trivial
solutions of (4.7). We will show that every non-trivial solution has multiplicity one,
thereby completing the proof.

We use the following fact from multiplicity theory [8, Page 125]: if f1 = · · · =
fk−2 = 0 has finitely many solutions and p is a solution such that the gradient
vectors

∇fi(p) =

(
∂fi
∂x1

(p), . . . ,
∂fi

∂xk−2

(p)

)
, 1 ≤ i ≤ k − 2

are linearly independent, then p is a solution with multiplicity one. Let J = (Jij)

be the Jacobian Matrix, i.e., (Ji1, Ji2, . . . , Jik−2) = ∇fi(p). Then the entries Jii =

(k− 1)µpk−2
i and Jij = −pS\{i,j} for i 6= j. Note that J is a (k− 2)× (k− 2) square

matrix and |pi| = |µ|− 1
2 . Since |Jii| = (k− 1)|µ| 4−k

2 >
∑

j:j ̸=i |Jij| = (k− 3)|µ| 4−k
2 for
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all i ∈ S, the matrix J is strictly diagonal dominant. Then J is non-singular, which
implies that the gradient vectors are linearly independent.

Now, we are ready to determine #VΛ, and then complete the proof of Theorem
4.1.

Part 2 of Theorem 4.1 #VΛ =
∑

p∈VΛ
mVΛ

(p) =
∑1

δ=0 fδ(k)nδ.

Proof. For each p = (pi) ∈ VΛ, recall that p̂ denote the subvector of p obtained by
truncating entry pi from p for i ∈ supp(p). Thus, there exists e ∈ Ew such that
p̂ ∈ Vρ(G

(k)
e ), and we have that p = p̂⊕ 0p̂, where 0p̂ is a (k − 1− δ)-dimensional

zero vector. Let V0 and V1 denote the affine variety defined in Lemmas 4.2 and 4.3,
respectively. Hence, for a fixed p ∈ VΛ, we have that mVΛ

(p) = mVρ(G
(k)
e )

(p̂)mVδ
(0p̂).

It is following that

#VΛ =
∑
p∈VΛ

m(p)

=
∑
e∈Ew

∑
p̂∈Vρ(G

(k)
e )

mVρ(G
(k)
e )

(p̂)mVδ
(0p̂). (4.8)

Lemma 2.12(b) and Lemma 2.12(c) show that mVρ(G
(k)
e )

(p̂) = 1 for all p̂ ∈ Vρ(G
(k)
e ),

and |Vρ(G
(k)
e )| = k(|E|−1)(k−3)+|V |−2+δ. Lemmas 4.2 and 4.3 show that mVδ

(0p̂) =

(k − 1)k−1−δ − 2δkk−2−δ. Reorganizing (4.8), we complete the proof.
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Appendix A

In Appendix A, we present some examples to show that all candidates outlined
in Theorem 3.3 are potential. Let λmin(G) = λn(G) for the graph G with n vertices.

For odd-unicyclic graphs, we have Λ(G
(3)
1 ) = 3

√
ρV (G1)2 = 3

√
4 and Λ(G

(3)
2 ) =

3
√
λmin(G1)2 ≈ 3

√
(2.50578)2.

For bipartite graphs that are not trees, we have Λ(G
(3)
3 ) = 3

√
ρV (G3)2 =

3
√
4 and

Λ(G
(3)
4 ) = 3

√
ρΓ(G4)2 ≈ 3

√
(2.56155)2.

For non-bipartite graphs that are not odd-unicyclic graphs, we have Λ(G
(3)
5 ) =

3
√

ρV (G5)2 =
3
√
9; Λ(G(3)

6 ) = 3
√
ρΓ(G6)2 ≈ 3

√
(2.23607)2; and Λ(G

(3)
7 ) = 3

√
λmin(G7)2 ≈

3
√
(2.75099)2.
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(a) G1 (b) G2 (c) G3 (d) G4

(e) G5 (f) G6 (g) G7

Figure .1: Examples for Theorem 3.3
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