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Abstract

It is well known that the algebraic multiplicity of an eigenvalue of a graph (or
real symmetric matrix) is equal to the dimension of its corresponding linear eigen-
subspace, also known as the geometric multiplicity. However, for hypergraphs, the
relationship between these two multiplicities remains an open problem. For a graph
G = (V,E) and k > 3, the k-power hypergraph G*) is a k-uniform hypergraph
obtained by adding k — 2 new vertices to each edge of G, who always has non-real
eigenvalues. In this paper, we determine the second-largest modulus A among the
eigenvalues of G*) | which is indeed an eigenvalue of G*). The projective eigenvariety
V, associated with A is the set of the eigenvectors of G*) corresponding to A
considered in the complex projective space. We show that the dimension of V, is
zero, i.e, there are finitely many eigenvectors corresponding to A up to a scalar. We
give both the algebraic multiplicity of A and the total multiplicity of the eigenvector
in V, in terms of the number of the weakest edges of G. Our results show that these
two multiplicities are equal.
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1. Introduction

Let p(G) and A(G) denote the largest and second-largest moduli among eigen-
values of a graph GG, both of which have been extensively studied in various fields.
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From the Perron-Frobenius Theorem, the largest modulus p(G), also known as the
spectral radius, is an eigenvalue of G with algebraic multiplicity 1 if G is connected.
The spectral radius p(G) is a key quantity determining various different dynamical
processes on G [27]. Restrepo et al. introduced and investigated the dynamical
importance of an edge e, defined as the decrease of the spectral radius caused by its
removal, i.e., p(G) — p(G — e), and applied their results to real networks [24]. The
edges with the maximum and minimum dynamical importance are referred to as the
strongest edges and weakest edges of G, respectively. The strongest edges of a graph
have been widely studied [26, 28], while this paper provides results concerning the
weakest edges of a graph.

Evaluating the value of A(G) and the algebraic multiplicity of the second-largest
eigenvalues of GG are fairly challenging problems and have some applications in other
mathematical fields. For an r-regular connected graph G, if A(G) is small com-
pared with r then G is a good expander [0, Page 68]. Specifically, G is called a
Ramanujan graph if A(G) < 2y/r —1 (see [22]). Jiang et al. evaluated the alge-
braic multiplicity of the second-largest eigenvalues of graph with bounded maximum
degree, and applied this result to solve a longstanding problem on the maximum
number of equiangular lines in high dimensional euclidean space [19].

Many authors have attempted to develop a theory on the spectral radius and
the second-largest eigenvalue of hypergraphs, as it has applications in some fields
6, 15, 06, 20]. A k-uniform hypergraph is a generalization of a graph in which the
edges are k-element subsets of the set of vertices. Tensors (also called hypermatrices)
are natural generalizations of matrices. A matrix can be represented as an array
indexed by two subscripts, whereas a k-th order tensor is indexed by k subscripts.
The spectrum of the adjacency tensor of a hypergraph is called the spectrum of the
hypergraph [6]. The algebraic multiplicity of an eigenvalue A refers to the number
of times A appears as a root of the characteristic polynomial. The eigenvariety V)
associated with X is the set of eigenvectors corresponding to A together with zero, and
the projective eigenvariety V) is the set of eigenvectors corresponding to A consider in
the complex projective space. Due to the nonlinearity of the eigenvalue equations of
tensors, the variety V) is generally not a linear subspace. The relationship between
the algebraic multiplicity of eigenvalues and the dimension of the eigenvariety is
well understood for graphs (or matrices), as it follows directly from classical linear
algebra. However, for hypergraphs (or tensors), this relationship remains an open
problem, as discussed in the Hu-Ye’s conjecture [IR], the Fan’s conjecture [I1], and
the verifications of these conjectures in some cases [, 29].



For a k-uniform hypergraph H, the spectral radius p(H) is an eigenvalue of H
as shown by the Perron-Frobenius Theorem for tensors [0]. Fan et al. proved that
the dimension of the projective eigenvariety V,(H) is zero if H is connected [I3],
and determined the size |V,(H)| of V,(H) [12]. The k-power hypergraph G* is the
k-uniform hypergraph that is obtained by adding k — 2 new vertices to each edges
of a graph G for k£ > 3, which is also known as the expansion of G in extremal
hypergraph theory. Chen et al. characterize all of the eigenvalues of G*) in terms
of the eigenvalues of signed subgraphs of G [3]. They also determine the algebraic
multiplicity am,(G®) of p(G®™) [@]. Notably, Chen et al’s results, together with
those of Fan et al., lead to the conclusion that am,(G%®) = |V,(G*®)| as shown in
(1]

In this paper, we determine the second-largest modulus A among eigenvalues of
G® . More precisely, for k > 4, we show that A = ’\“/m, where e is the
weakest edge of G (see Theorem B2). For k = 3, we determine A in all distinct
cases (see Theorem B33). For a connected graph G # K, and k > 4, we show that
the dimension of the projective eigenvariety V,(G®*) is zero (see Theorem B8), i.e,
there are finitely many eigenvectors of G*) corresponding to A up to a scalar. For
the zero-dimensional projective eigenvariety V,(G®)), we use m(p) to denote the
multiplicity of point p in V,(G®). Let #VA(G®) be the total multiplicity of its
eigenvector in the V,(G™), ie., #V,(GW) = > peva(cioym(p). In terms of the
number of weakest edges of G, we give both the algebraic multiplicity am,(G®))
and #V, (G®), thereby showing that amy (G*)) = #V,(G®) (see Theorem E).

2. Preliminaries

In this section, we introduce some basic notations and give auxiliary lemmas on

the spectra of signed graphs and hypergraphs.

2.1. The spectra of signed graphs

A signed graph G, is a pair (G, ), where G = (V| F) is a graph and 77 : £ —
{+1, —1} is the edge sign function. We use i ~ j to denote that the vertices i and
Jj are adjacent in the graph G. The adjacency matrix A(G,) = (A;;) of the signed
graph G is the symmetric {0, +1, —1}-matrix, where

Ay = { (i, j), i~

0, otherwise.



The eigenvalues of A(G) are called the eigenvalues of G.

For a signed graph G, with n vertices, let A\ (Gr) > Xo(Gr) > -+ > A\ (Gr)
be the eigenvalues of GG.. The Cauchy Interlacing Theorem holds for principal sub-
matrices of real symmetric matrices [9, Theorem 1.3.11], so it is valid in signed
graphs. For any vertex v of G, we have that

/\1(G7r) > )\I(GW - U) > >\2<G7r) > )\Q(Gw - U) > > An—l(Gﬂ - U) > )\n(GW)'

Note that A\i(G,) is not necessarily equal to the spectral radius p(G,). In fact,
p(Gr) = max{|\(Gr)| : i € [n]} = max{\(Gr), =M\ (Gr)}.

We call signed graphs G and G, switching equivalent if there is a diagonal ma-
trix D with diagonal entries 41 such that A(G,/) = D™*A(G,)D. Clearly, switching
equivalent signed graphs have the same spectrum. The signed graphs G, and G_
are the ones with all signs +1 and all signs —1, respectively. The spectral radius of
a signed graphs G, does not exceed the spectral radius of its underlying graph G

[A].

Lemma 2.1. [4, Lemma 2.6] Let G be a connected graph. Then p(G,) < p(G),
with equality if and only if G is switching equivalent to Gy or G_.

Lemma 2.2. [24, Fact 2] For a real vector x = (x;), let the vector x* = (|z;|). For
any eigenpair (A, x) of a signed graph G, there exists a switching equivalent signed
graph of G with eigenpair (A, x*).

If G is switching equivalent to G, then G is called a balanced signed graph.
Stani¢ [25] gave the following upper bound for the largest eigenvalue of G.

Lemma 2.3. [24, Theorem 3.1] For any signed graph G, there exists a balanced
spanning subgraph Hz of G such that \(G,) < \(Hz) = p(H).

Let G be a connected graph. If G, is balanced, it is clear that the spanning
subgraph H is trivial in Lemma P, i.e., H = G. If G, is not balanced, we can get
the following observation.

Proposition 2.4. Let G be a connected graph. If G is not balanced, there exists a
spanning proper subgraph H of G such that \(G,) < p(H).

Proof. Let x = (z,) be a unit eigenvector corresponding to A;(G,). Without loss of

generality, we assume that the entries of x are non-negative; otherwise, we consider



the switching equivalent signed graph of GG, mentioned in Lemma Z2. Since G is
not balanced, then G, contains at least one negative edge. Let H be the spanning
proper subgraph obtained from G by deleting all negative edges of G,. We use
i (resp. i ~ j) to denote the vertices ¢ and j are adjacent with positive (resp.
negative) edges in G,. Then we have that

.+ . L= .+
i i~ i~

Assume that all equalities in (20) hold, i.e., \{(G) = p(H). It follows that z;z; =0
when i ~ j and x is an eigenvector of H corresponding to p(H). As G, contains
at least one negative edge, x contains a zero entry. There exists a vertex u with
x, = 0, which is adjacent to a vertex v with z, > 0 via a negative edge. Considering
the eigenvector equations of G, and H at the vertex wu, respectively, we will get a

contradiction.

]

Let IT denote the set of all sign functions on E. Let I'(G) denote the set of signed
graphs on GG with the spectral radii less than p(G), i.e., let

['(G) = {G, : m € Il such that p(G,) < p(G)}.

Proposition 2.5. Let G = (V, E) be a connected graph. The set I'(G) is empty if
and only if G is a tree or an odd-unicyclic graph.

Proof. If G is a tree or an odd-unicyclic graph, then p(G,) = p(G) for all 7= € II,
proving the sufficiency. We now turn to the necessity. Let D be the set of all |V |x|V/|
diagonal matrices with diagonal entries £1. Let I1, and I1_ denote the sets of signed
function on E such that A(G,) = D™'A(Gy)D and A(G,) = D~'A(G_)D for some
D € D. Since G is connected, D™ A(G)D = A(G) implies that D = or D = —1.
It implies that there is a two-to-one correspondence between D and I, and similarly
between D and II_. Thus

D
= = 2o

Since the set I'(G) is empty, we have p(G,) = p(G) for all 7 € II. From Lemma
271, we see that |II| = |II.| = |[II_| if G is bipartite and |II| = |II| 4+ [II_] if G is



not bipartite. It implies that the number of signed functions is

V]-1 . . . .
olEl _ 2 , if G is bipartite,
2Vl otherwise.
Hence, G is a tree or a unicyclic graph with an odd-cycle. O

Let G(m) be the set of all connected un-labeled subgraphs of G with at most m
edges. For G € G(m), let Ng(G) denote the number of subgraphs of G isomorphic
to G. A parity-closed walk in G is a closed walk that uses each edge an even number
of times. Let P;(G) be the number of parity closed walks of length d in G. A closed
walk in G is called covering if it uses each edge at least once. Let pg(@) be the
number of covering parity-closed walks of length ¢ in G. We observe that P,;(G) has

a natural decomposition as

PiG)= Y paG)Na(G). (2.2)

GeG(4)

The d-th order spectral moment Sy(G) of a graph G is the sum of d-th powers
of all eigenvalues of (G, which also applies to signed graphs and hypergraphs. It has
been demonstrated that P,;(G) is the arithmetic mean of the spectral moments of
signed graphs with underlying graph G [4].

Lemma 2.6. [, Theorem 3.1] Let G = (V, E) be a connected graph. Then

Py(G) = 27171 "84(Gn).

mell

Note that limy_, % is the total multiplicity of eigenvalues of all signed

graphs on G whose modulus is equal to p(G). Based on Lemma 28, the following
result is derived in [4].

Lemma 2.7. 4, Lemma 7.1] Let G = (V, E) be a connected graph. Then

P2(G) _ ovi-im

2.2. The spectra of hypergraphs
For a positive integer n, denote [n] = {1,...,n}. A k-th order n-dimensional

complex tensor T = (t;,..;,) is a multidimensional array with n* entries in complex

6



number field C, where i; € [n], j = 1,...,k. For x = (xy,... ,xn)T € C™, denote
xk=1] = (x’f_l, o ,a:ffl)T. The i-th component of the vector Tx*~! € C" is defined

as
n

(Txk_l)i = Z Qi Tig = * * Tiy -
igyeip=1
If there exists a nonzero vector x such that Tx*~' = \x*~1 then \ is called an
eigenvalue of T and x is an eigenvector of T corresponding to A [0, 23]. The
characteristic polynomial of T is defined as the resultant of the polynomial system
(Ax[F=1 — Txk=1) [23]. The algebraic multiplicity of an eigenvalue is the multiplicity
as a root of the characteristic polynomial.

A hypergraph H = (Vy, Ey) is called k-uniform if each edge of H contains
exactly k vertices. Similar to the relation between graphs and matrices, there is a
natural correspondence between uniform hypergraphs and tensors. For a k-uniform
hypergraph H with n vertices, its adjacency tensor Ay = (aii,..i,) is a k-th order
n-dimensional tensor, where

1

o i {inda, ik} € B,

Qiyiy..0, — .
0, otherwise.

When k = 2, Ay is the usual adjacency matrix of the graph H. The spectrum of
the adjacency tensor Ay is called the spectrum of hypergraph H.

Set Vi = [n]. For x = (z1,22,...,2,)", and let 2% = [[, g2, for S C V. By
E;(H), we denote the set of hyperedges containing i. Let A be an eigenvalue of H,
and let V\ = V,\(H) be the set of all eigenvectors of H corresponding to A together

with zero, i.e.,
Ww=_{xeC": Y cpum M = AP for all i € V). (2.3)

Observe that the system of equations in (233) is not linear yet for & > 3, and
therefore V) is not a linear subspace of C" in general. In fact, V, forms an affine
variety in C" [R]. The projective eigenvariety of H associated with A is defined to
be the projective variety ([I3])

Vi={xeP" "> nun A\ = AP for all i € Vi),

where P! is the complex projective spaces over C of dimension n — 1.



Let k > 3. Recall that the k-th power hypergraph G is the k-uniform hyper-
graph that is obtained by adding k — 2 new vertices to each edges of a graph G. All
the distinct eigenvalues of G*) are derived by eigenvalues of signed subgraphs of G
as follows [3].

Theorem 2.8. [3, Theorem 1.2] The complex number \ is an eigenvalue of G if
and only if

(a) some signed induced subgraph of G has an eigenvalue o such that o® = \F,
when k = 3;
(b) some signed subgraph of G has an eigenvalue o such that o = Xk, when k > 4;

Recall that the d-th order spectral moment S;(H) of a hypergraph H is the sum
of d-th powers of all eigenvalues of H. For a power hypergraph G*), Chen et al. gave
an expression for Sy(G*) that involves the number of subgraphs and parity-closed
walks in G [4].

Theorem 2.9. [i4, Proposition 4.8] Let G = (V,E). For k > 3, the d-th order
spectral moments of the power hypergraphs G is

> 9(G k)pa(G)NG(G), k|4,
S4(GW) = { Gea(d)

0, otherwise,
where 9(67 k) = QIE(@)\*\V(@)I(]{; — 1)IVI*\V(@)H(k*?)(IEI*IE(@)\)kIV(CAv‘)IHE(@)I(k*S)‘

The spectrum of a hypergraph is k-symmetric if it is invariant under a rotation
of an angle 27 /k in the complex plane. Indeed, the spectrum of a k-th power hyper-
graph is k-symmetric [I4]. By the symmetry of the spectrum of a power hypergraph
and Theorem P28, we get the following property of the algebraic multiplicities of
eigenvalues of the power hypergraphs.

Proposition 2.10. Let k > 3. Let A be an eigenvalue of G*¥). Then |)| is an
eigenvalue of G®) | and the total algebraic multiplicity of eigenvalues with the modulus
|A| is k times the algebraic multiplicity of .

From the Perron-Frobenius Theorem for tensors [], it is known that the spectral
radius p(H) is an eigenvalue of H. Chen et al. use the spectral moment of G*) to
give the algebraic multiplicity of the spectral radius [d].



Theorem 2.11. [4, Theorem 7.2] Let k > 3. For a connected graph G = (V, E),

the algebraic multiplicity of the spectral radius of G*) is EIFIk=3)+IVI=1,

For a connected uniform hypergraph H, the projective variety V,(H) is charac-
12, 13].

=

terized by the Smith normal form of the incidence matrix of H over Zj [I1,

Here are some related lemmas used in this paper.

Lemma 2.12. [71, 12, 13] Let H be a connected uniform hypergraph.

(a) [13, Theorem 3.8] The dimension of the projective eigenvariety V,(H) is zero,
i.e., there are finitely many eigenvectors of H corresponding to p(H) up to a
scalar.

(b) [12, Corollary 3.4] The multiplicity of each point in V,(H) is 1.
(¢) [12, Corollary 4.2] Let G = (V,E) be a connected graph. Then am,(G®) =
[V, (G®)| = kIEIE=9FVIEL for | > 3.

3. The characterization of the eigenpair (A, x)

Let G = (V,E). Our first goal is to characterize the second-largest modu-
lus A among the eigenvalues of the power hypergraph G%*). We write py(G) =
max,ey p(G —v) and pp(G) = max.cp p(G —e). It is clear that the weakest edge e
is the one such that p(G — eg) = pg(G). If G is neither a tree nor an odd-unicyclic
graph, from Proposition P35, T'(G) is not empty. Thus, we define

pr(G) = hax p(Gr).

By Lemmas P70 and 223, we give the following result to compare py (G), pg(G) and
pr(G), which plays a key role in determining A.

Proposition 3.1. Let G be a connected graph with n vertices.

(a) Then X\a(G) < pv(G) < pr(G).
(b) If G is non-bipartite, then —\,(G) < pr(G).
(¢) If I(G) is not empty, then pr(G) < pr(G).

Proof. From the Interlacing Theorem [I'7, Theorem 4.3.17], it follows that

Ao(G) < p(G =) < pp(G)



for any vertex v € V. Moreover, A\o(G) = p(G — v) for some v € V if and only if
there exists an eigenvector y of G — v corresponding to p(G — v) satisfying y"z = 0,
where z = (z;) for i € V \ {v} is defined by z; = 1 if vertex i is adjacent to v,
and z; = 0 otherwise. It follows that the entries of y are not all of the same sign,
which implies that v is a cut-vertex by Perron-Frobenius Theorem. Hence, we have
p(G —v) < py(G), which establishes (a).

Note that A\ (G-) = =\, (G) and p(Gr) = max{\(G), \1(G_)}. If G is non-
bipartite, then G_ is not balanced. From Proposition P4, there exists a spanning
proper subgraphs H; such that

“M(G) = M(G-) < p(Hy) < pi(G).

If T'(G) is not empty, for any G, € I'(G), we see that G, and G_, are not balanced
by Lemma EZ. From Proposition 24, there exists a spanning proper subgraphs Hs
such that

p(Gr) = max{ M (Gr), M(G-r)} < p(H2) < pp(G).
Then, we get (b) and (c). O
For the power hypergraph G® with k > 4, we will show that second-largest

modulus A(G®) = /pp(G)2, which in turn implies that p(G) — &/ A(G®)k serves
as a tight lower bound for the dynamical importance of an edge in G.

Theorem 3.2. Let G be a connected graph with n vertices. Let A = A(G™®) be the
second-largest modulus among eigenvalues of G*®). Then A = ’\‘/maxeeg p(G —e)?
for k>4, and A is an eigenvalue of G®).

Proof. Let F be a proper subgraph of G. We have that p(F,) < p(F) < pg(G) for
any 7. Thus, we observe from Theorem 28 that A is determined by exactly four
potential quantities: pg(G), A\2(G), —A.(G), and pr(G). Then we have that

max{pp(G)?, \2(G)?}, if G is a tree,
A — max{pr(G)?, A\2(G)* \.(G)?}, if G is an odd-unicyclic graph,
max{pgr(G)?, pr(G)? X2(G)*}, if G is bipartite but not a tree,
\max{pE(G)z, pr(G)?, A2 (G)?, N\ (G)?},  otherwise.

(3.1)

10



By Proposition B, we get A* = pp(G)? = max.cp p(G — e)?. Proposition 2710
states that A is an eigenvalue of G, O]

For the case of k = 3, Theorem P8 shows that the eigenvalues of G® are
generated by the signed induced subgraphs (vertex-deleted subgraphs) of G. It
implies that the eigenvalue A(G®) can be directly obtained by replacing py(G)
with pg(G) in (870).

Theorem 3.3. Let G be a connected graph with n vertices. Then

( pv(G)3?, if G is a tree,

AG®) — max{/py(G)2, ¥/ \(G)?}, if G is an odd-unicyclic graph,
max{/py(G)%, ¥/pr(G)?}, if G is bipartite but not a tree,
\max{{’/pv(G)Q, Y/ pr(G)2, 3/ A\(G)?},  otherwise.

Remark: In Appendix A, we provide some examples to demonstrate that all can-
didates in Theorem are potential.

For a graph G = (V, E) and e € E, we use N, to denote the set of vertices of
G®) that are added to the edge e. Thus, the set eUN, is a hyperedge of G*). Recall
that 29 = [], g2, for S C V(G®). By E;(G%)), we denote the set of hyperedges
containing i. Then it follows that (\,x) is an eigenpair of G*) if and only if

)\xfflz Z 2\

he By(GR)
- Z zjx N (3.2)
j{ijeE
for every i € V and
)\xf}:—l _ xixij{i,j}\{v} (3.3)

for every v € Ny; ;) and {i,j} € E.

The vertices with degree one in a power hypergraph are called core vertices, which
include both the original pendant vertices and the newly added vertices. Next, we
will show that the zero entries of the eigenvectors corresponding to A indicate all
the core vertices that lie on some weakest edge, which gives a way to identify the
weakest edges of the graph using the eigenvectors of the hypergraph.

11



Theorem 3.4. Let G # Ky be a connected graph. Let A be the second-largest modu-
lus among eigenvalues of G for k > 4. For any eigenvector x = (x,) corresponding
to A, there exists a weakest edge e of G such that the set {v € V(G®) : z, = 0}
consists precisely of all the core vertices that lie on e.

Proof. Note that G has more than one edge, which implies that A > 0. Let [ be
such that 5% = A*, and let y; be such that y? = z¥ for i € V(G). Consider the
induced subgraph G on the vertices i € V(G) with z; # 0. Note that z; = 0 for all
i € V(Q) is impossible, because of (B33) and A # 0.

Using (B33), we have that

Ak72(xN{i,j})k71 — H Amf’;‘fl

UGN{Z-J}

— H $i$jl-N{i,j}\{U}
’UEN{Z‘J}

= (i) 2 (Ve )3,
that is, (x™Va3)F=3(AF=2(2N6wa1)? — (2;2,)%72) = 0, and hence
(Brizja™en ) 7 ((Brizja™in)? — (Ayy;)?) = 0.
Therefore, we have that

5xi:vj:vN{i»f} = sgn(, ) (Ayiy;), (3.4)

~

where sgn(i, j) € {£1,0}. And, using (B2), we obtain that for every i € V(G),

vi Vi iti1en@) Vi ti1eB@)

that is,

Bui= Y sen(i,f)y;. (3.5)

j{i.5}eE(@G)

Thus, (8,y) is an eigenpair of a spanning signed subgraph S, of @, where the
sign function 7 is defined by sgn(4, 7). By Theorem B2, we have that 8 = +v/A* =
+pr(G). Without loss of generality, set 8 = pg(G). Note that pp(G) = max.cg p(G—

12



e), so there exists a weakest edge ey in G such that S, is switching equivalent to
G — ey. We have two case for the graph G- (1) G = G; (2) G = G — u, where
u is the pendant vertex on ey. For the first case, in (BH), sgn(i,j) = 0 if only if
{i,7} = ep. By (B83), it follows that z¥¢ = 0 if only if e = €. Using (83), 2¥0 =0
implies 7, = 0 for all v € N,,. Let V; = {v € V(GW) : 2, = 0}. Then we have
Vo = N,. For the latter case, we have 8 = p(G — u) = p(G — ep), which implies
that Vo = N,, U{u}. We conclude that Vj consists precisely of all the core vertices
that lie on eg.

[

For weakest edges of a connected graph, we observe the following elementary
fact.

Observation 3.5. A weakest edge of a connected graph is not a cut edge unless it

is a pendant edge.

Let E,, be the set of all weakest edges of G. For e € E,,, define

5= 3(e) = 0, if e is a pendant edge,

1, otherwise.

We use G, to denote the subgraph of G obtained by removing e when § = 1, and
by removing e along with the corresponding pendant vertex when § = 0. Note
that G, is connected by Observation BA. Let V(GW) = {1,2,...,n}. For x =
(z1,...,7,)" € VA(G®), denote the support set of x by supp(x) = {i : z; # 0}.
By Theorem B4, we see that supp(x) is the set of vertices of the hypergraph G*)
excluding the core vertices on the weakest edge e. Thus, the subhypergraph of G*)
induced by supp(x) is the power hypergraph G™ . Let % denote the subvector of x
obtained by truncating entry x; from x for i € supp(x). Note that A = p(Gék)) is
the spectral radius of G from Theorem B3, hence % € Vp(Gék)). Lemma P7T2(a)
tells us that the dimension of V,,(ng)) is zero, thus we obtain the following theorem.

Theorem 3.6. Let G # K, be a connected graph. Let A be the second-largest
modulus among eigenvalues of G*) for k > 4. Then the dimension of V is zero,

i.e., there are finitely many eigenvectors of G*) corresponding to A up to a scalar.

Proof. Let Vp(Gék)) be the projective eigenvarity associated with the spectral radius
of G¥). Let 0, be the (k — 1 — 0)-dimensional zero vector. For any e € F,, and any

13



X, € Vp(ng)), the vector x = x. @ 0, is an eigenvector of G corresponding to A,
as one can easily check. Then we find a map

¢: | V(GH) = Vi, x> x. (3.6)

ecFEy

For each x € V,, recall that x denote the subvector of x obtained by truncating
entry x; from x for i € supp(x). There exists e € E,, such that x € Vp(Gék)). So, ¢
is a surjective map, indeed, ¢ is a bijective map. For each e € E,,, VP(GQC)) is finite
set by Lemma Z7T2(a), it is following that V, is finite. O

4. The algebraic multiplicity of A and the total multiplicity of its eigen-
vector

Let amy(G®) denote the algebraic multiplicity of the eigenvalue A for G*).
Theorem B shows that the dimension of V(G®) is zero. For the zero-dimensional
projective eigenvariety V(G®), we use my, (p) to denote the multiplicity of point
p in VA(G®). Let #VA(G®) denote the total multiplicity of eigenvectors of G*)
corresponding to A, i.e., #VA(G®) = ZPGVA(G(k))mVA(p). In this section, we
express amy(G®) and #V,(G™) in terms of the number of weakest edges of G,
there by showing that ams(G*)) = #V,(G®). The main result of this section is
shown as follows.

Theorem 4.1. For a connected graph G = (V,E) with |E| > 1, let ny and n,
be the number of pendent and non-pendent weakest edges of G, respectively. Let
A be the second-largest modulus among eigenvalues of G®) for k > 4. Denote the
algebraic multiplicity of the eigenvalue A by amp(G™®), and the total multiplicity of
eigenvectors of G in V(G®) by #V,(G®). Then

1

amy (GM) = #V(GW) =Y fs(k)ns,

5=0
where fs(k) = KIFIG=FIVIZL (] — 1)k=12022k48 _ 29) for § = 0, 1.

We will determine amy = ama(G®) and #V, = #V,(G®) separately. First,
we give the algebraic multiplicity am by the spectral moments of G*).

Part 1 of Theorem B1 am, = Zézo fs(k)ns.
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Proof. Proposition 210 and Theorem P10 show that there are klPIt=3)+IVI eigen-
values of G*) whose modulus are equal to p(G*)), and there are kam, eigenvalues
of G whose modulus are equal to A(G*)). Recall that p(G*®) and A(G*)) are the
largest and second-largest modulus of eigenvalues of G*). Then we have that

Fame — lim Skg(G(k)) — k\EI(k—3)+IV|p(G(k))k€
AT A(GR))ke

Note that p(GH®)* = p(G)? and A(G®)* = pp(G)?. From Theorem 29, we have
that

S aec 3G k)p2e(G)Na(G) — KIFIE=3141VIp(G)%

k =1 , 4.1
amp gml o (G (4.1)
where
IE@G)|-IV(@ (1. _ \IVI-IV(@I+(E=2)(|E|-|E(G)]) IV (G)|+|E(G)|(k— 3)
(G’ k) =2 (k—1) k

We partition G(¢) into three parts according to how the spectral radius of a graph
compares to pg(G). For G e G(0) satistying p(@) < pr(G), from Lemma 270, we
know that ps¢(G) has no contribution to (B-0). Let Gy = {G € G(¢) : p(G) = pe(G)}.
And only G = @ satisfying p(G) > pp(G) for G € G(¢). Then we have that

> Geo, 9(GLk)pa(G)NG(G) — KIFIE=3HVE(5(G)2 — 2F1-Vip, (G))

kamy = lim
{—00

pe(G)*
(4.2)
By (Z2) and Lemma 28, we have that

lim 2 p(G)
t=oo pp(G)*

L 2EMIP(G) — Ygeg, 28I G)NG(G)
Ea pe(G)*

21V S20(Gr) = Y gicg, 271V Ipae(G)Na(G

— lim ZweH 2€( ) ZGEQA pﬂ( ) G( ) (4.3)

t=00 pe(G)*

Let A be the second-largest modulus among eigenvalues of G, for all = € II.

From Lemmas P8 and 274, it is following that among all eigenvalues of G, for all
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7 € II, there are 2!V eigenvalues whose modulus are equal to p(G). It implies that
the order of magnitude of p(G)* — 27IVIS" 11 Sy(G;) is determined by A when
¢ — oo. The possible values for A are A\o(G), —Ajy(G) if G is non-bipartite, and
pr(G) if I'(G) is not empty. From Proposition BT, we have pg(G) > Ap in any case.
Hence, we have

p(G)* =275 11 Sue(Gr)

eh—glo P = 0. (4.4)
By (E33) and (24), we have that
iy PG = 2EVipy (@)
f—00 ,OE(G)%
. (p(G)* =271 52 i S20(Gr)) + Pgeg, 27V Ip2e(G) Ne (G)
A (G2
i S, 25V ()Nl )
= e |

Substituting (E25) into (E=2), we have that

Yoo (g(a, k) — QIE\—\VIklEI(k—3)+IV\> poe(G)N(G)
kamy = lim )
£—00 pE(G)%

For any G € Ga, Lemma 277 tells us that

~

pze(@) . pul(G) _ olV@)I-E@)]

=00 pp(G)2 fes p(G)2

Recall that

5= 5(e) = 0, if e is a pendant edge,

1, otherwise.

We note that G is the subgraph of GG obtained by removing one weakest edge e when
0 =1, or by removing e along with the pendant vertex when § = 0. So, for Ge Ga,
we have |E(G)| = |E|—1 and |V(G)| = |[V|—1+46. Reorganizing (E8), we complete
the proof. n

We use the following two lemmas to characterize the multiplicities of points in
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Va.

Lemma 4.2. [2, Theorem 3.1] Let S = {1,2,...,k —1}. Fori € S and p # 0,
let f; = uxf—l — 5\ Let V be the affine variety defined by fi,..., fr_1. Then
Zo#pev mv(p) = k2 and mv(()) = (k _ 1)k—1 _ k-2

Lemma 4.3. Let S ={1,2,... k—2}. Fori€ S andu #0, let f; = ,u:vf_l—xs\{i}.
Let V be the affine variety defined by f1,..., fe—a. Then Zo;ﬁpev my(p) = 2kF3
and my(0) = (k — 1)F2 — 2kk=3,

Proof. Let the homogeneous polynomial F; = pa*~ — 2225\ for i € S. Thus, we
have that f; = Fj|,—1. Let Fy = Fj|z0—0 = /m:f’l, and note that the homogeneous
equations F; = -+ = Fj_o = 0 only have trivial solutions. It implies the affine

equations

fi==fra=0 (4.7)

has no solutions at infinity, and then all solutions of (£=2) lie in C*~2. By Bézout’s
theorem, we know that the total multiplicity of the solutions of (A7) is (k — 1)*2.

For p = (p;) € V, by (E27), we have that upt = --- = up¥_, = p%. Thus, we have
(P¥)*=2(u*2(p%)% — 1) = 0. Let & be such that p*=2¢2 — 1 = 0, indeed p° = &£ for
p® # 0. Then, either p; = 0 for all i € [k — 2], or up¥ = ¢ for all i € [k — 2], or
upt = —¢ for all i € [k —2]. In the case of p # 0, for a fixed i, we know that p;
has k choices because upt = £¢£. In variables py, ..., py_», there are k — 3 variables
can be chosen freely from the k potential choices, while the remaining one variable
has a unique choice to satisfy p® = +¢£. Then there are 2k*~3 distinct non-trivial
solutions of (AZ7). We will show that every non-trivial solution has multiplicity one,
thereby completing the proof.

We use the following fact from multiplicity theory [R, Page 125]: if f; = .-+ =
fr—2 = 0 has finitely many solutions and p is a solution such that the gradient
vectors

Vfip) = (gxfl P),---, ai,{; (p)> 1<i<k—2

are linearly independent, then p is a solution with multiplicity one. Let J = (J;;)
be the Jacobian Matrix, i.e., (Ji1, Ji2, ..., Ji—2) = Vfi(p). Then the entries J; =
(k—Dupt=? and J;; = —p®\3} for i # j. Note that J is a (k —2) x (k — 2) square
matrix and |pi| = [p| 2. Since || = (k= D)u7" > 32, [Tyl = (k= 3)|ul =" for
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all © € S, the matrix J is strictly diagonal dominant. Then J is non-singular, which

implies that the gradient vectors are linearly independent. O

Now, we are ready to determine #V,, and then complete the proof of Theorem
.

Part 2 of Theorem BT #V, =} my,(p) = Si_o fs(k)ns.

Proof. For each p = (p;) € V,, recall that p denote the subvector of p obtained by
truncating entry p; from p for i € supp(p). Thus, there exists e € F,, such that
p € Vp(ng)), and we have that p = p @ 0p, where 0p is a (kK — 1 — J)-dimensional
zero vector. Let 1y and V; denote the affine variety defined in Lemmas B2 and B=3,
respectively. Hence, for a fixed p € V,, we have that my, (p) = mVp(ng))(I/j)mVé (0p).
It is following that

#Vy = m(p)

pEVA

=D Y my e, (B)my, (0p). (4.8)

€ pev, (G

Lemma ZT2(b) and Lemma 2ZT2(c) show that m, (G(k))(f)) =1forallp e Vp(ng)),
plGe
)

and |Vp(ng))| = UEFDE=9+VI=240 - [emmas B2 and B3 show that my, (0p) =
(k — 1)k=1=9 — 20kk=2=9 Reorganizing (E8), we complete the proof.

O
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Appendix A

In Appendix A, we present some examples to show that all candidates outlined

in Theorem B33 are potential. Let Ayin(G) = A\, (G) for the graph G with n Vertices

For odd-unicyclic graphs, we have A( G( = /py(G1)? = /4 and A( )

%/)\mm(Gl)Q ~ \/(2 50578)

For bipartite graphs that are not trees, we have A(G5’) = ¢/py(Gs)? = /4 and

AMGP) = 3/pr(Gy)? ~ {/(2.56155)2.

For non-bipartite graphs that are not odd-unicyclic graphs, we have A(G?)) =

v (Gs)? = V9; MG = §/pr(Ge)? ~ /(2.23607)%; and A(GYY) = /A (G7)2 &

¢/(2.75099)2.
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(e) G5 (f) Gg (8) G7

Figure .1: Examples for Theorem B=3
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